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Abstract 

In this study, an essential component of comprehending a nucleus-

nucleus collision is knowing the nuclear potential between the two 

colliding nuclei. The nucleus-nucleus potential for some heavy-ion 

reactions can be studied by using large-angle quasi-elastic scattering at 

deep sub-barrier energies close to the Coulomb barrier height, which is 

considered a suitable method to study the nuclear potential . The nuclear 

potential has been described using the Woods-Saxon (WS) form, which is 

characterized by the surface diffuseness parameter, the potential depth, 

and the radius parameter. Single channel (SC) and coupled channel (CC) 

calculations were performed to investigate the relative movement of 

colliding nuclei and their internal movements and their impact on 

computing the ratio of quasi-elastic scattering cross sections to 

Rutherford scattering cross sections, as well as the investigation of the 

surface diffusion method to find the best suitable value for diffusion 

parameters in comparison to empirical data.  

A systematic study and analysis of the nuclear potential (the 

surface diffusion parameters, potential depth) for heavy ion systems 

following: 
24

Mg+
90

Zr ,
28

Si+
120

Sn ,
28

Si+
150

Nd ,
16

O+
160

Gd ,
12

C+
197

Au  ,
 

6
Li+  

144
Sm ,

28
Si + 

124
Sn,

 6
Li +

159
Tb ,

22
Ne+

248
Cm,

10
B+

232
Th .By using the 

CQEL computer program, which is regarded as the most recent version of 

the CCFUL computer program. That was developed by Hagino and his 

fellow Japanese scientists was employed .The chi-square    method has 

been used to find the best-fit values to (diffuseness parameters a0 and 

potential depth V0) based on the comparison of theoretical calculations 

and experimental data. 

In the systems (
6
Li + 

144
Sm, 

6
Li +

159
Tb, and 

10
B+

232
Th), it is found 

that the diffuseness parameters best-fitted values of the parameters is 



 

 
II 

 

determined by using the coupled-channels calculation using an inert 

projectile and an excitation  target, except for the 
28

Si+
150

Nd system, 

where an inert target and an excitation projectile .for the systems 

16
O+

160
Gd ,

12
C+

197
Au , 

28
Si + 

124
Sn, 

24
Mg+

90
Zr ,

28
Si+

120
Sn and 

22
Ne +

 

248
Cm, the projectile and the target is taken as excited  

In the systems (
6
Li + 

144
Sm, 

6
Li +

159
Tb, and 

10
B+

232
Th), it is found 

that the diffuseness parameters best-fitted values of the parameters is 

determined by using the coupled-channels calculation using an inert 

projectile and an excitation  target, except for the 
28

Si+
150

Nd system, 

where an inert target and an excitation projectile .for the systems 

16
O+

160
Gd ,

12
C+

197
Au , 

28
Si + 

124
Sn, 

24
Mg+

90
Zr ,

28
Si+

120
Sn and 

22
Ne +

 

248
Cm, the projectile and the target is taken as excited  

In the second part of the calculations, for some of the systems studied, the 

effect of changing the potential depth (V0) on the calculated ratio of 

quasi-elastic scattering to the Rutherford cross section was in agreement 

with the potential depth that has been adopted as a standard value or at a 

value less than it.  
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Chapter 1 

General Introduction 

 

 

1.1 Introduction  
 

Knowing the potential between two colliding nuclei is of 

fundamental importance in order to describe nucleus-nucleus collisions. 

The nucleus-nucleus potential is the sum of a short range attractive 

nuclear potential VN (r) and a long range repulsive Coulomb potential 

VC(r).Although the Coulomb contact between two nuclei is widely 

understood, describing the nuclear component is far more challenging [1]. 

The simplest nuclear reaction process, elastic scattering, is frequently 

used to explain more intricate nuclear reactions. The nuclear reactions at 

sub-barrier energies play an extremely important role fundamental 

behavior of stars, their evolution, and many aspects of the production of 

the elements , which have a huge impact on nature [2].  

In the study of nuclear structure, the Woods-Saxon potential is 

often used to represent the nuclear component, which is characterized by 

the deepness(V0), radius r0, and diffuseness parameters a0. within  

regarded as the most realistic short - range potential in nuclear physics[3]. 

that it is reasonably straightforward, making study theoretical calculations 

easy. The study of nuclear particle elastic and quasi-elastic scattering has 

resulted in the discovery of several  extended variants of this potential[1]. 

There are benefits to understanding the nuclear potential using 

experimental data from quasi-elastic scattering instead of fusion. For 

instance, measuring fusion cross sections necessitates a specialized recoil 

separator (electrostatic deflector/velocity filter), often with low 

acceptance and efficacy. On the other hand, measuring quasi-elastic cross 
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sections just requires a very basic charged particle detector. This implies 

that the experimental data for quasi-elastic scattering are likely to be 

more precise and less prone to mistakes than the experimental data for 

fusion. So, by using experimental data from quasi-elastic scattering, 

evaluations of the nuclear potential may be done with more accuracy[1] . 

There are a variety of distinct reaction modes produced by collisions 

between two heavy nuclei at energies over the Coulomb barrier, but two 

processes are noticeable: direct reactions and compound nucleus 

synthesis. Other processes, such as deep-inelastic reactions, incomplete 

fusion, and quasi-fission events, have been discovered through research 

on heavy-ion reactions. The interaction gradually evolves with increasing 

impact parameter from fusion and fission-like reactions, which require a 

significant overlap of the two nuclei [4]. The total of elastic scattering, 

inelastic scattering, and transfer reaction may be used to compute quasi-

elastic scattering[5]. Fusion is defined as a reaction where two separate 

nuclei combine together to form a composite system, fusion and quasi-

elastic scattering are both recognized as complete procedures that 

complement each other. As a result, both interactions have the same 

potential and share the same understanding of the interaction process, and 

both are susceptible to the effects of channel coupling (owing to 

reciprocal inelastic excitations of colliding nuclei) at energies close to the 

Coulomb barrier. [1] . 

The coupling channel (CC) model is an ideal tool to reproduce the 

experimental data at the same time for several processes, such as elastic 

and inelastic scattering, particle transfers, and fusion, within a unified 

framework. Many interactions between two nuclei are possible when they 

get closer to one another.  In the first approximation, they may be thought 

of as a cluster of nucleons, and the inter nuclear two-body force would be 
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the main source of their interaction. The period that the responding nuclei 

are together during the collision, however, may result in one or many 

rearrangement events. It is possible for inelastic excitations to take place. 

For instance, before fusion can occur, one or both of the interacting nuclei 

may be stimulated to a higher energy state. There are two types of 

excitations to take into account: rotational and vibrational. Single-particle 

excitation can also happen when a particle in one of the nuclei is 

stimulated during a reaction from one state to another.  Moreover, single 

nucleons or groups of nucleons may move from one nucleus to 

another[6]. The strong interaction between the attractive nuclear force 

and the repulsive Coulomb force results in a potential barrier for the 

relative motion between the colliding nuclei in a basic model. Due to 

couplings of the relative motion to intrinsic degrees of freedom (such as 

collective inelastic excitations of the colliding nuclei and/or transfer 

processes), this barrier in the coupled channel is split into a number of 

distributed barriers [7].  

The quasi-elastic scattering is connected to the reflection 

probability at the Coulomb barrier, but the fusion is related to the 

transmission probability. This is a key distinction between the two 

processes.The excitation function data reveals the most fundamental 

features of the underlying reaction process and is very often used for 

extracting the other relevant observable such as the extraction of barrier 

distribution. It is worthwhile mentioning that the barrier distribution of a 

given system obtained from both the quasi-elastic scattering and fusion 

excitation function measurements is found to be very similar in nature. 

However, the quasi- elastic excitation function measurement is relatively 

easier to carry out from the technical point of view [12]. It is now well-

known that the coupled-channel calculations for the heavy-ion reaction at 
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energies close to and below the Coulomb barrier can explain the 

experimental data of fusion reactions as well as the quasi-elastic 

scattering of the medium-heavy mass systems, heavy mass systems, and a 

very heavy mass systems. It is demonstrated that the collective 

excitations (rotations and surface vibrations),  and nucleon transfer of the 

colliding nuclei have a significant impact on the cross section and barrier 

distribution for fusion reactions and quasi-elastic scattering [9]. It is 

generally acknowledged that the barrier distribution idea offers a potent 

tool for analyzing the effects of channel coupling on heavy-ion fusion 

events as well as quasi-elastic scattering at sub-barrier energies even for 

very heavy mass systems. Channel couplings also affect the scattering 

process. It was suggested that the same information as the fusion cross 

section may be obtained from the cross section for quasi-elastic scattering 

(as elastic ,inelastic ,and transfer cross sections) at large angles. It is 

known that the single-barrier elastic cross section falls off smoothly from 

a value close to that for Rutherford scattering at low energies to very 

small values at energies high above the barrier. Therefore, it is proposed 

to use the first derivative of the ratio of the quasi-elastic cross section σqel 

to the Rutherford cross section σR with respect to energy,             

    ( )   
 

  
*

     

        
+,as an alternative representation of the barrier 

distribution [10] .  

1.2 Heavy-Ion Reactions 

the nuclear reaction is the process by which a nucleus changes 

from one species to another  . In these reactions, a target nucleus is struck 

by an accelerating projectile. So, the original system is changed into the 

reaction's new system , heavy-ion collisions occur when relatively heavy 

projectiles collide with targets. A composite nucleus with a high atomic 
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number would be formed.  Many fascinating events can occur in heavy-

ion collisions by carefully selecting targets and projectiles [6]. The range 

of events produced by heavy ion collisions close to the Coulomb barrier 

is particularly intriguing. The barrier splits as a result of many channels 

coupling with one another, creating the sub-barrier region [11]. 

Throughout the past several decades, interest in heavy ion collisions at 

near-barrier energies, in particular fusion and quasi-elastic processes, has 

developed from an experimental and theoretical perspective. Such studies 

offers a great chance to learn about nuclear structure and nucleus-nucleus 

interaction. [12]. 

1.3 Quasi Elastic Scattering and Heavy Ion Reaction 

First emerged in the early 1970s the term quasi-elastic reaction, 

which entails inelastic scattering and few-nucleon transfer reactions 

populating ,  in order to distinguish peripheral collisions associated with 

energy losses from the more violent deep-inelastic reactions, which 

showed substantial amounts of energy and mass transfer  a clear 

distinction between quasi-elastic and deep-inelastic reactions ,as a result 

of this coupling, reaction modes associated with central collisions, such 

as fusion, can be influenced  peripheral quasi-elastic reactions. These 

reactions (inelastic scattering and few nucleon transfer reactions) depend 

through strongly on the structure of the interacting nuclei. Fusion 

reactions were once thought to be mainly a macroscopic process, but 

channel coupling makes them strongly dependent on nuclear structure. 

For inelastic heavy-ion scattering, experimental and theory data are 

usually in good agreement [4]. Heavy-ion quasi-elastic scattering and 

fusion reactions at energies near the Coulomb barrier have received a lot 

of attention  because they provide an excellent opportunity to learn about 

nuclear structure and nucleus-nucleus interaction, as well as investigate 
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the mechanism of heavy-ion reactions at near-barrier energies, which is 

important for the synthesis of super-heavy nuclei. The quasi-elastic 

scattering is a good counterpart to the fusion reaction . As a result, it is 

expected that the fusion and quasi-elastic scattering cross sections of a 

heavy-ion process at energies near the Coulomb barrier may be 

characterized by the same nucleus-nucleus potential[13].  

1.4 Literature Survey 

K.Hagino et al., 2004 [10] were discussed in great detail the barrier 

distributions derived from large-angle quasi-elastic scattering of heavy 

ions at energies close to the Coulomb barrier. The quasi-elastic barrier 

distribution was compared to the fusion test function. In coupled channel 

calculations of quasi-elastic scattering ,they find that it works well for 

backward angles, lending credence to the idea of a barrier distribution for 

scattering processes. This approach is a useful tool for studying unstable 

nuclei. 

K. Hagino et al., 2005 [14] have analyzed highly precise experimental 

results for heavy-ion reactions in order to explain the data at sub-barrier 

energy. An unexpectedly large surface diffuseness parameter is necessary 

in order to fit the experimental data for the  
16

O +
154

Sm system at sub-

barrier energies. found that the divergence of the ratio of the quasi-elastic 

to Rutherford cross sections from unity  provides a simple method for 

calculating the value of the surface diffuseness parameter in the nucleus-

nucleus potential. They proved that surface diffuseness parameter is 

indeed more influential in the coupling channel for quasi-elastic 

scattering at low energies. 

 



 

 
7 

 

Chapter One                            

 K. Washiyama et al.,2006 [15]conducted study on the surface properties 

of nuclear potential in heavy ion interactions for 
32,34

S+
197

Au, 
32,34

S+
208

Pb, 

16
O+

154
Sm, 

186
W and 

208
Pb systems. By employing large-angle quasi 

elastic scattering at energies much below the Coulomb barrier. have 

extensively investigated experimental data for quasi-elastic scattering at 

deep sub-barrier energies in order to extracting  the surface diffuseness 

parameter of inter nuclear potential. have been  got a diffuseness 

parameter commensurate with the conventional value of roughly a is 0.63 

fm for systems containing spherical nuclei. 

L. R. Gasques et al.,2007 [16] have measured highly precise quasi-

elastic scattering  for 
32

S reactions with 
208

 Pb, 
197

Au, 
186

W, and 
170

Er at 

energies much below the Coulomb barrier. The diffuseness parameter of 

the nuclear potential was calculated using single-channel SC and coupled 

channels. Both theoretical analyses provide the same diffuseness 

parameter for reactions with near-spherical targets. Coupling channels are 

essential for deformed systems, even at high sub-barrier energies. The 

effect of coupling channels is to reduce the diffuseness parameter value 

extracted from a single-channel potential. Single-channel fits to quasi-

elastic scattering data result in a = 0.72,0.82 fm, whereas coupled-channel 

calculations give diffuseness parameters in the range 0.58–0.75 fm. 

M. Zamrun F et al.,2008 [17] proved that the coupled-channels method 

is effective for large-angle quasi-elastic scattering in complex systems. 

have investigated the effects of single, double, and triple phonon 

excitations on quasi-elastic scattering experimental cross-section systems 

48
Ti,

54
Cr,

56
Fe,

 64
Ni, and 

70
Zn+

208
Pb.have demonstrated that the 

experimental barrier distribution for the overall width of these systems is 

well represented by the coupled-channel computations in use.  
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C. J. Lin et al.,2009 [18] have been  measured the high precision 

excitation data of large-angle quasi-elastic scattering for the systems of 

16
O+

208
Pb, 

196
Pt, 

184
W, and 

154,152
Sm at energies much less than the 

Coulomb barrier.  The surface diffuseness parameters of the real part of 

the Woods-Saxon potential have been extracted from the single-channel 

and coupled-channels calculations .By considering the effect of 

couplings, the extracted diffuseness parameters are in the range from 0.64 

to 0.69 fm, which is close to the values extracted from the systematic 

analyses of elastic and inelastic scattering data. On the other hand, single-

channel calculations give somewhat larger values in the range from 0.68 

to 0.77 fm, especially for systems with deformed target nuclei. 

C. J. Lin et al.,2011[19] have  measured the quasi-elastic scatterings at 

backward angles to explore the heavy ion reaction processes at close to 

sub-barrier energies. Single-channel(SC)and coupled-channel(CC) 

calculations were used to measure the surface diffuseness parameters for 

the systems 
16

O+
144,152,154

Sm,
170

Er,
174

Yb, 
184,186

W, 
194,196

Pt, and 
208

Pb.  For 

SC, the diffuseness parameters are larger than the baseline value of 0.65 

fm, especially for deformed systems. After accounting for the CC effects, 

these values are quite near 0.65 fm. 

M. L. I. Ibrahim et al.,2013 [1]studied the surface diffuseness parameter 

of the nuclear potential for the reactions of 
208

Pb with 
48

Ti, 
54

Cr, 
56

Fe, 

64
Ni, and 

70
Zn using large-angle quasi-elastic scattering. Their study's 

diffuseness parameters were lower than the typical value of roughly 0.63 

fm. However, as compared to SC computations, diffuseness parameters 

determined by CC analysis at sub-barrier energies were superior to the 

standard value. 
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K. S. Jassim et al.,2014 [20] have studied large-angle quasi-elastic 

scattering at sub-barrier energies for the nuclear potential of heavy ion 

systems, specifically 
48

Ti, 
54

Cr, and 
64

Ni + 
208

Pb systems. Around the 

Coulomb barrier's height, using an inert target and a vibrational 

projectile, the value of the diffuseness parameter that best fits a system 

was calculated using the coupled-channel method. The calculated ratio of 

the quasi-elastic to the Rutherford cross sections for systems yields good 

agreement when a = 0.44 fm, 0.67 fm, and 0.67 fm, respectively. 

K. S. Jassim et al.,2015  [21] studies the nuclear potential's surface 

diffuseness parameter for the heavy-ion reactions involving the systems 

32
S + 

208
Pb and

34
S + 

208
Pb ,which were made feasible by deep sub-barrier 

energies near the Coulomb barrier height by using large-angle for quasi 

elastic scattering .have been computed the diffuseness parameter of the 

nuclear potential using single-channel (SC) and coupled-channel (CC) 

methods. Surface diffuseness parameters calculated with an inert 

projectile and a vibrational target agree exactly with the standard value of 

0.63 fm to find the diffuseness parameter value that best matches the 

experimental data, while single-channel calculations produce slightly 

higher values in the 0.64 fm to 0.65 fm range. 

Q.J. Tarbool et al.,2019 [22] investigated the surface characteristics of 

the inter nucleus potential in heavy-ion reactions for the 
63

Li + 
64

Zn and 

73
Li + 

64
Zn systems at sub-barrier energies around the Coulomb barrier 

height. A ground-state rotational band and the rotational deformation of 

the nucleus 
64

Zn  were both present. The diffuseness parameter of the 

nuclear potential as well as the potential depth were computed using 

single-channel (SC) and coupled-channel(CC) computations with an inert 

projectile and a rotating target for those systems, it was found that the 
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diffuseness parameter was entirely consistent with the standard value of 

0.63 fm. 

S. Biswas et al.,2020 [23] studied Large-angle quasi elastic scattering 

data were used to calculate barrier distributions for the 
28

Si+
142,150

Nd 

systems. The measurements were made across a wide range of incoming 

beam energies near the Coulomb barriers. The experimental data were 

compared with coupled-channel calculations performed using various 

coupling techniques. The experimental and theoretical results agreed 

rather well. 

A. J. Hassan et al.,2020 [24]studied the impacts of the surface 

diffuseness parameter on quasi-elastic scattering using nuclear potential 

Woods-Saxon (WS) for 
6
He+

64
Zn, 

7
Li+

64
Zn, and 

8
Li+

90
Zr systems. For 

the nuclei 
64

Zn, the effect of rotational deformation was included with the 

ground state rotational band  up to the 4
+
 states. The single-channel (SC) 

and coupled-channel (CC) computations were performed. It has been 

found that the best-fitting value of the diffuseness parameter is obtained 

from a coupled-channel calculation with an inert target and an energized 

projectile. 

P. Biswas et al.,2021 [25] measured the Quasi elastic scattering 

excitation data at large backward angle has been measured for the system, 

7
Li+

159
Tb at energies around the Coulomb barrier. The corresponding 

quasi elastic barrier distribution has been derived from the excitation 

data,  the α-particles produced in the reaction .The centroid of the barrier 

distribution obtained after inclusion of α-particles was found to be shifted 

higher in energy ,compared to the distribution excluding the α-particles 

.The quasi elastic data ,excluding the α-particles ,have been analyzed in 

the framework of continuum discretized coupled channel calculations . 



 

 
11 

 

Chapter One                            

The quasi elastic barrier distribution for 
7
Li+

159
Tb , has also been 

compared with the fusion barrier distribution for the system. 

N. H. Hayef et al.,2023 [26] studied  effects of the surface diffuseness 

parameter on quasi-elastic scattering  using the Woods-Saxon (WS) 

potential for the systems 
6
Li+

64
Zn, 

23
Na+

90
Zr, and 

11
C+

208
Pb. 

demonstrated the  results of theoretical examinations of the impacts of  

deformation rotational for the nucleus 
64

Zn with ground state rotational 

band up to the 2
+
 levels. The best suitable value of the diffuseness 

parameter is obtained by using a coupled-channel approximation with an 

inert target and an energized projectile.  
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Aim of the present study 

The primary objective of preparing this dissertation is to study the effect 

of changing the diffuseness parameter a0, nuclear potential (potential 

depth )V0, and the influence of coupling on quasi-elastic scattering using 

a large angle for the energies near the Coulomb barrier for the following 

systems: 
24

Mg + 
90

Zr, 
28

Si+
120

Sn, 
28

Si+
150

Nd, 
16

O + 
160

Gd, 
12

C + 
197

Au, 
6
Li 

+ 
144

Sm, 
28

Si + 
124

Sn, 
6
Li +

159
Tb ,

22
Ne+

248
Cm and

10
B+

232
Th . 

Find the best-fit values for the quasi-elastic scattering and the distribution 

by using the chi-square method for comparison between theoretical 

calculations and experimental data. 

Thesis outline  

This thesis is organized as follows: 

Chapter1: General introduction about the nucleus-nucleus potential 

include the definition and its components and the model that can be 

described it, in addition to know the cross-section of the quasi-elastic 

scattering. As well as review the aim of the research and most important 

previous studies concerning the subject matter. 

Chapter2: Reviews The Coulomb Barrier and the basic theory of 

scattering and Rutherford scattering 

Chapter3 : The theory of coupled channel with all order of coupling. The 

concept of barrier distribution were also reviewed.  

Chapter 4: Presents our theoretical calculations and the comparison of 

our present work with the available experimental data for the Quasi 

elastic scattering and barrier distribution.  

Chapter 5: Concludes the research, provides a summary of key findings, 

and gives suggestions for future researches. 
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Chapter 2         
Theoretical Part 
2.1 Introduction  

The most important experimental technique in quantum physics 

is the scattering experiment. Where in nuclear physics, the first clear 

evidence of nuclear structure came from Rutherford’s observation of 

the scattering reaction. The theoretical tool for the analysis of 

scattering experiments is scattering theory. Scattering theory is the 

study of an interacting system on a time and/or distance scale which is 

large compared to the scale of the actual interaction[27]. The scattering 

process is defined as a change in a particle's motion due to a collision 

with another particle. According to the definition of collision in physics, a 

collision can happen between particles that repel one another, such as 

positive or negative ions. Experiments with subatomic particles show that 

the electric repulsive force between the particles meets Coulomb's law, 

which stipulates that the force varies as the inverse square of the distance 

between the particles. The nuclear collision can often lead to one of a 

variety of reactions, each of which gives insight into a specific feature of 

nuclear structure or behavior. To examine the nuclear force, create new 

nuclei, ascertain the size and structure of the nuclei, and learn more about 

the characteristics of excited nuclei. According to the classical picture, 

the projectile can induce various kinds of reactions depending on the 

impact parameter or the corresponding angular momentum and the 

dynamical behavior of nuclear matter during different types of 

collision in the classical picture of Heavy-Ion [28,29],as shown in Fig. 
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2.1 [30] The eventual aim of every scattering experiment is to determine 

the true forces at work between colliding particles. 

 

Figure 2.1 : Distant, grazing and close collisions in the classical picture                      

of heavy ion collisions  [6,30].                                                                                                

                                                            

2.2 The Coulomb Barrier 

The Coulomb barrier is the most familiar barrier to penetrate , 

present because of the electrostatic repulsion between the positively 

charged target nucleus and the positively charged projectile and the 

nuclear force between the two nuclei can be expressed as the interaction 

potential. By using a simple model, nuclear reactions can be described by 

considering the two nuclei as rigid spherical objects that interact via a 

potential which depends only on the relative distance (r) between the 

canter of mass (c.m.) of two nuclei. The total potential between the target 

and projectile nuclei have been illustrated in Eq (2.1) [31].  

 

                                    V(r) = VC (r) + VN (r)     (2.1) 

 

where VC is the Coulomb and VN is the nuclear potential Fig. 

2.1[6]provides examples of them. 
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Fig 2.2 : The illustration of the potentials that form a barrier between       

the participating nuclei in a nuclear reaction [6]. 

  

The radial Schrödinger equation comprises an effective potential, which 

defined by the following equation[1] 

 

                               (   )    ( )    ( )  
   (   )

    
                                (2.2) 

 

Effective potential is the sum of nuclear, Coulomb, centrifugal 

components. When angular momentum   = 0, the compound centrifugal 

vanish.  

There are two components to the nucleus-nucleus potential: the nuclear 

part VN, which is well and properly defined by the WS form, which is 

given by[31]: 

                                              ( )   
  

     *
    

 
+
                                 (2.3) 

 

where a0 is the surface diffuseness parameter and V0 is the potential depth 

R0 is the radius parameter of the system ,defined as follows. 

                                                 (  

 
    

 

 ),                                      (2.4) 
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where the radius parameter is r0. It is important to note that the possible 

values for V0, a0, and r0 are not all the unique[32]. They are usually 

adjusted by fitting experimental data.While r denotes the  center of mass 

distance between the projectile's mass number AP and the target's mass 

number AT [33,34]. The Coulomb part VC(r) between two spherical 

nuclei with normal charge density distributions when they do not interact 

is given by[35]:        

                                       ( )  
        

 

 
                              (2.5) 

 

where ZP and ZT are the atomic  number of the projectile and target, 

respectively, and r is the distance between the centers of mass of the 

colliding nuclei. The Coulomb radius parameter     is the radius of the 

ball that corresponds to the projectile and target nuclei. where                           

      (  

 
    

 

 ) and  rc is a Coulomb radius parameter[36]. 

 

when the nuclei interact. The Coulomb potential is produced[20][35] 

 

                                    ( )  
       

 

   
[  (

 

  
)
 

]                            (2.6)  

      

2.3 Types of Scattering Reactions 

In heavy ion systems, the products of the various reaction channels 

include the following phenomena  elastic scattering, inelastic scattering, 

transfer reactions, fusion reactions, fission reactions, and quasi-fission 

reactions [6] . 
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2.3.1 Elastic Scattering 

Elastic scattering is defined to be a collision in which the colliding 

particles only change their direction. In this reaction no kinetic energy of 

the projectile is used to take the target into an excited state. The projectile 

and the target remain in their ground states [6].                                                                  

2.3.2 Inelastic Scattering 

Inelastic scattering differs from elastic scattering in that the target 

nucleus is raised to an excited state as a result of the collision. 

Classically, the projectile only touches the target nucleus, or it may enter 

the nucleus and exit at a reduced energy. When the excited target nucleus 

returns to its ground state, the excess energy is released by the emission 

of particles like -γ-rays[6].                                                                                                          

2.3.3 Transfer Reactions 

One or more nucleons are transferred between the projectile and the target 

in transfer reactions when the projectile crosses over the target's 

perimeter, for example, when an incoming deuteron transforms into an 

outbound proton or neutron, adding nucleons to the target A to create a 

nucleus, B[6]. 

2.3.4 Quasi Elastic Scattering 

     In quasi elastic scattering, the projectile loses a moderate amount of 

energy, and a small number of nucleons are exchanged with the target 

nucleus. Quasi-elastic processes are thought to correlate. The term "quasi-

elastic" refers to the total of all transfer processes, elastic scattering, and 

inelastic scattering.[6 ,37]. 
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2.3.5 Deep Inelastic  

This reaction entails substantial damping of kinetic energy and 

mass exchange. The larger fragments are highly deformed and excited 

while retaining partial memory of target and projectile masses and 

charges. This process takes place at energies above the Coulomb 

barrier[6] . 

2.4 Scattering Theory      

In this section, a Single Channel SC potential model is used to 

derive the basic formula for calculating the elastic and the fusion cross 

sections. Through finding the solution of Schrödinger equation    

  , we can describe elastic scattering between two nuclei [1]. 

 * 
  

  
    ( )   + ( ⃗)                (2.7) 

where   is the reduced mass of the system, if there is no potential  V(r), 

can be clearly solve this equation with       ⃗⃗  ⃗, where    √       

is the wave number of the incoming wave. This solution has asymptotic 

form as follows [38]: 

 (   )     ⃗⃗  ⃗  

 

  
∑ (    )( )  

   (
    (      )

 
 

   (      )

 
)  (    )                (2.8) 

the wave function ψ(r ,θ) is sum of the incoming plane wave and the 

outgoing spherical wave.    stands for the Legendre polynomials, θ is the 

angle between  ⃗ and  ⃗⃗.  When the potential is  presence the characteristic 

of the solution is change. 

However, the asymptotic form of the wave function can be written down 

in a similar way to Eq. (2.8). because of the fact that the potential 
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vanishes at infinity. By replacing the plane waves with the corresponding 

Coulomb waves, the  asymptotic form becomes [37]. 

 (   )  
 

  
∑ (    )( )  

   (
  

( )
(  )

 
   

  
( )

(  )

 
*  (    )           (2.9)   

 where   
( )(  ) and    

( )(  )  are the incoming and the outgoing 

Coulomb waves, respectively.    represents the nuclear S-matrix and 

generally is a complex quantity. 

Can be determine the S-matrix, by expanding the wave function   ( ⃑) in 

terms of the spherical harmonics as[39]. 

                         ( ⃗)  ∑ ∑     
 
    

 
    

  ( )

 
     ( ̂)                       (2.10) 

 

When the expansion coefficient is     , the Schrödinger equation's 

solution is   ( ), with [39]  

                           * 
  

  

  

   
  ( )  

 (   )  

    
  +  ( )                    (2.11) 

Where 
 (   )  

    
  represent the centrifugal potential [6]. 

Equation (2.11) can be solved by imposing the boundary conditions[34]. 

                              ( )                                                               (2.12)   

                           ( )     
( )(  )        

( )(  )                     (2.13) 

The nuclear S-matrix      can be used to evaluate the differential elastic 

cross section, as [40]. 

                                        
    

  
   ( )                                                (2.14) 
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where  ( )is the scattering amplitude, the differential scattering cross 

section is defined as the number of particles emitted per solid angle    

divided by the incident flux of particles per unit time [41]. 

                                     ( )   
 

  
∑ (    ) 

   (     )  (    )          (2.15) 

The total elastic cross section is given by: 

                           ∫  (    )
 

  

  

  
 

 

  
 ∑ (    )        

       (2.16) 

 

2.5 Reaction Cross Sections and Differential Cross Section 

Reaction cross-section is the most important quantity in nuclear 

reaction study. It is a measure of the probability for particular reaction to 

occur. The larger the nuclear cross sections the more probable the 

reactions. This factor can be viewed as the target area effectively 

presented to the incident particles by each nucleus, such that if the 

incident particle passes through this area reaction will take place. The 

cross-section of a react ion is defined by [42]. 

                σ = 
                                                           

                                                          
     (2.17)  

 

Nuclear cross-section or the probability of any interaction has diminution 

of area that is so called cross-section and measured in a unit of cm
2
 or 

barn. 1barn =10
−24

 cm
2
[43]. Cross sections are the central observable of 

nuclear and particle physics. In some areas of nuclear physics (e.g. HI 

physics) reactions (scattering) are often treated semi classically. 

Likewise, the historically important Rutherford scattering can be treated 

classically. The classical description implies that particles and their 
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trajectories are localized. However, in each case it must be checked 

whether a classical description is valid. A criterion for classicists is (like 

in geometrical light optics) the wavelength of the radiation used is small 

as compared with some characteristic object dimension (d). In agreement 

with Heisenberg , s uncertainty relation this means[42]. 

 λ debroglie =  
 

 
   << d      (2.18) 

When choosing for a typical object dimension half the distance of  

the trajectory turning point (d0) for a central collision the Somerfield 

criterion for classical scattering is obtained [44]. 

 

                        
      

  
 

      

  
 
 

 
      

 

 
          (2.19) 

 with α =  e2/   c Somerfield's fine-structure constant and β a short 

notation for ν/c. ZP and ZT are the atomic number for the projectile and 

target nuclei, respectively. 

There exist more refined criteria, which take into account that the 

wave nature of the radiation leads to diffraction phenomena, especially 

where the scattering potential changes strongly, e.g. at the nuclear 

surface. Therefore, a requirement is postulated that the de-Broglie 

wavelength not change substantially by the potential gradient. For 

Coulomb scattering this provides a scattering-angle dependent 

criterion[45]. 

                                    
       

  0
    (

 

 
)

   (
 

 
)(     (

 

 
))
1

 

                         (2.20) 
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Thus, a classical description is always possible at θ = 0
◦
 but never at         

θ = 180
◦
. Definition of the differential cross section is the number of 

particles of a given type from a reaction, which, per target atom and 

unit time, are scattered into the solid-angle element dΩ (formed by the 

angular interval θ....θ + dθ and ϕ....ϕ + dϕ), divided by the incident 

particle flux j (a current density is  number of particles passing a unit area 

per unit time)[45]. In the following we assume azimuthal (i.e. ϕ) 

independence of the scattering. The classical scattering situation is 

characterized by a definite trajectory and a unique relation between each 

particle incident from r → (−∞) at a definite perpendicular distance b (the 

impact parameter) from the z-axis and its (asymptotic) of a given type 

from a reaction, which, per target atom and unit time, are scattering angle 

at r → (+∞) after the interaction. This definition yields the classical 

formula for the cross section. With the number of particles per unit time 

jdσ = j.2π bdb one obtains[42].  

 

                                  (
  

  
*

class 

 
     

         
 

 

     
 |

  

  
|                  (    ) 

 

b = b(θ,E) contains the influence of the interaction (the dynamics).         

θ(b) is called deflection function. Its knowledge determines the 

scattering completely as shown in Fig. 2.3. 
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Fig (2.3): Classical Rutherford scattering. b is the impact parameter, (r,ϕ)  

are the polar coordinates of the projectile, θ the polar scattering angle, d is 

the distance of closest approach, and d0 its minimum for a central 

collision[44]. 

2.6 Rutherford Scattering 

2.6.1Classical-Mechanical Derivation of Rutherford’s 

Formula 

  General approaches to describe elastic scattering like partial wave 

decomposition or the Born-approximation are of quantum-mechanical 

nature and lack a certain clearness. On the other hand one likes to 

imagine Coulomb-scattering using a model based on classical trajectories 

[46]. In fact it is often possible to describe elastic scattering processes 

well in a semiclassical or classical approximation. This is particularly true 

for heavy ion scattering experiments. As for heavy projectiles the 

Coulomb barrier is very high though, it is necessary to perform 

calculations on the peak of the Coulomb-wall (VC) with the reduced 

kinetic energy of the projectile : E = Ec.m. − VC [46]. A classical 

derivation of the differential cross section for the elastic scattering of a 
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charged particle by the electrostatic potential given by a point charge. It is 

also commonly referred to as Rutherford scattering. In Fig 2.3 a particle 

is shown being deflected through an angle θ by a scattering center of 

charge ZTe. the particle has charge ZPe, mass m, speed υ∞, impact 

parameter b and energy E = 
 

 
 mυ

2
 . We assume, for simplicity, that the 

scatterer remains at rest that is, we shall take the scatterer to be infinitely 

heavy [47]. The angle of the position vector ( )⃗⃗⃗⃗  to the y-axis is ϕ and 

we can use conservation of angular momentum to write [44]. 

            

  
                                  (2.22) 

We can also calculate P = mυ as the integral over the trajectory of the y 

component of the impulse on the particle due to the Coulomb force FC 

acting on it, as following [42]. 

 

    
 

    
 
      

  
  

 

  
                              (2.23) 

Where 

  
 

    
      

  

                                         

                                                  (2.24)        

 

   ∫                 

 

        
 

    
∫

  

 
      

  

  
   

                          
 

      
∫

 

   
        

 

    
(      )             (2.25) 
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After transformation to half the scattering angle the deflection function 

is  

  

    (   )     
                                            (2.26)    

 and 

  
 

   
    (

 

 
)                                                (2.27)                                                    

the derivative of Eq.(2.13) is [42][44]. 

  

  
 

 

    
  

 

     (   )
 

 

   
 

 

     (   )
                           (2.28)    

 

and thus for the Rutherford cross section[44] 

 

   

  
 (

      

   
)
 

 
 

     (   )
                               (2.29) 

Numerically[44].  

   

  
      (

    

  (   )
)
 
 

 

     (   )
*
  

  
+                      (2.30) 

 

for finding the minimal scattering distance d one needs additionally the 

energy-conservation law is (d) [44]. 

   
 

 
 

     
 

 
 

 

 
                                                        (2.31) 

The absolutely smallest distance d0 is obtained in central collisions with 

[44].  

   
   

 

 
 

 

  
                                              (2.32)                                       

From this and the angular-momentum conservation the relation is 

given[42]. 
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    (    )                                             (2.33) 

is obtained with the solution[42]. 

 

  
 

   
.  √       

 

  /                          (2.34) 

 

 
  

 
(  

 

    (   )
)                                        (2.35) 

 

2.6.2 Quantum-Mechanical Derivation of Rutherford’s                     

Formula 

           In the nonrelativistic limit, the scattering of one particle off 

another is described by the Schrodinger equation. In the c.m., the wave 

function is the solution of the equation[42].                                                 

             

                                     
  

  
    (   )                               (2.36) 

where µ is the reduced mass of the two-nucleon system and V is 

the central potential. The scattered particle outside the interaction 

region is described by a spherical wave        radiating outward from 

the center of the interaction region. The particles density in the incident 

beam is usually sufficiently low that we may ignore any collision 

between the incident and scattering particles. As a result, the wave 

function at large r is a linear combination of a plane wave, made of the 

incident beam and particles not scattered by the potential, and a 

spherical wave, made of scattered particles. The result may be 
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expressed as[42].                                                                          

                                            ( )  
   

      (   )
    

 
                        (2.37)                  

here, f(θ,ϕ) is the scattering amplitude which measures the fraction of 

incident wave scattered in the direction with polar angle θ and azimuthal 

angle ϕ. In general, both ψ(r) and f(θ,ϕ) are also functions of the incident 

wave vector k and scattered wave vector ´k. Furthermore, the probability 

for scattering is sufficiently small that the normalization of the incident 

wave is not affected by particles removed from the incident beam due to 

scattering. Since the z-axis is chosen to be along the direction the two 

particles approaching each other outside the interaction zone, the zy-plane 

is fixed by requiring it to be perpendicular to the z-axis [42 ,46]. 

 

Fig 2.4: Diagram for the definition of differential cross-section. Usually 

the size of the irradiated area of the target is small, very much smaller 

than the distance to the detector, so that the scattering angle θ is well 

defined[42]. 

 

From Fig. 2.4, the relation between wave function and intensity of the 

incident beam is given by the quantum-mechanical probability current 

density [42] . 
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                   ⃗  
  

   
[    ⃗⃗⃗ ⃗        ⃗⃗⃗ ⃗     ]    ,   

  
  ⃗⃗⃗ ⃗  -

                   ⃗     ,      
 

  

 

  
     -  

  

 
     

        (2.38) 

where     denotes the real part . The differential scattering cross section 

can be stated in terms of the scattering amplitude  ( ). The probability 

current density for the scattered spherical wave is given by the 

equation[48,49]. 

  

   {( ( )
    

 
)
 

 

  

 

  
( ( )

    

 
)}   ⃗ 

  ( )  

  
          (2.39)     

                                                                                                                       

If the scattered particle is detected by a detector with effective area da 

situated at r from the scattering center, the solid angle subtended by the 

detector at the origin is[42].  

                                                         
  

  
                                                     (2.40) 

and the number of particles recorded per unit time is[49]  

  

     ⃗      ⃗   
    

     
  

 
   

The differential scattering cross section, 
  

  
 sometimes represented also as 

σ(θ), is defined as the number of particles scattered into a solid angle    

at angle   divided by the incident flux[50,51]. 

  

  

    
 

 ⃗    
  

 ⃗ 
    ( )                                 (2.41) 
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The scattering cross section is the integral of the differential cross 

section over all solid angles [50]. 

  ∫
  

  
   ∫    ( )  

 

 
                          (2.42) 

 where 

                           

If the interaction potential is a central one, V = V(r), that depends only 

on the relative distance r, angular momentum is a constant of motion. 

In this case, it is convenient to decompose the wave function ψ(r) into 

a product of radial and angular parts and write it as a sum over 

components with definite orbital angular momentum  , or partial waves 

[44,49].  

                                 (   )  ∑       ( )   ( )
 
                    (2.43) 

where     are the expansion coefficients. Only spherical harmonics 

  m(   ) with m = 0 are involved here, as we are considering systems 

independent of the azimuthal angle ϕ in terms of the modified radial wave 

function [42].  

        ( )      ( )                                        (2.44)  

The equation simplified of differential equation[42]. 

     ( ) 

    ,
 (   )

   
  

   ( )    -    ( )                (2.45) 

 

For short-range potentials, V(r) goes to zero as r → ∞. The same is also 

true for the   (  + 1)/ r2
 term. In the asymptotic regions, we are left with 
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a simple second-order equation of the form differential equation of the 

form [42] .  

                                        
     ( ) 

         ( )                           (2.46) 

The solution for this equation is the familiar linear combination of sin(kr) 

and cos(kr). That is, at large r, the function   ( ) must take on the 

form[42]: 

  ( )
     
→          (    

 

 
  )       (    

 

 
  ) 

 

      (    
 

 
     )    

 ,   (    
  

 
  )          (    

  

 
  )-       (2.47) 

where    and   , or    (  
 ),are two constants that must be determined 

from boundary conditions and δl is the phase shift. The phase factor 

 

 
   is included here so that it is more convenient to compare with the 

asymptotic form of spherical Bessel functions. Its physical meaning 

can be seen by comparing Eq.(2.47) with the partial wave expansion of 

a plane wave [44].      

                               ∑ √  (    ) 
        (  )   ( )                   (2.48) 

          

The spherical Bessel function,   (  )  asymptotically has the following 

shape[52]. 

  (  )
     
→    

   (    
  
 

  )

  
                                         

 

in comparison to Eq. (2.47). In the asymptotic region, a plane wave can 

be expressed as the following [53]. 

 

          

     
→    ∑√  (    ) 
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                     ∑√  (    )
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  (    

  
 
  )

    
}   ( )     (    ) 

 

 

Asymptotic form of the same wave function as given earlier in 

Eq.(2.37), we arrive at the equality [53]. 
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Where 

 

  ́  √  (    )          

 

  The scattering amplitude may be expressed in terms of phase shifts as               

       ( )  
√  

 
∑√(    ) 

 

   

             ( )                 (    ) 

 

 

The differential scattering cross section can be written as[49,53]. 

 

  

   
 

  

  
|∑√(    ) 

 

   

              ( ) |

 

                 (    ) 

  

From the orthonormal condition on spherical harmonics[49]. 
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∫ ∫   
  (   )  ́ ́

 

 

  

 

(   )               ́   ́                  (    ) 

 

The scattering cross section may be reduced to an extremely basic form. 

at    ́  [42,49]. 

   

 
  

  
∑√(    )(  ́   )

  ́

   (     ́)           ́ ∫    ( )   ́( )
 

 

        

 

    
  

  
∑(    )         

 

   

                            (    ) 

 

In this case, 4             
 , and    is reflection coefficient. 

    
 

  
 ∑ (    )       

                             (2.55) 

 

 

Only elastic scattering may occur. where 4             
 ,          
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Chapter 3 

The Coupled Channel Formalism  

3.1 Introduction 

        The coupled-channels calculations for the heavy-ion reaction at 

energies near and below the Coulomb barrier can explain the 

experimental data of fusion reactions as well as the quasi-elastic 

scattering of medium-heavy mass systems and heavy mass systems. It is 

revealed that the cross section and the barrier distribution for fusion 

reactions and quasi-elastic scattering are very sensitive to the structure of 

the colliding nuclei, the collective excitations (rotations and surface 

vibrations), and/or nucleon transfer. Those effects can be more easily 

visualized through the so-called barrier distribution concept[54]. 

3.2 Coupled-channels equation with full angular momentum  

        The coupled channel (CC) method is the most powerful tool to 

study. multi-channel scattering. The coupling to intrinsic degrees of 

freedom affects heavy ion collisions. This issue can be resolved by 

directly solving the Schrodinger equation. At collision energies below the 

Coulomb barrier, it has been demonstrated that the coupling between the 

relative motion and a number of intrinsic movements of the nuclei causes 

significant increases in the fusion cross sections. Numerous experimental 

and theoretical studies have shown this [1,54]. The collision between two 

nuclei has a coupling between the nuclear intrinsic motion ξ and the 

relative motion of the nuclei's centers of mass,  ⃗  (   ̂). the 

Hamiltonian for the system is [1,34].                              

                    ( ⃗  )   
  

  
    ( )    ( )        ( ⃗  )              (   ) 
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where r refers to the center of  mass distance  between the colliding 

nuclei, V(r) is the bare potential in the absence of the coupling,   ( ) 

represents the Hamiltonian for the intrinsic motion and Vcoup is the 

coupling Hamiltonian. The Schrodinger equation for the total wave 

function would be given by[34]:  

      ( 
  

  
    ( )    ( )        ( ⃗  )+ ( ⃗  )    ( ⃗  )      (   ) 

The internal degree of freedom ξ  principally has a finite spin. The 

coupling Hamiltonian in complications can be written as [1].    

      ( ⃗  )  ∑         ( )   ( )    ( )                            (3.3) 

 

Where   ( )denotes the coupling form factor,    ( ) denotes the 

spherical harmonics, and    ( ) denotes the spherical tensors that are 

constructed from the internal coordinate, the dot denotes a scalar product. 

Since it was first taken into account in V (r), the sum has taken all values 

of λ , excluding for λ = 0. since it is originally considered in V (r). For a 

given total angular momentum J and its z component M, one can define 

the channel wave functions as [1,34]. 

         〈 ̂  (   )   〉  ∑ 〈        
       〉     

( ̂)      
( )        (3.4)  

where 〈          〉 is Clebsch-Gorden coefficient, l refers to the orbital 

angular momenta, I represents the intrinsic angular momenta, and 

      
( )represents the wave function for the intrinsic motion which 

probes[1,34]   

        ( )      
( )            

( )                            (3.5) 
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where   any quantum number despite angular momentum. 

The total wave function  ( ⃗  ) has been expanded with this basis[1].  

 ( ⃗  )   ∑
    
 

( )

      ⟨ ̂  (   )   〉                 (3.6)  

 The Schrödinger equation [Eq. (3.2)] can be written as a set of coupled 

equations for     
 

( ) [1]   

* 
  

  

  

   
  ( )  

 (   )  

    
      +     

 
 ∑  

        

 
(       ) 

    

 ( )  

                                                                                                              (3.7) 

where the coupling matrix elements   
         

 
( )  is given by[1, 55]                                                      

 
         

 ( )   ⟨(    )  |      ( ⃗  )|(   
  )  ⟩

 ∑(  )        

 

  ( )〈  ‖  ‖ 
  〉〈   ‖  ‖ 

    〉

  √(    )(    )  { 
    
   

}                                                              (   ) 

The reduced matrix elements in Eq. (3.8) are defined by : 

                     〈    |   | 
 
   〉   〈        |    〉 〈 ‖   ‖ 

 〉                (3.9) 

Since  
         

 
( ) is freelance of the coefficient M, the coefficient has 

been suppressed as seen in Eq.(3.8). Equation (3.7) is called CC 

equations.  These equations are commonly resolved using the incoming 

wave boundary conditions[1], 

                          
 ( )       

 
    (  ∫     
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 ( )   

 

 
(

  
( )

 (    )     
          

 √
    

   
    

 
  

( )
(    )

)                (3.11)  

where     √  (     )  
 ,        √       is the wave 

number for the entrance channel    .     
 

 is the transmission coefficient, 

the local wave number      ( ) is defined as [1, 34]. 

    ( )  √
  

  (      
 (   )  

    
  ( )   

         

 
( ))              (3.12) 

Unlike to the calculation of fusion cross sections, the calculation of quasi-

elastic cross sections usually requires a large value of angular momentum 

so as to obtain converged results. The potential pocket at (r = rabs) 

becomes superficiality or even disappears for such large angular 

momentum. Hence, the incoming flux in Eq. (3.10) cannot be correctly 

identified. Therefore, the quasi-elastic problem commonly performs the 

regular boundary conditions at the origin rather than using the incoming 

wave boundary conditions. When using the regular boundary conditions, 

a complex potential   ( )     
 ( )    ( ), is needed to simulate the 

fusion reaction. Once the nuclear S-matrix in Eq. (3.11) is obtained, the 

scattering  amplitude can then be calculated as [1]. 

   
 (   )   ∑√

 

    
  

       [  ( )   (     )]√        ( )(   
 

           )    (   )                                                     (    ) 

where     is the Coulomb phase shift which is given by [1]. 

     (      )                                           (    )    
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 While     is the Coulomb scattering amplitude which  is given by [1] 

                       (   )   
 

      (  )
 
*      (    ( 

 
)*     ( )+

             (    )    

where η is the Summerfield parameter, which is given by                         

         
    , the differential cross section can be  evaluated by using 

Eq.(3.13) [1]. 

     (   )

  
  ∑

   

 
   

    
 (   )                    (    ) 

We can assess the Rutherford cross  section using Eq.(3.15) 

                       
   (   )

  
    (   )    

  

   
    ( 

 
)                           (    ) 

3.3 Coupled-Channels Equations in the Rotating Frame 

approximation 

  The full CC calculations have often been considered very difficult 

to manage when we take into account many of the physical channels. As 

a result, the dimension of the CC equations generally becomes too large 

for the practical purposes. To get rid of this problem, an approximation 

has been used one known as the rotating frame approximation which is 

also called as the no-Coriolis approximation or the iso-centrifugal 

approximation[34,53]. The no-Coriolis approximation was used primarily 

in the fields of chemistry under the name of centrifugal sudden 

approximation [1]. Let us say that the initial intrinsic spin is zero. In the 

no-Coriolis approximation, the whole system is transformed to the 

rotating frame such that the z-axis is along the direction of the relative 

motion  ⃗ at every instance [56,58]. 
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In the rotating frame approximation to the CC equations, Eq. (3.7), one 

first replaces the angular momentum of the relative motion in each 

channel by the total angular momentum J, that is, 

 (   )  

    
 

 (   )  

    
                                      (    ) 

This means the change of the orbital angular momentum between the 

colliding nuclei because of the excitation of the intrinsic degree of 

freedom is negligible. The transformation to the rotating frame can be 

applied without leading to any complication since the operator for the 

rotational coordinate transformation in the whole space commutes with 

the centrifugal operator for the relative motion[1,34]. 

3.4 Coupling to Low-Lying Collective States  

3.4.1 Vibrational Coupling 

3.4.1.1 Nuclear Coupling 

         In this section, we will study the evident form of the coupling 

Hamiltonian (Vcoup). We suppose that the nuclear potential has a  Wood 

Saxon (WS) form, as in Eq. (2.3). Consider couplings of the relative 

motion to a   2
λ
 pole surface vibration of the target nucleus. The radius of 

the vibrating target nucleus in the geometrical model of Bohr and 

Mottelson is characterized as [34,59] 

  (   )    (  ∑   

 

   (   ))                    (    ) 

where     is the coordinate of the surface vibration while    is the 

equivalent sharp radius. 



 
 
 

 
39 

 

Chapter Three                                                            

A harmonic oscillator can be used to approximate the surface oscillation 

which is given by[34]. 

      (∑   
 

 

    
    

 
)                          (    ) 

where     is phonon annihilation operator,    
 

 is the phonon creation 

operator,     is the oscillator quanta. 

The surface coordinate     is related to the phonon creation and 

annihilation operators by[34]. 

      (   
  ( )    )                               (    ) 

where       √      is the amplitude of the zero-point motion,    is 

the deformation parameter, which can be evaluated from the measured 

electromagnetic transition probability B(Eλ) ↑ using [35]. 

   
  

     
 
0
 (  )  

  
1

 
 

                                    (    ) 

where    is the Coulomb radius, and is taken to be the same as   , 

therefore    is given by[35]. 

   
 

√    

  

     
 
0
 (  )  

  
1

 
 

                         (    ) 

In the no-Coriolis approximation, the angular momentum of the relative 

motion does not change. Evaluating the associated spherical harmonics in 
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Eq.(3.26) at angle   ̂ = 0 leads to the factor √(      )   . Thus, Eq. 

(3.26) reads[60]. 

                                (     )    .  √
    

  
   /                        (    ) 

Using  Eqs. (3.28), (3.30) and (3.31), the nuclear coupling potential can 

be written as[57]. 

  
    (   )

(   ̂ )  
   

   [(        ̂  √  )  ]
              (    ) 

where the dynamical operator  ̂  is given by [41]. 

 ̂    (   
      )                                        (    ) 

         In order to obtain the matrix elements of the nuclear coupling 

Hamiltonian between the n-phonon state and the m-phonon state, the 

eigenvalues and the eigenvectors of the operator  ̂  must be determined. 

The operator  ̂  satisfies[34]. 

                                           ̂   ⟩      ⟩                                               (    ) 

The eigenvalues and eigenvectors can be obtained by diagonal the matrix 

elements of the operator between the phonon states[34] 

                                       

                      (√         √          )             (    ) 

After the eigenvalues and eigenvectors are determined, the nuclear matrix 

elements of Eq (3.32) can be assessed as [34]. 

   
 ( )  〈 |  

    (   )
|  〉    ( )                    
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           ∑⟨   ⟩

 

 ⟨   ⟩
   

   [(          √  )  ]
   ( )          (    ) 

To ensure that coupling interaction vanishes in the entrance channel, the 

last term in Eq. (3.36) is introduced. 

3.4.1.2 Coulomb Coupling 

  One may now consider the Coulomb part of the coupling 

Hamiltonian. The Coulomb potential between a point-like spherical 

projectile and a vibrating target is given by [34]: 

 

  ( ⃗)  ∫  ́⃗  
     

 

| ⃗   ́⃗|
   ( ́⃗)  

              
     

 

 
 ∑∑

     

  ́   
 ́ ́  

   ́ ́  ́ ́
 ( ̂)

 

  ́   
                       (    ) 

where    is the charge density of the target nucleus,    and    are the 

atomic numbers of the projectile and the target nuclei respectively, and 

  ́ ́ is the electric multipole operator defined by[1,34]. 

  ́ ́  ∫  ́⃗      ( ⃗) 
 ́  ́ ́( ̂)                        (    ) 

The first term on the right hand side of Eq (3.37) is the named Coulomb 

potential, while the second term is the Coulomb component of the 

coupling Hamiltonian. Eq (3.37)is obtained by using the following 

formula[34, 41]. 
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| ⃗   ́⃗|
 ∑

  

  ́   
 ́ ́

  
 ́

  
 ́  

   ́ ́( ̂́)  ́ ́
 ( ̂)                   (    ) 

The relative coordinate r is considered to be bigger than the charge radius 

of the target nucleus. If the target nucleus is supposed to have a sharp 

matter distribution, the electric multiple is given by[34, 41]. 

       ́ ́  
    

  
   

 ́       ́    ́                              (    )  

Up to the first order in the surface coordinate    . Thus, we can write the 

coupling component of the Coulomb interaction as [34, 41]. 

  
    (   )

( ⃗    )  ∑
      

 

√    
  

  
 

    
      

 ( ̂)                                        

 ∑  
 ( )      

 ( ̂) 

  

                                                        (    ) 

where    
 ( ) is called the Coulomb coupling form factor, which is given 

by:   

  
 ( )  

      
 

√    

  
 

    
                                    (    ) 

Conversion to the rotating frame according to the no-Coriolis 

approximation, the Coulomb coupling is given by [1,61]. 
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where    
 ( ) represents the Coulomb coupling matrix elements,  ̂  is 

given by Eq. (3.33), then we may be evaluated similar to the nuclear 

coupling Hamiltonian, with[1, 61]. 

   
 ( )  ⟨ |  

    (   )
| ⟩  

 ∑
      

 

    

  
 

    

 

  

√  
[√         √          ]            (    ) 

The total coupling matrix elements essentially represent the sum of the 

nuclear and Coulomb couplings as follows[41][61]. 

                   ( )     
 ( )     

 ( )                          (    )  

3.4.1.3  Projectile and Target Excitations 

When the relative motion couples to the vibrational excitation of the 

projectile nucleus in addition to the vibrational excitation of the target 

nucleus, the above formulation can also be extended, where the coupling 

potential can be written as [62]. 

     (   ̂  
  ̂  

)    (   ̂  
  ̂  

)    (   ̂  
  ̂  

)                 (    ) 

  (   ̂  
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[     (   ̂  

    ̂  
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   ( )       (    ) 

  (   ̂  
  ̂  
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(

   
   ̂  

(     )   
 

   
   ̂  

(     )   
+      (    ) 

  The  ̂  
 and   ̂  

 are the excitation operators for the projectile and 

target nuclei respectively, and have a form of Eq. (3.33).    and    

represent the multi-polarity of the vibrations in the target and the 



 
 
 

 
44 

 

Chapter Three                                                            

projectile nuclei, respectively. In order to avoid double counting, the 

term    ( ) in Eq. (3.47) is subtracted. The matrix elements of the 

coupling potential of Eq. (3.46) is evaluated in a similar way as Eqs. 

(3.36) and (3.44). Firstly, the operators  ̂  
 and  ̂  

 are diagonalize in the 

physical space in order to obtain their eigenvalues and eigenvectors. The 

coupling potentials are then accounted as[62]. 

   ( )   ⟨ |     | ⟩     ( )     

              ∑⟨   ⟩⟨   ⟩⟨   ⟩⟨   ⟩

   

 
   

0   
[     (         ) √  ]

 1

 ∑ [
      

 

     

  
  

     

   

√  
 

      
 

     

  
  

     

   

√  
]

     

 [√           √            ]

   ( )                                                                               (    ) 

where   ( )⟩ and    ( ) are the eigenvectors and the eigenvalues for the 

operators  ̂ ( ), respectively. 

             In the former section, we have shown that the dimension of the 

CC equations can be greatly reduced when the no-Coriolis approximation 

is used. One can achievement a further lowering by introducing the n-

phonon channels [8]. The multi-phonon states are distinguished from each 

other by the angular  momentum and seniority, have generally several  

levels at the same energy [55]. As an example, for the quadrupole surface 

vibrations, the two-phonon state is degenerate in the excitation energy. 

One can then replace the coupling to all the member of the two phonon 

state by the coupling to a single state given by [63] 
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  ⟩   ∑ ⟨       ⟩   ⟩

       

 
 

√  
(   

 )
 
              (    )   

Similarly, one can introduce the n-phonon channel for a general multi-

polarity λ as[41,62]. 

  ⟩  
 

√  
(   

 )
 
  ⟩                                     (    ) 

If we mutilate at the two-phonon states, the operator  ̂  of Eq. (3.33) 

corresponds to the matrix elements which are given by[62]. 

    
 

√  
(

    

   √   

 √    

)                         (    ) 

3.4.2 Rotational Coupling 

3.4.2.1 Nuclear Coupling 

Here, we will look into the couplings to the ground state rotational band 

of the target nucleus. It is convenient to discuss them in the body fixed 

frame where the z-axis is along the orientation of the deformed target. 

The surface coordinate     is then transformed to [34].   

    ∑   ́
 

 ́

(        )   ́                              (    ) 

where           are the Euler angles which describe the orientation of 

the target. If one considers a permanently deformed nucleus with the axial 

symmetry is about the body-fixed axis (z-direction), the deformation 

parameter     have the form[1]. 
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                                                       (    ) 

where    is a constant which specifies the static deformation of the 

nucleus. In the space fixed frame, we have[1] 

           
 (        )                               (    ) 

Using Eqs. (3.26), (3.53) and (3.54), we have 

  (    )    (  ∑√
  

    
  

  

   (     )   
 ( ̂),  (    ) 

In getting Eq. (3.56), we have used the conformity[34]. 

                                        
 (     )  √

  

    
   

 (   )                     (    ) 

Using the rotating frame, Eq. (3.56) becomes[1]. 

 (    )    (  ∑     ( )

 

+                       (    ) 

Using this equation, the nuclear coupling has a similar form as Eq. (3.32) 

with[1]. 

  
    (   )

(   ̂ )  
   

   [(        ̂ )  ]
    ( )                 (    ) 

However, the dynamical operator  ̂  is now given by[62]: 
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Now we need to know the matrix elements of the operator  ̂  between the 

  ⟩     ⟩ and   ⟩  |  ́⟩  states of the ground states rotational band for 

the target nucleus, and are given as[62]. 

       ́  ∑  
√
(      )(      )(  ́    ) 

  
 

(   ́
   

*
 

        (    ) 

This matrix is diagonalized to determine its eigenvalues and eigenvectors. 

Again, the nuclear matrix elements are evaluated in the same way as Eq. 

(3.36). Hence, the matrix elements of Eq. (3.59) are calculated as[61]. 

  ́  
 ( )  〈  ́ |  

    (   )
|   〉    ( )  ́                

  ∑⟨  ́| ⟩

 

 ⟨    ⟩
   

   
0
(         )

 
1

    ( )  ́      (    ) 

where    and   ⟩ are the eigenvalue and the eigenvector of the operator 

 ̂  in Eq. (3.60), respectively. As before, we introduce the last term in Eq. 

(3.62) in order to avoid double counting of the diagonal components. 

3.4.2.2 Coulomb Coupling 

For the Coulomb interaction, the coupling component is given by[64]: 

  
    (   )

(   ̂ )  ∑
      

 

    

  
 

    

 

 ̂                     (    ) 

where the operator  ̂  is given by Eq. (3.60). 

Using Eq. (3.61), the matrix elements for the rotational coupling potential 

of Eq. (3.63) reads[64]. 
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The total coupling matrix elements are the sum of the nuclear  and 

Coulomb  coupling matrix elements. To explain the difference between 

the vibrational and the rotational couplings, let us consider a system 

coupled to a ground state rotational band up to 2
+
 state of the target 

nucleus which has a quadruple deformation β2. The wave function for the 

   ⟩ state in the ground state rotational band is given by    ⟩     . Thus, 

the matrix elements of the operator in Eq. (3.61) is given by[64].          

 

    
 

√  
(

   

  

   √   

 

     )                             (    ) 

In obtaining this matrix elements, we truncate the ground states of the 

rotational bands up to 2
+
 state. One of the main differences between the 

rotational coupling matrix  and the vibrational coupling matrix  is that the 

former has a diagonal component which is proportional to the 

deformation parameter β2. This is known as the ’reorientation effect’. 

This effect has been used in the Coulomb excitation experiment in order 

to determine the sign of the deformation parameter[61,65]. 

3.5 Barrier Distribution of Scattering 

Information on the impacts of couplings may be learned from the 

distribution of barrier that was recovered from the observed fusion's 
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excitation function. Fusion's cross-section is a result of several channels 

contributing. The following is a definition of the barrier of fusion's 

distribution[10]. 

    ( )  
  

   
 [      ( ) ]                              (    )  

The fusion cross sections must be measured with extreme precision in 

order to obtain the barrier distribution by taking the second derivative of 

the quantity (      ( )) with respect to E. Estimates of absolute 

scattering at back angles provide information on the function of channel 

couplings in fusion reactions[66].Complete scattering is the total 

scattering caused by all direct reactions, including transition and 

breakdown, as well as the contributions of elastic and inelastic reactions. 

The large-angle total scattering is connected to the probability of 

reflection,   ( ), and the probability of transmission across the angular 

momentum barrier is related to fusion    ,   ( ). The backscattering 

of total scattering can be thought of as complementary to the fusion since 

the reaction flux is retained and   ( )    ( )   for this situation. The 

definition of the total scattering barrier distribution     ( ) is [57, 58]. 

    ( )   
 

  
[
    

  

( )]                                  (    ) 

the ratio of total scattering cross sections to Rutherford cross sections is 

expressed as        . These approaches have the advantage of requiring 

a numerical assessment First derivatives rather than second derivatives ,as 

in mergers.  Additionally, total and elastic scattering measurements are 

typically simpler to perform than fusion experiments[53]. 
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Chapter 4   
Calculations, Results and Discussion 

 
4.1 Introduction  
 

      Large-angle quasi-elastic scattering is a suitable method to study the 

nuclear potential. Several studies have used this method, and it has been 

applied to find the nuclear potential surface diffuseness parameter for 

heavy-ion systems [1]. Heavy ion collisions at near-barrier energies and, 

in particular, fusion and quasi-elastic reactions have been of increased 

interest from experimental and theoretical points of view over the last few 

decades. Such studies provide an ideal opportunity to obtain information 

on nuclear structure and nucleus-nucleus interaction [12]. Both are 

inclusive processes and are sensitive to channel coupling effects at 

energies close to the Coulomb barrier. [67]. These computations were 

carried out by making use of a Wood-Saxon WS form for the nuclear 

potential. This form's overall composition is made up of both real and 

imaginary components. [20]. This chapter is summarized our theoretical 

calculations for both (quasi elastic scattering ,distribution ) calculations 

and  the effect of changing the Wood Saxon potential parameters with  

including the  single channel (SC) and coupled channel (CC) effects to 

investigate the importance this effects on  the Coulomb barrier , for 

systems:- 

1. 
24

Mg+
90

Zr     

2. 
28

Si+
120

Sn  

3. 
28

Si+
150

Nd  

4. 
16

O+
160

Gd  

5. 
12

C+
197

Au  
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6. 
6
Li+

144
Sm  

7. 
28

Si + 
124

Sn  

8. 
6
Li +

159
Tb 

9. 
22

Ne+
248

Cm  

 10.
 10

B+
232

Th 

4.2 Calculations, Results and Discussion 

       The calculations in this work have been performed using CQEL 

code as a main code of calculations, which is a modified version of the 

computer code CCFULL[8].  

The first part of the calculations is performed using CQEL code and 

discusses the effect of changing the value of the surface diffusion 

parameter (a0) at a certain potential depth on quasi-elastic scattering. The 

chi-squared method χ
2
 is applied to compare the best-fit value of the 

diffuseness parameter and get a correspond between the theoretical 

calculations and the experimental data[20]. The data with dσqel/dσR > 1 

are excluded from the fitting procedures but included in the figures for 

completeness. This is because theoretically, it is clear that dσqel/dσR 

cannot be larger than one.      

The second part of the results studied the effect of changing the potential 

depth on the quasi-elastic scattering after determining the value of the 

surface diffusion parameter(a0) in the first part of the results. A higher 

and lower value of the potential depth fixed in the first part of the results 

was taken , and using the (χ
2
) method, The best potential depth value was 

determined at which the best convergence was achieved between 

theoretical calculations and experimental data. 
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4.2.1 The 
24

Mg +
 90

Zr system 

The first part for the results In this system, were processed in two 

cases: the first, where both the projectile and target nuclei were 

considered inert (SC) at different values of the diffusion parameter (0.57, 

0.63, and 0.69) fm, and we considered the diffusion parameter 0.63 fm is 

to be the standard value [9]. The second case, the projectile nucleus was
 

24
Mg rotated with a deformation coefficient             and    

       [68] to the state 2
+
(1.368672MeV), and this was deduced 

according to the ratio         ⁄       , while the target nucleus was 

90
Zr vibrating with a deformation coefficient of          [68] to the 

state 2
+
(2.186273 MeV), where       ⁄       at coupled-channel (CC) 

The single phonon state of the quadruple excitation of the target nuclei, 

with the radius parameter r0 is 1.2 fm. 

Table (4.1): The fitted WS parameters (radius r0, depth potential V0, and the 

diffuseness parameters a0), which were obtained from SC and CC calculation, and the 

values of the χ
2
 between experimental and theoretical data for the  

24
Mg + 

90
Zr  

system. 

   
      

(    ) 
   

(  ) 
   

(  ) 
   

(   ) 
Channel System 

           ⁄  

0.0734226 0.2817738 

158 

0.57 

1.2 58.8 SC 

24
Mg + 

90
Zr 

0.3349851 3.4713360 0.63 

0.8826095 12.6813900 0.69 

0.0457186 0.0107140 

158 

0.57 

1.2 58.8 CC 0.0203603 0.0217765 0.63 

0.0201489 0.0730525 0.69 

From table (4.1), in the single-channel SC calculation  ,where the 

projectile 
24

Mg nucleus and target 
90

Zr nucleus are inert, the best-fitting 

diffuseness parameter a0 is 0.57 fm. The potential depth V0  is 58.8 MeV. 
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Based on the chi-squared χ
2
 data, the ratio of quasi-elastic scattering   to 

Rutherford cross sections dσqel⁄dσR is 0.2817738 denoted by the red line 

in Fig. 4.1. It is the curve nearest to the curve of the experiment data. The 

best value of the barrier distribution Dqel is 0.0734226 at the same value 

of a0, and it is represented by the red curve in Fig. 4.1. The channel 

couplings start to play an important role in the energies in the sub-barrier 

region and therefore should be taken into account in our analyses here. 

The best-fitting diffuseness parameter obtained through a coupled-

channels calculation with a rotating projectile (P) and vibrating target (T) 

is 0.57 fm, as shown by the red line in Fig. 4.2. It is considerably lower 

than the standard value. The best fit for χ
2
 is 0.0107140, while the best 

value of the distribution Dqel is 0.0201489 at the diffuseness parameter a0 

is 0.69 fm, represented by the black curve in Fig. 4.2. Therefore, the best-

fitting diffuseness parameter obtained through a coupled-channels 

calculation should be accepted over the one obtained through a single 

channel calculation, which is expected. 
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Fig. 4.1. The comparison of the calculated quasi-elastic scattering ratio to the 

Rutherford cross sections and the distribution at the sub-barrier energies with the 

corresponding experimental data taken from [54] for the system 
25

Mg+
90

Zr. in the 

single channel (SC) calculations at a0 = (0.57, 0.63, and 0.69 fm), indicated as red, 

green, and black, respectively. 
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Fig. 4.2. The comparison of the calculated quasi-elastic scattering ratio to the 

Rutherford cross sections and the distribution at the sub-barrier energies with the 

corresponding experimental data for the system 
25

Mg+
90

Zr in the coupled channel 

(CC) calculations at a0 = (0.57, 0.63, and 0.69 fm), indicated as red, green, and black, 

respectively. 
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The second part of result :In the 
25

Mg+
90

Zr system, In the single channel 

(SC) calculations, both the projectile and target nuclei were considered 

inert at three values of the real nuclear potential (potential depth V0) 

(43.8, 58.8, and 73.8 MeV) table (4.2), and the diffusion parameter a0 was 

considered to be 0.57 fm. It was previously determined in the first part 

from calculations by the χ
2
 method as the best value for matching the 

experimental data with the theoretical data. In the coupled channel (CC), 

the target nucleus 
90

Zr was vibrating and the projectile nucleus 
25

Mg was 

rotating.  

Table (4.2) : The fitted parameters of WS potential (the diffuseness parameters a0, the 

depth potential V0 ,and radius r0 ), that is estimated from the SC and CC calculation, 

and the values of the χ
2
 between experimental and theoretical data for the  

24
Mg + 

90
Zr  

system. 

       

(    ) 

   

(   ) 

   

(  ) 

   

(  ) 
Channel System 

           ⁄  

0.1141273 0.0433369 

158 

43.8 

1.2 0.57 SC 

24
Mg + 

90
Zr 

0.0734226 0.2817738 58.8 

0.0731548 0.9258511 73.8 

0.1034276 0.0268527 

158 

43.8 

1.2 0.57 CC 0.0457186 0.0107140 58.8 

0.0199528 0.0127154 73.8 

 

From table (4.2), The best-fit potential depth V0 is 43.8 MeV obtained 

from a single-channel analysis in which the projectile 
24

Mg nucleus and 

target 
90

Zr nucleus are both inert, with a0 is 0.57 fm. The chi squared χ
2
 is 

0.0433369. It represents the calculated ratio of the quasi-elastic scattering 

to the Rutherford cross sections. It was shown by the red line in Fig. 4.3. 

where Dqel = 0.0731548 is the best value for barrier distribution at 

potential depth V0 = 73.8 MeV. It was shown by the black line in Fig. 4.3. 
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In a coupled-channels procedure, the best potential depth is 58.8 MeV. 

The obtained χ
2
 value is 0.0107140, as shown by the green line in Fig. 

4.4.It is the curve nearest to the curve of the experimental data. The best 

value of the barrier distribution Dqel is 0.0199528 at the depth potential V0 

= 73.8, represented by the black curve, Fig 4.4. By comparing the chi 

square calculations χ
2
 values between SC and CC, the best-fit potential 

depth obtained through coupled channels. Through potential barrier 

calculations represented by distribution curves in the cases of single and 

coupled channels, The curve shifting to the right due to the value of the 

potential depth decreasing leads to a decrease in the value of the nuclear 

potential, and thus the height of the potential barrier will increase and the 

quasi-elastic scattering calculations will increase. On the contrary, if the 

potential depth increases, the nuclear potential also increases, so the 

potential barrier will decrease, leading to a decrease in quasi-elastic 

scattering calculations and a decrease in the height of the potential barrier 

distribution and its shift to the left. 

 

 



 
 
 

 
58 

 

Chapter Four           

 

Fig.4.3. The comparison of the calculated quasi-elastic scattering ratio to the 

Rutherford cross sections and the distribution at the sub-barrier energies with the 

corresponding experimental data for the system 
25

Mg+
90

Zr in the single channel (SC) 

calculations at V0 = (43.8, 58.8, and 73.8) MeV, indicated as red, green, and black, 

respectively. 
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Fig.4.4. The comparison of the calculated quasi-elastic scattering ratio to the 

Rutherford cross sections and the distribution at the sub-barrier energies with the 

corresponding experimental data for the system 
25

Mg+
90

Zr in the coupled channel 

(CC) calculations at V0 = (43.8, 58.8, and 73.8) MeV, indicated as red, green, and 

black, respectively.  
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4.2.2  
28

Si+
120

Sn system 

The first case in this part, the diffuseness parameter of 0.63 fm was 

the standard value [9] and that both the projectile and target nuclei were 

inert single channel (SC) at various values of a0 is (0.60, 0.63, and 0.66) 

fm, respectively. In the second instance at coupled-channel (CC), the 

target nucleus 
120

Sn was vibrating with a deformation coefficient of    = 

0.107 [68] to the state 2
+
( 1.171265 Mev),       ⁄     , whereas the 

projectile nucleus 
28

Si was rotating with a deformation coefficient of        

   = -0.478,    = 0.250 [68] to the state 2
+
(1.77903 Mev), where 

      ⁄      . the Woods-Saxon parameters were taken to be                     

V0 = 45.8 MeV, the radius parameter r0 =1.2 fm , which is listed in Table 

4.3. used the single phonon state of the quadruple excitation of the target 

nuclei were employed . 

Table (4.3) : The fitted WS parameters (radius r0, depth potential V0, and the 

diffuseness parameters a0), which were obtained from SC and CC calculation, and the 

values of the χ
2
 between experimental and theoretical data for the  

28
Si+

120
Sn system 

   
       

(    ) 
   

(  ) 
   

(  ) 
   

(   ) 
Channel System 

           ⁄  

0.03304 0.06072 

150.5 

0.60 

1.2 45.8 SC 

28
Si+

120
Sn 

0.05258 0.10359 0.63 

0.08379 0.17721 0.66 

0.01686 0.01259 

150.5 

0.60 

1.2 45.8 CC 0.01954 0.00794 0.63 

0.02127 0.00475 0.66 

 

For a 
28

Si+
120

Sn system, from table (4.3), by using single-channel 

calculations, the best-fit diffuseness parameter is 0.60 fm. It is 

significantly lower than the standard value. χ
2
 = 0.06072 is The calculated 
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ratio of the quasi-elastic to the Rutherford cross sections is represented by 

the red line in Fig. 4.5. It is the curve nearest to the curve of the 

experimental data, with V0= 45.8 MeV. The best value for the distribution 

Dqel is 0.03304, as shown by the red line in Fig. 4.5, at the same 

diffuseness parameter value. When coupled-channel calculations were 

used, the best-fitting diffuseness parameter was 0.66 fm, with χ
2
 = 

0.00475 for a rotating projectile (P) and vibrating target (T), which was 

shown by the black line in Fig. 4.6, which is higher than the standard 

value. The best value of the distribution Dqel = 0.01686 at the diffuseness 

parameter 0.60 fm is denoted by the red line in Fig. 4.6. Furthermore, the 

resulting χ
2
 values show that the best-fitting diffuseness parameter 

calculated using coupled channels fits the data better than the one 

calculated experimental using a single channel. The last part of the 

distribution curve fails to match the practical data because the theoretical 

calculations did not reach the correct coupling level for the practical data 
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Fig.4.5. The comparison of the calculated quasi-elastic scattering ratio to the 

Rutherford cross sections and the distribution at the sub-barrier energies with the 

corresponding experimental data taken from [12] for the system 
28

Si+
120

Sn in the 

single channel (SC) calculations at a0 = (0.60, 0.63,and 0.66 fm). indicated as red, 

green, and black, respectively. 
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Fig.4.6.The comparison of the calculated quasi-elastic scattering ratio to the 

Rutherford cross sections and the distribution at the sub-barrier energies with the 

corresponding experimental data for the system 
28

Si+
120

Sn in the coupled channel 

(CC) calculations at a0 = (0.60, 0.63,and 0.66 fm). indicated as red, green, and black, 

respectively. 

The second part for the results , in the single channel (SC) calculations, 

where both the projectile and target nuclei were considered inert at three 
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values of the real nuclear potential (potential depth V0) (38.8, 45.8, and 

52.8 MeV), the diffusion parameter a0 is 0.66 fm, which was previously 

determined by the χ
2
 method as the best value for matching the 

experimental data with the theoretical data. By using the coupled-channel 

(CC) calculations, The target nucleus 
120

Sn was vibrating, and the 

projectile nucleus 
28

Si was rotating. and the radius parameter r0 = 1.2 fm. 

Table (4.4) : The fitted parameters of WS potential (the diffuseness parameters a0, the 

depth potential V0 ,and radius r0 ), that is estimated from the SC and CC calculation, 

and the values of the χ
2
 between experimental and theoretical data for the  

28
Si+

120
Sn  

system                                                                                                   

   
      

(    ) 

   

(   ) 

   

(  ) 

   

(  ) 
Channel 

 

System 

           ⁄   

0.0384049 0.0691344 

150.5 

38.8 

1.2 0.66 SC 

28
Si+

120
Sn

 

0.1183911 0.1772061 45.8 

0.1819151 0.4321193 52.8 

0.0186956 0.0092564 

150.5 

38.8 

1.2 0.66 CC 0.0250216 0.0051736 45.8 

0.0266695 0.0046239 52.8 

                                                                                                                  

From table (4.4), the best-fit potential depth V0 is 38.8 MeV acquired 

through a single-channel analysis, with a0 = 0.66 fm. The chi squared χ
2
 

value is 0.0691344. It represents the calculated ratio of the quasi-elastic 

scattering to the Rutherford cross sections, as shown by the red line in 

Fig. 4.7. The best value for barrier distribution Dqel is 0.0384049. It is 

shown by the red line in Fig. 4.7 at the same value as the potential depth. 

In a coupled-channel procedure, the best potential depth is 52.8 MeV. 

The obtained χ
2
 value is 0.0046239, as shown by the black line in Fig. 

4.8. The best value of the barrier distribution Dqel is 0.0186956 at the 
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potential depth V0 of 38.8, as represented by the red line in Fig. 4.8, by 

comparing the χ
2
 values between (SC) and (CC) . The best-fit potential 

depth obtained through the coupled channel calculations. 

 

Fig.4.7. The comparison of the calculated quasi-elastic scattering ratio to the 

Rutherford cross sections and the distribution at the sub-barrier energies with the 

corresponding experimental data for the system 
28

Si+
120

Sn in the single channel (SC) 

calculations at V0 = (38.8, 45.8, and 52.8 MeV), indicated as red, green, and black, 

respectively. 
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Fig.4.8. The comparison of the calculated quasi-elastic scattering ratio to the Rutherford 

cross sections and the distribution at the sub-barrier energies with the corresponding 

experimental data for the system 
28

Si+
120

Sn in the coupled channel (CC) calculations at V0 = 

(38.8, 45.8, and 52.8 MeV), indicated as red, green, and black, respectively. 
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4.2.3  
28

Si+
150

Nd system 

The first case where both the projectile and target nuclei are inert at 

three values for the diffuseness parameter a0 (0.55, 0.63, and 0.71 fm). 

The diffuseness parameter of 0.63 fm was the standard value [9]. The 

second case, in the coupled-channel (CC) calculations, the projectile 

nucleus 
28

Si was rotating with a deformation coefficient of  β2 = -0.478 

and β4 = 0.250 [68] to the state 2
+
( 1.77903 Mev), where       ⁄  

    . while the target nucleus 
150

Nd was rotating according to       ⁄ = 

2.9, But it was considered inert because the program does not respond to 

this case of coupling. The potential depth V0 is 42.2 MeV, and the radius 

parameter r0 is 1.2 fm. 

Table(4.5) : The fitted WS parameters (radius r0, depth potential V0, and the 

diffuseness parameters a0), which were obtained from SC and CC calculation, and the 

values of the χ
2
 between experimental and theoretical data for the  

28
Si+

150
Nd system 

          

(    ) 
   

(  ) 
   

(  ) 
   

(   ) 
Channel System 

           ⁄  

0.03100 0.01936 
 

140 

0.55 
 

1.2 

 

42.2 

 

SC 

 

 
28

Si+
150

Nd 

0.05130 0.05279 0.63 

0.10976 0.17076 0.71 

0.00880 0.00843 

 

140 

0.55 

 

1.2 

 

42.2 

 

CC 
0.01078 0.00597 0.63 

0.01623 0.00828 0.71 

From table (4.5), by using single-channel (SC) calculations, the best-

fitting diffuseness parameter aο is 0.55 fm with χ
2
 = 0.01936. It represents 

the calculated ratio of the quasi-elastic scattering to the Rutherford cross 

sections. This is shown by the red line in Fig. 4.9. The best-fit diffuseness 

parameter is rather low compared to the standard value. The optimum 

value for the distribution Dqel is 0.03100, as shown by the red line in Fig. 
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4.9, at the same diffuseness parameter value. On the other hand, coupling 

channels should be taken into account in the analysis of sub-barrier 

energies. By a coupled-channels procedure, the best-fit diffuseness 

parameter with a rotating projectile (P) and inert target (T) at diffuseness 

parameter a0 = 0.63 fm with χ
2
 = 0.00597 and V0 = 42.2 MeV This is 

shown by the blue line in Fig. 4.10. The best-fitting diffuseness is in very 

good agreement with the standard value. The best value of the 

distribution Dqel is 0.00880 at the diffuseness parameter of 0.55 fm, as 

denoted by the red curve in Fig. 4.10. The results show that coupled-

channel calculations produce a better fit to the experimental data than 

single-channel calculations. 
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Fig. 4.9. The comparison of the calculated quasi-elastic scattering ratio to the 

Rutherford cross sections and the distribution at the sub-barrier energies with the 

corresponding experimental data taken from [23] for the system 
28

Si+
150

Nd in the 

single channel (SC) calculations at a0 = (0.55, 0.63, and 0.71 fm). indicated as red, 

blue , and green, respectively. 
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Fig. 4.10. The comparison of the calculated quasi-elastic scattering ratio to the 

Rutherford cross sections and the distribution at the sub-barrier energies with the 

corresponding experimental data for the system 
28

Si+
150

Nd in the coupled channel 

(CC) calculations at a0 = (0.55, 0.63, and 0.71 fm). indicated as red, blue , and green, 

respectively. 

The second part of the results shows that both the projectile and target 

nuclei were considered inert at three values of the real nuclear potential 
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(potential depth V0) (22.2, 42.2, and 62.2 MeV). The diffuseness 

parameter a0 = 0.63 fm was previously determined by using the χ
2
 method 

as the best value for matching the experimental data with the theoretical 

data. In the coupled channel (CC) calculations, the projectile nucleus 
28

Si 

was rotating, and the target nucleus 
150

Nd was inert .The radius parameter 

r0 is 1.2 fm. 

Table (4.6) : The fitted parameters of WS potential (the diffuseness parameters a0, the 

depth potential V0 ,and radius r0 ), that is estimated from the SC and CC calculation, 

and the values of the χ
2
 between experimental and theoretical data for the  

28
Si+

150
Nd 

system. 

        

(    ) 

   

(   ) 

   

(  ) 

   

(  ) 
Channel System 

           ⁄  

0.0250845 0.0120001 

140 

22.2 

1.2 0.63 SC 

28
Si+

150
Nd

 

0.0512978 0.0527879 42.2 

0.1436154 0.1976138 62.2 

0.0084162 0.0093331 

140 

22.2 

1.2 0.63 CC 0.0107807 0.0059686 42.2 

0.0180037 0.0107800 62.2 

                                                                                                                   

From table (4.6), the best-fit potential depth V0 is 22.2 MeV of the 

28
Si+

150
Nd system acquired through a single-channel analysis , with         

a0 = 0.63 fm. The chi squared χ
2
 value is 0.0120001. It represents the 

calculated ratio of the quasi-elastic scattering to the Rutherford cross 

sections. It was shown by the red line in Fig. 4.11. The best value for 

barrier distribution Dqel = 0.0250845 at the same value of the potential 

depth. It is denoted by the red-colored curve depicted in Fig. 4.11. In a 

coupled-channels procedure, the best potential depth is 42.2 MeV. The 

obtained χ
2
 value is 0.0059686, as shown by the blue line in Fig. 4.12. 

The best value of the barrier distribution Dqel is 0.0084162 at the potential 
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depth V0 of 22.2 MeV, represented by the red line in Fig. 4.12. by 

comparing the χ
2
 values between SC and CC, the best-fitting potential 

depth  is in very good agreement with the standard value. 

 

Fig.4.11. The comparison of the calculated quasi-elastic scattering ratio to the 

Rutherford cross sections and the distribution at the sub-barrier energies with the 

corresponding experimental data for the system 
28

Si+
150

Nd  in the single channel (SC) 

calculations at V0 = (22.2, 42.2, and 62.2 MeV), indicated as red, blue, and green, 

respectively. 
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Fig.4.12. The comparison of the calculated quasi-elastic scattering ratio to the 

Rutherford cross sections and the distribution at the sub-barrier energies with the 

corresponding experimental data for the system 
28

Si+
150

Nd  in the coupled channel 

(CC) calculations at V0 = (22.2, 42.2, and 62.2 MeV), indicated as red, blue, and 

green, respectively. 
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4.2.4
  16

O+
160

Gd System 

In this system, the first case , where both the projectile and target nuclei 

were considered inert at three values of the diffusion parameter               

a0 = (0.50, 0.54, and 0.63 fm) .In the second case at coupled channels 

(CC) calculation, the projectile nucleus 
16

O was vibrating, this was 

deduced according to the ratio       ⁄        with a deformation 

coefficient of     = 0.364 [68] to the state 2
+
 (6.9171 MeV). While the 

target nucleus 
160

Gd was rotating, according to the ratio       ⁄   3.3  

with deformation coefficients of   = 0.280 and   = 0.065  [68], to the 

state 2
+
(0.075263 MeV). But it was considered inert because the program 

does not respond to this case of coupling. The single phonon state of the 

quadruple excitation of the projectile nucleus was employed. The 

potential depth V0 is 83.7 MeV, and the radius parameter r0 is 1.2 fm. 

Table(4.7) : The fitted WS parameters (radius r0, depth potential V0, and the 

diffuseness parameters a0), which were obtained from SC and CC calculation, and the 

values of the χ
2
 between experimental and theoretical data for the  

16
O+

160
Gd system . 

   
    

(    ) 
   

(  ) 
   

(  ) 
   

(   ) 
Channel System 

           ⁄  

0.0055259 0.1262659 

170 

0.50 

1.2 83.7 SC 

16
O+

160
Gd 

0.0079423 0.3379357 0.54 

0.0838409 3.8882560 0.63 

0.0034493 0.0103542 

170 

0.50 

1.2 83.7 CC 0.0071324 0.0341377 0.54 

0.0574917 0.2673588 0.63 

                                                                                                     

From table 4.7 , according to single-channel calculations . The best-fitting 

diffuseness parameter a0 is 0.50 fm. This value is a little compared to the 

standard value of 0.63 , The calculated ratio of the quasi-elastic to the 
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Rutherford cross sections is 0.1262659, which is the closest to the curve 

of the experimental data. It is shown by the red line in  Fig. 4.13. The 

optimum value for the distribution Dqel is 0.0055259, as shown by the red 

line in Fig. 4.13. at the same value of the diffuseness parameter ,with     

V0 = 83.7 MeV . According to the coupled-channel calculations with a 

vibration projectile (P) and inert target (T), the best-fit diffuseness 

parameter a0 is 0.50 fm, χ
2
 = 0.0103542. It is represented by the red line 

in Fig. 4.14. the best value for the distribution Dqel is 0.0034493 at the 

same diffuseness parameter value and denoted by the red-colored curve 

in Fig. 4.14. The results show that coupled-channel calculations produce 

a better fit to the experimental data than single-channel calculations. 
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Fig. 4.13. The comparison of the calculated quasi-elastic scattering ratio to the 

Rutherford cross sections and the distribution at the sub-barrier energies with the 

corresponding experimental data taken from [69] for the system 
16

O+
160

Gd in the 

single channel (SC) calculations at a0 = (0.50, 0.54, and 0.63fm), indicated as red, 

green , and black, respectively. 
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Fig. 4.14. The comparison of the calculated quasi-elastic scattering ratio to the 

Rutherford cross sections and the distribution at the sub-barrier energies with the 

corresponding experimental data for the system 
16

O+
160

Gd in the coupled channel 

(CC) calculations at a0 = (0.50, 0.54, and 0.63fm). indicated as red, green , and black, 

respectively. 

The Second part of the results, according to the single channel (SC) 

calculations, at three values of the real nuclear potential (potential depth 
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V0) (58.7, 83.7, and 108.7 MeV) and the diffusion parameter a0 = 0.50 fm 

were considered,  was previously determined by the χ
2
 method as the best 

value for matching the experimental data with the theoretical data. In 

coupled-channels (CC) calculations. The projectile nucleus 
16

O was 

vibrating, the target nucleus 
160

Gd was inert . The radius parameter r0 = 

1.2 fm. 

Table (4.8) : The fitted parameters of WS potential (the diffuseness parameters a0, the 

depth potential V0 ,and radius r0 ), that is estimated from the SC and CC calculation, 

and the values of the χ
2
 between experimental and theoretical data for the  

16
O+

160
Gd 

system. 

       

(    ) 

   

(   ) 

   

(  ) 

   

(  ) 
Channel System 

           ⁄  

0.0072179 0.04873 

170 

58.7 

1.2 0.50 SC 

16
O+

160
Gd

 

0.0055259 0.12627 83.7 

0.0074302 0.27427 108.7 

0.0034521 0.00522 

170 

58.7 

1.2 0.50 CC 0.0034493 0.01035 83.7 

0.0057510 0.02409 108.7 

In table (4.8), the best-fit potential depth V0 of the 
16

O+
160

Gd system 

acquired through a single-channel analysis is 58.7 MeV, with a0 = 0.50 

fm. the chi square  χ
2
 = 0.04873, It was shown by the red line in Fig. 4.15. 

The best value for barrier distribution Dqel is 0.0055259 at the potential 

depth V0 = 83.7 MeV. It was shown by the green line in Fig. 4.15. In a 

coupled-channels calculations , the best potential depth is 58.7 MeV. The 

obtained χ
2
 value is 0.00522, as shown by the red line in Fig. 4.16. The 

best value of the barrier distribution Dqel is 0.0034493 at the potential 

depth V0 = 83.7MeV is represented by the green curve Fig. 4.16. 
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Fig.4.15 The comparison of the calculated quasi-elastic scattering ratio to the 

Rutherford cross sections and the distribution at the sub-barrier energies with the 

corresponding experimental data for the system 
16

O+
160

Gd in the single channel (SC) 

calculations at V0 = (58.7, 83.7, and 108.7 MeV), indicated as red, green, and black, 

respectively. 



 
 
 

 
80 

 

Chapter Four           

 

Fig.4.16 The comparison of the calculated quasi-elastic scattering ratio to the 

Rutherford cross sections and the distribution at the sub-barrier energies with the 

corresponding experimental data for the system 
16

O+
160

Gd in the coupled channel 

(CC) calculations at V0 = (58.7, 83.7, and 108.7 MeV), indicated as red, green, and 

black, respectively. 
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4.2.5
 12

C+
197

Au system      

In the first case, both the projectile and target nuclei were considered 

inert (SC) at three values of the diffusion parameter (0.59, 0.63, and 0.67) 

fm, with 0.63 fm being the standard value [9]. In the second case, at 

coupled channel (CC) calculations, the projectile nucleus was 
12

C was 

rotational, where       ⁄ = 2.9 with a deformation coefficient of     = 

0.582 [68] to the state 2
+
 (4.43982 MeV), while the target nucleus was 

197
Au, In the rotational state, this was deduced according to the ratio 

          ⁄  = 3.6 with a deformation coefficient of    = -0.131 ,   = - 

0.031[68]. To the state 2
+
 (0.077351 MeV). The radius parameter r0 is 

equal to 1.2 fm.  

Table (4.9) : The fitted WS parameters (radius r0, depth potential V0, and the 

diffuseness parameters a0), which were obtained from SC and CC calculation, and the 

values of the χ
2
 between experimental and theoretical data for the  

12
C+

197
Au system. 

 

   
    

(    ) 
   

(  ) 
   

(  ) 
   

(   ) 
Channel System 

           ⁄  

0.0104545 0.0542071 

180 

0.59 

1.2 58.8 SC 

12
C+

197
Au 

0.0149919 0.1054816 0.63 

0.0398066 0.2654193 0.67 

0.0235719 0.0141393 

180 

0.59 

1.2 58.8 CC 0.0350599 0.0059362 0.63 

0.0552774 0.0077787 0.67 

 

 According to the results for the 
12

C+
197

Au system shown in Table (4.9), 

when a single-channel SC calculations, the best fitted diffuseness 

parameter a0 is 0.59, which is less than the standard value. The potential 

depth V0 is 58.8 MeV. χ
2
 is 0.0542071, as shown by the red line in Fig. 

4.17. The best value for the barrier distribution Dqel is 0.0104545 at the 
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same value of the diffuseness parameter, and it is represented by the red 

curve in Fig. 4.17. By using coupled channel (CC) calculations, the best-

fit diffuseness parameter with a rotating projectile (P) and rotating target 

(T) is 0.63. It is considerably in agreement with the standard value, The 

value of chi-squared χ
2
 is 0.0059362, as shown by the green line in Fig. 

4.18. The best value of the distribution Dqel is 0.0235719 at the 

diffuseness parameter of 0.59 fm, represented by the red curve in Fig. 

4.18. The resulting χ2 values show that the best-fitting diffuseness 

parameter calculated using coupled channels fits the experimental data 

better than the one calculated using a single channel.  
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Fig.4.17. The comparison of the calculated quasi-elastic scattering ratio to the 

Rutherford cross sections and the distribution at the sub-barrier energies with the 

corresponding experimental data taken from [70] for the system 
12

C+
197

Au in the 

single channel (SC) calculations at a0 = (0.59, 0.63, and 0.67 fm). indicated as red, 

green , and black, respectively. 
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Fig.4.18. The comparison of the calculated quasi-elastic scattering ratio to the 

Rutherford cross sections and the distribution at the sub-barrier energies with the 

corresponding experimental data for the system 
12

C+
197

Au in the coupled channel 

(CC) calculations at a0 = (0.59, 0.63, and 0.67 fm). indicated as red, green , and black, 

respectively. 

The second part of the results includes two cases: the first case where 

both the projectile and target nuclei were considered inert (SC) at three 
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values of the real nuclear potential (potential depth V0) (48.8, 53.8, and 

68.8) MeV, and we considered the diffusion parameter a0 = 0.63 fm. It 

was previously determined by the χ
2
 method as the best value for 

matching the experimental data with the theoretical data. In the second 

case, at the coupled channel (CC), The target nucleus 
12

C was rotating, 

the projectile nucleus 
197

Au was rotating . The radius parameter r0 was 1.2 

fm. 

Table (4.10) : The fitted parameters of WS potential (the diffuseness parameters a0, 

the depth potential V0 ,and radius r0 ), that is estimated from the SC and CC 

calculation, and the values of the χ
2
 between experimental and theoretical data for the 

12
C+

197
Au system 

       

(    ) 

   

(   ) 

   

(  ) 

   

(  ) 
Channel System 

           ⁄  

0.0099349 0.0508598 

180 

48.8 

1.2 0.63 SC 

12
C+

197
Au 

0.0149919 0.1054816 58.8 

0.0349948 0.2342481 68.8 

0.0230850 0.0133151 

180 

48.8 

1.2 0.63 CC 0.0350599 0.0059362 58.8 

0.0522743 0.0063233 68.8 

From table (4.10) The best-fit potential depth V0 is 48.8 MeV of the 

12
C+

197
Au system acquired through a single-channel analysis . with a0 = 

0.63 fm. The chi square χ
2
 is 0.0508598, which is the curve that is closest 

to the experimental data curve as shown by the red line in Fig. 4.19. The 

best value for barrier distribution Dqel is 0.0099349 at the same potential 

depth. It was shown by the red line in Fig. 4.19. In coupled-channels 

calculations, the best potential depth is 58.8 MeV, with target (T) and 

projectile (P) rotating. The obtained χ
2
 value is 0.0059362, as shown by 

the green line in Fig.4.20.It is in complete agreement with the 
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experimental data curve. The best value of the barrier distribution Dqel is 

0.0230850 at the depth potential V0= 48.8 MeV ,represented by the red 

curve in Fig.4.20. 

  

Fig. 4.19. The comparison of the calculated quasi-elastic scattering ratio to the 

Rutherford cross sections and the distribution at the sub-barrier energies with the 

corresponding experimental data for the system 
12

C+
197

Au in the single channel (SC) 

calculations at V0 = (48.8, 58.8, and 68.8 MeV), indicated as red, green, and black, 

respectively. 
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Fig. 4.20. The comparison of the calculated quasi-elastic scattering ratio to the 

Rutherford cross sections and the distribution at the sub-barrier energies with the 

corresponding experimental data for the system 
12

C+
197

Au in the coupled channel 

(CC) calculations at V0 = (48.8, 58.8, and 68.8 MeV), indicated as red, green, and 

black, respectively. 
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4.2.6  
6
Li+

144
Sm  System 

The first case In this system, where both the projectile 
6
Li   and target 

nuclei
144

Sm were considered inert ,single channel calculations (SC) at 

different values of the diffusion parameter a0 is (0.59, 0.63, and 0.67) fm, 

respectively and we considered the diffusion parameter 0.63 fm is the 

standard value[9].In the second case, at coupled-channel (CC) ,the 

projectile nucleus 
6
Li does not have a deformation coefficient, so it is 

considered an inert nucleus . The target nucleus 
144

Sm was vibrating with 

a deformation coefficient of          [68] to the state 2
+
(1.660027 

MeV), where       ⁄      .The single phonon state of the octupole 

excitation of the target nuclei, the potential depth V0= 50 MeV, and the 

radius parameter r0 = 1.2 fm.   

Table (4.11) : The fitted WS parameters (radius r0, depth potential V0, and the 

diffuseness parameters a0), which were obtained from SC and CC calculation, and the 

values of the χ
2
 between experimental and theoretical data for the  

6
Li+

144
Sm  system. 

   
      

(    ) 
   

(  ) 
   

(  ) 
   

(   ) 
Channel System 

           ⁄  

0.5392147 0.0045772 

170 

0.59 

1.2 50 SC 

6
Li+

144
Sm 

0.4655860 0.0012624 0.63 

0.3775857 0.0054699 0.67 

0.4407188 0.0050365 

170 

0.59 

1.2 50 CC 0.4049674 0.0007709 0.63 

0.0147660 0.0025455 0.67 

 

Table (4.11) shows the results of a single channel (SC) data analysis. 

The  χ
2
 is 0.0012624. It represents the calculated ratio of the quasi-elastic 

scattering to the Rutherford cross sections at the diffuseness parameter 

0.63 fm, as shown by the green line in Fig. 4.21. It is the curve closest to 
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the curve of the experimental data. The best value of the distribution D is 

0.37758577 at the diffuseness parameter a0 = 0.67, illustrated by the black 

curve in Fig. 4.21. At The coupled-channel calculation with inert 

projectile (P) and a vibrating target (T)  that the best fit of χ
2
 is 0.0007709 

at the diffuseness parameter a0 = 0.63 fm, which is represented by the 

green line in Fig.4.22. where V0 = 50 MeV. The best value of the 

distribution Dqel represented by the black curve in Fig. 4.22. is 0.0147660 

at the diffuseness parameter of 0.67 fm. From those results, we note that 

there was a good agreement between the experimental data and 

theoretical calculations in both cases, single and coupled channels. 

. 
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Fig. 4.21. The comparison of the calculated quasi-elastic scattering ratio to the 

Rutherford cross sections and the distribution at the sub-barrier energies with the 

corresponding experimental data taken from [71] for the system 
6
Li+

144
Sm in the 

single channel (SC) calculations at a0 = (0.59, 0.63, and 0.67 fm). indicated as red, 

green , and black, respectively. 
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Fig. 4.22. The comparison of the calculated quasi-elastic scattering ratio to the 

Rutherford cross sections and the distribution at the sub-barrier energies with the 

corresponding experimental data for the system 
6
Li+

144
Sm in the coupled channel 

(CC) calculations at a0 = (0.59, 0.63, and 0.67 fm). indicated as red, green , and black, 

respectively. 
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The second part of the results , the first case where both the projectile 

and target nuclei were considered inert (SC) at three values of the real 

nuclear potential (potential depth V0) (30.0, 50.0, and 70.0) MeV, and we 

considered the diffusion parameter a0 = 0.63 fm. It was previously 

determined by the χ
2
 method as the best value for matching the 

experimental data with the theoretical data. In the second case, at the 

coupled channel (CC), the projectile nucleus 
6
Li was inert and the target 

nucleus 
144

Sm was vibrating. The radius parameter r0 = 1.2 fm. 

Table (4.12) : The fitted parameters of WS potential (the diffuseness parameters a0, 

the depth potential V0 ,and radius r0 ), that is estimated from the SC and CC 

calculation, and the values of the χ
2
 between experimental and theoretical data for the 

6
Li+

144
Sm  system. 

       

(    ) 

   

(   ) 

   

(  ) 

   

(  ) 
Channel System 

           ⁄  

0.5277192 0.0108333 

170 

30.0 

1.2 0.63 SC 

6
Li+

144
Sm

 

0.4655860 0.0012624 50.0 

0.4177707 0.0086471 70.0 

0.2853361 0.0134418 

170 

30.0 

1.2 0.63 CC 0.4049674 0.0007709 50.0 

0.0146228 0.0044709 70.0 

 

From Table 4.12,  the best fit for the chi-square  χ
2
   is 0.0012624 at the 

potential depth V0 = 50.0 MeV, which was acquired from SC data 

analysis. It was shown by the green line in Fig. 4.23. This is the curve 

that is closest to the curve of the experimental data. The best fit value of 

the distribution Dqel is 0.4177707 at the depth potential  V0 = 70.0 MeV, 

as shown by the green line in Fig. 4.23. According to the coupled-channel 

calculations with an inert projectile (P) and a vibrating target (T), the χ
2
 is 

0.0007709 at the potential depth V0 = 50.0 MeV, as shown by the green 
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line in Fig. 4.24. It is the curve nearest to the curve of the experimental 

data, while the best fit value of the distribution Dqel is 0.0146228 at the 

depth potential V0 = 70.0 MeV, represented by the black curve in           

Fig 4.24. 

 

Fig. 4.23. The comparison of the calculated quasi-elastic scattering ratio to the 

Rutherford cross sections and the distribution at the sub-barrier energies with the 

corresponding experimental data for the system 
6
Li+

144
Sm in the single channel (SC) 

calculations at V0 = (30.0, 50.0, and 70.0MeV), indicated as red, green, and black, 

respectively. 
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Fig. 4.24. The comparison of the calculated quasi-elastic scattering ratio to the 

Rutherford cross sections and the distribution at the sub-barrier energies with the 

corresponding experimental data for the system 
6
Li+

144
Sm in the coupled channel 

(CC) calculations at V0 = (30.0, 50.0, and 70.0MeV), indicated as red, green, and 

black, respectively. 
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4.2.7 
28

Si + 
124

Sn system 

In this system, in single-channel calculations (SC), where the projectile 

and target nuclei are inert, various values of the diffuseness parameter a0 

(0.59, 0.63, and 0.67) fm The diffusion parameter of 0.63 fm was the 

standard value [9]. In the second instance, at the coupled channel (CC), 

the projectile nucleus 
28

Si was rotating with deformation coefficients 

of      = -0.478 and    = 0.250 [68] to the state 2
+
(1.77903 Mev), 

whereas the target nucleus 
124

Sn was vibrating with a deformation 

coefficient of    = 0.095 [68] to the state 2
+
(1131.739 Mev). Used the 

single phonon state of the quadruple excitation for the target nuclei,         

V0 = 57.8 MeV, and the radius parameter r0 is 1.2 fm, which are listed in 

Table 4.13. 

Table (4.13) : The fitted WS parameters (radius r0, depth potential V0, and the 

diffuseness parameters a0), which were obtained from SC and CC calculation, and the 

values of the χ
2
 between experimental and theoretical data for the  

28
Si+

124
Sn system.  

   
    

(    ) 
   

(  ) 
   

(  ) 
   

(   ) 
Channel System 

           ⁄  

0.0830102 0.0564366 

150.5 

0.59 

1.2 57.8 SC 

28
Si+

124
Sn 

0.0646768 0.1500343 0.63 

0.0531651 0.3891832 0.67 

0.0456320 0.0161496 

150.5 

0.59 

1.2 57.8 CC 0.0650904 0.0082924 0.63 

0.0123133 0.0054746 0.67 

For a 
28

Si+
124

Sn system, from table 4.13, the best-fitting diffuseness 

parameter obtained using a single-channel calculation is 0.59 fm, with χ
2
 

of 0.0564366, V0 = 45.8 MeV. The best-fit diffuseness parameter is 

significantly lower than the standard value. The calculated ratio of the 

quasi-elastic to the Rutherford cross sections is shown by the red line in 

Fig. 4.25 The best value for the distribution Dqel is 0.0531651. It is 
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represented in Fig. 4.25. at the diffuseness parameter of 0.67 fm. When a 

coupled-channel calculation is used, the best-fitting diffuseness parameter 

is 0.67 fm, with χ
2
 = 0.0054746 for a rotating projectile (P) and vibrating 

target (T). The best-fit diffuseness parameter, which is shown by the 

black line in Fig. 4.26, is higher than the standard value. Furthermore, the 

resulting χ
2
 values show that the best-fitting diffuseness parameter 

calculated using coupled channels fits the experimental data better than 

the one calculated using a single channel. The best value of the 

distribution Dqel is 0.0123133 at the same diffuseness parameter value, 

denoted by the black line in Fig. 4.26. (Dqel). 
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Fig. 4.25. The comparison of the calculated quasi-elastic scattering ratio to the 

Rutherford cross sections and the distribution at the sub-barrier energies with the 

corresponding experimental data taken from [12] for the system 
28

Si+
124

Sn in the 

single channel (SC) calculations at  a0 = (0.59, 0.63, and 0.67 fm). indicated as red, 

green , and black, respectively. 

 



 
 
 

 
98 

 

Chapter Four           

 

Fig. 4.26. The comparison of the calculated quasi-elastic scattering ratio to the 

Rutherford cross sections and the distribution at the sub-barrier energies with the 

corresponding experimental data for the system 
28

Si+
124

Sn in the coupled channel 

(CC) calculations at  a0 = (0.59, 0.63, and 0.67 fm). indicated as red, green , and 

black, respectively. 
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The second part of the results ,In the single-channel calculation (SC), at 

three values of the real nuclear potential (potential depth V0) (39.8, 57.8, 

and 75.8) MeV, the diffusion parameter a0 is 0.67 fm, which was  

determined by the χ
2
 method as the best value for matching the 

experimental data with the theoretical data. In the coupled channel 

calculation (CC), the target nucleus 
124

Sn was vibrating, the projectile 

nucleus 
28

Si was rotating, and the radius parameter r0 was 1.2 fm. 

Table (4.14) : The fitted parameters of WS potential (the diffuseness parameters a0, 

the depth potential V0 ,and radius r0 ), that is estimated from the SC and CC 

calculation, and the values of the χ
2
 between experimental and theoretical data for the 

28
Si+

124
Sn system. 

       

(    ) 

   

(   ) 

   

(  ) 

   

(  ) 
Channel System 

           ⁄  

0.0680265 0.0306459 

150.5 

39.8 

1.2 0.67 SC 

28
Si+

124
Sn

 

0.0531651 0.3891832 57.8 

0.0850578 3.1410810 75.8 

0.0611206 0.0162533 

150.5 

39.8 

1.2 0.67 CC 0.1233548 0.0056777 57.8 

0.0203015 0.0190049 75.8 

 

From table 4.14, the best-fit potential depth V0 is 39.8 MeV of the 

28
Si+

124
Sn system acquired through a single-channel SC  data analysis 

with a0 = 0.67 fm. The chi squared χ
2
 value is 0.0306459. It represents the 

calculated ratio of the quasi-elastic scattering to the Rutherford cross 

sections. It was shown by the red line in Fig. 4.27. At the potential depth 

V0 = 39.8 MeV, the best value for barrier distribution Dqel is 0.0531651, 

as expressed by the green line in Fig. 4.27. In a coupled-channels 

procedure, the best potential depth is 57.8 MeV. The obtained χ
2
 value is 
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0.0056777, as shown by the green line in Fig. 4.28. It represents the 

calculated ratio of the quasi-elastic to the Rutherford cross sections from 

chi-square calculations. The best value of the barrier distribution Dqel is 

0.0203015 at the depth potential V0 of 75.8, as represented by the black 

line in Fig. 4.28.can see the best-fit potential depth obtained through 

coupling channels.  
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Fig 4.27. The comparison of the calculated quasi-elastic scattering ratio to the 

Rutherford cross sections and the distribution at the sub-barrier energies with the 

corresponding experimental data for the system 
28

Si+
124

Sn in the single channel (SC) 

calculations at V0 = (39.8, 57.8, and 75.8 MeV), indicated as red, green, and black, 

respectively. 
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Fig 4.28. The comparison of the calculated quasi-elastic scattering ratio to the 

Rutherford cross sections and the distribution at the sub-barrier energies with the 

corresponding experimental data for the system 
28

Si+
124

Sn in the coupled channel 

(CC) calculations at V0 = (39.8, 57.8, and 75.8 MeV), indicated as red, green, and 

black, respectively. 
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4.2.8 
6
Li +

159
Tb system 

The first case in this system in which the projectile and target nuclei were 

both to be inert (SC) at three different values of the diffuseness parameter 

a0=(0.49, 0.56, and 0.63 fm). In the second case, from the coupled-

channel (CC) calculations, the projectile nucleus was a 
6
Li nucleus that 

does not have a deformation coefficient, so it is considered an inert 

nucleus. While the target nucleus 
159

Tb was rotating, this was deduced 

according to the ratio E
+7/2

/E
+5/2

 = 2.37 with a deformation coefficient    

= 0.271and   = 0.062 [68] to the state E
+5/2

 = (0.0579964 MeV). the 

radius parameter r0 = 1.2 fm, and V0 = 150 MeV. 

Table (4.15) : The fitted WS parameters (radius r0, depth potential V0, and the 

diffuseness parameters a0), which were obtained from SC and CC calculation, and the 

values of the χ
2
 between experimental and theoretical data for the  

6
Li+

159
Tb system.    

   
    

(    ) 
   

(  ) 
   

(  ) 
   

(   ) 
Channel System 

           ⁄  

0.0059974 0.0041861 

170 

0.49 

1.2 150 SC 

6
Li+

159
Tb 

0.0067585 0.0071479 0.56 

0.0313004 0.0731850 0.63 

0.1220439 0.0237944 

170 

0.49 

1.2 150 CC 0.0029612 0.0045601 0.56 

0.0183521 0.0254165 0.63 

                                                                                                               

Table (4.15) illustrates the results of a single channel  calculations 

analysis. The  χ
2
 is 0.0041861. It represents the calculated ratio of the 

quasi-elastic scattering to the Rutherford cross sections at the diffuseness 

parameter a0 of 0.49 fm, as shown by the red line in Fig. 4.29. It is the 

curve closest to the curve of the experimental data. The best value of the 

distribution Dqel is 0.0059974 at the same value of the diffuseness 

parameter, as shown by the red line in Fig. 4.29. In the coupled-channel 
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calculations with the inert projectile (P) and a rotating target (T), the best 

fit of χ
2
 is 0.0045601 at the diffuseness parameter a0 = 0.56 fm, which is 

represented by the green line in Fig. 4.30, where V0 = 150 MeV. The best 

value of the distribution  Dqel is 0.0029612 at the same value of the 

diffuseness parameter, represented by the black curve in Fig. 4.30. It is 

closest to the experimental data curve. 
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Fig. 4.29. The comparison of the calculated quasi-elastic scattering ratio to the Rutherford 

cross sections and the distribution at the sub-barrier energies with the corresponding 

experimental data taken from [72] for the system 
6
Li+

159
Tb in  the single channel (SC) 

calculations at  a0 = (0.49, 0.56, and 0.63 fm). indicated as red, green , and black, respectively. 
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Fig. 4.30. The comparison of the calculated quasi-elastic scattering ratio to the Rutherford 

cross sections and the distribution at the sub-barrier energies with the corresponding 

experimental data for the system 
6
Li+

159
Tb in  the coupled channel (CC) calculations at  a0 = 

(0.49, 0.56, and 0.63 fm). indicated as red, green , and black, respectively. 

The results in the second part, in single-channel calculations at three 

different values of the real nuclear potential (potential depth V0) (100, 

150, and 200 MeV), the diffusion parameter a0 was 0.56 fm . It was 
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previously determined by the χ
2
 method as the best value for matching the 

experimental data with the theoretical data. by using the coupled channel 

calculations, where the projectile nucleus 
6
Li was inert and the target 

nucleus 
159

Tb was rotating, the radius parameter r0 is 1.2 fm. 

Table (4.16) : The fitted parameters of WS potential (the diffuseness parameters a0, 

the depth potential V0 ,and radius r0 ), that is estimated from the SC and CC 

calculation, and the values of the χ
2
 between experimental and theoretical data for the 

6
Li+

159
Tb system. 

       

(    ) 

   

(   ) 

   

(  ) 

   

(  ) 
Channel System 

           ⁄  

0.0044234 0.0012967 

170 

100 

1.2 0.56 SC 

6
Li+

159
Tb

 

0.0067585 0.0071479 150 

0.0132033 0.0247474 200 

0.0013463 0.0039023 

170 

100 

1.2 0.56 CC 0.0029612 0.0045601 150 

0.0058359 0.0069025 200 

                                                                                                                  

From table (4.16) ,the best-fit potential depth V0 is 100 MeV obtained 

from a single-channel (SC) analysis, with a0 = 0.56 fm. The chi squared 

χ
2
 is 0.0012967. It represents the calculated ratio of the quasi-elastic 

scattering to the Rutherford cross sections. As shown by the red line in 

Fig. 4.31. the best value for barrier distribution Dqel is 0.0044234 at the 

same value of the potential depth . It was shown by the red line in Fig. 

4.31.In a coupled-channels (CC)calculation, the best potential depth is 

100 MeV. The obtained χ
2
 value is 0.0039023, as shown by the red line in 

Fig. 4.32. It is the curve nearest to the curve of the experimental data. the 

best value of the barrier distribution Dqel is 0.0013463 at the same value 

of potential depth, represented by the red curve. Fig. 4.32.  
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Fig 4.31. The comparison of the calculated quasi-elastic scattering ratio to the 

Rutherford cross sections and the distribution at the sub-barrier energies with the 

corresponding experimental data for the system 
6
Li+

159
Tb in the single channel (SC) 

calculations at V0 = (100, 150, and 200MeV), indicated as red, green, and black, 

respectively. 
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Fig 4.32. The comparison of the calculated quasi-elastic scattering ratio to the 

Rutherford cross sections and the distribution at the sub-barrier energies with the 

corresponding experimental data for the system 
6
Li+

159
Tb in the coupled channel 

(CC) calculations at V0 = (100, 150, and 200MeV), indicated as red, green, and black, 

respectively. 
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4.2.9 
22

Ne+
248

Cm system 

The single channel (SC) calculations at three different values of the 

diffuseness parameter a0 (0.37, 0.41, and 0.45) fm. We have not taken the 

diffuseness parameter a0 = 0.63 fm as a standard value, where a much 

lower value was taken from it . In the second case, at coupled-channel 

(CC) calculations, the projectile nucleus was
22

Ne rotates, this was 

deduced according to the ratio       ⁄      with a deformation 

coefficients of                    [68] to the state  2
+
( 1.274537 

MeV) ,and the target nucleus 
248

Cm was rotating  with a deformation 

coefficients of                     [68] to the state 2
+
(0.043403 

MeV),where       ⁄     . the radius parameter r0 is 1.2 fm and V0 = 

250 MeV. 

Table (4.17): The fitted WS parameters (radius r0, depth potential V0, and the 

diffuseness parameters a0), which were obtained from SC and CC calculation, and the 

values of the χ
2
 between experimental and theoretical data for the  

22
Ne+

248
Cm 

system. 

   
    

(    ) 
   

(  ) 
   

(  ) 
   

(   ) 
Channel System 

           ⁄  

0.1126973 0.2017372 

170 

0.37 

1.2 250 SC 

22
Ne+

248
Cm 

0.1077053 1.1328630 0.41 

0.3180656 6.1290560 0.45 

0.0269347 0.0145340 

170 

0.37 

1.2 250 CC 0.0189638 0.0801992 0.41 

0.0256196 0.3336833 0.45 

                                                                                                               

From table (4.17), by using a single-channel(SC)calculation, The best-

fitting diffuseness parameter obtained is 0.37 fm, with χ
2
 being 

0.2017372. It represents the calculated ratio of the quasi-elastic scattering 
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to the Rutherford cross sections, as shown by the red line in Fig. 4.33. 

The best-fit diffuseness parameter is significantly lower than the standard 

value of 0.63fm . The best value for the distribution Dqel is 0.1077053. It 

is represented by the green line  in Fig. 4.33. at the diffuseness parameter 

a0 of 0.41 fm, ,V0 is 250 MeV. When a coupled-channel calculation is 

used, the best-fitting diffuseness parameter a0 is 0.37 fm, with χ
2
 = 

0.0145340, where the projectile P and the  target T were rotating . which 

is shown by the red line in Fig. 4.34. The best value of the distribution 

Dqel is 0.0123133 at diffuseness parameter a0 =0.41, denoted by the green 

line in Fig. 4.34. 
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Fig. 4.33. The comparison of the calculated quasi-elastic scattering ratio to the 

Rutherford cross sections and the distribution at the sub-barrier energies with the 

corresponding experimental data taken from [73] for the system 
22

Ne+
248

Cm in the 

single channel (SC) calculations at a0 = (0.37, 0.41, and 0.45 fm). indicated as red, 

green , and black, respectively. 

 



 
 
 

 
113 

 

Chapter Four           

 

Fig. 4.34. The comparison of the calculated quasi-elastic scattering ratio to the 

Rutherford cross sections and the distribution at the sub-barrier energies with the 

corresponding experimental data for the system 
22

Ne+
248

Cm in the coupled channel 

(SC) calculations at a0 = (0.37, 0.41, and 0.45 fm). indicated as red, green , and black, 

respectively. 

The results in the second part, In the single-channel (SC) calculations at 

three values of the real nuclear potential (potential depth V0) (180, 250, 
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and 320 MeV), the diffuseness parameter a0 was considered to be 0.37 

fm. In the coupled channel (CC) calculations, the projectile nucleus 
22

Ne 

and the target nucleus 
248

Cm were rotating. At the same values of 

potential depth V0, the radius parameter r0 =1.2 fm. 

Table (4.18): The fitted parameters of WS potential (the diffuseness parameters a0, 

the depth potential V0 ,and radius r0 ), that is estimated from the SC and CC 

calculation, and the values of the χ
2
 between experimental and theoretical data for the 

22
Ne+

248
Cm system. 

       

(    ) 

   

(   ) 

   

(  ) 

   

(  ) 
Channel System 

           ⁄  

0.1370306 0.0708295 

170 

180 

1.2 0.37 SC 

22
Ne+

248
Cm

 

0.1126973 0.2017372 250 

0.1045710 0.4320837 320 

0.0668203 0.0064500 

170 

180 

1.2 0.37 CC 0.0269347 0.0145340 250 

0.0338822 0.0232961 320 

 

          From table (4.18) that the best-fit potential depth V0 is 180 MeV 

acquired through a single-channel analysis at the diffuseness parameter a0 

is 0.37 fm. The chi square χ
2
 is 0.0708295, This is the curve that is closest 

to the experimental data curve, as shown by the red line in Fig. 4.35. The 

best value for barrier distribution Dqel is 0.1045710 at potential depth V0 

= 320 MeV. It was shown by the black line in Fig. 4.35. In a coupled-

channel (CC) calculations, the best potential depth is 180 MeV, with the 

target (T) and projectile (P) rotating. The obtained χ
2
 value is 0.0064500, 

shown by the red line in Fig.4.36.The best value of the barrier distribution 

Dqel is 0.0269347 at the depth potential V0= 250 MeV represented by the 

green curve Fig.4.36.  
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Fig 4.35. The comparison of the calculated quasi-elastic scattering ratio to the 

Rutherford cross sections and the distribution at the sub-barrier energies with the 

corresponding experimental data for the system 
22

Ne+
248

Cm in the single channel 

(SC) calculations at V0 = (180, 250, and 320 MeV), indicated as red, green, and black, 

respectively. 
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Fig 4.36. The comparison of the calculated quasi-elastic scattering ratio to the 

Rutherford cross sections and the distribution at the sub-barrier energies with the 

corresponding experimental data for the system 
22

Ne+
248

Cm in the coupled channel 

(CC) calculations at V0 = (180, 250, and 320 MeV), indicated as red, green, and 

black, respectively. 
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4.2.10 
10

B + 
232

Th system  

In this system were processed in two cases. The single channel 

(SC) calculations, at three different values of the diffuseness parameter 

a0,it is (0.43, 0.63, and 0.83) fm. The diffuseness parameter of 0.63 fm is 

the standard value [9]. In coupled-channel (CC) calculations, the 

projectile nucleus was 
10

B inert to the state 2
+
(3.58713 MeV),                  

and the target nucleus 
232

Th was rotating with deformation                              

coefficients of                  [68]to the state 2
+
(0.049369MeV), 

where         ⁄       .the radius parameter r0 = 1.2 fm and V0 = 15.8 

MeV. 

Table (4.19): The fitted parameters of WS potential (the diffuseness parameters a0, 

the depth potential V0 ,and radius r0 ), that is estimated from the SC and CC 

calculations, and the values of the χ
2
 between experimental and theoretical data for 

the 
10

B+
232

Th system. 

   
    

(    ) 

   

(  ) 
   

(  ) 
   

(   ) 
Channel System 

           ⁄  

0.0075599 0.0060353 

161 

0.43 

1.2 15.8 SC 

10
B+

232
Th 

0.0056552 0.0178566 0.63 

0.0056455 0.0636182 0.83 

0.0077472 0.0057186 

161 

0.43 

1.2 15.8 CC 0.0083779 0.0157265 0.63 

0.0023579 0.0681547 0.83 

 

In the first case, from table (4.19),by using a single-channel 

(SC)calculations , The best-fitting diffuseness parameter obtained 0.43 

fm, with χ
2
 being 0.0060353. It represents the calculated ratio of the 

quasi-elastic scattering to the Rutherford cross section as a function of 

energy, as shown by the red line in Fig. 4.37.The best-fit diffuseness 

parameter is lower than the standard value of 0.63fm . V0 is 15.8 MeV. 
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The best value for the distribution Dqel is 0.0056455. It is represented by 

the blue line  in Fig. 4.37. at the diffuseness parameter a0 of 0.83 fm. 

When a coupled-channel calculations is used, the best-fitting diffuseness 

parameter a0 is 0.43 fm, with χ
2
 = 0.0057186, where the projectile 

10
B 

inert and the  target 232
Th was rotating. which is shown by the red line in 

Fig. 4.38.Furthermore, the resulting χ
2
 values show that the best-fitting 

diffuseness parameter calculated using coupled channels fits the 

experimental data better than the one calculated using a single channel. 

The best value of the distribution Dqel is 0.0023579 at the diffuseness 

parameter a0= 0.83, denoted by the blue line in Fig. 4.38. 

 

 

. 
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Fig. 4.37 The comparison of the calculated quasi-elastic scattering ratio to the 

Rutherford cross section and the distribution at the sub-barrier energies with the 

corresponding experimental data taken from [74] for the system 
10

B+
232

Th in the 

single channel (SC) calculations at a0 = (0.43, 0.63, and 0.83 fm). indicated as red, 

green , and blue, respectively.  
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Fig. 4.38 Shows the comparison of the calculated quasi-elastic scattering ratio to the 

Rutherford cross section and the distribution at the sub-barrier energies with the 

corresponding experimental data for the system 
10

B+
232

Th in the coupled channel 

(CC) calculations at a0 = (0.43, 0.63, and 0.83 fm). indicated as red, green , and blue, 

respectively. 
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In The second case , from single-channel (SC) calculations at three 

values of the real nuclear potential (potential depth V0) (8.8, 15.8, and 

22.8 MeV), considered the diffusion parameter a0 to be 0.83 fm. It was 

previously determined by the χ
2
 method as the best value for matching the 

experimental data with the theoretical calculations, in the coupled channel 

(CC) calculations, the projectile nucleus 
10

B  was inert, and the target 

nucleus 
232

Th was rotating. the radius parameter r0 is 1.2 fm. 

Table (4.20): The fitted parameters of WS potential (the diffuseness parameters a0, 

the depth potential V0 ,and radius r0 ), that is estimated from the SC and CC 

calculations, and the values of the χ
2
 between experimental and theoretical data for the 

10
B+

232
Th system. 

       

(    ) 

   

(   ) 

   

(  ) 

   

(  ) 
Channel System 

           ⁄  

0.0058398 0.0233270 

161 

8.8 

1.2 0.83 SC 

10
B+

232
Th

 

0.0075599 0.0060353 15.8 

0.0092680 0.0206442 22.8 

0.0085781 0.0206442 

161 

8.8 

1.2 0.83 CC 0.0077472 0.0057186 15.8 

0.0042818 0.1253349 22.8 

 

From table (4.22) , the best-fit potential depth V0 is 15.8 MeV obtained 

from a single-channel analysis calculations, with a0 = 0.83 fm. The chi 

squared χ
2
 is 0.0060353. It represents the calculated ratio of the quasi-

elastic scattering to the Rutherford cross section as function of energy . 

As shown by the green line in Fig. 4.39. The best value for barrier 

distribution Dqel is 0.0058398,at the V0= 8.8MeV. It was shown by the 

red line in Fig. 4.39. In a coupled-channels calculations, the best potential 

depth is 15.8 MeV. The obtained χ
2
 value is 0.0057186, as shown by the 



 
 
 

 
122 

 

Chapter Four           

green line in Fig.4.40.It is the curve nearest to the curve of the 

experimental data. the best value of the barrier distribution Dqel is 

0.0042818 at the depth potential V0 = 22.8MeV, represented by the blue 

curve. Fig. 4.40. the best-fit potential depth obtained through a coupled 

channel. 
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Fig 4.39. Shows the comparison of the calculated quasi-elastic scattering ratio to the 

Rutherford cross section and the distribution at the sub-barrier energies depending on 

the angle(θ) with the corresponding experimental data for the system 
10

B+
232

Th. in a 

single channel (SC) calculations at V0 = (8.8, 15.8, and 22.8 MeV), indicated as red, 

green, and blue, respectively. 
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Fig 4.40. Shows the comparison of the calculated quasi-elastic scattering ratio to the 

Rutherford cross section and the distribution at the sub-barrier energies as a function 

of energy with the corresponding experimental data for the system 
10

B+
232

Th. in 

coupled channel (SC) calculations at V0 = (8.8, 15.8, and 22.8 MeV), indicated as red, 

green, and blue, respectively. 
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Chapter 5  

Conclusions and Future work 

5.1 Conclusions 

1. The diffuseness parameter a0 for most systems fully consistent with the 

standard value (0.63) fm in the coupled channel calculations. 

2. In the calculations of single channel (SC) The theoretical calculations 

for some systems coincide with the practical values at the value less of 

the standard value for diffusivity parameter a0 = (0.63) fm, while in 

coupled channel (CC) calculations, the match occurred at a0 = 0.63.                        

3. In these systems (
22

Ne+
248

Cm, 
10

B+
232

Th), the diffuseness parameter a0 

of 0.63 was not taken as a standard value. Where a much lower 

diffusion parameter a0  was taken from it because the nucleus of the 

projectile was a stable nucleus, the diffuseness parameter has a low 

value, and the target nucleus is a heavy nucleus. Its diffuseness 

parameter is low, so the result of the reaction is a low diffusion 

parameter, less than the standard value. 

4. In this study, we found that the effect of coupling is very important to 

be included in the calculations because the coupling in more systems 

studied made the theoretical calculations closer to the experimental 

data compared to the single channel calculations.  

 5.Through potential barrier calculations represented by distribution 

curves in the cases of single and coupled channels. We note the 

potential barrier distribution curve shifting to the right due to the value 

of the potential depth decreasing; this leads to a decrease in the value 

of the nuclear potential, and thus the height of the potential barrier will 

increase and the quasi-elastic scattering calculations will increase. On 
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the contrary, if the potential depth increases, the nuclear potential also 

increases, so the potential barrier will decrease, leading to a decrease in 

quasi-elastic scattering calculations and a decrease in the height of the 

potential barrier distribution and its shift to the left. 

5.2 Suggestions for future work 

provide the following proposals since it is well recognized that further 

research is necessary to pinpoint many of the features that significantly 

affect mathematical calculations: 

1. Developing the study of quasi-elastic scattering and calculating the 

ratio of quasi-elastic to the Rutherford differential cross section 

(dσqel)/(dσR) and quasi-elastic barrier distribution (Dqel) and quasi-elastic 

scattering probability as functions of the energy center of mass (Ec.m.) for 

all nuclei by using the semiclassical treatment. 

2. Comparison Procedure between the diffuseness parameters that have 

been obtained from large-angle quasi-elastic scattering and fusion cross 

sections. 

3. study the surface diffuseness parameters with quasi-elastic scattering 

for another inter-nucleus potential such as realistic interaction (M3Y). 

4. This work can be repeated but instead of using CCFULL one can use 

more realistic coupled channel (CC) calculations by employing the 

computer code XFRESCO , which is the graphical interface for FRESCO 

code written by  Thompson which needs Linux operating system to run it. 

FRESCO has more advantage over CCFULL to include the realistic 

coupled-channels calculation with more parameters. 
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تالخلاص 

 نجٓذا يعشفت ْٕ بٍٛ َٕاحٍٛ خصادوان نفٓى الأعاعٛت انًكَٕاث أحذ ، ذساعتان ْزا فٙ

 يٍ ، نهخصادو ٚكفٙ بًا قشٚبت حكٌٕ عُذيا ٚحذد ٔانز٘ ، انًخصاديخٍٛ انُٕاحٍٛ حهك بٍٛ ٘انُٕٔ

 نفحص فعال أعهٕب ْٕ ٛشةكب بضأٚت انًشٌ شبّ انخشخج أٌ ربج نقذ. انُٕٔ٘ انجٓذ ححهٛم أجم

 كٕنٕو جٓذ حخكٌٕ ٔانخٙ ، انُٕٖ بٍٛ انخفاعلاث حصف انخٙ انجٕٓد ٔصف حى. انُٕٔٚت انجٕٓد

 انًفشدة انقُاة حغاباث إجشاء حى. Woods-Saxon (WS) إيكاَاث باعخخذاو ، ُٕٔ٘ان ٔانجٓذ

(SC )انًقخشَت ٔانقُاة (CC )انذاخهٛت ٔحشكاحٓا تانًخصادي نهُٕاة انُغبٛت انحشكت فٙ نهخحقٛق 

 فٙ انًخُارشة انعشضٛت انًقاطع إنٗ انًشَت شبّ انعشضٛت انًقاطع َغبت حغاب عهٗ ٔحأرٛشْا

 نًعهًاث يُاعبت قًٛت أفضم عهٗ نهعزٕس انغطحٙ الاَخشاس طشٚقت فٙ انخحقٛق ٔكزنك ، سرسفٕسد

 هجٓذن يُٓجٙ ٔححهٛم تدساعحى اجشاء  ، الأطشٔحت ْزِ فٙ. انخجشٚبٛت بانبٛاَاث يقاسَت الاَخشاس

:انخانٛت انزقٛهت الإَٔٚاث لأَظًت( انًحخًم انعًق ، انغطح اَخشاس يعهًاث) انُٕٔ٘
 24

Mg+
90

Zr 

,
28

Si+
120

Sn ,
28

Si+
150

Nd ,
16

O+
160

Gd, 
12

C+
197

Au,
 6

Li+
144

Sm ,
28

Si + 
124

Sn,
 6

Li 

+
159

Tb ,
22

Ne+
248

Cm,
10

B+
232

Th .  .انكًبٕٛحش بشَايج اعخخذاو حى CQEL ، ٚعخبش ز٘ٔان 

 يٍ ٔصيلاؤِ ْاجُٕٛ بٕاعطت حًج بشيجخّ. CCFUL انكًبٕٛحش بشَايج يٍ إصذاس أحذد

χطشٚقت يشبع كا٘  اعخخذاو حى. انٛاباٍَٛٛ انعهًاء
2

 يعهًاث) نـ انًُاعبت انقٛى أفضم عهٗ نهعزٕس 

 . ٛتانخجشٚب ٔانبٛاَاث انُظشٚت انحغاباث يقاسَت عهٗ بُاء  ( V0 انًحخًم ٔانعًق a0 الاَخشاس

) الأَظًت ْزِ فٙ
6
Li + 

144
Sm, 

6
Li +

159
Tb, and 

10
B+

232
Th) ، أفضم أٌ ٔجذ 

 ْٔذف خايم يقزٔف باعخخذاو انًقخشَت انقُٕاث حغاب باعخخذاو ححذٚذْا حى الاَخشاس نًعهًت قًٛت

انُظاو باعخزُاء ، يزاس
 28

Si+
150

Nd   ، انشٙء َٔفظ ، يزاسة قزٚفتانٔ خايم ٓذفاٌ ان حٛذ 

) لأَظًتن بانُغبت
16

O+
160

Gd ,
12

C+
197

Au , 
28

Si + 
124

Sn, 
24

Mg+
90

Zr ,
28

Si+
120

Sn 

and 
22

Ne 
+ 248

Cm ) ٍيزاسة ٔقزٚفت يزاس ْذف باعخخذاو ٔنك. 

 الأَظًت نٓزِ الاَخشاس يعايم
28

Si+
150

Nd, 
12

C+
197

Au, 
6
Li+ 

144
Sm  ا ٚخٕافق  حًاي 

 .انًقخشَت انقُاة حغاباث فٙfm (0.63 ) انقٛاعٛت انقًٛت يع

 انجٓذ عًق حغٛٛش حأرٛش كاٌ انًذسٔعت، الأَظًت نبعض انحغاباث، يٍ انزاَٙ انجضء فٙ

(V0 )ٗعًق يع يخفقا   انعشضٙ سرسفٕسد يقطع إنٗ انًشٌ شبّ نهخشخج انًحغٕبت انُغبت عه 

 .يُٓا أقم بقًٛت أٔ قٛاعٛت كقًٛت اعخًادِ حى انز٘ انجٓذ
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