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Symbol Definition

A Fuzzy set

K(X) Membership function
S(ﬁ Support of fuzzy set
ﬂ[a- a -cut of fuzzy set

A= (al, a,, as) Triangular fuzzy number
(=, p) Probability space

k(x, y) Transition kernel

Fuzzy transition kernel

Transition matrix of Markov chain

Fuzzy transition matrix of fuzzy
Markov chain

T Invariant probability measure
T Invariant fuzzy probability measure
|P (7[) Space of real valued (simple)

function

Fuzzy space of real valued (simple)
function




Types of norms on L (7T )

Fuzzy norm on

K Markov operator

K Fuzzy Markov operator

H-Hpﬁq Operator norm

H H 055 Fuzzy operator norm

k" (X, Y) Iterated transition kernel
n

k (X, y) Iterated fuzzy transition kernel

£ Expected value

E Fuzzy expected value

var Variance

var Fuzzy variance

Ent Entropy

Ent Fuzzy entropy

Ent(x) Relative entropy

Fuzzy relative entropy

Conjugate space




Conjugate fuzzy space

Adjoint Markov operator

Adjoint fuzzy Markov operator

K
Kernel of a Markov operator with
x(x,y) respect to 77
_( ) Fuzzy kernel of a fuzzy Markov
K\ X, _
y operator with respect to 7z
H, Markov semi-group
H, Fuzzy Markov semi-group
H, (X, y) Kernel of Markov semi-group
_ Fuzzy kernel of fuzzy Markov semi-
He(x,y) group
Kernel of Markov semi-group with
h, (X, y) respect to 7z

Fuzzy kernel of fuzzy Markov semi-

group with respect to Vi

Adjoint Markov semi-group

Adjoint fuzzy Markov semi-group

H.

Jo; Eigen-value of Markov operator

— Fuzzy eigen-value of fuzzy Markov
i operator

Eigen-value of Markov semi-group




Fuzzy eigen-value of fuzzy Markov
semi-group

A Spectral gap

2 Fuzzy spectral gap

/ Dirichlet form

z Fuzzy Dirichlet form

HHW Total variation distance

%) Log- Sobolev constant

_ Fuzzy log-Sobolev constant
£

Hypercontractivity equation
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Abstract

Since fuzzy Markov chains is an important topic in the
recent years , then we try to shat light on this topic by this our
humble contribution .

Our thesis consists five chapters:-

In chapter one we have introduced basic concepts of fuzzy
sets, arithmetic operation on fuzzy numbers , and lattice of fuzzy
numbers .

Chapter two concerning fuzzy Markov chains , fuzzy

Markov operator , fuzzy Markov semi-group , and other
concepts .

In chapter three we have studied the reversibility of fuzzy
Markov chains , and how to fined fuzzy eigen-values for a
fuzzy Markov operator and fuzzy Markov semi-group .

In chapter four we have proved some results referring to the
fuzzy Dirichlet forms , total variation distance , fuzzy chi-
squared distance , and relative error that we need for our main
theorems in chapter five .

Our achievement in chapter five is that we introduce the
fuzzy logarithmic Sobolev inequalities , fuzzy logarithmic
Sobolev constant , and the hypercontractivity of the fuzzy
Markov semi-group , to give the quantative bounds for the
convergence of the fuzzy kernel of the fuzzy Markov semi-
group to stationary fuzzy probability measure using the total
variation distance . These bounds depend on the fuzzy

logarithmic Sobolev constant .
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Introduction

Because of importance and utility of fuzzy Markov chains ,
there are many connections that can be drawn to questions in
analysis .

The main aim of our thesis is to give the quantative bounds
for the convergence of the fuzzy kernel of the fuzzy Markov
semi-group to stationary fuzzy probability measure using the
total variation distance and these bounds depend on the fuzzy
logarithmic Sobolev constant.

Our method in this thesis is theoretical .

In 1907 [12] , A.A. Markov began the study of an important
new type of chance process . In this process , the outcome of a
given experiment can affect the outcome of the next experiment
, this type of process is called a Markov chains .

Fuzzy sets have been introduced by Lotfi Zadeh in 1965 .
[23] as an extension of the classical notion of set . In classical
set theory , the membership of elements in a set is assessed in
binary terms according to a bivalent condition — an element
either belongs or does not belong to the set . By contrast , fuzzy
set theory permits the gradual assessment of the membership of

elements in a set , this is described with the aid of a membership

function valued in the real unite interval [0,1] . Fuzzy set

generalizes classical sets , since the indictor functions of



classical sets are special cases of membership functions of fuzzy

sets , if the latter only take values O or 1.
In 2005 [2] J.J. Buckley and E . Eslami defined the fuzzy

Markov chains by using a restricted fuzzy matrix multiplication

through a transition probability k(X, y) replaced by a triangular

fuzzy numberE(X, Y) and restriction on E(X, Y) .- There are

k(x,y)e k(x, y)[L].
The theory of operator semi-group originates from the study

of the equation
T(t+s)=T(t).T(s), T(O)=1.......... (1)

Where T(t)is an operator —valued function taking values in
the set of bounded linear operators acting on a suitable functions

space . This problem was independently studied by Hill and

Yoside around 1948 [13] . The equation (1) bears a resemblance

to the exponential Cauchy equation
g(t+s)=g(t).g(s), g(0)=1.......... (2)

Where g(t)is a non-negative function fromR toR . The
solution to the exponential Cauchy equation is well known :-It

Is the family exponential functions

g(t)=e" ,reRr



However this family represents all possible solutions only

if additional assumption of continuity is made . The assumption

that g(t) Is continuous from right in the origin is already

sufficient to make the functions g(t): e" ,reRr the only

solutions of (2).
Logarithmic Sobolev inequalities were introduced in 1975
[6] as a way of isolating smoothing properties of Markov semi-

group in infinite-dimensional settings . They were defined by
c(f)<ce(f,f)

Where f is a real valued function . The entropy ¢ is

()= 3166 og| T e

1]

And 7 is Dirichlet form , such that
1
(f, £)=2 3] £ (0= £(y) Kkl y)a(x)
X,y
Cis constant .
Logarithmic Sobolev constant of the Markov chains is

”:‘”f{g(cf(’fg)‘ “)”}

1

And g Is the smallest constant C .



In 1996 [6] Diaconis and Saloff used logarithmic Sobolev
constant for bounding rates of convergence of Markov chains on
a finite state space to there stationary distributions , where the

problem is discussed as follows :-

They worked with a finite state space €2 and an irreducible

Markov kernel
k(x,y)=0 , > k(x,y)=1
y

The continuous time semi-group associated to a Markov
operator is H, ZGXP(—t(| —K)) . Its kernel is denoted by

HX(y)=H,(X,¥) which is the distribution at timet>0 of

the process started at X. It has a unique stationary probability

measure 77 and Htx(y)_> 7T(Y) as U tend to infinite . They got

quantative bounds on this convergence for instance in total

X
variation distance HHt B ”Hw , by using log- Sobolev constant .

We will discuss this convergence through fuzzy logic by
using the triangular fuzzy number , where we will prove

convergence of the fuzzy kernel of the fuzzy Markov semi-

group Htx to invariant probability fuzzy measure 7in total

variation distance namely

HHt"—ﬂ

v

VI



Our main theorems are

Theorem |

Let (k’” j be a fuzzy finite Markov chain with a fuzzy

log-Sobolev constant o
i)Assume that there exists £ >0 such that

Hﬁt <1

2—(
forall t>0 and 2<q(t)< oo satisfying q(t)-1<e” | then
pE(f)<e(f,f) andthus o> 5.

H:

Il )Assume that (k ’ ”j is reversible , then <1 forall

2—q

t>0and 2£q(t)<oo satisfying Q(t)—lS e™t

H: <1 for all
2—q

|||)For non reversible chains , we still have

t>0 and 2<q(t)< o satisfying CI('[)—1S e’¥t

Theorem |1

LetK be a fuzzy finite Markov chain with invariant fuzzy

probability measure 7 and fuzzy log-Sobolev constant ©.

Then for any fuzzy probability measure ,l_l = f 7 on a state
space 2,

Vil



we have
ﬁt(ﬁ ﬁtj < o2t E—nt@ 0.
Further , if we assume that(k ’ ”j Is reversible , then
ﬁt(ﬁ H tj < et Et(ﬁj t>0-
Corollary 111

Let(k ’ ”j be a fuzzy finite Markov chain , and ©bea fuzzy

log-Sobolev constant we have
2

ZHI—TtX—E <[log—1_ |e¥t

v 7(x)

If we assume that (k ’ ”) is reversible then

2

ZHHtX—ﬂ <[log—1— [e=#v

v 7(x)

Corollary IV

Let (k ’ ”j be a fuzzy finite Markov chain , then

VIl



Corollary V

Let (k : ”j be a fuzzy finite Markov chain , then
Ve
1 —
<|log| — || e

i
™ 7(x)

Further , if (k’”j Is reversible , then
%

1 -
<|log| — || e**"

-
v (%)

Theorem VI

Let (k 7T j be a fuzzy finite Markov chain . Assume

IA

1
e

that 7(x) “then

<e" M ,tzilog Iogi+c,c>0
2 2 ”(X)

For reversible fuzzy chains , the inequality holds for

t =(4p)" log Iogiﬂ: , >0

(x)



Corollary VII

Let (k 7t j be a fuzzy finite Markov chain , then

<el 2ot t:ilog Iogi+c,c>0

i
H S 20 7(x)

For reversible fuzzy chains , the inequality holds for

t=(4¢)" log Iog$+c , c>0

Corollary VIII

Let (k'”j be a fuzzy finite Markov chain , then the

maximal relative error is

sup
X,y

ik v} 4 ) e2—{i+i*]t

For

tzilog Iogﬁﬁz ,7,(x)=min z(x),c >0

Further | if (k ’ ”) is reversible , then

he(x, y)—q < ezigtj

sup
X,y

For

t =(4p)" log log L e (x)=min 7z(x),c >0
7.(x)



Corollary IX

— 1
e . Set

Assume that ( K, ”j Is reversible chain and ”(X) <

A =min{1,1+ 4 |

L
z(x) A,

+1,c>0-

> 1 log |
For n—%Og g

Further , setting 7- (x)= mxin 72(X) we setting

2n

< y)_qg(m@)enf

sup
X,y
1 C
n>—Iloglo +—+1,c>0-
For 4o J g;r*(x) A,

From our work we conclude that:- If Htx Is the fuzzy

kernel of the fuzzy Markov semi-group and 7 is invariant

fuzzy probability measure , then we get quantative bounds on

convergence Htx to 77 in total variation distance by using the

fuzzy log-Sobolev constant & .

Xl



Xl



CHAPTER ONE

Fuzzy Sets and Fuzzy Logic : An Overview

In order to draw a meaningful picture in our minds for our
work and prepare the background for our work and motivate our
results ; we understand the need to recall definitions and some

results related to the basic concepts for our work .



1.1.The Fuzzy Sets

Definition 1.1.1.[24]
If X is a collection of objects denoted generically by X, then

a fuzzy set A in X is a set of order pairs :-

_ Z\:{x,ﬂ(x)}mx}

A(X)is called the membership function or grade of membership of X

in A that maps X to the unite interval [0, 1].

Example 1.1.2.[24]

A ="real numbers close t010 "
Where

A {(x z\(x)j A(X)= [+ (x-10) )1}

Definition 1.1.3.[23]

The standard intersection of fuzzy sets A and B is defined as

[zm Ej(x) — min {Z(x), E(x)}

= A(x) A B(x)
Forall X € X.



Definition 1.1.4.[23]

The standard union of fuzzy sets A and B is defined as

(Au E](x): max {K(x),é(x)}

= A(x)v B(x)

Forall X € X.

Definition 1.1.5.[23]

The standard complement of a fuzzy set A is defined as

[ﬁ zj (x)=1— A(x)

Remarks 1.1.6
A closely related pair of properties which hold in ordinary set
theory are the law of excluded middle
Av —A =X
and the law of contradiction principle
AAN—A=¢



Proposition 1.1.7.[23]
The law of excluded middle and contradiction are not

satisfied in fuzzy logic .
Proof -Let A(X) = % forall X € R | then
[ﬁ/&v zj(x) _ max{—.ﬂ(x), z(x)}

:max{l—%,%}
z%;tl

nd
] [—.K/\ Zj (x)= min {—.K(x), Z\(x)}
= min {1—%%}
:% = 0

Definition 1.1.8.[23]
let Abea fuzzy set of X, the support of A denoted S (K)

is the crisp set of X whose elements all have non zero membership

grades in A , that is

s(—Ajz{xE x;z\(x)>o}



Definition 1.1.9.[23]

(a -cut) An « -level set of a fuzzy set A of X is a non fuzzy

(crisp) set denoted by K[06 ] such that

{XE X A(x)> a},ifa>0

)

Where Cl (S (A)) denotes closure of the support of A

Example 1.1.10.[23]
Assume X ={-2,-1,0,1,2,3, 4} and the fuzzy set A is

A={-2,00), (-1,03),(0,06),(1,10),(2,06),(3,03),(4,0.0)
It & -cuts

{1} ,a=1.0
Ala]=11{0,1,2} ,a=0.6
{-1,01,23 },a=0.3

And

s(ﬂ}:{—Lo;zs}



Theorem 1.1.11.[5]
Let A be a fuzzy set in X with the membership function Z(X) .

Let ﬂ[a ] be the & -cuts of A and 4 K[a](x) be the characteristic

function of the crisp set z\[Ol]for all @ € [0,1] . Then

A(x)= sup (0{/\;{ (x)j X e X

a<l0,1] Ale]
Proof :-Since ZKM(X) Is the characteristic function of the crisp

set K[06] it takes the value 1 if X € K[05] and takes the value O if

X & ﬂ[a ] , therefore

(x)=1, (K(X)Zaj

it x Ala] then %,

And
If X & z‘[05] then Z_A[a](x)i 0, (K(X)< aj

Now

sup (a . ](x)) ST ((1 . ](X)J v oosup

ae0, ]



— 1 0
aeffzx)}(m oK aefff),l}(m |

Remarked 1.1.12

Given a fuzzy set A in X , one consider a special fuzzy set

denoted @ A[a]fora S [0,1]whose membership function is defined as

&A[a](x):(a N ](x)j , Xe X
Ala
And the set

A :{a:ﬂ(x):a, X € X}
A
is called the level set of A . Then the above theorem states that
the fuzzy set A can be expressed in the form
A= U [a Al j
acs/\
A



Where U denotes the standard fuzzy union . This result is called

the resolution principle of fuzzy sets . The essence of resolution
principle is that a fuzzy set A can be decomposed in to fuzzy sets

aﬂ[a] a<l0,1].

Definition 1.1.13.[5]

A fuzzy set A of aclassical set X is called normal , if there

exists an X € X | such thatﬂ(X)Zl . Otherwise A Is subnormal .

Example 1.1.14.

The fuzzy set in the Example 1.1.10 is normal , since Al)=1.

Definition 1.1.15.[23]

A fuzzy set A of X is called convex i K[05 ] IS a convex subset
of X foralla €[01]. Thatis, forany X, Y € Ale], and for any
Ae [O,l] then
Ax+(1-21)y e Ala]
The convex means that any « -cut which parallel to the horizontal

axis through interval .



Definition 1.1.16.[3]
A fuzzy set Awhose S (Z) contains a single pointX € X |

with K(X) =1 isreferredtoasa fuzzy set singleton .

Definition 1.1.17.[3]
The empty fuzzy set of X is defined as
® ={(x,0): Vx e X}

Definition 1.1.18.[3]
The largest fuzzy set in X is defined as

I, ={(x,1): vxe X}

Definition 1.1.19.[3]

The concept of continuity is same as in other functions, that say,
a function f is continuous at some number c if

lim f(x)= f(c)

X—C

for all X in range of T, that require existing f(C) and liM f(x) |

X—>C
In fuzzy set theory the condition will be

lim A(x)=A(c)

X—>C

With Xand C € A .



Definition 1.1.20.[23]

A fuzzy set A said to be a bounded fuzzy set, if it -cuts

K[05 ] are (crisp) bounded sets , for all & € [0,1] .

Definition 1.1.21.[23]

A fuzzy number Aisa fuzzy set of the real line with a normal
,(fuzzy) convex , and continuous membership function of bounded

support .

Example 1.1.22.[23]

The following fuzzy set is fuzzy number approximately

"5"={(3,0.2),(4,0.6),(5,1.0),(6,0.7),(7,0.1)}

Proposition 1.1.23

Let A be a fuzzy number , then ﬂ[a] Is a closed , convex , and

compact subset of R, for all a €[0,1].

Proof :-We have
Ala]= {x e X:A(X)> a}

Which implies that [06,1] Is a closed interval , that is , for any

10



sequence of degrees (), < S <1, converges to a degree ¥ in
[a ,1], then for any sequence in Z\[Ot ] associate </3> converges

to an element in K[Ol] with degree 7 . So K[0!] Is a closed subset

of R.

Since A is a fuzzy number,so A is a convex fuzzy set,
which implies that z\[05] IS convex .

Since Ala]c S(A) for anyOlE[O,l], then Z\[06] is bounded .
By Hein-Borel theorem [15][Every bounded closed set in Euclidean

space is compact] . Thus K[0!] IS compact m

Remark 1.1.24

We shall use the notation

Where ﬂ[a] Is an « -cut of the fuzzy numberﬂ, and
a :[0,1]>R . a(a)=minAla]

is left hand side function which monotone, increasing and continuous.

11



a,:[01] >R  a,(a)=maxAl«]

Is right hand side function which monotone decreasing and continuous.

Proposition 1.1.25

If a < f3, thenﬂ[a]D K[ﬂ]

Proof :- We have

And

Sincea < S then

a,(@)=min Ale]<min A[A]=a, (8)
And

a,(cr)=max Ala|> max Al 5] =a, ()

Hence

Ala]> AlS] w

Proposition 1.1.26

The support of a fuzzy number is an open interval

(2,(0).2,(0)).

12



Proof :- Suppose that S(Aj is a closed interval , that is , S[AJ

contains all limit points , so

{38 )-poc s

but this contradict definition 1.1.8 , therefore S(AJ IS an open
interval (3,(0),a,(0)) m

Definition 1.1.27.[3]
A fuzzy number A is called a triangular fuzzy number , where

Ais defined by three numbers & <8, < a;if -
i) A(x)=1at x= a, , (Ais normal)
ii) The graph of ¥ = K(X) on [31 ) az] is straight line from (810)

to (a2 ,1) , also on [31 ) az] the graph of ¥ = K(X) is straight
line from (a,.1) to (a;,0).

iii) A(X)=0 for x<a, or X>a,.
We write A= (31 , Ay ,ag) for triangular fuzzy number and its

a-cut Na)=|(a,-a)a+a,(a,—a,)a+a,] foran ac [0.1].

13



Example 1.1.28.[23]

A=(1,4,8)is triangular fuzzy number , where

0 1 2 3 4 5 6 7 8

triangular fuzzy number

14



1.2.Arithmetic Operations on Fuzzy Numbers
We will define the arithmetic operations on fuzzy numbers

based on resolution principle (& -cuts) .

Definition 1.2.1.[5]

Letﬂ and B be two fuzzy numbers and ﬂ[a]:[al(a),az(a)],

Blor] = [b,(@).b,()]be @ -cuts , @€[0,1] of A and B respectively.

Then the operation (*denoted any of the arithmetic operations
(+)(—)() (—) »A,V) on fuzzy numbers A and B denoted by
A= B gives a fuzzy number in R , where
AxB = Lja(ﬂ* §j[a]
And
(2\* Ej[a] ~ Aa]+Bla], «<fo1]

Here it may be remarked that the reason for AxBtobea fuzzy
number , and not just a general fuzzy set, is that Aand B being
fuzzy numbers , the sets Ala] ,Bla] (K* E)[a], are all closed
intervals for all & €[0,1] .

15



In particular

The multiplication of a fuzzy number Ain R by a real number

c>0ijs

(¢ Alal=c-Alu]-[ea, () ca, (@)

Example 1.1.30[9]

Consider two triangular fuzzy numbers A and B defined as
0 for x<-1,x>3

Alx)=+ @ for —1<x<1

(?’%X) forl<x<3

16



0 for x<1,x>5

B(x)=1 (x;l) forl<x<3

(6=x)
2

for3<x<5

\

Their & -cuts are

Ala]=[2a-1,3-2a]

Bla|=[2a +1,5- 2]
Now

[Z\+ Ej[a]: [4a ,8-4a], 2 €[0]]

The resulting fuzzy number is then

0 forx<0,x>8
ﬂ+§(x)=4§ for0<x<4
(8:1)() ford < x<8

17



1.3.Lattice of Fuzzy Numbers [9]

Let PR denote the set of all fuzzy numbers . Then the operations

MIN and MAX  are functions of the form 9% < R —> R such
that :-

_ — "\ (commutativity)
MAX| A, sz I\/IAX[B,A)
i) I\/IIN_I\/IIN[Z,ﬁj,(_Z} = I\/IIN[Z, MlN[E,éﬂ

MAX _MAx[z, Ej, (_:J _ MAX [ﬂ, I\/IAX[§, (_:ﬂ

(associativity).
iii) MlN[Z, KJ = A

[ j __ (idempotence)
MAX| A A [=A

iv)MlN[ﬂ, MAX[K,EH = A
_ o __ (absorption)
I\/IAX[A, I\/IIN[A, Bﬂ =A

o) in| &, wax| B.C ||~ max| win( 2.8 win(ac |

MAX{A MIN B, ﬂ MIN{MAX Z\,Ej,MAx(/:,aﬂ

(distributivity).

18



The triple (), MIN,MAX ) is called lattice of fuzzy numbers .

The triple (%, MIN, MAX) can be expressed as the pair(fR,S )

where < is a partial ordering defined as
A<B iff MIN [‘A ,Ej:‘A
Or , alternatively

A<B iff MAX (mjzﬁ

for any ﬂ,geﬂ% :

Now , this partial ordering can be defined in terms of the relevant
& -cuts :-

K

[l

>>|
=

A<B iff MIN [Z\[a],ﬁj |

[l
o

_a_

A<B iff MAX (ﬂ[a],g:a:

for any ABeR and a e 0,1] Where A[05] and Bla] are

closed intervals , then
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MIN (ﬂ[a] ,E[a]jz[mm(al,bl),MlN(az,bz)]
MAX (K[a], B [a]j =[MAX(a,,b;), MAX (a,, b, )

If we define the partial ordering of closed intervals , that is

la..a,]<[o,b,] iff a <b,a,<b,

Then forany A,Be®R | we have

A<B iff Ala|<Bla]

foralla € [0,1] . For example , we have in example 1.2.2

that A<B since R[OK]SE[OK]foraIIOtE[O,l].
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CHATER TWO

Fuzzy Markov Semi-Group

In this chapter we have introduced definitions of fuzzy Markov
chains , fuzzy spaces , fuzzy Markov operator, fuzzy Markov semi-

group and other concepts .
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Definition 2.1.[15]

Let S be a subset of R ,we say that f :S—R isa #- measurable

function if for every openset G in R, thentheset f (G)c<Siis

measurable set .

Definition 2.2.[15]

A function f is said to be simple , if itis «-measurable and

takes no more than countably many distinct values .

Definition 2.3.[15]

Let f be asimple function, that is, a & -measurable function

taking no more than countably many distinct values

Then the lebesgue integral of f over the set A, denoted by
J f(x)du

A

We mean the quantity

Zn: Youi(A,)

Where

A ={xeA:f(x)=y,}
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Definition 2.4.[10]

A probability trio (Q,=,P)is defined by the probability space ,
where € (state space) the set of all possible outcomes of an
experiment . 2~ (Borel field) the set of subsets of Qwhich satisfy

three properties:-
DQEZ
i) AcS then A° =Q/ Aex
iii) A, €% then U A €X

P isa probability measure which a function from2X to the real
number that assigns to each event a probability between 0 and 1
such that:-

i) P(Q)=1
ii)P(A)>0 A €X

|||)P ) ZP ), ANA =¢,i#]

Definition 2.5.[6]
A Markov chain on a finite state space Q with cardinality Q)]

can be described through its transition kernel K which is a function

on Qx € satisfying

kayz
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Note that :-1f we substitute a transition kernel k(X, Y) by a triangular

fuzzy numberE(X, Y) such that

k(% y) = (ky (x, y )k, (x, y ) ks (%, ¥))

Its o -cut

k(% ya]=[k (%, y). k, (x, y)]

And as ka(X, Y)EE(X, Y)[Of] the «a-cuts of triangular

fuzzy numbers E(X Y) satisfy
(x,y)>0 Z k,(x,y)=
Then we can define a fuzzy Markov chain through its fuzzy

transition kernel K .

Not all the transition kernel k(X, Y) need to be fuzzy , some can
be crisp (a real number) . If k(X, Y)=0,or k(X, y)=l then we

assume that there is no uncertainty in this value . If 0< k(x,y)<1, and

there is uncertainty in its value , then we assume that0 < E(X, Y)<lalso.

We put restriction on E(X, Y):- there are kz(X, Y)E E(X, Y)[l] , SO

that the Markov chain defined through its transition kernel with

Zylk(x, y)=
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Definition 2.6.[1]

Let P be the transition matrix of the Markov chain where
P =(K(X,¥)), yeq

Since each row of P has entries that sum to 1, then each row of

Pisa probability measure denoted by 7.

Note that :- If we replace k(X, Y) by E(X, Y), then the fuzzy

transition matrix P of the fuzzy Markov chain is

o]
Since ;ka (% ¥)=1 tor ail k, (x,y)e k(x y)a]of k(xy),

we have 7, a probability measure with 7, € ﬂ[a]the o -cut of the

triangular fuzzy number 7 = (7;1, 7Ty, 7T3) . We will call 7z the fuzzy

probability measure of the fuzzy Markov chain .

Definition 2.7.[1]
A probability measure 7 for the transition kernel K is called

invariant (stationary equilibrium) probability measure if satisfying
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XK y)= ()

such a measure always exists and unique .

Note that :-If we assume that 7, (X) € E(X)[Of] of ;(X) for

a transition kernel k(X, Y)E E(X, Y)[O!] of E(X, Y)satisfies

where 7, (Y) € 5(Y)[05 ]the « -cut of the fuzzy probability measure

7(y)=(m(y), 7, (y), 7(y)) . Then 77 will call invariant fuzzy

probability measure .

Definition 2.8.[6]

The space of real valued (simple) functions L" is defined by

LP =L°(z)= {f ], <1,1<p goo}
Where

1, =[Sl et I, =mas 1

Z‘ f (X)(p” (X) is Lebesgue Integral with respectto , .
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Note that :- If O<Hpr <1,1<p< gnq 7, € 7lar] of the

invariant fuzzy probability measure 7 . Then the norm at degreea is
1/p
11, = e )

and HHap = Hp[a] the « - cut of the triangular fuzzy number

HHp = (HHlp ' HHzp ' Hng ) We will call Hp the fuzzy norm and the

of = _
space L (” j with the fuzzy norm HH o the fuzzy space of simple

functions , such that

and Z‘ f (X)( p ;(X) Is fuzzy Lebesgue integral with respect to 7T
X
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Definition 2.9.[14]

Given a finite probability space (Q,Z,ﬂ).A linear operator
K:L*(r)> L%r), 1< p<q <o js called a Markov operator if :-
I) f >0 then 0K f
i) f >0 then [K f[, <[],

Where

K f(X)=Zylk(x, y)f(y)

Note that :- If K >0and we have a transition kernel ka S E[05] of

K , then the Markov operator at degree « is
K,:L°(z,)>L%z,),1<p<g<ow
Satisfies

i) f >0 then 0<K, f
i) f >0 then [K.. f], <[f],,

Where

K. f(x)= ;ka(x, y)f(y)
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This implies K, € K[a] the @ - cut of the triangular fuzzy

number K =(K,;,K,,K;) which will call the fuzzy Markov

operator , such that

K:Lp(zzjw(;j,lgpgq<oo,0<K

Example 2.10[14]

LetT be a fuzzy measure preserving transformation on (Q’Z’%] :

The fuzzy operator
E;Lp@w@ 1<p<ge
Satisfying

Xzef f(x)r(x)= Z f(x)7(x)

xeT (A)

-1

Where A€X, T isinverse of T. Its called the fuzzy Perron —

Frobenius operator associated to T . This fuzzy operator is a fuzzy

Markov operator .
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Definition 2.11.[6]
The operator norm K is

Note that :-If 0< HKHM <1, and we have a Markov operator

K, e K[Of] of KHHaq <€ HHq[a] of HHq , then the operator norm

of K, at degree ais

K., = sw K. fl,,

CPoa ], <1

And | -Ha,pﬁq <l b5 2] the e -cut of the triangular fuzzy number

M ose = (1 N g 2o -Hg,pﬁq) - which will call the fuzzy

operator norm of K .

Remark 2.12

If H f Hp =1 then the operator norm of K, € K[OC] of Kiis

K., = s K, f],,

BLaC I T
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Definition 2.13.[6]

The iterated transition kernel kK" is

k"(x,y)=2_k"*(x.2)k(z,y)

z2eQ)
n-1
Note that :-If k,;_l(X, Z) ek (X, Z)[O!] of the fuzzy transition

n-1
kernel K (X ,Z), K, (Z, Y) € E(Z, Y)[Ol] of the fuzzy transition

kernel k(Z, Y) ,then the iterated transition kernel at degree « is

ka(xy)=2 ki (x,2)k,(2,y)

2eQd

and kQ(X,Y)EE (X,y)[a] the a -cut of the triangular fuzzy number

K (x )=k (x, ). k3 (x, ). k3 (x,y)

n

We will call K (X, Y) the iterated fuzzy transition kernel .

Definition 2.14.[6]

The transition kernel of a Markov operator K with respect

to 7is
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Note that :-If we have K, € E[OC]Of k and 7, € E[Ol]ofg . Then

the transition kernel of a Markov operator K, € K[Of] of K with

respect to 7, is

(X, y)= k, (%, y)

andKaEK[“] thea -cut of the triangular fuzzy number

K= (Kl’K21K3) We will call K the fuzzy transition kernel of a fuzzy

Markov operator K with respect to 7 .

Definition 2.15.[6]

The iterated transition kernel of a Markov operator K" with
respect to 77 is

(cy) = 0)

Note that :-1f we have K, € k [a] of K and 7, € 7la] of 7

then the iterated transition kernel of a Markov operator K, € _K[a]

n

of K with respect to 7 is
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by)=2 1)

— - n n n
and k) € K |&] of the triangular fuzzy number K :(K 11K 9, K 3)-

n
We will call K the iterated fuzzy transition kernel of a fuzzy

n

Markov operatorK with respect o7 .

proposition 2.16

The fuzzy Markov operator K at K can be given by
K f(x)=> x(x y)f(y)=(y)
y
for any function f.

Proof :- Let a Markov operatorKa < K[a]of K and f be any
function , then

K, f(x)= ;ka(x, y)f(y)
= ;KQ (%, y)f(y)r,(y)

Since K, € ;[a]of K and T, € ;[a]of T , then

K f(x)= zy;;(x, y)f(y)z(y) _
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Definition 2.17.[11]

Let L(7),1< p<oo pethe space of simple functions defined
on a state space€2.The set of all bounded linear functional from
Lp(ﬂ) to R is called the conjugate space of Lp(ﬂ),lﬁ P<o denoted

1 1

by Lp,(ﬂ'),lﬁ P’ ' <00 and E+?:1'

Note that :- If we have Lp(ﬁj,lg P<% the fuzzy space of simple

o =
functions , then the set of all bounded linear functional on L [”j

o =
to R is called the conjugate fuzzy pace of L (ﬂj lsp<o :

[ , 1 1
denoted by o (7[},13 P'<® gpg —F+ =1

Definition 2.18.[6]

LetK :LP(7)— L%(7),1< p < q < o0ope a Markov operator .
The adjoint Markov operator is

K" :L"(7)> L"(7),1<q < p'<o0

K'f(x)= >k (x, y)f(y)

such that
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And

W“”:MZX¢O

L” (ﬂ), LY (ﬂ)are the conjugate spaces of L (”) and L’ (”)

respectively .

Note that :-If we have a fuzzy Markov operator
K: L'{Ej—) LQ(%j 1<p<g<o
Then the adjoint Markov operator at degree & is

K::L(z,)—>L"(7,)1<q' < p' <o

K f(x)=2 k. (. y)f(y)

such that

and

k,(y.x)z,(y)

K (X’ Y) = . (X

Since the transition kemnel K, € K[e] of k and 7, € 7|a] of
Vi , then the adjoint transition kernel at degree « is k,, € k [06] of the

triangular fuzzy number K = (kl* k3, kg*) k will call the adjoint

fuzzy transition kernel . In this case the adjoint Markov operator
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*

K: e K[a]the & -cut of the triangular fuzzy numberK =(KI,KZ,KZ). .

a

*

K is called the adjoint fuzzy Markov operator such that

K: Lq'(;j - LP’@ 1<g<p <o

LP (7[ L (”j are the conjugate fuzzy spaces of Lp(ﬂj and

L (” respectively .

Definition 2.19.[11]
Let K:L°(7) > L%(7),1< p< g <o be aMarkov operator.
We say that K is a self-adjoint Markov operator if
K=K"
Note that :- If we have a fuzzy Markov operator

K: Lp(%]—> L{%j 1<p<g<w
thenK is a self-adjoint fuzzy Markov operator if

k

K=K
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Definition 2.20.[6]

The transition kernel of an adjoint Markov operator K" with

respect to  is

v 2 K (x0Y)
I

*

Note that :-1f we have K € K [a]ofk and 7, € z[a]of 7 | then

the transition kernel of an adjoint Markov operatorKZ € K[05] of K
with respect to 7, is

K, (X, y)=

and K, € K[Ol] the « -cut of the triangular fuzzy number

* * * —_—
K = (Kl LOTLY )-We will call & the fuzzy transition kernel of an

adjoint fuzzy Markov operator K with respect to .

Definition 2.21.[6]

The iterated transition kernel of an adjoint Markov operatorK*

with respect to 7 is
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N N

Note that :-If we have k;n < E [a]of R and 7, € ;[06] of

T , then the iterated transition kernel of an adjoint Markov operator

*N * N
* N

K. e K ] of K with respect to7, is

) ke (3 Y)
v (%, y) o)

T

a

iy

And KZn €K [05] the a -cut of the triangular fuzzy number

*n

K :(Kl Ky 1K ).We will call & the iterated fuzzy transition

% n

*ﬂ

kernel of an adjoint fuzzy Markov operatorK with respect to T

Proposition 2.22

The adjoint fuzzy Markov operator K atx is given by
K f(x)=2 x (xy)f(y)z(y)
y

For any function f :
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Proof :-Let a Markov operatorKZ ek [05] of K and f be any

function , then

K f(x)=D ko (xy)f(y)
= ZleZ (%, y)f(y)z,(y)

* *

Since KZ €K [a]of K and 7T, e;[05]0f T, then

K f(x)= ;;*(x, Y (Y)z(y)

Proposition 2.23

If we have E(X, Y) Is the fuzzy kernel of a fuzzy Markov

operator K with respect to 7 , then

*(xy)=x(y.%)

Proof :- Let K, €K [06] of K and K, € E[a] of x then
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e xy)= 7,(y)
_ 1k (yx)m,(y)
z,(y)  7,(x)
_k,(y.x)
7, (X)
fKa(y,X)
Hence x(Xy)=x(y,x) . m

Definition 2.24.[6]

The expected value of a function f defined on a state space
Qis
Ef =2 f(x)z(x)=| f],

Note that :-If 0 < E <land we have 7, € ;[05] of 77 then the

expected value of fat degree @ is

E.f =2 1 0r. (9=,

AndE, € E[a] the « -cut of the triangular fuzzy number

E =(E,,E,,E;). We will call E the fuzzy expected value of

afunction T where 0<E <1.
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Definition 2.25.[6]

The variance of a function f defined on a state space Qis

var(f)=E(f(x)-Ef(x)y
-2 (x)— Ef (x) 7(x)

= f - Ef[,

Note that :-If 0<var <1 and we have E, € E[a] of E . then the
variance of f at degree« is

var, (f)=E,(f(x)-E, f(x))

- X0, 1 7, (0
It -E. 1L,

And var, € VTW[&] the a -cut of the triangular fuzzy number

var = (varl ,var,, Varg). We will call var the fuzzy variance of

a function T _ such thatO < var <1.

Definition 2.26.[4]
The entropy of a random variable X under a given probability

measure 77 is

Ent(x)= E[xlog x]—E|[x]log E[x]
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And the entropy of a positive function f such that Ef =1
Ent(f)=E[f(x)log f(x)]
=2 [f(x)log £ (x)}z(x)

Note that :- If we have E, € E[a]of E , then , at degree & the

entropy of a random variable X is
Ent (x)=E_[xlog x]- E,[x]log E_[x]
The entropy of a positive function f is

Ent,(f)=E,[f(x)log f(x)
= 2[F (teg f(x)], ()
And Ent, € Entla] the & -cut of the triangular fuzzy number
Ent = (Ent,, Ent,, Ent, ) which will call the fuzzy entropy .

Definition 2.27.[6]

The relative entropy of the probability measure £ = f7r with

respect to 7iis

Ent(u Z u(x)log 83
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Note that :-If we have 7, € 7T [05] of 7 , then at degree @ we have
1, = T, and the relative entropy is

Ent_( Z/‘a )log Exg

Where 4, € ﬂ[a] the o -cut of the triangular fuzzy number

H= (,u11 Hs ,u3) , and Enta (/ua ) < E—nt(/u)[a] the o -cut of the

triangular fuzzy number ﬁ(ﬁ_‘) = (Entl(,ul), Ent, (u, ), Enty (z ))

Ent(,uj will call the fuzzy relative entropy of the fuzzy probability

measure u= T .

Proposition 2.28

If we have 22 = f 7 where | € LP(EJ then
Ent(f )= ﬁt(ﬁj
Proof :-1f we have ENt,(f)e Ent(f )] of Ent(f). then

Ent (f)= Z X) 7 (x)
_Z[f x) 7, (x)log f( )]
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Since ENt (14,) € Ent(yj[a] of the fuzzy relative entropy

Ent (/_lj . Thus

Definition 2.29.[25]
Let a,beR with a<b. Let ¢:(a,b) > R be an real valued

function .We say that ¢ is a convex function if for all X, Y € (a, b)
and t €0,1] we have:-

ptx+(L—-t)y) <tp(x)+(1—t)p(y)

ﬁt(f):ﬁt(ﬁj i

Definition 2.30.[25]
Jensen's Inequality states that any system of positive numbers
C,Cyy--44C and for system of points Xps X;,--+, X, in (a b)

ch X, Zn:cn¢(xn)

Zc N zn:cn

Where ¢ is a convex function on (a, b).
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Proposition 2.31
Jensen's Inequality implies that

(x)<K ("))

L
‘Kf

Proof :-LetK , € IZ[Ol]of K. By Jensen's Inequality we have

K, 1 ()= gux,y)f(y{’
<X ) )
k(117 )0)

(x)<K( %)

p

Thus ‘K f

Proposition 2.32

If 77 is invariant fuzzy probability measure , then

<|f]

;

HK f

q

Proof :-LetK, € K[a] of the fuzzy Markov operatorK , then

-
for any fel (”jwe have
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_ HKO! f Ha,q
H aHa,p—)Q _Sup f

Then

Kol <Kl ool

a,p—q a,p

Since HKaHa,p%q <1  then HKaf ‘a,q <HfHa,p

<|f]

Hence HK f

q

Definition 2.33.[6]

The action of the fuzzy Markov operator I on the fuzzy

probability measure £¢ defined as

o

For any fuzzy probability measure £ and all function U .

Proposition 2.34
if #=f 7 then 1K has density K T .

Proof :- LetK’, € K[a] of K*, fe Lp(”j, u, € ula) of

KU, and 7, € 5[06] of 7 such that 4, = f T, ,then
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Therefore

L

I

— n
T

Definition 2.35.[6]

Let L° (7f) be a space of simple functions . The continuous time

semi-group H associated to a Markov operator K defined by

H =e" i (K _ g0
0

n!
Such that

i) H,=1 ii)Hs+t:Hs'Ht forall s,t=0
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Note that :- If we have Lp(”]’lg P <% the fuzzy space of simple

functions , then the continuous time semi-group at degree «

associated to a Markov operator K, € K[Ot]of K defined as

5 n!

oLt

and H, € Ht[a] the & -cut of the triangular fuzzy number

H= (Hl,t’ H2,t’ H3,t ) We will call Ht the fuzzy continuous time

semi-group associated to a fuzzy Markov operator K.

Remark 2.36

i) When elements of H satisfy (l) of definition 2.35 then H.

become fuzzy set singleton .
ii) We will call H: the fuzzy continuous time semi-group

associated to a fuzzy Markov operator K,a fuzzy Markov

semi-group to summarize .
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Definition 2.37.[6]

The kernel of a Markov semi-group H, can defined as

H(xy)=H(y)= etiﬁﬂ k" (x, y)j

0

Note that :- If we have Ha,t < Ht[a] of a fuzzy Markov semi-

group H, then the kernel of Ha,t at degree « is

i) =z )= 3 )

0
And Ha,t(x’ Y)E H_t(X1 Y)[Ol] the « -cut of the triangular

(Hl,t (X’ Y)' H,. (X’ Y), Hs, (X’ y)) :

fuzzy number H, (X, Y)
We will call Ht(X, Y) the fuzzy kernel of the fuzzy Markov
semi-group He.

Definition 2.38.[6]

The kernel of a Markov semi-group H  with respect to 77 is

ht(X, y) - hi((y) - H;[(();)Y)
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Note that :- If we have Ha,t(x’ Y)E Ht(X, y)[a] of Ht(x, Y) _then
the kernel of a Markov semi-group Ha,t < Ht[a] of Ht with

respectto 7, € ”[Of] at degree « is

And ha,t(x’ Y)E ﬁt(x, Y)[Ol] the & -cut of the triangular fuzzy
number P (%, ¥) = (hy, (%, y) by (6 Y) s (%, ¥)) (X, Y )wit
be called the fuzzy kernel of the fuzzy Markov semi-group H.

with respect to T

Remark 2.39
n

The fuzzy quantities K (X, Y) and N (X, Y)are the densities

N
of the fuzzy probability measures K (X, Y) and Hi(x,y)

with respect to T respectively.
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Definition 2.40.[6]

The adjoint of the Markov semi-group H. we can defined as

_ e—t(l—K*)

n!

He = e_ti(ﬂ( )
0

Which associated to the adjoint Markov operator K.

Note that :- If we have Ha,t < Ht[a] of Ht, then the adjoint of

H

a Markov operator ' "«,t at degree « is

_ e—t(l —Kj;)

n:

H;,t = etZ:: (tK:")

And Ha,t < Ht[a] the « -cut of the triangular fuzzy number

*

Ho=(H; Hs 0 HiL) . wewill call Fe the adjoint of the fuzzy

Markov semi-group H\ which associated to the adjoint of the fuzzy

*

Markov operator K .

Proposition 2.41

*

If 1= f 7, then the fuzzy measure A, = £ Ht has density Ht f .
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* *

* 1 — pl - — —
Proof :-Let Ha,t < Ht[a] of Ht | fel (ﬂ) ﬂaeﬂ[a] of ¢ and

Ty € 77[05] of 77 suchthat 4, = T 7, | By proposition 2.34 we
have

Hof=e 'YK f
’ 5 N!
ot u K
:et __ac o
Zoln' T

T, L
_/uaHat_luat
72-6‘( 72-(2
_ o
SinceHa,tEHt[a]oth,then ‘f__ m
T
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The Reversibility of Fuzzy Markov chains

This chapter concerns with considering the reversibility of
fuzzy Markov chains , and how to find fuzzy eigen-values of a fuzzy

Markov operator and fuzzy Markov semi-group .
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Definition 3.1.[7]

We say that (k, 7T) is reversible if
k(x,y) _ k(y,x)

y) (X

Note that :-If we have K, € k[a]of K and 7, € 7[a] of 7z

then (ka y 7T, ) is reversible if

k,(x,y) _ k,(y,)
7 (y)  7.(x)

for all o 6[0,1] . This implies, that(k’”j Is reversible . In other

words , we say that (k : ”j Is reversible if E(X, y) IS symmetric .

Proposition 3.2

K ek
If k.7 IS reversible , then 2 is also reversible fuzzy

Markov kernel .

1(- = _
Proof :-We need to prove 7 (’H K j is symmetric . Let X, € x[a]
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* *

of K andKZ €K [05] of K , then
1 . 1
i (xy) 2 ()= e, (30)+ , (3.0
1
=200+, (1Y)
Ll (o 1.5)

1 .
This leads E(Ka + Ka) is symmetric .

1(lc +K*) 1 E+;* o] 1 _+_*
Since o V'@~ e/ T 5 onK K1 Thus

I vt
E[’HK J is symmetric . Therefore E[k+ k J Is reversible fuzzy

Markov kernel . m

Proposition 3.3

If (k ’ ”j is reversible , then the fuzzy Markov operator K is

L —
a self-adjoint fuzzy operator on L (”j

2| — _
Proof :-Let fel (”) and a Markov operator K, € Kla] of K,

then
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K, f(x)= gffa (xy) f(y)z.(y)
- ;Ka(y, x)t(y)z,(y)
=> x(x y)f(y)z.(y)
K (0

that is K, = KZ
Since K €K [a] of K ,then K=K u
Proposition 3.4

If K is a self-adjoint fuzzy operator , then the fuzzy operator

1 . _*
E(K’L K j Is a self-adjoint fuzzy operator .

1 P 1(= =7
Proof :- Let E(Ka +Ka)€E(K+K J[“] of E{KH{ J . Then

Sk, ki) =Sl +K)
-k +K,)
:%(KQ+K’;)

Hence
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gir | =ik
2 2

1 . _*
This implies that P K+K lisa self-adjoint fuzzy operator m

Representation of a Linear Operator by a Matrix [11]
Let X and Y be a linear finite dimensional vector spaces over the
same field and T : X —> Y is a linear operator . We choose a basis

E=1{€,€,...6, for X and a basis E'=1{€],€},....e,} forY ,

then every X € X has unique representation

Since T is linear, then X has the image

y =Tx =T(kzr;1: akekj => aTe ... (2)

k=

Since the representation (1) is unique , we have T is uniquely
determined if the images Yi = T€; of n-basis vectors €1, €2,--+€,

are prescribed . Since Y and Y; =T€ are inY , they have unique

representations of the form
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a) y= Zr: C; &
i=1

b) Te = Zr: b. €]
i=1

J

Substitution into (2) gives

r

y= Zciei,
=)

=> aTe,
k=1

n r

/
=2, Z bik €
=1 =l

k i

= Zr: (Zn: b, a, )ei’

i=1 \_k=1
Since the biS form a linear independent set , then the coefficients

of each € on the left and on the right must be the same , that is

r n
Thus the image Y =TX= Z_llciei of X= kz_;akek can
be obtained from (4) Hence the coefficients in(4)form a matrix

Tee = (bik) which represents the operator T with respect to those
bases .
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Definition 3.6. [11]

An eigen-value of a square matrix A= (aij) is a number /S,

such that AX = X has a solution X # O This X is called an eigen-

vector of A corresponding to that eigen-value /3.

Definition 3.7.[11]
The set O'(A)of all eigen-values of a square matrix A(aij )is

called the spectrum of A

Definition 3.8.[11]

Let T : X =Y bea linear operator on a normed space X of

n-dimensional , and TEE' = (aij) be the matrix representing T ,

where E | E"are basis's for X and Y respectively . Then the
eigen-values of the matrix TEE' are called the eigen-values of the

operator I , and the set G(T) of all eigen-values of TEE' is called

the spectrum of a linear operator T .

Definition 3.9. [18]
The eigen-function of a linear operator T defined on the

functions space is any non-zero function in that space satisfying

Tf =B for some scalar B the corresponding eigen-value .
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Proposition 3.10

If (EJ—T] Is reversible , then the fuzzy eigen-values of the fuzzy

_ 2| —
Markov operator K on L (”j are
_1<IBmin :/BQ—l < "'Sﬂ_l <IBO =1
Proof :- Let ¥; , 0<1< ‘Q‘ —1 pe a basis of real eigen-functions of

2| — _ _
L (”),and K, €K|a]of K, such that K, v, =B,V , forall

OSiS‘Q‘—l’and v, =1.

Now , when i =0  then K, ¥, =8, ¥,

Then Ky = fo¥,
Then P, l=Kl=1
Thus By =1

When ¥, 0<i<|Q -1 then K, = 3, % We can represent

K, by a matrix M= (lBa i )M . By theorem(spectrum)[11][the spectrum

G(T) of a bounded linear operator T:X—>Y ona complex Banach

space X is compact and lies in the disk given by‘ﬂi‘ < HTH]
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Then ‘ﬁa,i‘ < HKaHa,Z—)Z

P,

SO _1<ﬂa,i<1

<1

That is

Since ,.i EBi[a] of B;,0<i S‘Q‘_l

Hence

_1<Bmin :BQ—l S "'Sﬁ_l <fp=1 u

Remark 3.11

i) If ,Bj =0 , we will consider there is no uncertainty in this

value , that is , we don’t use the fuzzy in this case .

Al

. o[ =
If ¥; , 0<i<|Q|—1is a basis of real eigen-functions in - (”) then

i) We set the fuzzy parameter

IB - maX{ ‘Bmin

Proposition 3.12

[920:1%2 (X)j = %
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Proof :- we have at degree  from [7]

(S, Wiy =i (X)enn. @)
Where

V

U
(z,x(y){za(x)’ Y

Now , we have

(S, =26, (Vwi(y)z,(y)
=35, (v ()7, (x).......{2)

Q-
If we replace d, ( )by[

(3, , w>:(gzly/2 ) ......... (3)

0

1f we put (3)in (1) then
[Q;mx) (07, ()= (o (8)

By multiplying (4) by wi () we get
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9 [Z‘”()J @

oo 7, € 7l 7 | 24700 <[ Svito]

the « -cut of the triangular fuzzy number

Svit0)-|[Sviea) Svien) [ Svieo) |

- Bl

Proposition 3.13

The fuzzy eigen-values of the fuzzy Markov semi-group H, are

EXp (‘M ij <1< ‘Q ‘_1 with the same corresponding eigen- functions

to the fuzzy eigen-values Ji ,0<i< ‘Q‘ —Lwhere 4 =1— 5.
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Proof :-If we have K, € K[ar]of K and ¥; 0<i<|0Q—1is a basis

of real eigen-functions , then
Kwi =0,V = (1_/1a,i)Wi =y — AV,
Then (I _Ka) W, =A%

Then we take ¥ to both side we get

| -K, =41,
Now we multiplying by —1t then
-t(1 -K,)=-t4,,

By taking the exponential we have
H,. =exp(-t(l -K,))
= exp(— tA,; )
Which satisfying the equation

H, W= exp(— [ )Wi

So EXP(—U«a,i )10 <i <|C) —1 is the eigen-value of the Markov
semi-group H, . Since ﬂ“a,i EZ[“] of Ai , 0<i S‘Q‘—l, then

exp(— tA, )e exp

7~ X\

—tAi j[“] of the triangular fuzzy number

exp(_tzij

(exp(— tA,; ) exp(— th,; ) exp(— th,; ))
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0<i< ‘Q‘ =1, which the fuzzy eigen-values of the fuzzy Markov

semi-group Hi u

Definition 3.14.[19]

Let M = (aij )nxn n row and n column matrix represent the linear

operator T : X =Y | then the spectral gap of the linear operator T

is the same spectral gap of the matrix M , which defined by

d=d,—d,

Where dg,d; belong to the set of all eigen-values of M and d, <d,.

Proposition 3.15

The fuzzy spectral gap of the fuzzy Markov chains is

A=i1=1-p

Proof :-We have by proposition 3.10 the fuzzy eigen-values of the

fuzzy Markov operator K are

1< By = Piops € <Py < By =1

Thus the fuzzy spectral gap of the fuzzy Markov chains is

A1-7.-1-B. m
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Example 3.16.

Consider the fuzzy chain K on the symmetric group X =3,
which the collection of all permutation of
S={id}U{li,j),1<i<j<d}
This corresponding to randomly transposing pairs of cards with

the identity thrown in with equal weight , where

01| hy oo ol [ o)

And o, ® are permutations in S .
The lowest fuzzy eigen-value is

— 1 1 1
n=|—1+ ,—1+— -1+
P ( d?+1° d’ d2—1j

The second largest fuzzy eigen-value is

- 2 2 2
1-—=- 1-=1-—=
Pr= ( d-1 d d+1j

The fuzzy spectral gap is

S _ 2 2 2
*:ﬂlzl‘ﬂf(d—ﬂ’a’ﬁ]-

Note :- This example came in [8] in classical form , where the

kernel is

o001 0°)
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The lowest eigen-value is

The second largest eigen-value is

2
-1-=Z
£y q

The spectral gap is
ﬂ:ﬂlzl—ﬂlzz.
Lemma 3.17

If (k’ﬂ) is reversible , and ¥; ,0<i<|Q—1s an orthonormal

basis of real eigen-functions in LZ(E) then

n n

Q
xyzz
0

n 2
Kx—

iii) he(x,y)= QZlexp( j w.(y)

Jix|

Q-1 2n (X) 2n

Zﬂ i (x XS 00 B

i)

2 QZlexp( ij‘l//i (x) < 1;7([)(())( )exp(— Zth
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Proof :- i) We have at degree «
Ky, (x)= 4" w,(x)........0)
And

Koy ()= ma (% y)yr s (), (y). o 42)

y
Q-1

If we replace Ko (X, Y) by Zolﬂor;,il)”i (0w (y)

in(2) we get
Q-1
Koy (x Z{Zﬁ i jw,(y) ()
Q-1

PWATNAAAY)

Q1

—Zﬂ wi (X))
—ﬂ,,_z_ﬂ_,()

Hence
. Q-1 n

K (X, y): ZB. Vi (X)l//i(y)

0
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ii) We have at degree «

Hence

Now

e = Zhet 617 )

QZ:,BOT 14 (X)Wi (Y)_J-‘ 7T, (Y)

2

-1

leﬂ; wi (i (y) =, (y)

y
Q-1

WA X)X wi(y)z,(y)

Q-1
= > Bl () il
1

21

= Zﬁjnu Vi (X)‘Z

0 |® ek 2n .
“d -3 it
LE , e )
;ﬂa,ni‘Wi(XX <pB; 21:‘%()()‘
Q2 ,
- St 4
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),
_1-7(X) ,on
- 7Z'(X) lBa
Thus
WAl
This implies l
% 4 SVATHE ﬂ’(’x()x)ﬁzn

1) We have at degreea

and

If we replace ha,t(x’ y) by ZeXp(_ma,i)‘//i(X) (y)

in (2) we get
Q-1

)= z(zexp( (6w (y)jl//,-(y)ﬂa(y)

21

= zolexp(— th,.; )l//i (XN w))
= exp(— t, | )'7” i(x)

i- ]
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Hence

Q1

he(x, y)= Zolexp[_t%j% ),

IV) We have at degree

Hh;,t _1”:2 - Z‘ha,t(x, y)_]f”a(Y)

-3 leexpwai)wi(x)wi(y){ )
- Q;lexp(— U o (X (y Zﬂa(y)

- Seol 24 (0 D 2.0)
= Yexpl-2,

Hence
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Now

Q1 Q-1

Zexp( 22, v (X)° <exp(-2t4,) Z\w, x)’

= exp(- 2tA )[Qzl\y/,( x)" - j

") p(-2t4,)
Thus
QzllleXp(_ 2t j < 1;@())( ) exp(— 2t ZJ
This implies

2 QZlexp( i)‘l/ji (x) < 1;?)(())( )exp(— 2t Zj .

o

The following simple result gives a useful way of transferring

results between discrete and continuous time .

Corollary.3.18

Assume that (k ’ ”j Is reversible and set E— = max{o,—ﬁmm}

then
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For N=n+n"+1,
Proof :-We have at degree «

Q-1
2 (%, x)= 3 B2 (x> 0
0
Then
Zﬂjzﬂ“ﬂi (XXZ + Zﬂj,niﬂ“//i (X)‘Z >0
i:,Bmi <0 .5, i>0
Then
— Zﬁiﬂ”\% (XXZ < Zﬂinﬂ“//i (XXZ
i:8, i<0 18, i>0
Hence
Zﬁ§2+2‘1/ji(x]2< Zﬁﬁq\l//.(xy
I8, i<0 I8, i>0

Now , for those S, ;that are positive we have

B =exp(2nlog (- 4, ))<exp(-2n4, ;)
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Then

Q-1

> B2 X<Zﬂ s () +

i:f,i>0

Q-1

< Zexp(— 2nA, Jwi (x) +1
= [z, 1)
:Z h

+1

a,?

a,n X’ y _]"Zﬂa(y)-i_l

=>h, (Y7, ZZhan X,y)7 Zﬂ

kX
o ha,n

_ X
o ha,n

Mk x
o ha,n
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And

Q-1
> Bl (<) <Zﬂ§".\v/. )
|¢O
B ,i>0
Q-1 )
<Y exp(-2n4, )y (x)
1
X 2
= ha,n _1”0“2

Putting these pieces together we get for N =n+n"+1
N 2 I 2N 2
HKa,X _1” = ZlBa,i ‘Wi (X)(
= > B (x) + Zﬂfﬂ b (x)°

i:83, <0 |¢O

= D BIT Ry (xf + 20 BN ()

i, i-0 ﬁl#—'O
< ﬂzf;[ > B2y, (fo+ > B2 v ()
i:p,.i<0 ﬂ(ifigo
2 2 2
318” hx |l 2 ho)t(N_l‘a,z
2
2n 0{2)+ hO)j,N _1”05,2
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Therefore

For N=n+n"+1 g

As a direct application of above corollary we have the
following corollary which allow us to separate out the effects of the

smallest fuzzy eigen-value from those of the fuzzy spectral gap .

Corollary.3.19

Assume that (k’”j is reversible and set 4 = min{l,1+ﬁmin}_

Then

For 22 7(x)
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Fuzzy Dirichlet Forms and Distance to Equilibrium

We study in this chapter the fuzzy Dirichlet forms , total variation
distance , fuzzy chi-square distance , and relative error . We will prove

some propositions that we used in our main theorems in chapter five .

77



4.1. Fuzzy Dirichlet Forms

Definition 4.1.1.[6]

For a given chain K with invariant measure 7 the Dirichlet form

Is defined as
o(f,9)=(1-K)f,g)

= %g(f ()= F(y)Xa(x)-g(y)k(x, y)z(x)

Where f and J are two real-valued functions .

Also we have

o(f, f)=((1-K)f, f)
_ Exz\f(x)_ £ (y) K (x, y)z(x)

25

Note that :- If we have a Markov operatorKa € K[a] of K , then

the Dirichlet form at degree & is

r.(f.9)=(1-K,)f.9)
=5 (100 1))~ gy )k, ()=, )

And ¢, € f[a] the o -cut of the triangular fuzzy number

0 =(¢,£,,05), which will call the fuzzy Dirichlet form .
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Proposition 4.1.2

l . _*
If E(kJr K j Is reversible fuzzy Markov kernel , then

7(f, f)<[l K;K*]f, f>

Where f is a real-valued function .

Proof -Let /. € C{a]of 7 then

¢.(f, f):%;\f(x)— F(y) k. (% y) 7, (x)
:%Z f(x)- f(y) &, (x y)z,(x)7,(y)
=3 160 £ 5 - 26.009) 7. (. )
Tl F(yf b)) ()

2

_ %Z f)- £y Lol ()

2

10 p(y)f SN 7 g )

2




1 RN Y [ I —
Since E(Ka +Ka)€§£K+K j[a] of E[KJ“K ) therefore

%

Definition 4.1.3.[6]

The fuzzy spectral gap A of K can be defined by

7(f,f)
var(f)

:min{Z(f, f):] ], :1,E(f):0}

A =min

Lemma4.1.4

Let (k ! ”j be a fuzzy Markov chain on a finite state space €2 then

=

Where T is areal eigen-function .

2
<e?*'var(f)

2

Proof :-We have at degree a by elementary calculus
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oM A =0 52 (00, (0
- 230K, F O (), )

=-2((1 -K,H,, f.H, )
— _Zga(Ha,t f ' Ha,t f )
We consider Ef =0 then

oM, . -E)f[ ,=a|H, .1 -Ef

2
a,

=—2€a(Ha,tf’,Ha,tf)

=-20,(H, . ~E)f.(H, ,~E)f)
=-2((1-K,JH, . ~E)f.(H, . ~E)f)
- —2((1—ﬁa,i)<<Ha,t ~E)f.(H,  ~E)f >)
<-22,(H, . ~EJf.(H, . ~E)f)

(H, ,-E)f

2

H

a,t

2

=21,

“2
=24, [H.. 1],
=22, e 1]
=226 |,
=—24,e | f —Ef|,

=2 e " var_(f)

81



Integrating the both sides with respect to { implies

H(Hmt —E)f[" <e™var,(f)

2
a,?

Hence

<e var(f)

Proposition 4.1.5

If we take the supremum over all functions f in lemma 4.1.4 such

that || T|, =1 , then

HH_t—E

< exp(—t Zj
22

Proof :- By lemma 4.1.4 we have at degree o

2

H,  —E — sup (H(M—E)fH2
H H H

2-52
Gt

< sup e % var(f)
If1,=1

—tA
=e a

Hence




Proposition 4.1.6

In discrete time we can define 8 >0 by

2—2
When Ef =0
Proof :-Let T be areal eigen-function , then at degree & we have

K. -El, ... = sup [(K,-E)f],,

[f]a.2<2

= sup [K, fH

[f]a2<1

= sup |5, f|

[f]a.2<

=B sup |f],

|f Haz

=L,

a,?2

This implies

HK— e

2—2

Proposition 4.1.7

n

<P

2—2

=p . then

2—2

=

Proof :-We have at degree o
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‘Kg o EHa12_>2 = HK(Z o EHZ,Z—)Z
="
Thus
_n _n
e <7
22
Proposition 4.1.8

When (k ’ ”j is reversible , the definitions of Z’ in remark 3.11 and

proposition 4.1.6 are equivalent .

Proof :-Let ¥;,1 =1, Q‘ -1 belong to a basis of real eigen-functions

v, , 0<I S‘Q‘—l . Then at degree o

HKa - EHa,2—>2Wi = sup (Ka N E)V/iHazWi

lvill . o<1

= sup |[K.v; —Eyi| v

lvill ., <2

= Sup KaWiH a2V

vill <2

= sup By, v

HWIH a,2<

= p, (1)Wi
= L.V,
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Therefore

Proposition 4.1.9

When ( k, ”j Is reversible , then the definitions of the fuzzy spectral

gap A in proposition 3.15 and definition 4.1.3 are equivalent .

Proof :- We have by the following from [6]

1—B=min{Z(f,f),

szLEfzo}
Where
B=|K-E

So by proposition 4.1.8 we have

22
, }

f|, =1, Ef = o}

1- 4 =1~ max{‘ﬂmm

e

Il
|
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Lemma 4.1.10

For any fuzzy chain (k ’ ”j and P =1 the fuzzy Dirichlet

form £ satisfies for all non-negative functions f

p

i) o A f| | =-p7(f, £

t=0

i) 0, E_nt(ﬁt f)

p

=—/(f,log f)

t=0

Proof :- 1) We have at degree &

oML =0.%. H,  F () 7, () :
_ atZX:H,f,tf (X, (X# :
=- ple(' —K, )H 2 f(x)f pl(x)”“(xﬁ ]
:—ple(l —K ) () f P (x)x, (x)
=—p({(1 =K, )f. £77)
=—pr,(f, 177
Hence
at ﬁtf p :_pz(f’fp_l)
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ii) We have at degree o

atEnta(Ha,tf)‘tzo :atZ[Ha,tf(X)log Ha,t f(X)]ﬂ'a(X)

- a;[Ha, F(K, ~1)+1og f (X)), (x)
=Sl SR+, DK, F)

(K, ~1)+og 1(x)]z, ().
= [-(1-K,)f(x)-(1-K,)f(x)log f(x)}r,(x)

(K. ey 1), 0

t=0

= <(| K )f 1+|ogf>
--((0- K, )f,log f)
=—(¢ (f1)+z (f Iog f))
=0-/,(f,log f)
=—( (f,log f)
Thus

5, E—nt(ﬁt fj —7(f.log f) _

Lemma 4.1.11 _

Let P = 2. For any fuzzy chain K with invariant fuzzy measure
and any function f =0,

i) o(f,f H)z%?(f%,f%)
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ii) If (k’”j is reversible , then

7(f,171)2 4(p‘1)?(f % g%

2

P

forall l< p<oo,

Proof :- We follow[6]

i)At degree & , when P = 2 the function t — t” IS convex on [0, OO) .
Now , for any smooth convex function ¢

#(a)-4(b)= #'(b)Xa-b)

(2 —b%)z(%)b%‘l(a—b)

Multiplying by — b”  we get

So , we have

b% —a% )b sgbp‘l(b—a)

foralla,b >0 This gives
-k )% |7 < P[0 -k,)t]F >

That is ;

0 (f )220 (£% £%)
Therefore "

o(f, f pl)z%?(f%, £%)



ii) At degree o, write for any a,0 >0

P b/ \? a 2
a’-b% ) [ p "t
a-b 2(a-b)Y

4a—-h)
p2 ap—l_bp—l
~4p-1) a-b

This shows that
(a'“‘1 —bp‘l)(a—b)z 4(p-1) (a% —b%)2

P
So
-k, )fe]f > 4(‘;‘1)[0 K, )%

That is

0 (F,174)= 4(p_1)€a(f % g%

P

Therefore

7(f,104)> 4(';_1)Z(f )

Lemma 4.1.12

For any fuzzy chain k with invariant fuzzy measure 7 and any

functions T =0



i) Z(log f, )= 27(T,JT)

ii) Any reversible fuzzy chain (k ’ ﬂj satisfies

T(log f,)>47(JT T)

Proof :- We follow[6]
i)At degree r, as t = —10gt? is a convex function , then

—(log a® - log b? ) > _Tz(a—b)
foralla,b >0 Multiplying by —b’ yields
b2(log a2 —log b? )< 2b(a —b)

forall @,0>0 . This shows that

f (0l —1)log £Jx)< 24/ F0I|(K,, = 1T |(x)

Then

f((1-K, )log £ Jx)= 2/ F(X)|(1 -K,, YT |(x)
So ¢,(log £, t)=2¢,(T,JT)

Hence

7(log £, 1)=227(T.\/T) a
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ii)At degree o, 2 =0 =0 we have

a%-p*) [ 1 ja-dtz
a-b ) |2(a-b)Jt*

oL pa
"~ 4(a-b); t
1loga—loghb
4  a-b
So
a(a* —b* | <(log a—log b)a—b)
And
40 -k WTNT <[(1-X, )iog ]1
Then
40, (T[T, (log T, )
Thus

(\/7 )s /(log f,f)a

Remark 4.1.13
The difficulty in proving of lemmas 4.1.11 and 4.1.12 comes from

the fact that formula of the Dirichlet form , does not hold in general .
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4.2.Distance to Equilibrium

Definition 4.2.1[22]
The total variation distance between two probability measures

M andVv IS

Jea=vl, =sup(A)-v(A)
= 5 ) vl

Note that :-1f we have 4, € /_1[06] of the fuzzy probability measure s

also vV, € ;[0!] of the fuzzy probability measure v , such that gand v

are triangular fuzzy numbers , then the total variation distance between

4, and v, Is

Hlua _VaHTv = Sup‘/ua (A)_Va (A)(
AcQ

1
- E Z‘/ua (X)_ Vo (X)‘
X
Hence , the total variation distance between two fuzzy probability

measures £ and v is|}|, .
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Proposition 4.2.2

n

For the iterated fuzzy kernel kx and invariant fuzzy probability

measure 7 , we have

Proof :- We have at degree o

2 W:zy:

n
ka,x — 7T,

Thus

Definition 4.2.3[22]
The chi-square distance between two probability measures # and v

2
is the L (7T ) distance between% and 1, that is
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ARt ALY

Note that :- If we have 4, € (] of i, v, € v[ar] of v, such that

4 and v are triangular fuzzy numbers , then the chi-square distance at

degree o betweent,, and Vv, is
Hoe /) _ _

0 { 0]

and || -||0{Y2 € |-||2[05] of \HZ Hence the fuzzy chi-square distance

— _ 2
between two fuzzy probability measures & and v is the L (7[ )distance

between 'u_ and 1.
| %4

Proposition 4.2.4
The total variation distance is dominated by the fuzzy chi-square

distance , namely
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Proof :-We have by proposition 4.2.2

v

Therefore

Definition 4.2.5.[22]

The relative error between two probability measures £ and v is the

L (77) distance between% and 1, that is ,
A ool
(%)

Note that :- If we have probability measures 4, € ;1[05] of 4,

_sup

v, e vla] of v ,where # and v are triangular fuzzy numbers , then

the relative error between 1, and V. is
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=sup

0 X

o sl |

Hence the relative error between two fuzzy probability measures H

and Vv is Loo(ﬂ) distance between ﬂ_ and 1.

1%
The fuzzy chi-square distance ’(x_q
Ex(y)—q |

Proof :- We have by Jensen's inequality

Proposition 4.2.6

Is dominated by the relative
2

error SL;p

=sup
y

E:(y)—q .

Proposition 4.2.7

For reversibility fuzzy chains , the maximal relative error at time

2n

2N | that is , °Y
X,y

Kx (y)—J.‘ is equal to the square maximal fuzzy

i i S i
chi-square distance , at time N,
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Proof :-We have by lemma 3.17 at degree o

Q-1
sl (1)1 =t 20, 9)-

-1

=Sup Zﬁjr:‘//u (X)Wi(y

X,y

Q1

=Sup Zﬁj,r;‘//iz (X)

X

Q1 . ,
=Sup Zﬂa,i‘l//i (X)(
x 1

2

n
SRS
a,X a,2

—4
Remark 4.2.8
Propositions 4.2.2 ,4.2.4 ,4.2.6 , and 4.2.7 can hold without changes

=sup
X

Hence

2

sup
X,y

Ein(y)—q = sup

X

2

in continuous time if we replace K by H., x byﬁt ,and Nbyt,
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In the following lemma we state the simplest and most basic

quantitative bounds on the fuzzy chi-square distance .

Lemma4.2.9

Any finite fuzzy Markov chain K with invariant fuzzy probability

measure 7 satisfies

Proof :- i) We define at degree o

1
- ,X= y
S x(¥)=17.(x)
0 X#£Y

Observe that
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So

K —E

a,2 a,2—>2

=0

o, X

K" —E

o, a,2—2

By proposition 4.1.7 we have
U I OY)

Therefore

2

ii) As (l) we define 5a,x(Y) at degree « , so

(H. . —E)s, (y)=H. .35, (y)-Es(y)




=nl “
=e‘tiﬂ/<a(x y)—-1
AL
:ha,t(x’ y)_l
So
ho)c(,t _1‘0{'2 = ‘(H:ﬂ,t —Ep, . .2
<|6.x| ,IHai—E
MM, ' a,2—2
- ‘50”( 05,2HH%t N EHa,Z—)Z

By proposition 4.1.5 we have

h(;(,t _1‘

<(z, () e

a,?2

Thus
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Fuzzy Logarithmic Sobolev Inequalities

In this chapter we will introduce concepts of fuzzy logarithmic
Sobolev inequalities , fuzzy logarithmic Sobolev constant , hyper-
contractivity of fuzzy Markov semi-group, and ergodicity of fuzzy
Markov chains , and we prove essential results around quantative
bounds on convergence fuzzy kernel of fuzzy Markov semi-group

to stationary fuzzy distribution in total variation distance .
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5.1.The Fuzzy Logarithmic Sobolev Constant

Definition 5.1.1.[12]
A Markov chain is called an irreducible chain if it possible to go

from every state to every state .

Definition 5.1.2.[6]

Given an irreducible finite Markov chain K ‘with invariant

probability measure 7z . Consider the Dirichlet form

((f,9)=((1-K)f,g)

And set the entropy
2
=gl i po

Then log-Sobolev inequality is
c(f)<ce(f, )

holding for any function f , C s constant .

Note that :-I1f we have £, € Z[05]of the fuzzy Dirichlet form?,

o © ;[a]of the invariant fuzzy probability measure 7, and

.0)= 100 ogf L7 o

= 1.
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Where ¢, € Z[Ol] the o -cut of the triangular fuzzy number

¢ =(£1,¢,,¢,) , then the log-Sobolev inequality at degree « is

¢ (f)<c 0 (f,f)

holding for any function f ,Co is constant . Hence the fuzzy log-Sobolev

inequality is

C(f)<ce(f,f)
.Remark 5.1.3

If we have H f H2 =Lthen the fuzzy entropy ¢ become

Z\ x) log|f (x) 7(x)

Definition 5.1.4.[6]

1
Let — be the smallest constant C , such that

§
ot L=

This called the log-Sobolev constant .

Note that :-If we deal with the fuzzy log-Sobolev inequality , then

the fuzzy log-Sobolev constant is

o =inf M:ga(f )= 0, foralla €[0,1]
¢(f)
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Lemmab.1.5

For any fuzzy chain K , the fuzzy log-Sobolev constant o and
the fuzzy spectral gap A satisfy
20< A
Proof :-We follow [20] . Set f =1+&d and writes small enough

at degree o
[ 1og| [ =20+ 2¢ g +gzgz)[5g

=2c( +382‘g‘2 +O(g3)
And
1P og| |7, = (1+2¢ g+ 2% 26 E,9 + £l

~26%(E ) + 0(53))
=2¢E,0+46°gE, g+ nggHZ’Z ~28%(E,g) + O(ez)

Thus

1 l-zew e, o)+ e Blof olf, ~40E,0

H ..
+2(Egf +O(53))
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And
¢.(1)=222(Jgf, - (E.a) J+0()

= 222 var,(g)+0(&®)
Now

(D=1 -K, )1, 1)
= XZ;“ f(x)= f(yf 'k, (x, y)z,(x)

= XZy)\l+ eg(x)— @+ eg(y)f k, (x, y)z, (x)
= gZ;y‘g(X)— g(y) Kk, (x y)z,(x)

=&%((1-X,)9,9)

=¢%(,(9,9)
Hence

o =inf{€2§};)i§a(f)¢ O}

=in £,(8.9) g®var (g)+0lg® )=
N f{Zgzvara(g)+O(53)'2 () O( ) O}

’,(9.9)

<inf
" 2var, (g)

So 260, <A,

Therefore 20< m



Remark 5.1.6

In most examples where 2¢and A are explicity known , they turn

out to be equal .

Example 5.1.7

Assume that €2 = Z§ and €; | = 1,2 be the element of Z§ with all

coordinates 0 except the Ith which isl. A fuzzy probabilityé is defined

Q(0)=0Q(e;)=(0.2,0.3,0.4),i =1,2 and Q(x)=0, otherwise . The
associated random walk on Z; has fuzzy kernel

k(x,y)=0Q(x-vy)

The invariant fuzzy probability measure is

7 =(0.24,0.25,0.26)

The fuzzy spectral gap is

4 =(0.5,0.6,0.7)

The fuzzy Log-Sobolev constant is

N | N

¢===(0.25,0.30,0.35)
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Note :- This example came in [8] in classical form , where the

probability Q is

The kernel is

k(x,y)=Q(x-y)

The invariant probability measure is

1
T =—
4
The spectral gap is
i=2
3
The Log-Sobolev constant is
A

Sg_ =

Wk
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5.2. The hypercontractivity of fuzzy Markov semi-group

Definition 5.2.1[17]
A Markov semi-group Hon L*(7) to L*(7) is said to be hyper-

contractive if there exist a finite t > Oand a continuously differentiable

function ( hypercontractive equation) CI(t) <l+e“
,2<q(t)<90,0<C such that

<1

[, <

Note that :-If HHtH2_>q <1 then a Markov semi-group Ha,t € Ht[a]

of Hiis hypercontractive at degree « if there exist a finitet > 0, and

a continuously differentiable function (hypercontractive equation)
q(’[)S 1+e® ,2<q(t)<,0<cC such that

[He, .. <2

la,2—q

Hence

<1

2—qQ

Hﬁt

— 2| =
This implies H tis hypercontractive on L (”j :
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Proposition 5.2.2

— 21 —
A fuzzy Markov semi-group Ht on L (” j Is hypercontractive
if and only if

o —
For any fel (”j

Proof :-First sense ,we have by definition 5.2.1 at degree &

Hodl, e <1 q(t)<i+e®,0<c

Since
., =kl
ez £,

Then

Hei fl, o <M, o0 1L

<[f]..
Hence
Ht f <H—H2
q

Second sense , we have at degree &
[t <[,

If we take the supremum over all f with H f Ha,z <1 e get

[He, .. <1

lla,2—q
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Therefore

Example 5.2.3[17]

— 21 41
A fuzzy Markov semi-group Ht from = (”j to L (”j IS

hypercontractive since

Hﬁt

<1.

24

Remark 5.2.4

In case the log-Sobolev constant is the constant of the hyper-

contractivity equation CI(t) <l+e® 2< Cl(t) <00,0<Cthen

the fuzzy log-Sobolev inequality become

cl(f)<e(f, f)
Theorem 5.2.5

Let (k : ”) be a fuzzy finite Markov chain with log-Sobolev

constant § .
i) Assume that there exists >0 such that

Hﬁt <1

2—q

forall t >0 and 2§CI(t)<OO satisfying Q(t)—lﬁeﬁt .
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Then B<(F)< ¢(f, ), and thus @ > 5.

ii)Assume that (k ! ”) is reversible , then

H <1

2—q

forallt >0

and all 2<q(t)< oo satisfying Cl(t)—l <e*t

Ht <1

|||) For non reversible chains , we still have for

2—Q

allt >0 and all 2<q(t)<oo satisfying q(t)-1<e’"
Proof :-

i)We set at degree o for f >0 F. :HH‘Z!tfHa,p(t)

Where p(t) =1+e* we compute the derivative of

.00 B30 6,0,

* p(t) a,p(t)
That is

6, 0= 2 M. 1] .00
=X
=3 o [+ -1l K, g 1), 1)
G;(t):leexp [+6*1)(=t(1 =K, )+ log F(x)].
1K e 4pe (-1 K, )+log £ (1)}, (0
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—p/(t)log|H,, [

a,p(t) G,

(t)

- p'(t)

Ho

S0 NEORI0

g, f["

t
p°(t)

= EO ]+ 2U S0P oglH ), ()

p?(t) 45

(R, ()" P70

o] P10
(0| 2O, 1)

Since HHa,t f H

a,p

- gog (Ha,t f J (Ha,t f )p(t)—l)

H

a,t

f (X)( p(t)

L@Z‘Ha'tf(x]p(t) log

H

|

a,t

i _fa(Ha,t f ’(Ha,t f )p(t)_l)
a,tf,(Ha,th

(t)<HfHa,2 ! HOf = f and p(O):Z . the

derivative of F, (t) at T =0 must be negative , so

pS(f)<e, (f,f)
That is

BE(f)<o(f, 1),

the log-Sobolev inequality
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p(t)

a,p(t)

7, (x)

“)We assume that at degree « , (k,, 7, )is reversible and satisfy



ol (f)<e (f,f)

For T =20, lemma4.1.11 gives
f)<e (02, £72)<— Py (f o
(@é/p,a( ) fa( ' ) 4( 1)€0!( ! )

Foranyl< p<oo,
If p(t) =1+e*" . then p'(t)=450(p(t)—1) - and replacing f

by H at f , We obtain

p’(t) ;p(t),a(Ha,t f )_ga(Ha,t f ’(Ha,t f )p(t)_l)S O

p?(t)
However , we use as in (') the notation

F, :HHa,tf . p(t) @nd then F, (t)SO forall t =0

Since F, (0): H f Ha,z , this implies that

[Hei £, o <171

Thus
Hﬁt f < H_sz
2—p(t)
By proposition 5.2.2 we have
Hﬁt <1
2-p(t) '
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iii)We have at degree ¢, by lemma 4.1.11

r 17 07)< B (1,179 syl 1)

and replacing f by Ha,tf , We obtain

!/ t .
0 ) 1
However , we use as in (l) the notation

F, = HHa,t f Ha,p(t) and then Fa,(t) <0 forall t=0.

Since Fa(o): H f Ha,Z , SO

HHavt f Ha,p(t) < H f Ha,Z
Thus
‘ Ht f < H_Hz
2 p(t)
Hence
‘ H. <1 .
2-p(t)
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5.3. Ergodicity of the Fuzzy Markov Chain .
We use the fuzzy log-Sobolev constant to discuses ergodicity

through fuzzy entropy .

Proposition 5.3.1

If we have £ = f°7 forafunction T =0 ||f], =1 then
2(r)=Enf )

Proof :- We have at degree &

7,0 7, ()
=leﬂa(>< log /7;:8

since £, € Sla]of £, and BNt (12, )€ ﬁt(ﬁj[a] of ﬁt(/_‘j

then
2(n)-en )
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Proposition 5.3.2

*

If H: f is the density of X H . , With respect to 77 . Then

E—nt(pﬁtsz—n{ﬁt f]

Proof :- We have at degree o , by proposition 2.41
Ent, (H;  f)= 2 H,  F(x)log(H;  f (), (x)

Thus
E—m(pﬁtj:E—m[ﬁt f) i

Theorem 5.3.3

LetK bea fuzzy finite Markov chain with invariant fuzzy probability

measure 7 and fuzzy log-Sobolev constant ©. Then for any fuzzy

probability measure # = f 7 on astate space € , we have

ﬁt[ﬁ H tj < e 2t ﬁt(ﬁj t>0
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Further , if we assume that(k ’ ”j IS reversible , then
ﬁt(ﬁ ﬁtj et ﬁt(ﬁ) 150
Proof :- i)We have at degree & , by proposition 5.3.2
Enta (H:t,t f ): Enta (lLla Ha,t )
Lemma 4.1.10 gives
o.Ent, (H: f)=—¢(H: f logH: f)
Lemma 4.1.12 gives

0 (H: Flog HE )220, [(He £ )7 (He 1))

By log-Sobolev inequality we have

Lol ) )< e e e 1))

And
" f
e, 0 )z o — e )
H; 1)
a,?
Since
‘(H;,tf)/vz :2: H;,tf ol
<|H, f 2
<|HZ ), 0l
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By theorem 5.2.5- (iii) and H Zz,t Is adjoint of Ha,t . we have

H_ . . <1
So
(H:,
Hence
gw((|—|;;,t f Y)z Ent,(H; f)
And

8,Ent, (H: f)<-2¢ (( VA Y)
_—Zsoaé“a(( a,th)

<-2¢ Ent (H’ f)
By the following from[16]

e Ent (f)<Ent,(H: f)
We have
8,Ent,(H; f)<—20p,e?Ent,(f)
Integrating both two side with respect to T we get

Ent,(H: f)<e®Ent(f)
So
Ent,(uH, )<e? Ent,(u,)

Therefore

ﬁt(ﬁ Htj <e 2! ﬁt(ﬁj t>0
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ii)At degree ¢ , we have by lemma 4.1.10 and 4.1.12 that
o,Ent, (H: f)<—4p Ent (H: )
By the following from [21]
e *Ent (f)<Ent,(H: f)
We have
o,Ent, (H”, f)<—4p e Ent,(f)
Integrating both two side with respect to T we get
Ent,(H: f)<e™Ent(f)
So
Ent, (u,H, )<e**Ent,(u,)

Therefore

E—nt(p ﬁtj <ot E—m(pj 150

Corollary 5.3.4

Let (k ' 7T ) be a fuzzy finite Markov chain , and 9 be a fuzzy

log-Sobolev constant we have
2

- 1 o=
H*-7z| <|log—— g

:
Vol )
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If we assume that (k’ﬂj IS reversible then

1 =
<| log— |e™**"

K 7(x)
Proof :-For the first inequality at degree « by the following from [6]

H ~x|, <Ent,(HZ,)
And by the following from [16]

Enta(H;,t)ge‘z‘%t(Iog L J

7, (%)

We have
X 2 1 —pt
2z, <o
Hence
2
ZHI—TtX—E <[log—1_ et
i 7(x)

For the second inequality at degree « by the following from [6]
X 2 X
Hy -7, [ <Ent,(H2)

And by the following from [21]

1
Ent (HX, )<e ™|
na( a,t) € (Og ﬂa(X)j
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We have

2, <o log )
Hence

2

—4 ot

1
<|log—— |e .

o
v 7(x)

The following corollary may be compared with corollary 5.3.4-

case nonreversible

Corollary 5.3.5

Let (k ’ ﬂj be a fuzzy finite Markov chain , then

4HI—TtX—7_z <1 gom
v z(x)

Proof :-We have at degree o

4YHy x|, <
— T >
a,t ||ty

By lemma 4.2.9 we have

b 1

2 1 ot

“2 " 7,(x)




So

X 1 et
4H: -x,[ < - (X)e 2t
Thus
4‘ H_tx—7r Sie_ﬂt .
v 7(x)

Corollary 5.3.6

Let (k 7T | bea fuzzy finite Markov chain , then

%
< [Iog [1B e ™!
™ 7(x)

Further , if K, ”j is reversible , then

7
-
v 7(x)

Proof :- We have at degree o

H'—7x

H'—7x

X 2 < X 2
HH‘“ ~ v _ZHH‘“ _ﬂ“HTv
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By Corollary 5.3.4 we have

A

7
2l < ba ) e

el o) -
. ()

For reversible chain , by corollary 5.3.4 we have

1 %
<|log——— | e !
‘ " (c’gna(x)j :

So

o

Hence

H'—7x

X
Ha,t—ﬂ'

(24

Hence
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Theorem 5.3.7

Let (k’” j be a fuzzy finite Markov chain . Assume that

— 1
”(X)Sg _then

v

For reversible fuzzy chains , the inequality holds for

<! ,t:ilog Iog—1 +c,c>0
2 20 ”(X)

t=(4¢p)" log Iogi+c , c>0

7(x)
2
Proof :- At degree «, forS > 0 set Q(S) =1+e""" theorem5.2.5 -
11 gives

<1

a,2—q(s)

H.

'S

Since H;,siS adjoint of Ha,s then

<1

a,q'(s)—>2

%
JHes

Where CI'(S) is Holder conjugate of CI(S).
Consider the function

1

8on(¥)=17,(x)
0 , X#Y

X=y
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We have from Lemma 4.2.9

(H. s —ER,(y)=h,.(x y)-1

Then
s =1, =[He e B,
<|HosBas, HZ,t “Ela
o G2 T L DAY PN [ Pl = I
= (= 0, 0 o], g IHe=EL
<z, (0) ¥ 4, €],

By proposition 4.1.5 we have
1) a—the
s =Y, <(z,(x) e

a,?

e L Er IR Er)

So

1
h* <e™Me t= ——b log——+c,c>0
i 20 09 2(x)
Hence
@—J{ <el?t, Ioglog 1 +c,c>0
2 20 (x)
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For the second part , at degree o, theorem 5.2.5- (i) gives

H..

<1l g(s)=1+e""

a 2—>q( )

By proposition 4.1.5 we have
h* < (, (x)) 41 Ve

a,t+s 1‘0['2

it Er R €

So

« _ 1
‘ham—le2 <el ™t = Iog log 7z(x)+C’C>O
Therefore
—— 1 1
hs-1 <e"*',t=-—"-loglog——~+c,c>0 _
‘ t 4 : A (x)

Corollary 5.3.8

Let (k : ”j be a fuzzy finite Markov chain , then

H-7z| <eb2% ,tziloglogi+c,c>0
v 26 7(x)

For reversible chains ,the inequality holds for

t=(4¢) " log log ()+c c>0
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Proof :- We have at degree o

HH;’I ey = ho)‘(’t _1‘0(,2
By theorem 5.3.7 we have
HHOX”— L <t Ioglog L ¢, c>0
v el 29 7(x)

By lemma 5.1.5 we have 2¢, <4, , so

_ 1
H* _ < gl P! 2 gl +c,c>0
[ -, =, luloa s
Then
‘I—Ttx—y_z < g2t _iloglog 1 +c,c>0
v ’ 2 (X)

For reversible chain , we have at degree «

X X
E I

(24

a,?

By theorem 5.3.7 and lemma 5.1.5 we have

HY -7z | <™ t=(4p) loglog——~+c,c>0
H v J ( )

Hence

‘I—T—;z <g?! t=(4p) " log log %X)Jrc c>0
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Corollary 5.3.9

Let (k’”) be a fuzzy finite Markov chain , then the maximal

relative error is

sup
X,y

ik y) 4 ) ez{%ﬂ*}

For

tzilog Iogﬁﬂ: 7. (x)=min z(x),c > 0

Further | if (k ' ”j is reversible , then

he(x, y)—q < ez(l_ItJ

sup
X,y

For

t =(4p) " log log L oo (x)=min z(x),c >0

7.(x)
T

Proof :- We have from [6]

sup
X,y

he(x, y)—q <| sup

X
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By theorem 5.3.7 we have

(% y)- 4 < (elltj(el*/;tj

sup
X,y

tzilog Iog%(xfc,yr*(x):min z(x),c>0

For reversible chain , by proposition 4.2.7 and remark 4.2.8 we have

E(_J.‘
By theorem 5.3.7 we have

he(x, y)—q < ez(gtj

For

2

sup
X,y

he(x, y)—q = sup

2

sup
X,y

For

t = (4p)" log log 1 7, (X)=min z(x), ¢ >0
,(x) "

Corollary 5.3.10

N |

_ — 1
Assume that(k’ j is reversible chain and ”(X) = g
A, =min{A,1+ £} then

. Set
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<(L+2e?)%e?”

2

nz%loglog 1 + ¢ +1,c>0-

z(x) A,

Further , setting 7 (x)= mxin 7(X) we setting

 (x y)_q <1+ 262)e

For

sup
X,y

nziloglog L +C+1,c>0-
4 72'*(X) A

*

For

Proof :-At degree «, if we set N =sN+3n+1-1=N-1

L)
:,6’;‘,_(1+

A | T TS

n + -1
a,? qa’zj ayN 1 q
By theorem 5.3.7 we have

nﬂ@+e ) 2(-(N-1)2,)

i, (1+62 ni, ) 2(1-24,-24,)
<e " (1+e?)+er ™

—g " (1+ 2e2)
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We have by corollary 3.18

K:zx_l‘z <ﬁ (

)
a,?

2

a,?2

K,n

a,X




So

zge?“@+zﬁyé

o,

n
Kx_q

n> 1 log log L
For 4 T (X)

For the second part by proposition 4.2.7 we have

n
Kx—

<(1+2e%)e”

Therefore

< (1+ 2e2)%e_ﬂ

2

C
+—+1,c>0-

%

2

sup
X,y

(% y)—q =sup

X

2

+ ¢ +1.,c>0
|

n> 1 log log L
For T 4p z.(x) A,
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From our work we conclude that

1) Let (k : ”j be a fuzzy finite Markov chain , and 9 be a fuzzy log-

Sobolev constant we have

2
P - 1 _

ZHHtX—yz <| log—— |g7**"

v (x)
If we assume that (k'”) is reversible then

’ 1

ZHHtX—E <|log—— [g™**"
v 7(x)

N |

j be a fuzzy finite Markov chain , then

2) Let (E'

v 7z(x)

N |

j be a fuzzy finite Markov chain , then

3) Let (E’

%

<| log L e

o
v 7(x)
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Further , if (k ' ”j is reversible , then

1 _
<|log| — || e**"

=
v 7(x)

4) Let (k ' ”j be a fuzzy finite Markov chain , then

<l 2ot ,tzilog Iogi+c, c>0
v 2 ”(X)

For reversible chains , the inequality holds for

HHIX—ﬂ

t=(4p)" log Iogi+c, c>0

7(x)

5) Let (k ! ”j be a fuzzy finite Markov chain , then the maximal

relative error is

B 2—{7@*}
suphe(X, y)—q <e
X,y
For
t:ilog log +c, z,(x)=min z(x),c > 0

2 TCs (X)

134



Further , if (k ' ”j is reversible , then

suplhe(x
X,y

For

t =(4¢)" log log *1(X)+c z,(x)=min 7z(x),c >0

- = — 1
6)Assume that(k ’ ”j is reversible chain and ”(X) = g . Set

A, =min {ﬂ, 1+ ,Bmm} then

—4
1 C

n>—Iog lo +—+1,c>0
For 2 gﬂ(x) 3

Further , setting 7. = m|n (%) we setting

<(1+2e%)%e?”

2

sup

xy 4 1+2e

n>—|og|og C+1 c>0-

7, (x)

For
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