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 المستخلص 

لكوو س سلسوور وووالض ا يل وو المو ووو  يله ي وومي يلهتهووو يلاوو    موو  ي اهاوووا        

و لل يا ووما  ض موو ي ووو  ا وور يل ووا صم  ي اافووو اوو  يلواوو ي يتاموو ي يلا  م ا وو  يلهتهوو

نووا  سوولمض يل وو ه الووم  وو ي يله  وو   ي يلهمووالضو  موو  ل هلنووا  ايلنوسووتا يللاموواي  

 يل سمض   ي.

 -لسالانا و  اهسو  ص ل: ك ن   

نووا اوو  يله  وو   يووو  ييوور ضس نتموو  ل وو  ل سووص فوو لي واكاولووو  وو  ي  ان       

يله ل وووا  يتساسوومو يلاوو  نااايتووا  اووم يصوو   يل هوور ضضصوو  ي   ا يسووا ض نا  وو  

يلوصوور يتيل ل وو  يلا وواليع ييله ل وووا  يتساسوومو يلاوو   ووعيل  وو ل يله ه اووا  

 يل  المو  .

الض ا وؤث  و ٬ضها  نايلنا    يلوصر يلصان  ووت م سلسر والض ا يل  المو        

 يووا مص ضساسمو ضا ى.  ٬زو ي وؤث ي  والض ا يل  المو  -ش    ٬يل  ال  

   يلوصر يلصالث دلسنا و ك س سلسر والض ا يل  المو يضمومو إي اد يل مص يل ي موو 

 يل  المو لهؤث ي  والض ا يل  المو . 

و   ضوووا يلوصوور يل يلووي   ووع ل  نووا ل وو  يلا وواشل  وو ل فووم و دلشوولم  يل وو الم       

ضوا  يل و المو ييلأ ول يلنسو    ييلاو   -وسا و يلا اي  يل و المو يلكلموو   وسوا و و لوي

 يساوعنا ونتا    ل  اس ن  يا نا يتساسمو    يلوصر يلأاوس .

وا اينووا  يث يلوو  سوو ل ل ا يلل ةال همووو يل وو المو  ل  نووا  وو  يلوصوور يلأوواوس       

يل و المو   ي لول لعليسوو يل مو د زوو ي ووؤث ي  ووالض ا  -ييلانكهاش يتالوم لمو  

زووو ي وووؤث ي  وووالض ا يل وو المو إلووم ديلووو  -يلكهمووو لا ووالن يلنوو يي يل وو المو لموو  

يل موواس يلا اهالمووو يل وو المو ةموو  يلها موو ي لعلالووو ديلووو وسووا و   وواي  يل وو المو يلكلمووو. 

 يلا  نا إس يلا الن ي اهع الم ث يل  س ل ل ا يلل ةال همو يل  المو. 
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 I 

Abstract   

       Since fuzzy Markov chains is an important topic in the 

recent years , then we try to shat light on this topic by this our 

humble contribution . 

Our thesis consists five chapters:- 

       In chapter one we have introduced basic concepts of fuzzy 

sets, arithmetic operation on fuzzy numbers , and lattice of fuzzy 

numbers . 

       Chapter two concerning fuzzy Markov chains , fuzzy 

Markov operator , fuzzy Markov semi-group , and other 

concepts .  

       In chapter three we have studied the reversibility of fuzzy 

Markov chains , and how to fined fuzzy eigen-values  for a 

fuzzy Markov operator and fuzzy Markov semi-group . 

       In chapter four we have proved some results referring to the 

fuzzy Dirichlet forms , total variation distance , fuzzy chi-

squared distance , and relative error that we need for our main 

theorems in chapter five . 

       Our achievement in chapter five is that we introduce the 

fuzzy logarithmic Sobolev inequalities , fuzzy logarithmic 

Sobolev constant , and the hypercontractivity of the fuzzy 

Markov semi-group , to give the quantative bounds for the 

convergence of the fuzzy kernel of the fuzzy Markov semi-

group to stationary fuzzy probability measure using the total 

variation distance . These bounds depend on the fuzzy 

logarithmic Sobolev constant .  
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 III 

Introduction 

       Because of importance and utility of fuzzy Markov chains , 

there are many connections that can be drawn to questions in 

analysis . 

       The main aim of our thesis is to give the quantative bounds 

for the convergence of the fuzzy kernel of the fuzzy Markov 

semi-group to stationary fuzzy probability measure using the 

total variation distance and these bounds depend on the fuzzy 

logarithmic Sobolev constant. 

      Our method in this thesis is theoretical . 

       In 1907 [12] , A.A. Markov began the study of an important 

new type of chance process . In this process , the outcome of a   

given experiment can affect the outcome of the next experiment 

, this type of process is called a Markov chains . 

      Fuzzy sets have been introduced by Lotfi Zadeh in 1965 . 

[23] as an extension of the classical notion of set . In classical 

set theory , the membership of elements in a set is assessed in 

binary terms according to a bivalent condition – an element 

either belongs or does not belong to the set . By contrast , fuzzy 

set theory permits the gradual assessment of the membership of 

elements in a set , this is described with the aid of a membership 

function valued in the real unite interval  1,0  . Fuzzy set 

generalizes classical sets , since the indictor functions of 



 IV 

classical sets are special cases of membership functions of fuzzy 

sets , if the latter only take values 0  or 1 . 

       In 2005 [2] J.J. Buckley and E . Eslami defined the fuzzy 

Markov chains by  using a restricted fuzzy matrix multiplication 

through a transition probability  yxk ,  replaced by a triangular 

fuzzy number  yxk ,
__

 and restriction on   yxk ,
__

:- There are 

    1,,
__

yxkyxk  . 

       The theory of operator semi-group originates from the study 

of the equation 

         1...........0,. ITsTtTstT   

       Where  tT is an operator –valued function taking values in 

the set of bounded linear operators acting on a suitable functions 

space . This problem was independently studied by Hill and 

Yoside around 1948 [13] . The equation  1 bears a resemblance 

to the exponential Cauchy equation 

         2...........10,.  gsgtgstg  

       Where  tg is a non-negative function from R  to R . The 

solution to the exponential Cauchy equation is well known :-It  

is the family exponential functions 

  Rretg tr  ,  

       



 V 

        However this family represents all possible solutions only 

if additional assumption of continuity is made . The assumption 

that  tg  is continuous from right in the origin is already 

sufficient to make the functions   Rretg tr  ,  the only 

solutions of  2 . 

       Logarithmic Sobolev inequalities were introduced in 1975 

[6] as a way of isolating smoothing properties of Markov semi-

group in infinite-dimensional settings .They were defined by 

   ffcf ,  

       Where  f is a real valued function . The entropy  is 

   
 

 x
f

xf
xff

x

  














2

2

2

2
log

 

       And  is Dirichlet form , such that 

          
yx

xyxkyfxfff
,

2
,

2

1
, 

 

       c is constant . 

       Logarithmic Sobolev constant of the Markov chains is 

 
 

 








 0:
,

inf f
f

ff





 

       And 

1
is the smallest constant c . 
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       In 1996 [6] Diaconis and Saloff used logarithmic Sobolev 

constant for bounding rates of convergence of Markov chains on 

a finite state space to there stationary distributions , where the 

problem is discussed as follows :- 

       They worked with a finite state space  and an irreducible 

Markov kernel 

    
y

yxkyxk 1,,0,
 

       The continuous time semi-group associated to a Markov 

operator is    ItH t exp  . Its kernel is denoted by 

   yxHyH t

x

t ,  which is the distribution at time 0t  of  

the process started at x . It has a unique stationary probability 

measure  and    yyH x

t   as t  tend to infinite . They got 

quantative bounds on this convergence for instance in total 

variation distance 
TV

x

tH  , by using log- Sobolev constant . 

       We will discuss this convergence through fuzzy logic by 

using the triangular fuzzy number , where we will prove 

convergence of the fuzzy kernel of the fuzzy Markov semi-

group

__
x

tH to invariant probability fuzzy measure 

__

 in total 

variation distance namely 

TV

x

tH
____


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Our main theorems are 

Theorem I 

       Let 






 ____

,k  be a fuzzy finite Markov chain with a fuzzy 

log-Sobolev constant 
__

 . 

i Assume that there exists 0  such that 

1
2

______

__


q

tH
 

for all 0t  and    tq2 satisfying   tetq 1 , then 

   fff ,
____

   and thus  . 

ii Assume that 






 ____

,k is reversible , then
1

2

______

__


q

tH
 for all 

    0t and    tq2 satisfying   tetq  41 . 

iii For non reversible chains , we still have 
1

2

______

__


q

tH
 for all 

      0t  and    tq2 satisfying   tetq  21 . 

 

Theorem II 

       Let
__

k be a fuzzy finite Markov chain  with invariant fuzzy 

probability measure 
__

  and fuzzy log-Sobolev constant 
__

 . 

Then for any fuzzy probability measure 

____

 f on a state 

space  ,   
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 we have 

















  0,
______

2
________ __

tEnteHEnt t
t   

Further , if we assume that 






 ____

,k  is reversible , then 

















  0,
______

4
________ __

tEnteHEnt t
t 

 

 

Corollary III 

       Let 






 ____

,k be a fuzzy finite Markov chain , and
__

be a fuzzy  

log-Sobolev constant we have 

 

t

TV

x

t e

x

H
__

2

__

2
____

1
log2 




















 

       If we assume that 






 ____

,k
 is reversible then 

 

t

TV

x

t e

x

H
__

4

__

2
____

1
log2 




















 

 

Corollary IV 

       Let 






 ____

,k
 be a fuzzy finite Markov chain , then  

 

t

TV

x

t e

x

H
__

2

__

2
____ 1

4 



 
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Corollary V 

 

       Let 






 ____

,k
 be a fuzzy finite Markov chain , then  

 

t

TV

x

t e

x

H
__

2
1

__

____
1

log 




































 

       Further , if 






 ____

,k
is reversible , then 

 

t

TV

x

t e

x

H
__

2
1

2

__

____
1

log 




































 

 

Theorem VI 

        Let 






 ____

,k  be a fuzzy finite Markov chain . Assume 

that 
 

e
x

1__


 , then 

  
tx

t eh
__

1

2

________

__

1 
 

0,
1

loglog
2

1
, 


 cc

x
t

  

 

        For  reversible fuzzy chains , the inequality holds for 

 
 

0,
1

loglog4
1




cc
x

t
  
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Corollary VII 

        Let 






 ____

,k
 be a fuzzy finite Markov chain , then  

t

TV

x

t eH
__

21
____


 

0,
1

loglog
2

1
, 


 cc

x
t

  

                   

        For  reversible fuzzy chains , the inequality holds for 

 
 

0,
1

loglog4
1




cc
x

t
  

 

Corollary VIII 

       Let 






 ____

,k  be a fuzzy finite Markov chain , then the 

maximal relative error is  

                                   
t

t

yx

eyxh



















____

2__

,

1,sup


 

For    

       
    0,min,

1
loglog

2

1



 



cxxc
x

t 
        

Further , if 






 ____

,k is reversible , then 

                                  
 














t

t

yx

eyxh

__

12__

,

1,sup


 

For 

        
 

 
    0,min,

1
loglog4

1
 




cxxc

x
t 

  
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Corollary IX 

       Assume that 






 ____

,k
is reversible chain and  

e
x

1__

  . Set  

 min1,min     

 
__

22
1

2

2

__________

__

211



n

n

eex




 

For             







0,1
1

loglog
4

1
c

c

x
n

  

       Further , setting    xx
x
 min  we setting  

   
__

2

2__

,

211,sup  n

n

yx

eeyx 
 

        For         







0,1
1

loglog
4

1
c

c

x
n

  

       From our work we conclude that:- If 

___
x

tH is the fuzzy 

kernel of  the fuzzy Markov semi-group and 
__

 is invariant 

fuzzy probability measure , then we get quantative bounds on 

convergence 

___
x

tH to

__

 in total variation distance by using the 

fuzzy log-Sobolev constant
__

  . 
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CHAPTER ONE 

 

 

Fuzzy Sets and Fuzzy Logic : An Overview 

 

 

       In order to draw a meaningful picture in our minds for our 

work and prepare the background for our work and motivate our 

results ; we understand the need to recall definitions and some 

results related to  the basic concepts for our work .   
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1.1.The Fuzzy Sets 
 

Definition 1.1.1.[24] 

       If X is a collection of objects denoted generically by x , then 

a fuzzy set A  in X  is a set of order pairs :- 

 
















 XxxAxA :,

__

 

  xA is called the membership function or grade of membership of x  

in A  that maps X to the unite interval  1,0 . 

 

Example 1.1.2.[24] 

       A "real numbers close to10  " 

 Where  

      


















 12
______

101:, xxAxAxA
 

 

Definition 1.1.3.[23] 

       The standard intersection of fuzzy sets
__

A and

__

B is defined as 

  

     

   xBxA

xBxAxBA

____

________

,min





















 

For all .Xx  
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Definition 1.1.4.[23] 

       The standard union of fuzzy sets

__

A and

__

B is defined as 

     

   xBxA

xBxAxBA

____

________

,max





















 

For all .Xx  

 

Definition 1.1.5.[23] 

       The standard complement of a fuzzy set

__

A is defined as 

   xAxA
____

1









 

 

Remarks 1.1.6 

       A closely related pair of properties which hold in ordinary set 

theory are the law of excluded middle 

XAA   

and the law of contradiction principle  

 AA  
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Proposition 1.1.7.[23] 

       The law of excluded middle and contradiction are not 

satisfied in fuzzy logic . 

Proof :-Let  
2

1
__

xA   for all Rx ,  then 

      

     

 
1

2
1

2
1,

2
11max

,max
________





















 xAxAxAA

        

And 

     

 
0

2
1

2
1,

2
11min

,min
________





















 xAxAxAA

 

 

Definition 1.1.8.[23] 

       let 
__

A be a fuzzy set  of  X , the support of 
__

A denoted  AS   

is the crisp set of X whose elements all have non zero membership 

grades in 

__

A  , that is 

 
















0:

____

xAXxAS
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Definition 1.1.9.[23] 

      ( -cut) An  -level set of a fuzzy set
__

A of X is a non fuzzy 

(crisp) set denoted by  A , such that 

 

 











































0,

0,:

__

__

__







ifAScl

ifxAXx

A
  

Where   AScl  denotes closure of the support of A . 

 

Example 1.1.10.[23] 

       Assume  4,3,2,1,0,1,2 X  and the fuzzy set
__

A  is 

              0.0,4,3.0,3,6.0,2,0.1,1,6.0,0,3.0,1,0.0,2
__

A  

It -cuts  

 
 
 
 















3.0,3,2,1,0,1

6.0,2,1,0

0.1,1
__







A
 

       And 

 3,2,1,0,1
__









AS
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Theorem 1.1.11.[5] 

       Let

__

A be a fuzzy set in X with the membership function  xA  . 

Let  
__

A  be the -cuts of

__

A and   
 x

A 

 __  be the characteristic 

function of the crisp set  
__

A for all  1,0  . Then  

 
   

  XxxxA
A













,sup __

1,0 

  

Proof :-Since  
 x

A 

 __  is the characteristic function of the crisp 

set  
__

A  , it takes the value 1 if  
__

Ax  and takes the value 0 if 

 
__

Ax  , therefore  

If  
__

Ax  then  
    








 



xAx
A

__

,1__  

And  

If  
__

Ax  then  
    








 


xAx

A

__

,0__  

Now  

   
 

 
 
 

 
 
 



























































































xxx
A

xA
A

xA
A 







 __

__

__

__

__

1,,0
1,0

supsupsup
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 

 
 

 

 

 xA

xA

xAxA

__

,0

1,,0

__

____

sup

0sup1sup
















































































 

                                                                                   ■ 

 

Remarked 1.1.12 

       Given a fuzzy set A in X , one consider a special fuzzy set 

denoted  
__

A for  1,0 whose membership function is defined as  

  
 
  XxxxA

A
A 








 ,__

__
__


   

       And the set  

 








 XxxA
A

,:
__

__   

       is called the level set of A . Then the above theorem states that 

the fuzzy set A can be expressed in the form  

 














__

__

AA

A


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       Where denotes the standard fuzzy union . This result is called 

the resolution principle of fuzzy sets . The essence of resolution 

principle is that a fuzzy set A can be decomposed in to fuzzy sets  

 
__

A ,  1,0 .     

 

Definition 1.1.13.[5] 

       A fuzzy set A  of a classical set X  is called normal , if there 

exists an Xx , such that   1
__

xA  . Otherwise 

__

A  is subnormal . 

 

Example 1.1.14. 

       The fuzzy set in the Example 1.1.10 is normal , since   11
__

A . 

 

Definition 1.1.15.[23] 

       A fuzzy set A of X is called convex , if  
__

A is a convex subset  

of X , for all  1,0 . That is , for any  Ayx , , and for any 

 1,0  then 

   
__

1 Ayx   

       The convex means that any  -cut which parallel to the horizontal 

axis through interval . 
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Definition 1.1.16.[3] 

       A fuzzy set A whose  AS  contains a single point Xx , 

with    1
__

xA , is referred to as a fuzzy set singleton . 

 

Definition 1.1.17.[3] 

       The empty fuzzy set of X  is defined as 

  Xxx  :0,  

 

Definition 1.1.18.[3] 

       The largest fuzzy set in X  is defined as 

  XxxI X  :1,  

 

Definition 1.1.19.[3] 

       The concept of continuity  is same as in other functions, that say,  

a function f is continuous at some number c if        

   
cx

cfxf


lim  

 for all x  in range of f , that require existing  cf  and  xf
cx

lim  .  

       In fuzzy set theory the condition will be 

   cAxA
cx

____

lim 
  

       With x and 

__

Ac  . 
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Definition 1.1.20.[23] 

       A fuzzy set 
__

A is said to be a bounded fuzzy set , if it -cuts 

 
__

A  are (crisp) bounded sets , for all  1,0  . 

 

Definition 1.1.21.[23] 

       A fuzzy number
__

A is a fuzzy set of the real line with a normal 

,(fuzzy) convex , and continuous membership function of bounded 

support .  

 

Example 1.1.22.[23] 

       The following fuzzy set is fuzzy number approximately    

          1.0,7,7.0,6,0.1,5,6.0,4,2.0,3"5"   

 

Proposition 1.1.23 

       Let A
___

  be a fuzzy number , then  
__

A  is a closed , convex , and 

compact subset of R, for  all  1,0 . 

Proof :-We have  

   








  xAXxA
____

:  

       Which implies that  1,  is a closed interval , that is , for any 
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sequence of degrees 1,   , converges to a degree   in 

 1, , then  for any sequence in  
__

A , associate   converges 

to an element in  
__

A  with degree . So  
__

A  is a closed subset  

of R . 

       Since  A
___

 is a fuzzy number , so A
___

  is a convex fuzzy set , 

which implies that  
__

A  is convex . 

       Since   









____

ASA   for any  1,0 , then  
__

A  is bounded .  

By Hein-Borel theorem [15][Every bounded closed set in Euclidean 

space is compact] . Thus  
__

A  is compact  ■ 

 

Remark 1.1.24 

       We shall use the notation 

       21

__

, aaA   

      Where  
__

A  is an  -cut of the fuzzy number

__

A , and 

  Ra 1,0:1    ,     
__

1 min Aa   , 

is left hand side function which monotone, increasing and continuous. 
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  Ra 1,0:2   ,    
__

2 max Aa   

 is right hand side function which monotone decreasing and continuous. 

  

Proposition 1.1.25 

       If   , then    
____

AA  . 

 

Proof :- We have  

       21

__

, aaA   

       And 

       21

__

, aaA   

  Since   ,then 

  )(][min][min 1

____

1  aAAa   

       And  

        2

____

2 maxmax aAAa   

 

       Hence 

   
____

AA   ■ 

 

Proposition 1.1.26 

       The support of a fuzzy number is an open interval 

    0,0 21 aa . 
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Proof :- Suppose that  






 __

AS
 is a closed interval , that is , 







 __

AS  

contains all limit points , so 

 



































0:

______

xAXxSclAS A  

but this contradict definition 1.1.8 , therefore 






 __

AS  is an open 

interval     0,0 21 aa ■ 

 

Definition 1.1.27.[3] 

       A fuzzy number 

__

A  is called a triangular fuzzy number , where 
__

A is defined by three numbers 321 aaa  if :- 

   1
__

xAi  at 2ax  , (

__

A is normal) 

ii The graph of  xAy
__

  on  21 ,aa is straight line from  0,1a    

       to  1,2a  , also  on  21 ,aa  the graph of  xAy
__

  is straight 

       line from  1,2a  to  0,3a . 

   0
__

xAiii for 1ax   or .3ax   

       We write   321

__

,, aaaA   for triangular fuzzy number and its          

 -cut       332112

__

, aaaaaaA    for all  1,0 . 
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Example 1.1.28.[23] 

 8,4,1
__

A is triangular fuzzy number , where 

 

 

 

       Y 

 

 

       

     1 

                                                                                          X 

       0        1       2       3       4       5       6       7       8 

                                    triangular fuzzy number 
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1.2.Arithmetic Operations on Fuzzy Numbers 

       We will define the arithmetic operations on fuzzy numbers             

      based on resolution principle ( -cuts) . 

 

Definition 1.2.1.[5] 

       Let

__

A  and 

__

B be two fuzzy numbers and        ,, 21

__

 aaA   

       21

__

,bbB  be  -cuts ,  1,0  of 

__

A  and 

__

B  respectively. 

Then the operation ( denoted any of the arithmetic operations 

         ,,,,, ) on fuzzy numbers

__

A and

__

B  denoted by 

____

BA  gives a fuzzy number in R , where 

 












________

BABA   

       And  

       1,0,
________









  BABA

 

       Here it may be remarked that the reason for 

____

BA to be a fuzzy  

number , and not just a general fuzzy set , is that 

__

A and

__

B being 

fuzzy numbers , the sets      ,,,
________

 







BABA  are all closed 

intervals for all  1,0  . 
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       In particular 

             

             



1221

____

2211

____

,

,

babaBA

babaBA





 

       Further , for fuzzy numbers 

__

A  and 

__

B  in R   

             

    
 
 

 
 

    











21

1

2

2

1
____

2211

____

,0,,:

,

bb
b

a

b

a
BA

babaBA













 

       The multiplication of  a fuzzy number

__

A in R by a real number 

0c is 

         21

____

,cacaAcAc 









 

 

Example 1.1.30[9]  

       Consider two triangular fuzzy numbers

__

A  and 

__

B  defined as 

 
 

 
























31
2

3

11
2

1

3,10

__

xfor
x

xfor
x

xxfor

xA
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 
 

 
























53
2

5

31
2

1

5,10

__

xfor
x

xfor
x

xxfor

xB

 

       Their -cuts are 

   

   



25,12

23,12

__

__





B

A

 

       Now  

     1,0,48,4
____









 BA

 

       The resulting fuzzy number is then 

 

 























84
4

8

40
4

8,00

____

xfor
x

xfor
x

xxfor

xBA
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1.3.Lattice of Fuzzy Numbers [9]  

        Let denote the set of all fuzzy numbers . Then the operations 

MIN  and MAX  are functions of the form  such 

that :- 







































________

________

,,

,,

ABMAXBAMAX

ABMINBAMINi

(commutativity) 







































































____________

____________

,,,,

,,,,

CBMAXAMAXCBAMAXMAX

CBMINAMINCBAMINMINii

      (associativity). 



______

______

,

,

AAAMAX

AAAMINiii



















 (idempotence) 



________

________

,,

,,

ABAMINAMAX

ABAMAXAMINiv



































(absorption) 























































































______________

______________

,,,,,

,,,,,

CAMAXBAMAXMINCBMINAMAX

CAMINBAMINMAXCBMAXAMINv

     (distributivity). 
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       The triple  MAXMIN,,  is called lattice of fuzzy numbers . 

       The triple  MAXMIN,,  can be expressed as the pair  , , 

where   is a partial ordering defined as 

__________

, ABAMINiffBA 









 

       Or , alternatively 

__________

, BBAMAXiffBA 









 

for any 
____

, BA .  

       Now , this partial ordering can be defined in terms of the relevant  
 -cuts :- 

     

     



__________

__________

,

,

BBAMAXiffBA

ABAMINiffBA





















 

for any 
____

, BA  and  1,0  ,Where  
__

A and  
__

B are 

closed intervals , then  

 

 



 20 

        

        2211

____

2211

____

,,,,

,,,,

baMAXbaMAXBAMAX

baMINbaMINBAMIN























 

       If we define the partial ordering of closed intervals , that is   

    22112121 ,,, babaiffbbaa   

       Then for any 
____

, BA , we have  

   
________

BAiffBA   

for all  1,0  . For example , we have in example 1.2.2  

that  

____

BA   since    
____

BA   for all  1,0 .  
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CHATER TWO 

 

Fuzzy Markov Semi-Group 

 

 

       In this chapter we have introduced definitions of fuzzy Markov 

chains , fuzzy spaces , fuzzy Markov operator,  fuzzy Markov semi-

group and other concepts . 
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Definition 2.1.[15]  

       Let S be a subset of R ,we say that RSf :  is a  - measurable 

 function if  for every open set G   in R , then the set   SGf 1
is 

measurable set . 

 

Definition 2.2.[15]  

       A function f  is said to be simple , if  it is  -measurable and 

takes  no more than countably  many distinct values . 

 

Definition 2.3.[15]  

       Let f  be a simple function , that is , a  -measurable function 

taking no more than countably many distinct values  

yyy
n

,...,,
21

 

        Then the lebesgue integral of f  over the set A , denoted by 

 
A

dxf   

       We mean the quantity 

 
n

nn Ay 
 

       Where  

  .: nn yxfAxA   
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Definition 2.4.[10]  

       A probability trio   ,, is defined by the probability space ,   

where  (state space) the set of all possible outcomes of an 

experiment .   (Borel field) the set of subsets of which satisfy 

three properties:- 

 i  

 Aii  then  AAC /  

 nAiii  then 


n
Nn

A  

         is a  probability measure which a function from  to the real 

number that assigns to each event a probability between 0  and 1  

such that:- 

  
  

   jiAAAAiii

AAii

i

ji

n

nn
n

nn

















,,

0

1

1


 

 

Definition 2.5.[6] 

       A Markov chain on a finite state space   with cardinality   

can be described through its transition kernel k which is a function  

on   satisfying  

    
y

yxkyxk 1,,0,
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Note that :-If we substitute a transition kernel  yxk , by a triangular  

fuzzy number  yxk ,
__

 such that  

        yxkyxkyxkyxk ,,,,,, 321

__

  

       Its  -cut  

       yxkyxkyxk ,,,, 21

__

  

       And as      yxkyxk ,,
__

  the  -cuts of triangular 

fuzzy numbers  yxk ,
__

   satisfy  

    
y

yxkyxk 1,,0,   

       Then we can define a fuzzy Markov chain through its fuzzy 

transition kernel .
__

k  

       Not all the transition kernel  yxk , need to be fuzzy , some can 

be crisp (a real number) . If   0, yxk ,or   1, yxk  then we 

assume that there is no uncertainty in this value . If   1,0  yxk , and 

there is uncertainty in its value , then we assume that   1,0
__

 yxk also.  

We put restriction  on  yxk ,
__

:- there are     1,,
__

2 yxkyxk   , so 

that the Markov chain defined through its transition kernel with 

  .1, 
y

yxk  
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Definition 2.6.[1] 

       Let be the transition matrix of the Markov chain where  

   
 yxyxk ,,  

       Since each row of  has entries that sum to 1, then each row of  

 is a probability measure denoted by  . 

Note that :- If we replace  yxk ,  by  yxk ,
__

, then the fuzzy 

transition matrix 

__

 of the fuzzy Markov chain is  

__

  












yx

yxk
,

__

,
 

       Since   
y

yxk 1,  for all      yxkyxk ,,
__

 of  yxk ,
__

, 

we have  a probability measure with  

__

 the  -cut of the 

triangular fuzzy number  321

__

,,   . We will call
__

 the fuzzy 

probability measure of the fuzzy Markov chain . 

 

Definition 2.7.[1] 

       A probability measure for the transition kernel k is called  

invariant (stationary equilibrium) probability measure if satisfying  

 



 26 

      
x

yyxkx  ,
 

such a measure always exists and unique . 

Note that :-If we assume that      xx
__

  of  x
__

  for 

a transition kernel     yxkyxk ,,
__

  of  yxk ,
__

satisfies  

      
x

yyxkx   ,  

where      yy
__

 the -cut of the fuzzy probability measure 

        yyyy 321

__

,,    . Then

__

 will call invariant fuzzy  

probability measure . 

 

Definition 2.8.[6] 

       The space of real valued (simple) functions 
pL is defined by  

    pffLL
p

pp 1,1:  

       Where   

     xffxxff
x

p

x

p

p
max,

/1











   

           
x

p
xxf   is Lebesgue Integral with respect to  . 
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Note that :- If  pf
p

1,10  and  

__

  of the 

invariant fuzzy probability measure
__

 .Then the norm at degree  is  

   
p

x

p

p
xxff

/1

,








  

  

 and  
 pp

__

,
..   the  - cut of the triangular fuzzy number 

 
pppp ,3,2,1

__

.,.,..  . We will call p

__

.  the fuzzy norm and the 

space 






 __

pL with the fuzzy norm p

__

. the fuzzy space of simple 

functions , such that 

















 pffLL

p

pp 1,1:
______

     

   
p

x

p

p

xxff
/1

__
_____









    

and    xxf
x

p


__

 is fuzzy Lebesgue integral with respect to
__

 .  
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Definition 2.9.[14] 

       Given a finite probability space  ,, .A linear operator 

     qpLL qp 1,:   is called a Markov operator if :- 

 0fi  then f0  

 0fii  then pq
ff    

       Where 

     
y

yfyxkxf ,  

Note that :- If 0 and we have a transition kernel   

__

kk   of  

__

k  , then the Markov operator at degree  is  

     qpLL qp 1,:    

       Satisfies 

 0fi  then f0  

 0fii  then pq
ff

,,    

       Where 

     
y

yfyxkxf ,  
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       This implies   

__

  the - cut of the triangular fuzzy 

number  321

__

,,   which will call the fuzzy Markov 

operator , such that 

________

0,1,: 
















 qpLL qp 

 

 

Example 2.10[14] 

       Let
__

 be a fuzzy measure preserving transformation on 









__

,,  . 

The fuzzy operator  


















qpLLF qp 1,:

______

  

Satisfying   

       

 









Ax
Ax

xxfxxfF
1__

______


 

       Where 

1__

,



A is inverse of 
__

 . Its called the fuzzy Perron – 

Frobenius operator associated to 

__

 . This fuzzy operator is a fuzzy 

Markov operator . 
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Definition 2.11.[6] 

       The operator norm  is  

q
f

p

q

qp

f

f

f

p










1

sup

sup

 

Note that :-If 10 
qp , and we have a Markov operator 

 

__

  of 
__

 ,  
 qq

__

,
..   of q

__

. , then the operator norm  

of   at degree  is 

q
fqp

f
p

,
1

,
,

sup





  

      And  
 qpqp 


___

,
..  the -cut of the triangular fuzzy number 

  
qpqpqpqp 


,3,2,1

___

.,.,..  , which will call the fuzzy 

 operator norm of 
__

 . 

 

Remark 2.12 

If 1
p

f  , then the operator norm of  

__

  of 
__

 is  

q
fqp

f
p

,
1

,
sup

 
  
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Definition 2.13.[6] 

       The iterated transition kernel 
nk  is 

     



z

nn yzkzxkyxk ,,, 1

 

Note that :-If      zxkzxk

n

n ,,

1__
1



  of the fuzzy transition 

kernel  zxk

n

,

1__ 

,      yzkyzk ,,
__

  of the fuzzy transition 

kernel  yzk ,
__

,then the iterated transition kernel at degree  is 

     



z

nn yzkzxkyxk ,,, 1

  

and      yxkyxk

n

n ,,
__

  the  -cut of the triangular fuzzy number  

        yxkyxkyxkyxk nnn

n

,,,,,, 321

__

  

       We will call  yxk

n

,
__

 the iterated fuzzy transition kernel . 

 

 

Definition 2.14.[6] 

       The transition kernel of a Markov operator  with respect 

to  is 

 
 
 y

yxk
yx




,
, 
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Note that :-If we have  

__

kk  of 

__

k and  

__

 of

__

 . Then 

the transition kernel of a Markov operator  

__

  of 
__

 with 

respect to   is       

 
 
 y

yxk
yx









,
,   

and  

__

  the -cut of the triangular fuzzy number 

 321

__

,,   .We will call

__

 the fuzzy transition kernel of a fuzzy 

Markov operator
__

  with respect to
__

 . 

      

Definition 2.15.[6] 

       The iterated transition kernel of a Markov operator 
n  with 

respect to is  

 
 
 y

yxk
yx

n
n




,
,   

Note that :-If we have nk  
n

k
__

of 

n

k
__

 and  

__

  of 

__

 , 

then the iterated transition kernel of a Markov operator  

n

n
__

  

of 

n__

  with respect to  is  
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 
 
 y

yxk
yx

n
n









,
, 

 

and  

n

n
__

  of the triangular fuzzy number   .,, 321

__
nnn

n

   

       We will call

n__

 the iterated fuzzy transition kernel of a fuzzy 

Markov operator

n__

 with respect  to

__

 . 

 

proposition 2.16 

       The fuzzy Markov operator 

__

  at 

__

 can be given by  

       
y

yyfyxxf
______

, 
 

 for any function .f  

Proof :- Let a Markov operator  

__

 of 

__

  and f be any 

function , then  

     

     







y

y

yyfyx

yfyxkxf





 ,

,

 

       Since  

__

 of 

__

  and  

__

 of 

__

 , then 

       
y

yyfyxxf
______

, 
 ■ 
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Definition 2.17.[11] 

 

       Let    pLp 1,  be the space of simple functions defined  

on a state space .The set of all bounded linear functional from 

 pL to R is called the conjugate space of    pLp 1,  denoted 

by   


pLp 1,  and 
1

11




pp . 

Note that :- If we have 







pLp 1,

__

  the fuzzy space of simple 

functions  , then the set of all bounded linear functional on 






 __

pL
 

to R is called the conjugate fuzzy pace of 









pLp 1,

__


 , 

denoted by  









pLp 1,

__


 and 

.1
11




pp  

 

Definition 2.18.[6] 

       Let      qpLL qp 1,:  be a Markov operator .   

The adjoint Markov operator is  

    
 pqLL pq 1,:   

such that 

       
y

yfyxkxf ,
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       And                             

 
   

 x

yxyk
yxk



,
, 

 

    qp LL


, are the conjugate spaces of  pL  and  qL  

respectively . 

 

Note that :-If we have a fuzzy Markov operator  


















 qpLL qp 1,:

______

  

       Then the adjoint Markov operator at degree  is                                                              

 

    
 pqLL pq 1,:    

such that 

       
y

yfyxkxf ,  

and                          

 
   

 x

yxyk
yxk








,
, 

 

       Since the transition kernel  

__

kk  of 
__

k and  

__

 of  

__

 , then the adjoint transition kernel at degree is  




__

kk  of the 

triangular fuzzy number  



321

__

,, kkkk .

__

k will call the adjoint 

fuzzy transition kernel . In this case the adjoint Markov operator 
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 

*__


the -cut of the triangular fuzzy number  



 321

__

,, .  . 




__

is called the adjoint fuzzy Markov operator such that                
























pqLL pq 1,:
______


 
















 
____

,  qp LL  are the conjugate fuzzy spaces of 






 __

pL  and 








 __

qL  respectively . 

 

Definition 2.19.[11] 

       Let      qpLL qp 1,:   be a Markov operator. 

We say that  is a self-adjoint Markov operator if 

  

Note that :- If we have a fuzzy Markov operator  


















 qpLL qp 1,:

______

  

then is a self-adjoint fuzzy Markov operator if 




____
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Definition 2.20.[6] 

       The transition kernel of an adjoint Markov operator 
 with 

respect to is 

 
 
 y

yxk
yx




,
,


   

Note that :-If we have  




__

kk of

__

k and  

__

 of

__

 , then  

the transition kernel of an adjoint Markov operator  




__

 of 




__

 

with respect to  is 

 
 
 y

yxk
yx









,
,


 

 

and  




__

 the -cut of the triangular fuzzy number   

 .,, 321

__




 We will call 

__

 the fuzzy transition kernel of an 

adjoint fuzzy Markov operator




__

 with respect to
__

 . 

 

 

Definition 2.21.[6] 

       The iterated transition kernel of an adjoint Markov operator
n  

with respect to is  

 
 
 y

yxk
yx

n

n




,
,


   
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Note that :-If we have n

k  
n

k

__

of 

n

k

__

and  

__

  of 

__

 , then the iterated transition kernel of an adjoint Markov operator 

 

n

n
__*

*   of 

n__*

  with respect to   is      

 
 
 y

yxk
yx

n

n









,
,


   

        And  

n

n


 
__

 the -cut of the triangular fuzzy number  

 nnn

n





 321

__

,,  . We will call

n__

 the iterated fuzzy transition 

kernel of an adjoint fuzzy Markov operator

n


__

with respect  to

__

 . 

 

Proposition 2.22 

       The adjoint fuzzy Markov operator 




__

at

__

  is given by  

 
       




y

yyfyxxf
______

, 
 

       For any function f . 
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Proof :-Let a Markov operator  



 
__

of 




__

and f be any 

function , then  

     

     











y

y

yyfyx

yfyxkxf





 ,

,

 

       Since  



 
__

of 

__

  and  

__

 of 

__

 , then 

       



y

yyfyxxf
______

, 
 ■ 

 

Proposition 2.23 

        If we have  yx,
__

  is the fuzzy kernel of a fuzzy Markov 

operator 

__

  with respect to
__

 , then 

   xyyx ,,
____

 



 

Proof :- Let  



 
__

 of 

__

  and   

__

  of 
__

  then 
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 
 
 

 
   

 

 
 

 xy

x

xyk

x

yxyk

y

y

yxk
yx

,

,

,1

,
,










































 

Hence                             xyyx ,,
____

 



 . ■ 

     

 

Definition 2.24.[6] 

       The expected value of a function f defined on a state space 

 is 

    
x

fxxfEf
1

  

Note that :-If 10  E and we have  

__

  of 

__

 , then the 

expected value of f at degree  is 

   
1,  fxxffE

x

  

       And  

__

EE   the -cut of the triangular fuzzy number 

 321

__

,, EEEE  . We will call

__

E the fuzzy expected value of 

 a function f , where 10
__

 E . 
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Definition 2.25.[6] 

       The variance of a function f  defined on a state space  is 

      

     

2

2

2

2
var

Eff

xxEfxf

xEfxfEf

x







 
 

Note that :-If 1var0   and we have  

__

EE   of 

__

E , then the 

variance of f at degree is  

      

     

2

2,

2

2
var









fEf

xxfExf

xfExfEf

x








 

       And  

____

varvar   the -cut of the triangular fuzzy number 

 321

____

var,var,varvar  . We will call 
____

var  the fuzzy variance of 

a function f , such that 1var0
____

 . 

 

Definition 2.26.[4] 

       The entropy of a random variable x under a given probability 

measure  is  

       xExExxExEnt loglog   



 42 

       And the entropy of a positive  function f such that 1Ef  is 

      

      


x

xxfxf

xfxfEfEnt

log

log

 

Note that :- If we have  

__

EE  of 

__

E , then , at degree the 

entropy of a random variable x  is 

       xExExxExEnt  loglog   

       The entropy of a positive  function f  is  

      

      


x

xxfxf

xfxfEfEnt





log

log

 

       And  

____

EntEnt   the -cut of the triangular fuzzy number 

 321

_____

,, EntEntEntEnt   which will call the fuzzy entropy . 

 

Definition 2.27.[6] 

       The relative entropy of the probability measure  f  with 

respect to  is 

   
 
 

x x

x
xEnt




 log  
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Note that :-If we have  

__

  of 

__

 , then at degree  we have 

  f  and the relative entropy is 

   
 
 

x x

x
xEnt









 log

 

       Where  

__

  the -cut of the triangular fuzzy number 

  321

__

,,    , and     

____

EntEnt   the -cut of the  

triangular fuzzy number       332211

_______

,,  EntEntEntEnt 







. 








 ______

Ent
 will call the fuzzy relative entropy of the fuzzy  probability 

measure

____

 f . 

 

Proposition 2.28 

       If we have

____

 f  where 









__

pLf  then  

  









__________

EntfEnt  

Proof :-If we have      fEntfEnt
____

  of  fEnt
_____

, then 

 

        

      







x

x

xfxxf

xxfxffEnt

log

log









 



 44 

 
 
 

 













Ent

x

x
x

x











 log

 

       Since     









______

EntEnt  of the fuzzy relative entropy 








 ______

Ent
. Thus          

  









__________

EntfEnt  ■ 

 

Definition 2.29.[25] 

       Let Rba ,  with ba  . Let   Rba ,:  be an real valued 

function .We say that   is a convex function if for all  bayx ,,   

  and  1,0t  we have:-                      

        ytxtyttx   11  

 

Definition 2.30.[25] 

       Jensen's Inequality states that any system of positive numbers 

nccc ,...,, 21  and for system of points nxxx ,...,, 21  in  ba,  

 


























n

n

n

nn

n

n

n

nn

c

xc

c

xc 


 

       Where  is a convex function on  ba, . 
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Proposition 2.31 

       Jensen's Inequality implies that  

    xfxf
p

p
____

  

Proof :-Let  

__

 of 
__

 . By Jensen's Inequality we have  

     

   

  xf

yfyxk

yfyxkxf

p

p

y

p

y

p

















,

,

 

       Thus                            
    xfxf

p
p

____


 ■ 

 

 

Proposition 2.32 

       If 

__

  is invariant fuzzy probability measure , then  

p
q

ff
____

_______

__


 

Proof :-Let  

__

  of the fuzzy Markov operator
__

  , then 

 for any 









__

pLf we have  
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p

q

qp f

f

,

,

,
sup










  

       Then  

pqpq
ff

,,,  
  

 

       Since 1
.


qp  , then pq

ff
,,    

       Hence                           p
q

ff
____

_______

__


 ■ 

 

 

Definition 2.33.[6] 

       The action of the fuzzy Markov operator 
__

 on the  fuzzy 

probability measure 

__

 defined as 

  
















 uu

________

  

       For any fuzzy probability measure

__

  and all function u . 

 

Proposition 2.34 

       If 

____

 f , then 
____

 has density f




__

. 

Proof :- Let  


 

__

 of 



__

, 









__

pLf ,  

__

  of  

__

 , and  

__

  of 
__

  such that   f , then 
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     

 
 
 

   

   

 
   

 
 x

x

yxyk
x

yxy

yyx

y

y
yxk

yfyxkxf

y

y

y

y

y
































































,
1

,

,

,

,

 

       Therefore                       

__

____
__



 




f
  ■ 

 

Definition 2.35.[6] 

       Let  pL  be a space of simple functions . The continuous time  

semi-group tH associated to a Markov operator  defined by 

   


 


  It

n

t

t e
n

t
eH

0 !  

  Such that   

  10 Hi                          tsts HHHii   for all 0, ts  
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Note that :- If we have 







pLp 1,

__

  the fuzzy space of simple 

functions , then the continuous time semi-group at degree   

associated to a Markov operator  

__

 of 
__

  defined as 

   





 












 
 

It

n

t

t
e

n

t
eH

0

,
!  

       and   tt HH
__

,   the -cut of the triangular fuzzy number 

 ttt HHHH ,3,2,1

__

,, .We will call tH
__

 the fuzzy continuous time 

semi-group associated to a fuzzy Markov operator 
__

 . 

 

Remark 2.36 

i When elements of tH
__

satisfy  i of definition 2.35 then tH
__

   

     become fuzzy set singleton . 

ii We will call tH
__

 the fuzzy continuous time semi-group    

      associated to a fuzzy Markov operator 
__

 , a fuzzy Markov   

      semi-group to summarize .  
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Definition 2.37.[6] 

       The kernel of a Markov semi-group tH can defined as 

     














0

,
!

, yxk
n

t
eyHyxH n

n
tx

tt  

Note that :- If we have   tt HH
__

,   of a fuzzy Markov semi-

group tH
__

, then the kernel of tH ,  at degree   is                                        

               
     














0

,, ,
!

, yxk
n

t
eyHyxH n

n
tx

tt      

       And      yxHyxH tt ,,
__

,    the -cut of the triangular  

fuzzy number         yxHyxHyxHyxH tttt ,,,,,, ,3,2,1

__

 . 

       We will call  yxH t ,
__

 the fuzzy kernel of the fuzzy Markov 

semi-group tH
__

.  

 

Definition 2.38.[6] 

        The kernel of a Markov semi-group tH with respect to  is           

   
 
 

 






0

,
!

,
,

yx
n

t
e

y

yxH
yhyxh

n
n

t

tx

tt




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Note that :- If we have      yxHyxH tt ,,
__

,   of  yxH t ,
__

, then  

the kernel of a Markov semi-group   tt HH
__

,  of tH
__

 with  

respect to  

__

  at degree   is 

   
 

 

 






0

,

,,

,
!

,
,

yx
n

t
e

y

yxH
yhyxh

n
n

t

tx

tt













          

       And       yxhyxh tt ,,
__

,   the -cut of the triangular fuzzy 

number         yxhyxhyxhyxh tttt ,,,,,, ,3,2,1

__

  .  yxh t ,
__

will    

be called  the fuzzy kernel of the fuzzy Markov semi-group tH
__

          

with respect to 
__

 . 

 

Remark 2.39 

       The fuzzy quantities  yx
n

,
__

 and  yxh t ,
__

are the densities 

of  the fuzzy probability measures  yxk
n

,
_

 and  yxH t ,
__

    

 with respect to 
__

 respectively. 
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Definition 2.40.[6] 

       The adjoint of the Markov semi-group tH we can defined as 

   
 

 


  It

n

t

t e
n

t
eH

0 !  

      Which associated to the adjoint  Markov operator 
 . 

Note that :- If we have   tt HH
__

,  of tH
__

, then the adjoint of 

a Markov operator tH , at degree is 

   
 

 


  


It

n

t

t e
n

t
eH

0

,
!  

       And  



  tt HH
__

,   the -cut of the triangular fuzzy number 

  .,, ,3,2,1

__




 tttt HHHH  We will call 



tH
__

 the adjoint of the fuzzy 

Markov semi-group

__

tH  which associated to the adjoint of the fuzzy 

Markov operator 




__

. 

 

Proposition 2.41 

If

____

 f , then the fuzzy measure tt H
______

   has density fH t

__

. 



 52 

Proof :-Let  



  tt HH
__

,  of 



tH
__

 , 









__

pLf
,  

__

  of 
__

  and 

 

__

  of 

__

  such that   f . By proposition 2.34 we 

 have 





































tt

n
n

t

nn
t

n
t

t

H

n

t
e

n

t
e

f
n

t
efH

n

,,

0

0

0

*

,

!

!

!

























 

       Since   tt HH
__

,   of tH
__

, then __

__
__



 t
t fH 



 ■ 
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Chapter three  

 

 

 

The Reversibility of Fuzzy Markov chains 

        

 

 

       This chapter concerns with considering the reversibility of 

fuzzy Markov chains , and how to find fuzzy eigen-values of a fuzzy 

Markov operator and fuzzy Markov semi-group .  
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Definition 3.1.[7] 

       We say that  ,k is reversible if 

 
 

 
 x

xyk

y

yxk



,,
  

      Note that :-If we have   

__

kk   of 

__

k and  

__

  of 
__

 , 

then   ,k  is reversible if 

 
 

 
 x

xyk

y

yxk











,,


 

for all  1,0  . This implies , that 






 ____

,k
 is reversible . In other  

words , we say that 






 ____

,k
is reversible if  yx,

__

 is symmetric . 

 

Proposition 3.2 

       If 






 ____

,k is reversible , then 














____

2

1
kk

 is also reversible fuzzy 

Markov kernel . 

Proof :-We need to prove 














____

2

1


 is symmetric . Let  

__

   
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of 

__

   and  



 
__

  of 

__

 , then  

         

    

    xyxy

yxxy

xyxyyxyx

,,
2

1

,,
2

1

,,
2

1
,,

2

1

*

















 

 

       This leads    
2

1
 is symmetric . 

        Since 
     


















____

2

1

2

1
 of 















____

2

1


 . Thus  
















____

2

1


 is symmetric . Therefore 














____

2

1
kk

 is reversible fuzzy 

Markov kernel . ■ 

 

Proposition 3.3 

       If 






 ____

,k  is reversible , then the fuzzy Markov operator
__

 is 

 a self-adjoint fuzzy operator on 






 __
2 L . 

Proof :-Let 









__
2 Lf

 and a Markov operator  

__

  of 
__

 , 

             then 
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       

     

     

 xf

yyfyx

yyfxy

yyfyxxf

y

y

y

































,

,

,

 

that is                           
   

Since  



 
__

 of 




__

, then  




____

 ■ 

 

Proposition 3.4 

       If 
__

  is a self-adjoint fuzzy operator , then the  fuzzy operator 
















____

2

1
is a self-adjoint fuzzy operator . 

Proof :- Let     

















____

2

1

2

1
 of 















____

2

1
 . Then 

   

 

 

















2

1

2

1

2

1

2

1

 

       Hence 
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































 ________

2

1

2

1
 

This implies that 














____

2

1
is a self-adjoint fuzzy operator ■ 

 

 

 Representation of a Linear Operator by a Matrix [11] 

       Let X and Y be a linear finite dimensional vector spaces over the 

same field and YXT : is a linear operator . We choose a basis   

  neeeE ,...,, 21  for X and a basis   neeeE  ,...,, 21  forY , 

then every Xx  has unique representation 

 1.........
1





n

k

kkeax
 

       Since T is linear , then x  has the image  

 2..........
11














n

k

kk

n

k

kk TeaeaTTxy
 

       Since the representation (1) is unique , we have T is uniquely 

determined if  the images ii Tey   of n-basis vectors neee ,...,, 21  

are prescribed . Since y and ii Tey   are inY , they have unique 

representations of the form 
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


 3..........

1

1

























r

i

ijii

r

i

ii

ebTeb

ecya

 

       Substitution into  2 gives 

                  

 

 





 

 





















r

i

i

n

k

kik

n

k

r

i

iikk

n

k

kk

r

i

ii

eab

eba

Tea

ecy

1 1

1 1

1

1

 

       Since the sbi

'
 form a linear independent set , then the coefficients 

 of each ie  on the left and on the right must be the same , that is 

 4........
1





n

k

kiki abc
 

       Thus the image 



r

i

iiecTxy
1

 of 



n

k

kkeax
1

can 

be obtained from  4 . Hence the coefficients in  4 form a matrix 

 ikEE bT   which represents the operatorT with respect to those 

bases . 
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Definition 3.6. [11] 

        An eigen-value of  a square matrix  jiaA   is a number  , 

such that xxA  has a solution 0x .This x is called an eigen-

vector of A  corresponding to that eigen-value . 

  

Definition 3.7.[11] 

       The set  A of all eigen-values of a square matrix  ijaA is 

called the spectrum of A .       

 

Definition 3.8.[11] 

        Let YXT : be a linear operator on a normed space X  of  

n-dimensional , and  ijEE aT   be  the matrix representing T , 

where E , E  are basis's for X  and Y  respectively . Then the 

eigen-values of the  matrix EET  are called the eigen-values of the 

operatorT , and the set  T  of all eigen-values of EET  is called 

the spectrum of a linear operatorT .  

 

Definition 3.9. [18] 

       The eigen-function of a linear operatorT defined on the 

functions space is any non-zero function in that space satisfying 

fTf    for some scalar  the corresponding eigen-value .  
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Proposition 3.10 

      If 






 ____

,k is reversible , then the fuzzy eigen-values of the fuzzy 

Markov operator 
__

 on 






 __
2 L

 are                   

1...1 0

__

11

__

min

__

    

Proof :- Let 10,  ii  be a basis of real eigen-functions of 








 __
2 L

, and  

__

 of 
__

 , such that iii   , , for all 

10  i , and 10  . 

Now , when 0i  , then  00,0     

Then                                 000    

Then                                1110   

Thus                                   10   

       When 10,  ii , then iii   , .We can represent  

 by a matrix  
11, 

 iM    . By theorem(spectrum)[11][the spectrum 

 T  of a bounded linear operator YXT :  on a complex Banach 

space X  is compact and lies in the disk given by Ti  ]. 
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       Then                         22,, 


 i  

       That is                            1, i  

       So                                11 ,  i  

       Since   ii

__

,   of 10,
__

 ii  

       Hence  

1...1 0

__

11

__

min

__

      ■ 

 

Remark 3.11 

      i If 0j , we will consider there is no uncertainty in this    

          value , that is , we don’t use the fuzzy  in this case .  

     ii We set the fuzzy parameter  










__

1min

____

,max 
 

 Proposition 3.12 

       If 10,  ii is a basis of real eigen-functions in 






 __
2 L

, then 

 
 x

xi __

______________

1

0

2 1



 















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Proof :- we have at degree   from [7] 

   1..........,, xiix    

       Where  

   





















yx

yx
xyx

,0

,
1

, 


 

       Now , we have                         

     

       2..........

,

,

,,

xxx

yyy

ix

y

ixix











 
 

       If we replace  xx, by
 


















 1

0

2 xi  in  2  , we get 

       3..........,
1

0

2

, xxx iiix 



 













 



 

       If we put  3 in  1 then  

         4..........

1

0

2 xxxx iii  




















 

       By multiplying  4  by  xi

1  we get 
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    1
1

0

2 
















xxi 




 

       So                         
 

 x
xi





1

1

0

2 
















 

       Since  

__

  of 
__

 , then 
     



______________

1

0

2

1

0

2
































xx ii  

the -cut of the triangular fuzzy number  

       









































































3

1

0

2

2

1

0

2

1

1

0

2

______________

1

0

2 ,, xxxx iiii   

       Hence                   
 

 x

xi __

______________

1

0

2 1



 
















  ■ 

 

Proposition 3.13 

       The fuzzy eigen-values of the fuzzy Markov semi-group

__

tH are 

10,exp
__









 it

i
  with the same corresponding eigen- functions 

 to the fuzzy eigen-values i

__

 10,  i where .1
____

ii     

 

 



 64 

Proof :-If we have  

__

 of 
__

  and i 10  i  is a basis  

of real eigen-functions  , then 

  iiiiiiii   ,,, 1   

       Then                   iiiI   ,  

       Then we take 
1

i to both side we get 

       iI ,   

       Now we multiplying by t  then 

        itIt ,   

       By taking the exponential we have 

  

 i
t

t

ItH

,

,

exp

exp









 

       Which satisfying the equation 

  iiit tH   ,, exp   

       So   10,exp ,  it i  is the eigen-value of the Markov 

 semi-group tH , . Since   ii

__

,   of 10,
__

 ii , then 

    







 ii tt

__

, expexp  of the triangular fuzzy number  

      iiii tttt ,3,2,1

__

exp,exp,expexp  







  
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10  i , which the fuzzy eigen-values of the fuzzy Markov 

semi-group

__

tH  ■ 

 

Definition 3.14.[19] 

       Let  
nnijaM


 n row and n column matrix represent the linear 

operator YXT : ,  then the spectral gap of the linear operator T  

is the same spectral gap of the matrix M , which defined by 

10 ddd   

       Where 10 ,dd belong to the set of all eigen-values of M and 01 dd  . 

 

Proposition 3.15 

       The fuzzy spectral gap of the fuzzy Markov chains is 

1

__

1

____

1    

Proof :-We have by proposition 3.10 the fuzzy eigen-values of the 

fuzzy Markov operator 

__

  are  

1...1 0

__

11

__

min

__

    

       Thus the fuzzy spectral gap of the fuzzy Markov chains is 

1

__

1

____

1    ■ 
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Example 3.16. 

      Consider the fuzzy chain
__

k on the symmetric group dSX    

which the collection of all permutation of 

    djijiidS  1,,  

       This corresponding to randomly transposing pairs of cards with  

the identity thrown in with equal weight , where 

       






























































   111

__

1

1
,

1
,

1

1
, SSS I

S
I

S
I

S
k

 

       And ,  are permutations in dS . 

       The lowest fuzzy eigen-value is 
















1

1
1,

1
1,

1

1
1

222min

__

ddd
  

       The second largest fuzzy eigen-value is 
















1

2
1,

2
1,

1

2
11

__

ddd
  

       The  fuzzy spectral gap is 













1

2
,

2
,

1

2
1 1

__

1

____

ddd


. 

Note :- This example came in [8] in classical form , where the          

kernel is  

    11
, 














 SI

S
k
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       The lowest eigen-value is  

2min

1
1

d
  

      The second largest eigen-value is 

d

2
11   

      The  spectral gap is 

.
2

1 11
d

   

Lemma 3.17 

       If 






 ____

,k
 is reversible , and 10,  ii is an orthonormal 

basis of real eigen-functions in 






 __
2 L  then  

     

 
 

 

     

 
 

 





















































__1

1

2
__

_________
2

2

__

1

0

____

2__1

1

2
2__

__________
2

2

__

1

0

____

2exp
1

2exp1)

exp,)

1
1)

,)

















t
x

x
xthiv

yxtyxhiii

x

x
xii

yxyxi

ii
x

t

iiit

n

i

n

i

n

x

ii

n

i

n
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Proof :- i  We have at degree   

     1.........., xx j

n

jj

n     

               And  

         2..........,
y

j

n

j

n yyyxx    

                 If we replace  yxn ,  by 
   

 1

0

, yx ii

n

i     

                 in  2 we get  

         

       

 

 
ji

j

n

j

jii

n

i

y

jii

n

i

j

y

ii

n

ij

n

x

x

yyyx

yyyxx
































 

 

















,

1

0

,

1

0

,

1

0

,

,

 

       Hence  

     




1

0

____

, yxyx ii

n

i

n

  
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ii  We have at degree   

 

   

      









y

ii

n

i

y

nn

x

yyx

yyx









2
1

0

,

22

2,
,

1

1,1

 

                   

     

     

 

 





 

















1

1

22

,

1

1

2

2

22

,

2

1

1

22

,

2
1

1

,

x

x

yyx

yyx

i

n

i

ii

n

i

y

ii

n

i

y

ii

n

i

















 

      

      Hence  

 



1

1

2
2__

__________
2

2

__

1 xi

n

i

n

x 
 

        Now  

   

 

























1

0

22

1

1

22

1

1

22

,

1x

xx

i

n

i

n

i

n

i








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 

 
 

n

n

x

x

x

2

2

1

1
1


























 

       Thus  

 
 

 

n

i

n

i
x

x
x

2__1

1

2
2__ 1












 

       This implies 

 
 

 

n

i

n

i

n

x

x

x
x

2__1

1

2
2__

__________
2

2

__ 1
1 







 



 

 

)iii  We have at degree    

     1........exp, ,, xth jjj

x

t      [7] 

        and 

       2.........,, ,, 
y

jtj

x

t yyyxhh    

        If we replace  yxh t ,,  by 
     




1

0

,exp yxt iii            

        in  2 we get    

         

   

   
ji

jj

jiii

j

y

iiij

x

t

xt

xt

yyyxth




























 













,

1

0

,

1

0

,,

exp

,exp

exp,
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      Hence  

     yxtyxh iiit 












1

0

____

exp,
. 

)iv  We have at degree    

 

    

   

       

       
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Now   
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      Thus               
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       This implies 
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       The following simple result gives a useful way of transferring 

results between discrete and continuous time . 

 

Corollary.3.18 

       Assume that 






 ____

,k is reversible and set 








 min

____

,0max   

then 
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       For 1 nnN . 

Proof :-We have at degree   
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       Now , for those i, that are positive we have 
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  Then 
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And 
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       Putting these pieces together we get for 1 nnN  
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       Therefore 
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   For 1 nnN  ■ 

       

        As a direct application of above corollary we have the 

following corollary which allow us to separate out the effects of the 

smallest fuzzy eigen-value from those of the fuzzy spectral gap . 

 

 

Corollary.3.19 

       Assume that 
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Chapter Four 

   

 

Fuzzy Dirichlet Forms and Distance to Equilibrium 

 

 

       We study in this chapter the fuzzy Dirichlet forms , total variation 

distance , fuzzy chi-square distance , and relative error . We will prove 

some propositions that we used in our main theorems in chapter five . 
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4.1. Fuzzy Dirichlet Forms 

 

Definition 4.1.1.[6] 

       For a given chain k   with invariant measure  the Dirichlet form  

is defined as  

   

              



yx

xyxkygxgyfxf

gfIgf

,

,
2

1

,,





 

       Where f and g are two real-valued functions . 

        Also we have  

   

        


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2
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

 

Note that :- If we have a Markov operator  

__

   of 
__

  , then 

the Dirichlet form at degree  is 

   

              



yx

xyxkygxgyfxf

gfIgf

,

,
2

1

,,









 

      And  

__

   the  -cut of the triangular fuzzy number 

 321

__

,,   , which will call the fuzzy Dirichlet form . 
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Proposition 4.1.2 

       If 



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 is reversible fuzzy Markov kernel , then 
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      Where f   is a real-valued function . 
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       Since     
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, therefore  
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____
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


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
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Definition 4.1.3.[6] 

       The fuzzy spectral gap

__

 of 

__

 can be defined by 

 
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Lemma 4.1.4 

       Let 






 ____

,k  be a fuzzy Markov chain on a finite state space   then 

 fefEH t

t
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2
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2

2
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




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


 

       Where f is a real eigen-function . 

Proof :-We have at degree   by elementary calculus  
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   
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       We consider 0Ef  then  
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       Integrating the both sides with respect to t  implies 

   fefEH
t

t 
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
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Proposition 4.1.5 

       If we take the supremum over all functions f in lemma 4.1.4  such  

that 1
2
f  , then 













__

22

___________

__

exp tEH t  

Proof :- By lemma 4.1.4  we have  at degree   

 

 











t

t

f

t
f

t

e

fe

fEHEH
















varsup

sup

2

1

2

2,,
1

2

22,,

2

2

 

       Hence                         













__

22

__________

__

exp tEH t   ■ 
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Proposition 4.1.6 

       In discrete time we can define 0
__

  by 

22

_________

____



 E  

      When 0Ef . 

Proof :-Let f  be a real eigen-function , then at degree   we have 

 












































2,
1

2,
1

2,
1

2,
1

22,

2,

2,

2,

2,

sup

sup

sup

sup

f

f

f

fEE

f

f

f

f

 

      This implies 

__

22

_________

__




E
  ■ 

 

Proposition 4.1.7 

       If 

__

22

_________

__




E
 , then 

n

E

n __

22

__________

__





 

Proof :-We have at degree   
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n

nn EE








 22,22,

 

       Thus  

nn

E
__

22

__________

__




  ■ 

 

Proposition 4.1.8 

       When 






 ____

,k  is reversible , the definitions of 
__

 in remark 3.11 and 

proposition 4.1.6 are equivalent . 

Proof :-Let 1,1, ii  belong to a basis of real eigen-functions 

10,  ii . Then at degree    

 

ii

iii

iii

i

i

i

E

EE
























2,
1

2,
1

2,
1

22,

2,

2,

2,

sup

sup

sup














 

                     
 

i

i

ii

i












 








1

sup
2,

12,
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Therefore 












1

__

min

____

22

__________

__

,max E ■ 

 

Proposition 4.1.9 

       When







 ____

,k
is reversible , then the definitions of the fuzzy spectral 

gap 
__

 in proposition 3.15 and definition 4.1.3 are equivalent . 

Proof :- We have by the following from [6] 

 








 0,1,,min1
2

____

Effff  

       Where 

22

_________

____



 E
 

       So by proposition 4.1.8 we have 

 

__

2

__

__

1

__

min

____

1

0,1,,min

1

,max11































Effff  

                                                                                                                             ■ 
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Lemma 4.1.10 

       For any fuzzy chain 






 ____

,k and 1p  , the fuzzy Dirichlet 

form

__

 satisfies for all non-negative functions f   

  1
__

0

__________

__

, 



 p

t

p

p

tt ffpfHi 
 

  fffHEntii
t

tt log,
__

0

______












 

Proof :- i We have at degree  

   

   

       

       


























x

p

tx

pp

t

tx

pp

tt

tx

p

tt
t

p

ptt

xxfxfIp

xxfxfHIp

xxfH

xxfHfH

















1

0

1

,

0

,

0

,
0

,,

 

                                     

 

 1

1

,

,









p

p

ffp

ffIp






 

       Hence  

 1
__

0

__________

___

, 



 p

t

p

p

tt ffpfH 
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ii We have at degree  

        

         

      

      

            

        

 

    
    

 

 ff

ff

fff

ffIfI

ffI

xxfxfI

xxfxfIxfI

xxfIt

xfHIIxfH

xxfItxfH

xxfHxfHfHEnt

x

x

t

x

tt

tx

tt

tx

ttt
t

tt

log,

log,0

log,1,

log,1,

log1,

log1

log

log

.

log

log

0

,,

0

,

0

,,
0

,














































































                          

 Thus  

 fffHEnt
t

tt log,
__

0

______













  ■ 

 Lemma 4.1.11 

       Let 2p . For any fuzzy chain
__

k with invariant fuzzy measure
__

  

and any function 0f . 

    22 ,
2

,
__

1
__

pp

ff
p

ffi p  
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ii  If 






 ____

,k
 is reversible , then 

     22 ,
14

,
__

2

1
__

pp

ff
p

p
ff p 




 

 for all  p1 . 

 

Proof :- We follow[6]   

i At degree , when 2p the function  2
p

tt  is convex on  ,0  .        

       Now , for any smooth convex function    

 

      babba    

       So , we have  

   bab
p

ba
ppp









1222

2  

       Multiplying by 
2

p

b , we get 

 

   abb
p

bab p
ppp

 1

2
222

 

for all 0, ba . This gives 

      1

2
22  pffI

p
ffI

pp

  

      That is 

   22 ,
2

, 1
pp

ff
p

ff p

  

 

      Therefore  

   22 ,
2

,
__

1
__

pp

ff
p

ff p  

 



 89 

ii At degree , write for any 0, ba   

 

 

  ba

ba

p

p

dtt
ba

p

dtt
ba

p

ba

ba

pp

a

b

p

a

b

p

pp
























































112

2
2

2

1

2

14

4

2
2

22

 

       This shows that 

  
   2

2

11 22
14 pp

ba
p

p
baba pp 


 

 

       So 

       
   22

2

1 14 pp

ffI
p

p
ffI p

 


 

 

       That is  

     22 ,
14

,
2

1
pp

ff
p

p
ff p

 




 

       Therefore  

     22 ,
14

,
__

2

1
__

pp

ff
p

p
ff p 




 ■ 

 

Lemma 4.1.12 

       For any fuzzy chain 

__

k  with invariant fuzzy measure
__

 and any 

functions 0f  
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    ffffi ,2,log
____

   

ii   Any reversible fuzzy chain 






 ____

,k
satisfies 

   ffff ,4,log
____

   

Proof :- We follow[6] 

 i At degree , as 
2log tt  is a convex function , then 

   ba
b

ba 



2

loglog 22

 

for all 0, ba . Multiplying by 
2b  yields  

   babbab  2loglog 222
 

 

for all 0, ba  . This shows that 

 

           xfIxfxfIxf   2log  

       Then 

 

           xfIxfxfIxf   2log  

       So                      ffff ,2,log     

 

       Hence 

   ffff ,2,log
____

    ■ 
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ii At degree  , 0 ba , we have  

 

 

ba

ba

t

dt

ba

t

dt

baba

ba

a

b

a

b















































loglog

4

1

4

1

2

1
22

2
1

2
1

2
1

 

       So  

    bababa  loglog4
2

2
1

2
1

 

       And  

      ffIffI log4    

       Then  

   ffff ,log,4     

       Thus  

   ffff ,log,4
____

   ■ 

 

Remark 4.1.13 

       The difficulty in proving of lemmas 4.1.11 and 4.1.12 comes from  

the fact that formula of the Dirichlet form , does not hold in general . 
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4.2.Distance to Equilibrium 

 

Definition 4.2.1[22] 

       The total variation distance between two probability measures  

 and   is 

                            

   

    




x

A
TV

xx

AA





2

1

sup

 

Note that :-If we have  

__

  of the fuzzy probability measure 
__

 ,  

also  

__

  of the fuzzy probability measure 
__

 , such that 
__

 and 
__

  

are triangular fuzzy numbers , then the total variation distance between  

 and    is 

                     

   

    




x

A
TV

xx

AA









2

1

sup

   

       Hence , the total variation distance between two fuzzy probability 

measures 
__

 and
__

 is TV
. .   
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Proposition 4.2.2 

       For the iterated fuzzy kernel 

n

xk
__

and invariant fuzzy probability 

measure
__

 , we have  
_________

1

______

12 

n

x

TV

n

xk 
 

Proof :- We have at degree   

   

 

 
 

   

1,
,

,

,

,,

1

1

1

2




































n

x

y

n

x

y

n

x

y

n

x
TV

n

x

yy

y
y

yk

yykk

 

       Thus  
________

1

______

12 

n

x

TV

n

xk 
 ■ 

 

Definition 4.2.3[22] 

       The chi-square distance between two probability measures  and    

is the  2L  distance between 


 and 1 , that is   
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 
 

 

21
2

2

11













 

x

x
x

x








 

Note that :- If we have  

__

  of 
__

 ,  

__

  of 
__

 , such that 

__

 and
__

 are triangular fuzzy numbers , then the chi-square distance at 

degree   between  and   is 

 
 

 

21
2

2,

11













 

x

x
x

x








 






 

and  
 2

___

2,
..   of 2

___

. . Hence the fuzzy chi-square distance 

 between two fuzzy probability measures 
__

 and
__

  is the 






 __
2 L distance  

between __

__




 and 1. 

 

Proposition 4.2.4 

       The total variation distance is dominated by the fuzzy chi-square 

distance , namely 

2

________

______

12 

n

x

TV

n

xk 
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Proof :-We have by proposition 4.2.2 

_________

1

______

12 

n

x

TV

n

xk 
 

       By Jensen's inequality we have 

2

________

__

1

_________

__

11 

nn

xx 
 

       Therefore  

2

________

______

12 

n

x

TV

n

xk 
 ■ 

 

Definition 4.2.5.[22] 

       The relative error between two probability measures  and  is the 

 L  distance between 


 and 1, that is ,                    

 
 

1sup1 
 x

x

x 





 

Note that :- If we have probability measures  

__

  of 
__

 ,  

 

__

  of 
__

 , where 
__

  and 
__

  are triangular fuzzy numbers , then 

the relative error between  and   is 
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 
 

1sup1 
 x

x

x 













 

       Hence the relative error between two fuzzy probability measures 
__

  

and 
__

 is  L  distance between __

__




 and 1 . 

Proposition 4.2.6 

       The fuzzy chi-square distance 
2

_________

__

1

n

x is dominated by the relative 

error 
  1sup

__

y

n

x
y


. 

Proof :- We have by Jensen's inequality  



2

_________

__

1

n

x   1sup
__

1

__






y

nn

x
y

x 
 ■ 

                                                      .  

Proposition 4.2.7 

       For reversibility fuzzy chains , the maximal relative error at time 

n2 , that is , 
  1sup

2__

,

y

n

x
yx


  is equal to the square maximal fuzzy  

chi-square distance , 

_________
2

2

__

1sup 

n

x
x


at time n . 
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Proof :-We have by lemma 3.17  at degree    

 

     

   

 

 

2

2,
,

1

1

22

,

1

1

22

,

1

1

2

,
,

1

0

2

,
,

2

,
,

1sup

sup

sup

sup

1sup1sup















































n

x
x

i

n

i
x

i

n

i
x

ii

n

i
yx

ii

n

i
yx

n

x
yx

x

x

yx

yxy

 

       Hence  

 

_________
2

2

__2__

,

1sup1sup 

n

x
x

n

x

yx

y 
 ■ 

 

 

Remark 4.2.8 

       Propositions 4.2.2 , 4.2.4 , 4.2.6 , and 4.2.7 can hold without changes 

in continuous time if we replace 
__

  by 

__

tH , 
__

 by th
__

 , and n by t . 
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       In the following lemma we state the simplest and most basic 

quantitative bounds on the fuzzy chi-square distance . 

 

Lemma 4.2.9 

       Any finite fuzzy Markov chain
__

k with invariant fuzzy probability 

measure 
__

  satisfies  

   
n

x xi

n __
21

__

2

________

__

1 











  

   
__

21
__

2

________

__

1  tx

t exhii 











  

Proof :- i  We define at degree    

   





















yx

yx
xyx

,0

,
1

, 


 

       Observe that  

       

       

 
 

1
,

, ,

,,















x

xyk

yyzzyk

yEyyE

n

n

nn

y

x

Z

x

xxx














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 
   

 

 
 

  1,

1
,

1
,1







yx

y

yxk

y

xyxk

x

n

n

n























 

       So  

 

22,2,,

22,2,,

2,
,

2,
, 1





























E

E

E

n

x

x

x

n

x

n

n

 

       By proposition 4.1.7 we have 

   nn

x x  
21

2,
, 1


  

       Therefore  

 
nn

xx

__
21

__

2

________

__

1 













. 

ii  As  i  we define  yx,  at degree  , so 

       

 

   

 
 

1
1

,
!

1,
!

1
!

0

0

,

0

,

,,,,











 














x
xyk

n

t
e

xxyk
n

t
e

y
n

t
e

yEyHyEH

n

n

n

n
t

x

x

n
t

x

n
t

xxtxt


















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 

 

  1,

1,
!

1,
!

,

0

0

















yxh

yx
n

t
e

xy
n

t
e

t

n
n

t

n
t n











 

       So   

 

22,,2,,

22,
,2,,

2,
,,

2,
, 1



























EH

EH

EHh

tx

tx

xt

x

t

 

       By proposition 4.1.5 we have  

   tx

t exh 

  


21

2,
, 1  

       Thus  

  tx

t exh
__

21
__

2

________

__

1  













 ■ 

 

  

                          

 

 

  

. 
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Chapter Five 

    

                 Fuzzy Logarithmic Sobolev Inequalities 

  

       In this chapter we will introduce concepts of fuzzy logarithmic 

Sobolev inequalities , fuzzy logarithmic Sobolev constant , hyper-   

contractivity of fuzzy Markov semi-group, and ergodicity of fuzzy 

Markov chains , and we prove essential results around quantative 

bounds on convergence fuzzy kernel of fuzzy Markov semi-group 

to stationary fuzzy distribution in total variation distance .     
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5.1.The  Fuzzy Logarithmic Sobolev Constant  

   

Definition 5.1.1.[12] 

       A Markov chain is called an irreducible chain if it possible to go 

from every state to every state . 

 

 Definition 5.1.2.[6] 

       Given an irreducible finite Markov chain k ,with invariant 

probability measure . Consider the Dirichlet form 

    gfIgf ,,   

       And set the entropy 

   
 

 x
f

xf
xff

x

 

















2

2

2

2
log

 

       Then log-Sobolev inequality is  

   ffcf ,  

holding for any function f , c is constant . 

Note that :-If we have  

__

  of the fuzzy Dirichlet form

__

 ,  

 

__

 of the invariant fuzzy probability measure
__

 , and 

                           
   

 
 x

f

xf
xff

x





  

















2

2,

2

2
log
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       Where   

__

 the -cut of the triangular fuzzy number 

 321

__

,,    , then the log-Sobolev inequality at degree  is 

   ffcf ,   

holding for any function f , c is constant . Hence the fuzzy log-Sobolev 

inequality is 

                                        ffcf ,
______

  

.Remark 5.1.3 

       If we have 1
2
f then the fuzzy entropy 

__

 become  

       
x

xxfxff
__

22
__

log   

Definition 5.1.4.[6] 

       Let 


1
be the smallest constant c , such that  

 
 

 








 0:
,

inf f
f

ff





 

       This called the log-Sobolev constant . 

Note that :-If we deal with the fuzzy log-Sobolev inequality , then 

the fuzzy log-Sobolev constant is  

 

 
   















 1,0,0:
,

inf
__

__
__




 allforf

f

ff
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Lemma 5.1.5 

       For any fuzzy chain 

__

k , the fuzzy log-Sobolev constant 
__

  and 

the fuzzy spectral gap
__

  satisfy                                             

____

2   

Proof :-We follow [20] . Set gf 1 and write  small enough  

at degree   

   

 322

3

22
2222

32

2
212log








Ogg

O
g

gggff


















 

       And  

 
   

   2222

2,

22

322

2

2,

2222

2,

2

242

2

221log













OgEggEggE

OgE

ggEggff







        

Thus 

 

  

   32

2

2,

22

2

2,

2

2

2

432log











OgE

ggEgggEg
f

f
f




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       And  

      

   32

322

2,

2

var2

2









Og

OgEgf





 

       Now  

   

       

        

       

 

 gg

ggI

xyxkygxg

xyxkygxg

xyxkyfxf

ffIff

yx

yx

yx

,

,

,

,11

,

,,

2

2

,

22

,

2

,

2













































 

       Hence 

       

 
 

 

 
   

   























0var2:
var2

,
inf

0:
,

inf

32

32

2






















Og
Og

gg

f
f

ff





 

 
 








2

1

var2

,
inf




g

gg

 

       So                                       2  

       Therefore                            

____

2   ■ 
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Remark 5.1.6 

       In most examples where 
__

2and 
__

 are explicity known , they turn  

out to be equal . 

 

Example 5.1.7 

       Assume that
2

2 and 2,1, iei be the element of 
2

2 with all 

coordinates 0 except the thi which is1 . A fuzzy probability

__

Q is defined 

      2,1,4.0,3.0,2.00
____

 ieQQ i  and   0xQ , otherwise . The 

associated random walk on
2

2  has fuzzy kernel 

   yxQyxk 
____

,  

       The invariant fuzzy probability measure is   

 26.0,25.0,24.0
__

  

        The fuzzy spectral gap is 

 7.0,6.0,5.0
__

  

       The fuzzy Log-Sobolev constant is 

 35.0,30.0,25.0
2

__
__




 . 
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Note :- This example came in [8] in classical form , where the 

probabilityQ is 

    2,1,
3

1
0  ieQQ i  

      The kernel is 

   yxQyxk ,  

       The invariant probability measure is   

4

1
  

       The spectral gap is 

3

2
  

       The Log-Sobolev constant is 

3

1

2



. 
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5.2. The hypercontractivity of fuzzy Markov semi-group 

 

Definition 5.2.1[17] 

       A Markov semi-group tH on  2L  to  qL  is said to be hyper- 

contractive if there exist a finite 0t and a continuously differentiable 

function ( hypercontractive equation)   ctetq 1  

  ctq  0,2,  such that 

1
2


qtH  

Note that :-If 1
2


qtH  then a Markov semi-group   tt HH

__

,   

of  tH
__

 is hypercontractive at degree  if there exist a finite 0t , and  

a continuously differentiable function (hypercontractive equation) 

  ctetq 1   ctq  0,2,  such that 

1
2,, 
qtH

  

       Hence 

1
2

_______

__


q

tH
 

       This implies tH
__

is hypercontractive on 






 __
2 L

. 
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Proposition 5.2.2 

       A fuzzy Markov semi-group tH
__

 on 






 __
2 L  is hypercontractive       

if and only if   

2

____
_________

__

ffH
q

t 
 

       For any 









__
2 Lf

 

Proof :-First sense ,we have by definition 5.2.1 at degree    

  cetqH ct

qt 


0,1,1
2,,   

       Since  

2,

,
,

2,
, sup






f

fH
H

qt

qt 
  

       Then  

2,

2,2,,,,





f

fHfH
qtqt






 

       Hence 

2

____
_________

__

ffH
q

t 
 

       Second sense , we have at degree     

2,,,  ffH
qt   

       If we take the supremum over all f with 1
2,



f  we get 

1
2,, 
qtH

  
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   Therefore 

1
2

_______

__


q

tH
■ 

 

Example 5.2.3[17] 

       A fuzzy Markov semi-group tH
__

 from 






 __
2 L

to 






 __
4 L

 is 

hypercontractive since  

1
42

______

__




tH
. 

Remark 5.2.4 

       In case the log-Sobolev constant is the constant of the hyper-

contractivity equation   ctetq 1   ctq  0,2, then  

the fuzzy log-Sobolev inequality become 

   fffc ,
____

  

 

Theorem 5.2.5 

       Let 






 ____

,k  be a fuzzy finite Markov chain with log-Sobolev 

constant  . 

i  Assume that there exists 0  such that 

1
2

______

__


q

tH
 

 for all 0t  and    tq2 satisfying   tetq 1 . 
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       Then    fff ,
____

 , and thus  . 

ii Assume that 






 ____

,k
is reversible , then

1
2

______

__


q

tH
 for all 0t  

       and all    tq2 satisfying   tetq  41 . 

iii  For non reversible chains , we still have 
1

2

______

__


q

tH
 for   

       all 0t  and all    tq2 satisfying   tetq  21 . 

Proof :- 

i We set at degree   for 0f ,  tpt fHF
,,     

       Where   tetp 41 we compute the derivative of   

 
 

 
 

 

 tp

tpt fHtG
tp

tG
tF

,,,
log

exp



 










 

       That is 

 

   
 

 

     

         

         

          xxfIteeI

xfItetG

xxfIte

xxfe

xxfHtG

tt

x

t

x

t

x

eIt

x

tp

t

t
































log41

.log1exp

log1exp

44

4

4

1

,

4




















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    

   
 
 

     

        
 
 

      

             

 
 

           

      
 
 

           


























 









 








x

tp

t

tp

t

tp

tt

x

tp

t

tp

t

tp

t

x

t

x

tp

t

tp

t

t

x

t

xxfHxfH
tp

tp

fHfHtp

xxfHxfH
tp

tp

xxfHxfHItp

xxfH
tp

tp
tpIxfH

xxfHtp
tp

tp
tpI

xfHtp

























,,

1

,,

,,

1

,,

,,

,

,

log

,

log

log

log

logexp



 

        Now 

   

 
 

 

 
 
 

   

 

 
   

 
 

   





 




































tptG

tG

tp

tGtp
tF

tp

tGtp
tG

tG
tp

tp

tG
tF















2

2

log

log
log

exp
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 

 
 

 

 
 

      





















tptF

tG

tp

fHtp
tF

tp

tp

tpt





 2

,,log

 

       

    

 
 

 

 

 

 
 
 

 
 

 
 

 

    











































1

,,

,,2

2

,,,,

1

,

log

log

tp

tt

x

tp

t

tp

t

tp

tpt

tp

tpt

tp

fHfH

xxfHxfH
tp

tp

tp

fHfHtp

tF







 


 

       

    

 
 

 
   

 

 

   

    

      
 

      








































 

1

,,,2

1

1

,,

,
,

,

,21

,

,

log

tp

ttt

tp

tp

tt

x
tp

tp
t

tp

ttp

ttp

fHfHfH
tp

tp
tF

fHfH

x
fH

xfH
xfH

tp

tp

tF





















  

       Since  
ffHffH

tpt  02,,, ,
 and   20 p  , the 

derivative of  tF  at 0t  must be negative , so 

   fff ,   

       That is  

   fff ,
____

  . 

ii We assume that at degree  ,   ,k is reversible and satisfy  

      the log-Sobolev inequality 
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   fff ,   

       For 0f , lemma 4.1.11 gives  

   
 

 1
2

22

, ,
14

, 


 ppp

p ff
p

p
fff    

       For any  p1 . 

       If   tetp  41 , then     14  tptp  , and replacing f  

by fH t, , we obtain 

 
           0,

1

,,,,2


 tp

ttttp fHfHfH
tp

tp
 

 

       However , we use as in  i , the notation 

       tpt fHF
,,    and then   0


tF  for all 0t . 

       Since  
2,

0
 fF  , this implies that  

  2,,,  ffH
tpt   

       Thus  

 
2

____

2

________

__

ffH
tp

t 


 

       By proposition 5.2.2 we have  

 

1
2

______

__


 tp

tH
. 
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iii We have at degree , by lemma 4.1.11   

   
 

 1
2

1 ,
12

,
2

, 22 


 pp ff

p

p
ff

p
ff

pp

   

        For all 2p .We set   tetp  21 ,     12  tptp  

  and replacing f  by fH t, , we obtain  

 
           0,

1

,,,,2


 tp

ttttp fHfHfH
tp

tp
  . 

       However , we use as in  i , the notation 

 tpt fHF
,,    and then   0


tF  for all 0t . 

       Since  
2,

0
 fF   , so  

  2,,,  ffH
tpt   

       Thus  

 
2

____

2

________

__

ffH
tp

t 


 

       Hence 

 

1
2

______

__


 tp

tH
■ 

 

 



 116 

5.3. Ergodicity of the Fuzzy Markov Chain . 

       We use the fuzzy log-Sobolev constant to discuses ergodicity 

through fuzzy entropy . 

 

Proposition 5.3.1  

       If we have 

__
2

__

 f  for a function 0f , 1
2
f , then 

  









________

 Entf . 

Proof :- We have at degree  

   
 

 

     

 
 

 
 

 

 
 
 

 








































Ent

x

x
x

x
x

x

x

x

xxfxf

x
f

xf
xff

x

x

x

x



















log

log

log

log

22

2

2

2

2

 

       Since   

__

 of 

__

 , and 
    










______

EntEnt  of 






 ______

Ent
, 

then 

  









________

 Entf ■ 
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Proposition 5.3.2  

       If fH t

__

is the density of tH
____

 , with respect to
__

 . Then 

























fHEntHEnt tt

______________


 

Proof :- We have at degree , by proposition 2.41 

        

 

 

 

 
 

 
 

 

 t

t

x

t

t

x

t

x

ttt

HEnt

x

xH
xH

x
x

xH

x

xH

xxfHxfHfHEnt

,

,

,

,,

,,,

log

log

log







































































 

 

       Thus  

























fHEntHEnt tt

______________


 ■ 

 

Theorem 5.3.3 

       Let

__

k be a fuzzy finite Markov chain  with invariant fuzzy probability 

measure
__

 and fuzzy log-Sobolev constant 
__

 . Then for any fuzzy 

probability measure 

____

 f on a state space   , we have  

0,
______

2
________ __

















  tEnteHEnt t
t   
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       Further , if we assume that 






 ____

,k  is reversible , then 

















  0,
______

4
________ __

tEnteHEnt t
t   

Proof :- i We have at degree , by proposition 5.3.2  

   tt HEntfHEnt ,,  
 

       Lemma 4.1.10 gives  

   fHfHfHEnt tttt

  ,,, log,    

       Lemma 4.1.12 gives  

      2
1

2
1

,,,, ,2log, fHfHfHfH tttt

     

       By log-Sobolev inequality we have 

       2
1

,

2
1

,

2
1

,, fHfHfH
ttt

 
   

       And  

    
 

 
 x

fH

xfH
xfHfH

x
t

t

tt 






  




 
2

2,
,

,

,,
2

1

2
1

log
 

       Since 

 

2,22,
,

2,
,

1,
,

2

2,
,

2
1










fH

fH

fHfH

t

t

tt














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       By theorem 5.2.5-  iii  and 


tH ,  is adjoint of tH , , we have  

1
22,

, 




 tH  

       So  

  1
2

,
,

2
1



t
t fH


  

       Hence  

    fHEntfH tt

  ,,

2
1

  

       And  

      
  
 fHEnt

fH

fHfHfHEnt

t

t

tttt













,

,

,,,

2

2

,2

2
1

2
1

2
1











 

       By the following from[16] 

              fHEntfEnte t

t 
 ,

2




 

       We have 

   fEntefHEnt
t

tt 
 

2

, 2  

       Integrating both two side with respect to t we get 

   fEntefHEnt
t

t 
 

2

,  

       So  

      EnteHEnt
t

t




2

,  

        

       Therefore 

0,
______

2
________ __

















  tEnteHEnt t
t  . 
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ii At degree , we have by lemma 4.1.10 and 4.1.12 that 

   fHEntfHEnt ttt

  ,, 4   

     By the following from [21] 

   fHEntfEnte t

t 
 ,

4




 

     We have  

   fEntefHEnt
t

tt 



4*

, 4  

      Integrating both two side with respect to t  we get 

   fEntefHEnt
t

t 
 

4

,  

       So  

      EnteHEnt
t

t




4

,  

       Therefore 

            0,
______

4
________ __

















  tEnteHEnt t
t  ■ 

 

Corollary 5.3.4 

       Let 






 ____

,k
 be a fuzzy finite Markov chain , and 

__

be a fuzzy 

log-Sobolev constant we have 

 

t

TV

x

t e

x

H
__

2

__

2
____

1
log2 




















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       If we assume that 






 ____

,k
 is reversible then 

 

t

TV

x

t e

x

H
__

4

__

2
____

1
log2 




















 

Proof :-For the first inequality at degree  by the following from [6] 

 

 x

t
TV

x

t HEntH ,

2

,2     

       And by the following from [16] 

 
 














x
eHEnt

tx

t







1

log
2

,  

       We have  

 
t

TV

x

t e
x

H 






 













1
log2

2

,  

       Hence  

 

t

TV

x

t e

x

H
__

2

__

2
____

1
log2 




















 

       For the second inequality at degree  by the following from [6] 

 x

t
TV

x

t HEntH ,

2

,2     

        

       And by the following from [21] 

 

 
 














x
eHEnt

tx

t







1

log
4

,  
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           We have  

 













x
eH

t

TV

x

t






 
1

log2
4

2

,  

            Hence  

 

t

TV

x

t e

x

H
__

4

__

2
____

1
log2 




















 ■ 

 

 

       The following corollary may be compared with corollary 5.3.4-

case nonreversible 

 

Corollary 5.3.5 

       Let 






 ____

,k
 be a fuzzy finite Markov chain , then  

 

t

TV

x

t e

x

H
__

2

__

____
1

4 



 
 

Proof :-We have at degree   
2

2,
,

2

, 14
   x

t
TV

x

t hH  

 

       By lemma 4.2.9 we have  

 

 
tx

t e
x

h 






2
2

2,
,

1
1



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      So  

 
t

TV

x

t e
x

H 






 2
2

,

1
4




 

       Thus  

 

t

TV

x

t e

x

H
__

2

__

____
1

4 



 
 ■ 

 

Corollary 5.3.6 

 

       Let 






 ____

,k
 be a fuzzy finite Markov chain , then  

 

t

TV

x

t e

x

H
__

2
1

__

____
1

log 




































 

       Further , if 






 ____

,k
is reversible , then 

 

t

TV

x

t e

x

H
__

2
1

2

__

____
1

log 




































 

 

Proof :- We have at degree   

2

,

2

, 2
TV

x

t
TV

x

t HH     
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       By Corollary 5.3.4 we have 

 

 
t

TV

x

t e
x

H 






 













2
2

,

1
log2

 

       So  

 
t
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x

t e
x

H 






 











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2
1

1
log,  

       Hence  

                         
 

t
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x
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x

H
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2
1
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1
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


































 

 

       For reversible chain , by corollary 5.3.4 we have 

 

                     
t

TV

x

t e
x

H 


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

 











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2
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1
log

  

 

       Hence  
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t
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x
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x

H
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2
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2
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____
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log 






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Theorem 5.3.7 

       Let 






 ____

,k
 be a fuzzy finite Markov chain . Assume that 

 
e

x
1__

  , then  

  
tx

t eh
__

1

2

________

__

1 
 

0,
1

loglog
2

1
, 


 cc

x
t

  

 

       For reversible fuzzy chains , the inequality holds for  

 
 

0,
1

loglog4
1




cc
x

t
  

Proof :- At degree  , for 0s  set   sesq  21 ,  theorem 5.2.5 -

iii gives 

 
1

2,, 
 sqsH

  

       Since 


sH , is adjoint of sH ,  then 

 
1

2,
, 





sq
sH

  

       Where  sq  is Holder conjugate of  sq . 

       Consider the function 

   













yx

yx
xyx

,0

,
1

, 

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       We have from Lemma 4.2.9 

      1,,,,  yxhyEH sxs    

       Then 

 

    22,
,

2,
,,,

22,
,

2,
,,

2,
,,

2,
, 1





































EHH

EHH

EHh

t
sq

ssqx

txs

xst

x

st

 

               

         

 

  
 
 

22,,

22,,2,,

1

1

























EHx

EHHxx

t

tsqt

sq

sq

sq

sq

 

       By proposition 4.1.5 we have  

     

  tx

st exh sq 






1

2,
, 1  

        Choosing  




















x
s



1
loglog

2

1
, we have

 
 











x
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

1
log1

        

        So  

 
0,

1
loglog

2

1
,1

1

2,
, 






 cc
x

teh
tx

st




  

        Hence  

 
0,

1
loglog

2

1
,1

__

1

2

___________

____




 

 cc
x

teh tx

st




. 
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       For the second part , at degree  , theorem 5.2.5-  ii gives 

 
1

2,, 
 sqsH

  ,   sesq  41  

       By proposition 4.1.5 we have 

     

  tx

st exh sq 






1

2,
, 1  

       Choosing  




















x
s



1
loglog

4

1
,we have

 
 











x
sq



1
log1

 

       So  

  
0,

1
loglog

4

1
,1

1

2,
, 






 cc
x

teh
tx

st




  

       Therefore 

 
0,

1
loglog

4

1
,1

__

1

2

___________

____




 

 cc
x

teh tx

st




 ■ 

 

Corollary 5.3.8 

       Let 






 ____

,k
 be a fuzzy finite Markov chain , then  

t

TV

x

t eH
__

21
____


 

0,
1

loglog
2

1
, 


 cc

x
t

  

        For reversible chains ,the inequality holds for 

 
 

0,
1

loglog4
1




cc
x

t
  
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Proof :- We have at degree   

2,
,, 1

   x

t
TV

x

t hH  

       By theorem 5.3.7 we have 

t

TV

x

t eH 

  


1

, ,  
0,

1
loglog

2

1



 cc

x
t

  

       By lemma 5.1.5 we have  2 , so  

t

TV

x

t eH 

 



21

, ,  
0,

1
loglog

2

1



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x
t

  

       Then 

t

TV

x

t eH
__

21
____


,  

0,
1

loglog
2

1



 cc

x
t

  

       For reversible chain , we have at degree   

2,
,, 1

   x

t
TV

x

t hH  

        By theorem 5.3.7 and lemma 5.1.5 we have 

t

TV

x

t eH 

  


21

, ,
 

 
0,

1
loglog4

1



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x
t

  

       Hence  

t
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x

t eH
__

21
____


,

 
 

0,
1

loglog4
1



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x

t
  ■ 
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Corollary 5.3.9 

       Let 






 ____

,k  be a fuzzy finite Markov chain , then the maximal 

relative error is  

                                   
t

t

yx

eyxh



















____

2__

,

1,sup


 

       For  

 
    0,min,

1
loglog

2

1



 



cxxc
x

t 
  

       Further , if 






 ____

,k is reversible , then 

                                  
 














t

t

yx

eyxh

__

12__

,

1,sup


 

       For   

 
 

    0,min,
1

loglog4
1

 




cxxc

x
t 

  

Proof :- We have from [6] 
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




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


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


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By theorem 5.3.7 we have 

 

t

tt
t

yx

e

eeyxh











































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2
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,
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



 

       For  
    0,min,

1
loglog

2

1



 



cxxc
x

t 
  

       For reversible chain , by proposition 4.2.7 and remark 4.2.8 we have 

 

__________
2

2

____

,

1sup1,sup
2

 x

x

t
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       By theorem 5.3.7 we have 

                                  
 












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       For   

 
 

    0,min,
1

loglog4
1

 




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t 
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Corollary 5.3.10 

       Assume that 






 ____

,k
is reversible chain and  

e
x

1__

 . Set  

 min1,min    then 
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 
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1

2

2
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211



n

n

eex




 

       For                   







0,1
1

loglog
4

1
c

c

x
n

  

       Further , setting    xx
x
 min  we setting  

   
__

2
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,
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





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1
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1
c

c

x
n
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Proof :-At degree  , if we set 1112
1

2
1  Nnnn  

       We have by corollary 3.18 
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       By theorem 5.3.7 we have 
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Conclusions:  

       From our work we conclude that 
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       Further , if 
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       Further , if 
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