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List of Symbols

Symbol Meaning
T—0pen The open set with respect to topology t .
T — closed The closed set with respect to topology T .
int(A) The interior of a set A .
cl(A) The closure of asetA.
S.cl(A) The semi closure of a set A .
S.int(A) The semi interior of a set A .
c Subset .
- Not subset .
p The empty set .
. Belong to .
¢ Not belong to .
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u— int(A) The interior of a set A with respect to the
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U Union .
N Intersection .
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Abstract

The goal of this work is to study certain types of convergence in
the topological spaces. We state below some of the main results that are
obtained in this work :

1. Let g be a function from a space ( X, t) into a space (Y, i), and

Xoe X.Thengis:

1) & — continuous at x. if and only if wheneveranet{fa:a e A} 6 —
converges to Xo in X . Then the net {g(fa) : a € A} 6 — converges to
9(Xs) -

i1) S. 6 —continuous at xo if and only if wheneveranet{fa:a cA}
S.6 —converges to X. in X . Thenthenet {g(fa):a < A } S.6 —

coverges to g(Xo) .

iii) 6*.5 — continuous at X, if and only if wheneveranet{fa:a < A}
0*.6 — converges to X, in X . Thenthenet {g(fa):a c A } 0*.6 —
converges to g(X.) .

iv) S*.8 — continuous at X, if and only if whenever anet {fa:a ¢ A}
S*.5 — converges to Xo in X . Thenthe net { g(fa) :a e A } S*.0 -
converges to g(Xo) .

v) 8*.6 — continuous at X, if and only if whenever a net {fa:a ¢ A}
0*.0 —convergesto Xoin X . Thenthenet {g(fa):a e A } 6*.0 —
converges to g(Xo) .

vi) S**.6 — continuous at X if and only if whenever a net {fa:a < A}
S**.6 —converges to Xo in X . Thenthenet { g(fa) :a ¢ A } S**.6 -
converges to g(Xo) .

2. Let (X, 1) be a topological space and let Y < X. If X, is a point

of X then, Xo is:

i) 6 — adherent point of Y, if and only if there exists anetin Y
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o — converging to Xo .
i1) S.8 — adherent point of Y , if and only if there exists a net in Y
S.5 — converging to Xo .
iii) 0*.6 — adherent point of Y, If and only if there exists a netin Y
0*.5 — converging to Xo .
iv) S*.06 —adherent point of Y , if and only if there exists anet in Y
S*.56 — converging to Xo .
v) 6*.0 — adherent point of Y, if and only if there exists a netin Y
0*.6 — converging to Xo .
vi) S**.6 — adherent point of Y , if and only if there exists anetin'Y
S** .6 — converging to Xo .
3. Let (X, 1) be atopological and let Y < X . Then Y consist of
all its :
1)0 — accumulation points if and only if no net in Y & — converges
to a point in X/Y .
i1) S.6 — accumulation points if and only if no netin Y S.56 —
converges to a point in X/Y .
111) 6*.0 — accumulation points if and only if no net inY 0*.6 —
converges to a point in X/Y .
1v) S*.8 — accumulation points if and only if no net in Y S*.0 —
converges to a point in X/Y .
v) 0*.80 —accumulation points if and only if no net in Y 8*.6 —
converges to a point in X/Y .
vi) S**.8 — accumulation points if and only if no net in Y S**.6 —
converges to a point in X/Y .
4). Let(X,t)bea:
1) 6 — Hausdorff space . Then every 6 — convergent net has a unique
0 — cluster point and this is the unique 6 — limit point of the net .
VI



i) S.6 — Hausdorff space . Then every 6 — convergent net has a unique
S.6 — cluster point and this is the unique S.8 — limit point of the net .
ii1) 0*.6 — Hausdorff space .Then every 0*.6 — convergent net has a
unique 0*.8 — cluster point and this is the unique 0*.56 — limit point of
the net .
iv)S*.6 — Hausdorff space .Then every S*.0 — convergent net has a unique
S*.8 — cluster point and this is the unique S*.5 — limit point of the net .
v)0*.0 — Hausdorff space .Then every 6*.6 — convergent net has a unique
0*.0 — cluster point and this is the unique 6*.6 — limit point of the net .
vi)S**.8 — Hausdorff space .Then every S**.5 — convergent net has a
unique S**.5 — cluster point and this is the unique S**.5 — limit point
of the net .
5.Let ( X, t) be a topological space . A point xo in Xis a:
1) 6 — cluster point of anet ( f, X, A, >) if and only if there exists a
subnet (g, X, B, >*) which 6 — converges to X .
i1) S.0 — cluster point of anet (f, X, A, >) if and only if there exists
a subnet (g, X, B, >%) which S.5 — converges to Xo.
111) 6*.8 — cluster point of anet (f, X, A, >) if and only if there exists
asubnet (g, X, B, >*) which 6*.6 — converges to Xo.
1v) S*.0 — cluster point of anet (£, X, A, >) if and only if there exists
asubnet (g, X, B, >*) which S*.5 — converges to Xo.
v) 8*.8 — cluster point of anet ( f, X, A, >) if and only if there exists
asubnet (g, X, A,>*) which 6*.60 — converges to X .
vi) S**.56 — cluster point of anet ( f, X, A, >) if and only if there exists
asubnet (g, X, A,>*) which S**.5 — converges to Xo .
6. A topological space ( X, 1) is:
(1) & — compact , if each net in X has ¢ — cluster point .
(1) S.8 — compact , if each net in X has S.5 — cluster point .
VIl



(ii1) 6*.0 — compact , if each net in X has 0*.5 — cluster point .

(iv) 0*.0 — compact , if each net in X has &*.6 — cluster point .

VI



INTRODUCTION

The aim of this work is to study the concept of certain types of
convergence in the topological spaces . The notation of convergence is
one of the basic notions in analysis. Convergence can be described in any
topological space by means of nets or filters . In many concrete examples
however, convergence is the primitive notion , and the topology , if such
exists , is defined only afterwards . From this situation the need has
grown to have an axiom system for convergence which makes it possible
to recognize whether the convergence is topological .

For net convergence such an axiom system was given in 1937 by
Birkhoff [3], the crucial “ topology ” axiom being the iterated limit
axiom .

In 1963 . Semi open set were introduced and investigated by N.
Levine [20].In 1966 , the notations of 6 — open subsets , 6 — closed
subsets and 0 — closure were introduced by Velicko[31].Dickman and
Proter[8],[9] , Joseph[17] continued the work of Veli¢ko . In 1968 ,
Velicko introduced the concepts of 6 — closure and 6 — interior operations.
The notion of 6 — open sets which are stronger than open sets .Since then ,
d — open sets have been widely used in order to introduce new spaces
and functions .

In 1990, L. Al - Swidi [2], study (m ,n) — compactness in terms
of multifunction .He give some net characterizations for such spaces .

Transfinite sequences of functions form some special type of nets.
J.Ewert in 1993, he investigate the quasi-uniform convergence of
transfinite sequences of functions[13].

For a given linear topology t, on a vector space E, the
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finest linear topology having the same t ,convergent sequences,
and the finest linear topology on E having the same t, precompact sets,
are investigated. Also, the sequentially born logical spaces and the
sequentially barreled spaces are introduced and some of their
propertiesare studied in 1995 ,byA.K.Katsaras and V.Benekas [18] .

V.Tarieladze in 1997 , he is shown that the convergence of
convolution products of probability measures on certain non-locally
compact topological abelian groups can be verified by means of
characteristic functionals. Analogous results are obtained also for almost
everywhere convergence of series of independent random elements in the
considered groups. A connection with the Sazonov property of the groups
Is discussed [30].

In 2003, K.Kuwae and T. Shioya[19]. They present a functional
analytic framework of some natural topologies on a given family of
spectral structures on Hilbert spaces, and study convergence of
Riemannian manifolds and their spectral structure induced from the
Laplacian . They also consider convergence of Alexandrov spaces,
locally finite graphs, and metric spaces with Dirichlet forms. Our study
covers convergence of noncompact (or incomplete) spaces whose
Laplacian has continuous spectrum.

In 2004, the purpose of D.Maclver’s paper[23] is to provide a brief
discussion of this general theory of filters , and attempt to demonstrate
why they are an interesting and useful way to talk about convergence .

M.E.EI-Shafei in 2005 [12] , he introduce and investigate the
notion of weakly Hausdorffness in bitopological spaces by using the
convergent of nets .

In 2007 M.Sakata present a simplified theory of generalized
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eigenfunction expansions for a commuting family of bounded
operators and with finitely many unbounded operators. He also study the
convergence of these expansions, giving an abstract type of uniform
convergence result, and illustrate the theory by giving two examples: The
Fourier transform on Hecke operators, and the Laplacian operators in

hyperbolic spaces [27] .

In chapter one , we shall introduce elementary definitions ,
theorems , standard operators and relationships on subsets of topological
spaces by using semi open , § — open and 6 — open . These operators are
those of closure and interior . We see that most properties of them remain
true after our alternation .

In chapter two , we have used new definitions and relations

depending on adherent point , accumulation point , cluster point of
the net , limit point of the net , Hausdorff space and continuous functions
by presenting some properties of the semi open , 6 — open and 6 — open
sets . We make several proofs for some of the continuity theorems which
give us great useful in convergence .

The third chapter has two sections. In each one we prove theorems
by using the convergence net .In section one , we prove some of theorems
depending on convergence with types of Hausdorff spaces.

Section two contains the definition , compact sets and spaces , and
we have proved some of the theorems relying on convergence in compact

topological spaces.



Chapter One

Elementary and study some types of open sets

Introduction :

In this chapter, we introduce and study three classes of sets: semi
open , O — open and 6 — open . We also mention some of elementary
definitions, theorems and results which are related to above sets. In

addition to, we present notions of interior and closure points and some of

relations that are necessary to the work .



Section one : Semi open set
This section deals with the main definitions semi open and semi
closed . It also presents a general study of the notions semi interior
and semi closure as well as some theorems and properties that are

included throughout the work .

Definition 1.1.1 : [20]

Let (X,1) be a topological space and A < X . Ais called semi open
in X if and only if there exists O € t such that O < A c cl(O) . The
family of all semi open sets in X is denoted by S.O.(X).

The following remarks give some basic properties of S.O.(X) .
Remarks 1.1.2 : [20]

Let (X,7) be a topological space , and A be a subset of X . Then :
1) A € S.0.(X) if and only if A < cl[int(A)].
2) t1s a sub collection of S.0O.(X).
3) A necessary condition for a nonempty set to be in S.0.(X) is that its

interior is not empty.

Definition 1.1.3: [6]
Let (X,7) be a topological space and A be a subset of X . A'is
5



called semi closed in X if and only if (X/A) is semi open setin X .If B c
X then the semi closure of B is defined by the intersection of all semi

closed sets in X containing B and is denoted by S.cl(B) .

The following results give basic properties of the semi closure :
Theorem 1.1.4 : [6]

Let (X,7) be a topological space and A < B < X . Then :
1) S.cl(A) < S.cl(B).
2) S.cl(A) is the smallest semi closed set containing A.
3) S.cl(S.cl(A) = S.cl(A).
4) Ais semi closed if and only if A =S.cl(A).

Definition 1.1.5 : [6]

Let (X,t) be a topological space and x € X . X is called a semi
accumulation point of A < X if each semi open set containing X , contains
a point of A which is distinct from x .We shall call the set of all semi
accumulation points of A by the semi derived set of A and denote it by
S.D.(A).

Theorem 1.1.6 : [16]

Let (X,7) be a topological space and A be a subset of X.Then A is
semi open if and only if there exists B € S.O.(X) suchthatB c A ¢
cl(B).

Definition 1.1.7 : [20]

Let (X.7) be a topological space and A be a subset of X. A point
X e Xis called a semi interior point of A if and only if there exists U «
S.0.(X) such that



X eU < A.The set of all semi interior point of A is called the semi
interior of A and is denoted by S.int(A).

Theorem 1.1.8: [16]

Let (X,7) be a topological space . Let A and B be two subsets of X .
Then :

1) Int(A) < S.int(A) and the reverse inclusion is not true .

2)S.int(A) is the largest semi open set contained in A .
3) If A < B then S.int(A) < S.int(B) .

4) A'is semi open if and only if A = S.int(A) .

5) S.int(S.int(A)) = S.int(A) .

6) S.int(ANB) <S.int(A) NS.int(B) and the reverse inclusion is not true .

Remark 1.1.9 : [26]
Let (X,7) be a topological space, and A be an open set, then
A NDe S.O(X) for each DeS.0(X) .

Theorem1.1.10 : [16]
Let (X,t) be a topological space and let AcX .Then A is semi
closed if and only if S.D(A) c A.

Theorem 1.1.11: [24]

Let (X, 1) be a topological space . If A is semi closed in X , and
int(A)cB <A, then B is semi closed .



Theorem 1.1.12 : [16]
A subset B of a toplogical space (X,1) is semi closed if and only if

there exists a closed set C such that int(C) < B < C.
Remark 1.1.13 [20]

Let (X,7) be a topological space we have :
1) Any union of semi open sets is semi open .

2) Any intersection of semi closed sets is semi closed .



Section two : 0 — Open Set
Section two deals with the elementary definitions for 6 — open ,
0 — closed , 6 — closure and 0 — interior with some theorems and results

that are necessary throughout our research .

Definition 1.2.1 : [22]
Let (X,7) be a topological space and A < X . A is said to be 6 — open

if and only if for each xe A, there exists an open set U such that

xeUc cl(U) c A .1t follows that each 6 — open set is open .

Definition 1.2.2 : [31]

Let (X,7) be a topological space . A point xe X is called a 6 —
adherent point of a subset A of X if A N cl(N) # ¢ for every open set N

containing x .The set of all 8 — adherent points of A is called the 6 —
closure of A , and is denoted by 6.cl(A) .

Remark 1.2.3 : [31]
Let (X,7) be a topological space . A subset A of X is called 6 —
closed if A=60.cl(A).

Definition 1.2.4 : [4]

Let (X,t) be a topological space , and let A be a 6 — closed set .
The complement set of A is called 6 — open . The family of all 6 — open
sets in X is denoted by 0.0.(X).

Lemma 1.2.5: [11]
If A and B are subsets of a topological space (X,t) , then
9



0.cl(AUB) = 0.cl(A) U0.cI(B) .

Remark 1.2.6 :

If B is a subset of a topological space (X,t) , then the 6 — closure of

B is defined by the intersection of all 6 — closed sets in X containing B .

Definition 1.2.7 : [17]

Let (X,1) be a topological space . A point xeX issaidtobea 0 —
interior point of A , if there exists an open set U containing x such that
Uccl(U)c A . The set of all 6 — interior points of A is said to be the 6 —
interior of A and is denoted by 0.int(A).

The following results give basic properties of the 6 — interior .
Thoreom 1.2.8 : [4]

Let A and B are subsets of a topological space (X,t), the
following statements are true :
1) 6.int(A) is the union of all open sets of X whose closures are contained
inA.
2) Ais B.open if and only if A =6.int(A) .
3) If AcB, then 0.int(A) < 6.int(B) .
4) 0.int(A)U0.int(B) < 6.int(AUB) .
5) 0.int(A) N6.int(B) = 0.int(A NB) .

Remark 1.2.9 : [5]
Let (X,7) be a topological space . The family of all 6 — open

sets are topology on X which we shall denote by ts .

10



Section three : 6 — Open set

In section three, we give a general study of the & — open and 6 —
interior that are necessary with some main notions 6 — closed , 6 — closure
as well as some theorems and results that have close relation to the

research .

Definition 1.3.1:
Let (X ,1) be a topological space and Ac X . A is said to be 6 —
open if and only if for each x € A, there exists an open set U such
that x ¢ U < int(cl(U)) c A.

It follows that each 6 — open set is open set .

Definition 1.3.2 : [31]
Let (X,7) be a topological space . A point x € X is called a & —
adherent point of A if and only if int(clU) NA # ¢ , for every open

set U containing x . The set of all & —adherent points of A is called
the 0 — closure of A , and is denoted by d.cl(A) .

Definition 1.3.3 : [31]
Let (X,7) be a topological space . If .cl(A) = A , then A is said to

be & — closed .

Remark 1.3.4 : [31]

Let A be a subset of a topological space (X,t) . Then A is called 6 —
closed if X/A 1is 6 —open .

11



Note 1.3.5:
The family of all & — open sets of a topological space (X,t) , will be
denoted by 6.0.(X) .

Lemma 1.3.6 :[25]

Let (X,7) be a topological space .The intersection of arbitrary of

0 — closed sets in X is 0 — closed .

Lemma 1.3.7 : [25]
If A is a subset of a topological space (X,t) . Then d.cl(A) is the

intersection of all d — closed sets in X containing A .

Definition 1.3.8 :
Let (X,t) be a topological space . A point xe X is said to be a 6 —

interior point of A if there exists an open set U containing x such that
xeU c int(clU) < A . The set of all 6 — interior points of A is said to
be the o — interior of A and is denoted by d.int(A) .

Definition 1.3.9 : [31]

Let ( X, 1) be a topological space. A subset A of X is called 6 —
openif A=0.1nt(A).

Definition 1.3.10 : [29]
A subset A of a topological space ( X, 1) is said to be regular
open if A =int(clA) .

12



Lemma 1.3.11 : [1]
Let ( X, 1) be a topological space and Uet then
int(cl(int(cl(U)))) = int(cl(V)) .

Remark 1.3.12 :

Let ( X, 1) be a topological space . A subset A of X is & — open
if and only if each xe A , there exists a regular open set W such that
xeW c A.
Proof :

The " if " part . Let A is & — open set then, for all xe A there exists
an open Set U containing x such that x ¢ U < int[cl(U)] < A. Let
W =int[cl(U)] , therefore , int[cl(W)] = int[cl(int[cl(U)])] .

But int[cl(U)] = int[cl(int[cl(U)])] by Lemma 1.3.12 .Therefore,
int[cl(W)] = int[cl(U)] , and since W = int[cl(U)] consequently ,
W = int[cl(W)] ,that is, W is a regular open set , and so xe UcWcA .

The "if only" part . For each xe<A , there exists a regular open set
W such that xe W < A . Since W is open set, and int[cl(W)] =W,
therefore, x ¢ W c int[cl(W)] < A.

Hence A is 6 — open set by Definition 1.3.1.

Remark 1.3.13:[14]

The family of all 5 — open subsets of a topological space (X,1) is a
topology on X which is denoted by s .

Lemma 1.3.14 :
Let (X,7) be a topological space and A , B are two subsets of X .
If A c B then 6.intA < 5.intB .
13



Proof :
Let X e 0.intA then there exists open set U containing x such that
xeU c int(clU) < A.Since A c B, we getthat xeU c int(clU) c B.

Hence Xe6.intB , and consequently, 8.intA < 6.intB .

Definition 1.3.15:

Let (X, 1) be atopological space . A point xe X is called a o —
accumulation point of a subset A of X , if int(cl(V))N(A/{x}) #¢ for
every open set V containing x . The set of all & — accumulation points of
A is called 6 — drived set of A and is denoted by 6.D(A) .

14



Section four :
Properties and Relationships of Some Types of Open Sets
In the last section, we present some definitions and theorems that
are needed throughout the study. We also explain some relationships

and graphs for the sets: semi open , 6 — open and & — open.

Remark 1.4.1 : [15]
The following relations hold among modifications of open sets :

0 —open, o—open and semi open .

0 —open — 0 —open — open — semi open

Remark 1.4.2 :
Let ( X, 1) be a topological space ,and A < X .Then:
1) Every 0 — interior point of A is 6 — interior point .
2) Every 6 — interior point of A is interior point .
Proof :
(1) Let x be a 6 — interior point of A , then there exists an open set
U suchthat x ¢ U c cl(U) < A by Definition 1.2.7.
And since int(cl(U)) < cl(U) therefore ,x ¢ U c int[cl(U)] < A.
Hence x is & — interior point of A .
(2) can be proved by the same manner by using Definition 1.3.8.

Lemma 1.4.3:
Let ( X, 1) be a topological space and A < X then :
1) If A is 6 — closed set then , A is 6 — closed set ;
2) If A is 6 — closed set then , A is closed set ;

3) If Alis closed set then , A is semi closed set .

15



Proof :

(1)  Let A be a0 — closed set which implies that (X/A) is 6 — open set ,
then (X/A) is 6 — open set by Remark 1.4.1 .Therefore we get that A is
0 — closed set .

(2) and (3) can be proved by the same manner .

Note 1.4.4 :

The following relations hold among modifications of closed sets :

0 —closed, & — closed and semi closed .

0 — closed — 6 — closed — closed — semi closed

Theorem 1.4.5 : [21]
Let (X,7) be a topological space and let A < X . Then S.cl(A) ccl(A) .

Remark 1.4.6 : [31]

Let (X,7) be a topological space, then
1) For any subset S < X, cl(S) < 6.cl(S) < 0.cl(S).
2) Forany U e 1, cl(U) = 6.cl(U) = 0.cl(U) .

Note 1.4.7 :

Let A be a subset of a topological space ( X, 1) . Then,
S.cl(A) c cl(A) c d.cl(A) c06.cl(A)

Lemma 1.4.8 :[5]

Let (X,7) be a topological space then , o = 15 =7 .

16



Theorem 1.4.9:

Let (X,1) be a topological space , and A < X ,then :
1) 4.int(A) = X/(5.cl(X/A)).
2) 0.int(A) = X/(0.cl(X/A).
3) S.int(A) = X/(S.cl(X/A) .

Proof :

(1)  db.cl(A)=N{F:Fis 6 —closed set and AcF}. By [Demorgan law],
we get that X/(5.cl(A)) = U {G:G is & —open set and G c X/A},
where G = X/F.Therefore , X/(6.cl(A)) = d.int(X/A).

Consequently X/(8.cl(X/A)) = 6.int(A) .

Similarly we can prove numbers (2) and (3) .

Theorem 1.4.10: [28]
Let (X,7) be a topological space , and let Ac X . Then,
int(A) = [X/cl(X/A)] (i.e. The interior of A is the complement of the

closure of the complement of A .

Note 1.4.11:
Let (X, 1) be a topological space , and N be an open set then ,
N < int[cl(N)] .

Theorem 1.4.12 :
Let (X,1) be a topological space , and let N be an open set then :
1) N c d.int[cl(N)] .
2) N < 0.int[cI(N)].
3) N c S.int[cl(N)]
4) N c int[6.cI(N)] .
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5) N c int[0.cI(N)] .
6) N < int[S.cl(N)] .
7) N c 4.int[5.cI(N)].
8) N c 0.int[0.cI(N)].
9) N < S.int[S.cl(N)] .
10)N <4.int[6.cl(N)].
11) N < 0.int[3.cI(N)].

Proof :
(1) By Theorem 1.4.9.Part 1, 3.int[cl(N)] = X/[5.cl(X/cI(N))] .
Therefore , d.int[cl(N)] =X/[c](X/cl(N))] by Remark 1.4.6.Part 2 .
=int[cI(N)] by Theorem 1.4.10,
and since N is open set , we get that N < int[cl(N)] by
Note 1.4.11, consequently N < d.int[cl(N)].

Similarly we can prove number (2) .

(3) By Theorem 1.1.8.Part 1, and by assumption N is open , we get
that N = int(N) < S.int(N) , but S.int(N) < S.int[cl(N)] .
Consequently N < S.int[cl(N)] .

(4) Since N cd.cl(N), therefore int(N) cint[5.cl(N)], and since N is
open set, thatis, N =int(N).Hence N cint[3.cl(N)].

(5) and (6) can be proved by the same manner .
(7)  Fromitem (1), N c d.int[cl(N)], and since cl(N) = .cl(N)

by Remark 1.4.6.Part 2, therefore, N < d.int[3.cl(N)] .

(8) can be proved by the same manner .
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(99  Since N c=S.cl(N), and so S.int(N) cS.int[S.cl(N)], also
int(N) <S.int(N) by Theorem 1.1.8.Part 1 , which implies that
Int(N) < S.int[S.cl(N)], but int(N) =N, since N is open set .
Consequently Nc S.int[S.cl(N)] .

(10) Byremark 1.4.6.Part 2, and by item (1) , we get that
N c 3.int[0.cI(N)].

Similarly we can prove number (11) .

Proposition 1.4.13 :

Let (X,7) be a discrete topological space , and AcX. Then :
1) A is 0 — open set .
2) A is § — open set .

3) A is semi open set .

Proof :

(1)  Since (X,1) is a discrete topological space , and A < X then A is
open set, and A = int(A), also X/A <X then X/A is open set
therefore, A'is closed set, and A = cl(A) .Forall x <A, and since
Xe A ccl(A) < A . Hence A is 6 — open set by Definition 1.2.1.

(2) By proof (1), we get that A is 6 — open set , hence A is & — open

set by Remark 1.4.1.

Similarly we can prove number (3) .

Theorem 1.4.14 :

Let (X,7) be a discrete topological space, and A < X then :
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1) A =int[0.cl(A)] .
2) A =int[d.cl(A)] .
3) A=int[S.cl(A)] .
4) A =0.int[cl(A)] .
5) A = 5.int[cl(A)] .
6) A = S.int[cl(A)] .
7) A = 0.int[0.cl(A)] .
8) A = 5.int[5.cl(A)] .
9) A =S.int[S.cl(A)] .
10)A = 3.int[0.cl(A)].
11)A = 0.int[3.cl(A)] .
12) A = int[cl(A)] .

Proof :

Directly through Proposition 1.4.13 .
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Chapter Two

Convergence Net

Introduction :

Chapter two consists of five sections . In section one, we
define and study types of adherent points . Section two deals with
kinds of accumulation points , while in the third section we give
definitions and relationships to the kinds of cluster and limit
points of the net . The fourth section deals with elementary
definitions of Hausdorff spaces .

In the last section , we present types of continuity and prove

theorems about convergence by using continuity.
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Section one : Types of Adherent Points
In this section, we define an adherent point by depending on
some properties of 6 — open set , 6 — open set and semi open set .
Let A be a subset of a topological space (X ,t) and let xe X ..
Then x is called an adherent point of A, if every open set

containing x , contains point of A .[28]

Definition 2.1.1:
Let (X,1) be a topological space , and let A < X . Apointx e X
is called :
1) S.56 —adherent point of A, if int[S.cl(N)] N A # ¢ , for every open
set N containing x . The set of all S.5 — adherent points of A is
called the Semi 6 — closure of A , and is denoted by S.5.cl(A) .

2) 0.6 —adherent point of A, if int[0.cI(N)] N A # ¢ , for every open
set N containing x . The set of all 0.6 — adherent points of A is
called the 6.6 — closure of A , and is denoted by 6.5.cl(A) .

3) 8.6 —adherent point of A , if int[d.cl(N)] N A # ¢ , for every open
set N containing x . The set of all 6.6 — adherent points of A is
called the 6.6 — closure of A , and is denoted by 6.5.cl(A) .

4) S*.6 —adherent point of A, if S.int[cI(N)] N A # ¢ , for every

open set N containing x . The set of all S*.6 — adherent points of
A is called the S*.5 — closure of A , and is denoted by S*.5.cl(A) .
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5) 6*.0 — adherent point of A , if 0.int[cI(N)] N A # ¢ , for every
open set Ncontaining x . The set of all 0*.6 — adherent points of A
is called the 0*.5 — closure of A , and is denoted by 0*.5.cl(A) .

6) &*.0 —adherent point of A , if .int[cl(N)] N A # ¢ , for every
open set N containing x . The set of all 6*.0 — adherent point of A
is called the 6*.6 — closure of A , and is denoted by 6*.5.cl(A) .

7) S**.6 —adherent point of A, if S.int[S.cI(N)] N A # ¢ , for every

open set N containing X .The set of all S**.5 — adherent points of
A is called the S**.5 — closure of A , and is denoted byS**.5.cl(A).

8) 0**.5 — adherent point of A , if 0.int[0.cl(N)] N A # ¢ , for every

open set N containing x . The set of all 6%*.6 — adherent points of
A is called the 6**.5 — closure of A , and is denoted by 0**. 6.cl(A) .

9) 6**.0 — adherent point of A , if 3.int[d.cI(N)] N A # ¢ , for every

open set N containing x . The set of all 3**.5 — adherent points of A
is called the 6**.0 — closure of A , and is denoted by 6**.5.cl(A) .

10)6***.5 — adherent point of A , if 0.int[d.cI(N)] N A # ¢ , for every
open set N containing x . The set of all 6***.6 — adherent points of
A is called the 6***.6 — closure of A , and 1s denoted by 6***.5.cl(A).
11) 6***.6 — adherent point of A , if 3.int[0.cI(N)] N A # ¢ , for every

open set N containing x . The set of all 8***.5 — adherent points of

A is called the 6***.5 — closure of A , and is denoted by 0***.5.cl(A) .

The following propositions can be proved by using Definition 1.3.2,

23



Definition 2.1.1 and Remark 1.4.6.Part 2 .
Proposition 2.1.2:
Let ( X, t) be a topological space , and let A < X . Then for x ¢ X, the
following statement are equivalent :
1) x is 6 — adherent point of A.
2) xis 0. 6 — adherent point of A .
3) x is 0.6 — adherent point of A .

Proposition 2.1.3 :
Let ( X, T) be a topological space , and let A < X . Then for X

X, the following statement are equivalent :
1) x is 6*.6 — adherent point of A .
2) x is 0**, 5 — adherent point of A .
3) x is 0*** .6 — adherent point of A .

Proposition 2.1.4 :
Let ( X, ) be a topological space , and let A < X . Then for x

X, the following statement are equivalent :
1) x is 6*.6 — adherent point of A .
2) x is 6**. 6 — adherent point of A .
3) x is 0***.5 — adherent point of A .

Lemma 2.1.5:
Let (X,7) be a topological space and let A be a subset of X then
every adherent point of A is :
1) S.5 — adherent point.
2) 0.6 — adherent point .
3) S*.6 — adherent point .
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4) 6*.5 — adherent point .

5) &*.6 — adherent point .

6) S**.5 — adherent point .

Proof :

Q) Let x be an adherent point of Athen, N N A # ¢ for

every open set N containing X .
Since N c int[S.cl(N)] by Theorem 1.4.12. Part 6,
therefore , int[S.cl(N)] N A # ¢ . Hence x is S.56 — adherent

point of A .
Similarly we can prove numbers (2) , (3), (4), (5) and (6) .

Example 2.1.6 :
Let X={a,b,c} andt= {g, {a}, {a,b}, X }and A= {b}.
—closed = {X, {b ,c}, {c}, ¢} . Find 1) The adherent points of A .

2) 6 — adherent, S.56 — adherent , *.6 — adherent, the S*.5 — adherent ,
0*.0 —adherent and S**.5 — adherent points of A .

Solution :

(1) Since {a, b}, X are only open sets containing b and {a, b} N A# ¢,

and XN A # ¢, therefore b is adherent point of A, also c is adherent

point of A. Since X is only open set containing cand XN A # ¢ .

But a is not adherent point of A , since {a} is open set containing a and

{a3n A=y.

(2) Since b and c are adherent points of A , therefore , b and c are

0 — adherent, S.6 — adherent, 6*.0 — adherent, S*.6 — adherent A, 6*.0 —

adherent and S**.5 — adherent points of A by Lemma 2.1.5.

Since int[cl(N)] = X, o.int[c(N)] =X,
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S.int[cl(N)] = X, 6.int[c](N)] = X, and since {¢, {a}, {a,b}, X, {a,c}}
the family of all semi open sets in X, therefore , {X, {b, c}, {c}, ¢,
{b}} the family

of all semi closed in X, so int[S.cl(N)] = X and S.int[S.cl(N)] = X, for
every open set N containing a, and so XN A # ¢ , hence a is 6 — adherent
A, S.0 — adherent, 6*.6 — adherent, S*.6 — adherent, 0*.0 — adherent and
S**.6 — adherent point of A by Definition 2.1.1.

Proposition 2.1.7 :
Let A be a subset of a topological space (X,t) then every :

1) S. 6 —adherent point of A is 6 — adherent point .

2) S**.56 — adherent point of A is S*.5 — adherent point .

3) 6 —adherent point of A is S*.5 — adherent point .

4) S.6 — adherent point of A is S**.6 — adherent point .

5) 6*.8 — adherent point of A is & — adherent point .

6) 0*.5 — adherent point of A is 6*.5 — adherent point .

7) 0** .6 — adherent point of A is 6***.6 — adherent point .
8)d*** .6 — adherent point of A is 6**.5 — adherent point .
9) 6**.6 — adherent point of A is 0.6 — adherent point .
10)6*.6 — adherent point of A is 6***.5 — adherent point .
11)0***.6 — adherent point of A is 6 — adherent point .

Proof :

(1) Letx be aS.d6 —adhrenet point of A then , int[S.cI(N)] N A# ¢,
for every open set N containing x .Since S.cl(N) < cl(N) by Theorem
1.4.5, and so int[S.cl(N)] < int[cI(N)], therefore , int[cl(N)] N A # ¢ for

every open set N containing x . Hence x is 6 — adherent point of A .
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Similarly we can prove number (2) .

(2) Letxbead—adherent point of A then, int[cl(N)] N A # gfor
every open set N containing x .And every interior point of A is semi
interior point by Theorem 1.1.8.Part 1,therefore, S.int[cl(N)] N A # ¢
for every open set N containing x .Hence x is S*.6 — adherent point of
A.

4, (5), (6), (7) and (8) can be proved by adopting the same items .

9) Let x be a 6**.6 — adherent point of A then ,

o.int[8.cl(N)] N A # ¢ for every open set N containing X .

But for any set A 6 — interior point of A is interior point by

Remark 1.4.2.Part 2,consequently int[d.cI(N)] NA # ¢ , and so

d.cl(N) =0.cl(N) by Remark 1.4.6.Part 2, therefore ,

int[0.c(N)] N A # ¢ for every open set N containing x .

Hence x is 0.0 — adherent point of A .

Similarly we can prove numbers (10) and (11) .
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Note 2.1.8 :
The following diagram is taken from the above proposition and

the definition of modification of & — adherent points stated above .

S.5 — adherent — & — adherent «— 3.5 — adherent «— 0.0 —

adherentl

S** § — adherent 0*.0 — adherent < 0*.0 —

“adhrenef 1 / 1

o*** § — adherent

0** .3
— adhrenet
S*.5 — adhrenet o0** .0 — adherent

N

0*** § — adhrenet
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Section two : Types of Accumulation Points
In this section we define an accumulation point by
depending on some properties of 6 — open set , & — open set and
semi open set .
Let A be a subset of a topological space (X ,t) and let xe X.
Then x is called the accumulation point of A, if every open set

containing x , contains point of A other than x .[28]

Definition 2.2.1:

Let A be a subset of a topological space ( X ,t). A point x € X is
called :
1) S.5 —accumulation point of A, if int[S.cI(N)] N ( A/{x}) # ¢ for

every open set N containing X .

2) 0.6 —accumulation point of A , if int[0.cl(N)] N (A/{x}) # ¢ for

every open set N containing X .

3) 8.6 —accumulation point of A , if int[6.cI(N)] N (A/{x}) # ¢ for

every open set N containing X .

4) S*.5 —accumulation point of A, if S.int[cI(N)] N (A/{x}) # ¢ for

every open set N containing x .

5) 6*.6 — accumulation point of A , if 0.int[cI(N)] N (A/{x}) # ¢ for

every open set N containing X .

6) 6*.0 —accumulation point of A , if d.int[cI(N)] N (A/{x}) # ¢ for

every open set N containing X .
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7) S**.6 —accumulation point of A, if S.int[S.cI(N)] N (A/{x}) # ¢ for

every open set N containing X .

8) 6**.6 —accumulation point of A , if 0.int[0.cI(N)] N (A/{x}) # ¢ for

every open set N containing X .

9) &**.6 —accumulation point of A , if 3.int[6.cl(N)] N (A/{x}) # ¢ for

every open set N containing X .

10)0***.6 — accumulation point of A , if 0.int[5.cI(N)] N (A/{x}) # ¢

for every open set N containing X .

11)0***.8 — accumulation point of A , if d.int[0.cI(N)] N (A/{x}) # ¢

for every open set N containing X .

The following propositions can be proved by using Definition 1.3.15,
Definition 2.2.1 and Remark 1.4.6.Part 2 .

Proposition 2.2.2 :
Let A be a subset of a topological space (X ,1),andletx € X.
Then , the following statements are equivalents :
1) x is & —accumulation point of A .
2) x is 0.6 — accumulation point of A .

3) x is 8.6 — accumulation point of A .
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Proposition 2.2.3 :
Let A be a subset of a topological space (X, t),andletXx € X.
Then , the following statements are equivalents :
1) x is 6*.6 — accumulation point of A .
2) x is 0**.0 —accumulation point of A .

3) xis 0***.6 —accumulation point of A .

Proposition 2.2.4 :
Let A be a subset of a topological space (X, t),andletx ¢ X.

Then , the following statements are equivalents :

1) x is 6*.6 — accumulation point of A .

2) x is 6**.8 — accumulation point of A .

3) x is 0*** § —accumulation point of A .

Lemma 2.2.5:
Let (X,7) be a topological space and let A be a subset of X then ,
every accumulation point of A is :
1) 6.6 — accumulation point.
2) S.6 —accumulation point .
3) S*.6 —accumulation point .
4) 0*.6 — accumulation point .
5) 6*.6 — accumulation point .

6) S**.6 — accumulation point .

Proof :

(1) Let x be an accumulation point of A then ,
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N N (A/{x}) # ¢ for every open set N containing X .
Since N ¢ int[0.cl(N)] by Theorem 1.4.12. Part 5,
therefore , int[0.cl(N)] N (A/{x}) # ¢ for every open
set N containing x . Hence x is 0.0 — accumulation point
of A.
(2), (3), (4), (5) and (6) can be proved by following the same

procedures applicable to number (1) .

Proposition 2.2.6:

Let A be a subset of a topological space (X,t) then , every :
1) S.6 — accumulation point of A is & — accumulation point .
2) S**.6 —accumulation point of A is S*.6 — accumulation point.
3) 6 — accumulation point of A is S*.6 — accumulation point .
4) S.6 —accumulation point of A is S**.5 — accumulation point .
5) 6*.6 —accumulation point of A is & — accumulation point .
6) 0*.56 — accumulation point of A is 6*.56 — accumulation point .
7) 6** .6 — accumulation point of A is 0***.5 — accumulation point .
8) 0***.5 — accumulation point of A is 6**.56 — accumulation point .
9) 6**.6 — accumulation point of A is 6.6 — accumulation point .
10)0*.6 — accumulation point of A is 6*** .6 — accumulation point .

11)3***.5 — accumulation point of A is & —accumulation point .

Proof :

(1)  Letxbea S.6 —accumulation point of A then,
int[S.cl(N)] N(A/{x}) # ¢ for every open set N
containing X .
Since S.cl(N) < cI(N) by Theorem 1.4.5, and so
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int[S.cl(N)] < int[cl(N)], therefore ,
int[cl(N)] N (A/{x}) # ¢ for every open set N
containing x . Hence x is & — accumulation point of A .

Similarly we can prove number (2) .

3) Let x be a 6 — accumulation point of A then,
int[cl(N)] N (A/{x}) # ¢ for every open set N
containing x . But every interior point is semi
interior point by Theorem 1.1.8.Part 1, therefore ,
S.int[cI(N)] N (A/{x}) # ¢ for every open set N
containing X . Hence x is S*.6 — accumulation point of A .
(4), (5), (6), (7) and (8) can be proved by adopting the

same items .

%) Let x be a 6**.6 — accumulation point of A then,
o.int[d.cl(N)] N (A/{x}) # ¢ for every open
set N containing X .
But every o — interior point for any set is
interior point by Remark 1.4.2.Part 2, and so
d.cl(N) = 0.cl(N) by Remark 1.4.6.Part 2, therefore ,
int[0.cI(N)] N (A/{x}) # ¢ for every open set N
containing x . Hence x is 0.6 — accumulation point of A .
(10) and (11) can be proved by following the same procedures

applicable to the number (9) .
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Note 2.2.7 :
The following diagram is taken from the above proposition and the

definition of modification of 6 — accumulation points stated above .

Let accum = accumulation

S.0 —accum — d—accum «—— 9.0—accum <«—— 0.0—accum

v

S** 6 —accum 0%*.0 —accum < 0*.0 —accum

| “,,,,,,,,/””)" 1

0*** 5 —accum

v v v
S*.0 —accum 0** 0 —accumt—>0*** d—accum*t——0**.0 — accum
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Section three : Properties of Convergence Net
Section three deals with convergence by using elementary
definitions and results of some properties of semi open , 0 — open

and 0 — open sets .

Definition 2.3.1:[28]
Let A be a non — empty set . We say that a binary relation >
on A directs the set A, if
[Di]:a e A thena>a.
[D2]:a>bandb>cthena>c(a,b,cec A).
[D3] : given any two members a and b of A, there exists a
member ¢ € A suchthatc>a and ¢>b.
We say that a follows b in the order > and that b precedes a,
if a>b.
By a directed set , we mean a pair ( A , >) consisting of a
non—empty set A and a binary relation > defined on A which
directs A .

The pair ( A, >) 1s some times called a directed system .

Definition 2.3.2 :[28]

Let (A, >) be a directed system and let f be an arbitrary
function of Ainto aset X. Then fis called a netin X and is
denoted by (f, X, A,>).

We shall denote the image f(a) of ac A under f by fa and a net
in X will be often denoted by the symbol ({fa:acA },>) or
simply by {fa:acA }.
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Definition 2.3.3 : [28]
Let(f,X,A,>)becanctandletY < X . Then fis said to
be frequently in Y , if for each a in A , there exists b>a in A such

thatfo e Y .

Definition 2.3.4 : [28]

Let (X, 1) be a topological space and let (f, X, A,>)beca
net in X .Then a point X. e X is called cluster point of the net f, if f is
frequently in every open set N containing X , that is , for each ain A,

there exists b > a in A such that f,<N for every open set N containing Xo .

Definition 2.3.5 : [28]
Let(f,X,A,>)beanetandletY < X. Then fis said to
be eventually in Y , if there exists an element ao € A such that for

every a>ao ,a e A then fae Y.

Note 2.3.6 :[28]
Let (f,X,A,>)becanctandY < X. Ifthe netfis

eventually inY then, f can not be frequently in X/Y .

Definition : 2.3.7 :[28]
Let(f,X,A,>)and (g, X,B,>*)betwo nets.Theng
Is said to be a subnet of f, if there exists a function
®: B — A such that
l)g=f-® and
2) for each ain A, there exists an element b in B such that

® (x) >aforevery x>*b inB.
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Theorem 2.3.8:[28]

Let ( X, 1) be a topological space and let (f, X, A,>)be
anet in X . Let Q be the collection of subsets of X satisfying the
following two conditions :

1) fis frequently in each members of Q .

2) If S, T are any two members of Q. Then, there exists a
member U of
Qsuchthat U = S N T. Then there exists a subnet of f

which is eventually in each member of Q .

Definition2.3.9 : [7]

Let (X,7) be a topological space and let (f, X, A, >) be a net
in X . We say that f converges to a point xo € X, if fis eventually in
every open set containing X , that is , for each open set N containing Xo ,
there exists an element ac e A, a>ao then fa € N, and the point Xo is

called limit point of the net f .

Definition 2.3. 10 :

Let (X,t) be a topological space and let (f, X, A,>) be a net
in X, and Xoe X . We say that f is :
1) & — converging to a point Xo , if f is eventually in int[cl(N)] for each
open set N containing X , that is , for each open set N containing Xo,
there exists an element ace A , a> ao in A then fa e int[cl(N) , and the

point Xo is called & — limit point of the net f .

2) S.8 — converging to a point Xo, if f is eventually in int[S.cl(N)] for each
open set N containing Xo , that is , for each open set N containing X,
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there exists an element a €A , a>ao in A then fa e int[S.cl(N)] , and the

point Xo is called S.6 — limit point of the net f .

3) 6.8 — converging to a point Xo, if f is eventually in int[0.cI(N)] for each
open set N containing Xo , that is , for each open set N containing X., there
exists an element ao e A, a>ao in A then fa e int[0.cl(N)], and the point

Xo is called 0.6 — limit point of the net f .

4) 8.6 — converging to a point Xo, if f is eventually in int[5.cl(N)] for each
open set N containing Xo, that is , for each open set N containing X., there
exists an element ao € A ,a>ao in A then fa e int[6.cl(N)] , and the point

Xo is called 8.6 — limit point of the net f .

5) S*.5 — converging to a point Xo, if f is eventuallay in S.int[cl(N)] for
each open set N containing Xo , that is , for each open set N containing X,
there exists an element acc A , a>ao in A then fa S.int[cl(N)], and the

point Xo is called S.d — limit point of the net f .

6) 0*.5 — converging to a point Xo, if f is eventually in 0.int[cl(N)] for
each open set N containing Xo, that is, for each open set N containing X,
there exists an element a €A , a> a0 in A then fa e int[cI(N)], and the

point Xo is called 6*.6 — limit point of the net f .

7) &*.6 — converging to a point Xo, if fis eventually in d.int [c](N)] for
each open set containing Xo, that is , for each open set N containing Xo,
there exists an element a e A , a > a0 in A then fa €4.int[cl(N)], and the

point Xo is called &*.6 — limit point of the net f .
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8)S**.5 — converging to a point Xo, if is eventually in S.int[S.cl(N)] for
each open set N containing Xo , that is , for each open set N containing X,
there exists an element ac e A, a>ao in A then fa S.int[S.cl(N)], and

the point Xo is called S**.8 — limit point of the net f .

9)6**.5 — converging to a point Xo, if f is eventully in 0.int[0.cl(N)] for
each open set N containing Xo , that is , for each open set N containing
Xo,there exists an elementa e A, a>aoin A then fa €0.in[0.cl(N)], and

the point Xo is called 0**.5 — limit point of the net f

10) 6**.6 — converging to a point Xo, if f is eventually in d.int[d.cl(N)] for
each open set N containing Xo , that is , for each open set N containing X,
there exists an element a € A ,a>ao in A then fa €9.int[3.cl(N)] , and the

point Xo is called 6**.5 — limit point of the net f .

11) 6***.5 — converging to a poin Xo, if f is eventually in 0.int[5.cl(N)] for
each open set N containing Xo , that is , for each open set N containing X,
there exists an element ac e A, a>ao in A then fa e 0.int[cl(N)], and the

point Xo is called 6***.5 — limit point of the net f .

12) 6*** .5 — converging to a point Xo, if fis eventually in 8.int[0.cl(N)]
for each open setN containing Xo, that is , for each open set N containing
Xo, there exists an element ao €A, a>ao in A then fae 6.int[0.cI(N)],

and the point Xo is called 6***.5 — limit point of the net f .

Example 2.3.11:

Let ( X, 1) be an indiscrete topological space .Then , every net in
Xis:
1) S.5 — converges to every point in X .
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2) 0.5 — converges to every point in X .

3) S*.6 — converges to every pointin X.
4) 6*.5 — converges to every pointin X .

5) &*.0 —converges to every point in X .
6) S**.56 — converges to every pointin X .
7) 6**.5 —converges to every point in X .
8) 6**.6 — converges to every point in X .
10)3***.5 — converges to every point in X .
11)0*** 8 — converges to every point in X .

12)4 — converges to every pointin X .

Proof :

(1) Let (f,X,A,>)beanetin X, and let x be an arbitrary
point of X .Then , the only open set containing x is X .
Sincefa e Xforallae A,
and X c int[S.cl(X)] by Theorem 1.4.12 .Part 6,
also int[S.cl(X)] < X, consequently , X = int[S.cl(X)] .
Hence fa < int[S.cl(X)] for all a € A . It follows that f is
S.d — converges to X .

(2), (3), (4), (5), (6), (), (8), (9), (10), (11), and (12) can be

proved by the same manner .

Note 2.3.12 :
The above example shows that a net in an indiscrete topological
space may be :
1) S.5 — converges to several different points .
2) 0.6 — converges to several different points .

3) 6.6 — converges to several different points .
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4) S*.6 — converges to several different points .
5) 6*.6 — converges to several different points .
6) 6*.0 — converges to several different points .
7) S**.0 — converges to several different points .
8) 6**.5 — converges to several different points .
9) &**.6 — converges to several different points .
10)6***.5 — converges to several different points .
11)0*** .5 — converges to several different points.

12)d — converges to several different points .

Example 2.3.13 :
Let (X,7) be a discrete topological space and xo ¢ X and let (f, X,
A ,>)be anetin X then, the net fis :
1) S.56 — converges to a point Xo if and only if f is eventually in {X.} ,that
is ,if and only if there exists an element a, € A such that fa = x. for all

a>ain A.

2) 6.6 — converges to a point X if and only if f is eventually in {Xo} , that
Is, if and only if there exists an element a.< A such that fa = X. for all

a>ao INA.

3) 8.6 — converges to a point Xo if and only if f is eventually in {X.} , that
is ,if and only if there exists an element a.< A such that fa = x. for all

a>aoin A.
4) S*.5 — converges to a point X if and only if f is eventually in {x.} , that

is ,if and only if there exists an element a.e A such that fa = x. for all

a>ain A.
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5) 6*.5 — converges to a point Xo, if and only if f is eventually in{x.} , that
is, if and only if there exists an element a.< A such that fa = x. for all

a>ain A.

6) 0*.6 — converges to a point Xo , if and only if f is eventually in {X.} ,
that is , if and only if there exists an element a. < A such that fa = x. for

alla>aoin A.

7) S**.5 — converges to a point Xo if and only if f is eventually in {X.},
that is , if and only if there exists an element a.< A such that fa = x. for all

a>ain A.

8) 0**.6 — converges to a point Xo if and only if f is eventually in {Xo} ,
that is ,if and only if there exists an element a» < A such that fa = X, for all

a>ainA.

9) 6**.6 — converges to a point Xo if and only if f is eventually in {Xo} ,
that is , if and only if there exists an element a.< A such that fa = x. for all

a>ain A.

10) 6***.5 — converges to a point Xo if and only if f is eventually in {x.} ,
that is ,if and only if there exists an element a.< A such that fa = x. for all

a>ainA.
11) 6*** .5 — converges to a point X. if and only if f is eventually in {0},

that is ,if and only if there exists an element a.< A such that fa = x. for all

a>ain A.
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12) 6 — converges to a point Xo , if and only if f is eventually in {xo} , that
is, if and only if there exists an element a, < A such that fa = x. for all a

ZaoinA.

Proof :

(1) Let £S.6 — converges to Xo and since ( X, t) is a discrete
topological space , therefore ,{x.} is an open set containing Xo, and
so there exists an element a. €A , a> a0 in A which implies that
fa e Int[S.cl({X.})] .

But by Theorem 1.4.14.Part 3, {Xo} = int[S.cl({x0.})] , consequently

fa e{Xo}, thatis, f is eventually in {Xo} .

Conversely, Let f be eventually in {Xo} . Since every open set

containing Xo contains {x.} , therefore f is eventually in every open
set N containing Xo, and since N = int[S.cl(N)] by Theorem
1.4.14.Part 3, It follows that f is eventually in int[S.cl(N)] for every
open set N containing X.. Hence f'S.5 — converges to Xo .
(2), (3), (4), (5), (6), (7), (8), (9), (10), (11) and (12) can be proved by

adopting the same items .

The following Propositions 2.3.14, 2.3.15 and 2.3.16, can be proved
by using Definition 2.3.10, and Remark 1.4.6.Part 2 .

proposition 2.3.14:
Let (X, 1) be a topological space, and let (f, X, A, >) be anet in
X, and x e X . Then the following statements are equivalents :
1) x is & — limit point of the net f .
2) x is 0.8 — limit point of the net f .
3) x is 8.6 — limit point of the net f.
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proposition 2.3.15 :
Let (X, 1) be a topological space, and let (f, X, A, >) be a net in
X ,and x e X . Then the following statements are equivalents :
1) x is 0*.5 — limit point of the net f .
2) x is 0**.5 — limit point of the net f.
3) x is 0***.5 — limit point of the net f .

proposition 2.3.16 :
Let (X, t) be a topological space, and let (f, X, A, >) be a net in
X, and x e X . Then the following statements are equivalents :
1) x is 6*.8 — limit point of the net f .
2) x is 6**.8 — limit point of the net f .
3) x is 0*** 8 — limit point of the net f .

proposition 2.3.17 :
Let ( X, 1) be a topological space and let (f, X, A,>) be a net
in X, then every :
1)S.8 — limit point of the net f'is & — limit point .
2) S**.5 — limit point of the net fis S*.5 — limit point .
3) 6 — limit point of the net fis S*.6 — limit point .
4) S.6 — limit point of the net f'is S**.6 — limit point .
5) &*.56 — limit point of the net fis 6 — limt point .
6) 0*.56 — limit point of the net fis 6*.6 — limit point .
7) 6** .6 — limit point of the net fis 6***.6 — limit point .
8) 6***.5 — limit point of the net f is 6**.5 — limit point .
9) &**.6 — limit point of the net f'is 0.6 — limit point .
10)0*.56 — limit point of the net fis 0***.5 — limit point .
11)3***.5 — limit point of the net fis 6 — limit point .
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Proof :

(1) Let Xo be a S.6 — limit point of the net f then , for each
open set N containing Xo there exists an element a» < A such that
a>ao,a cAthenfa e int[S.cl(N)] . By Theorem 1.4.5, we get that
S.cl(N) < cl(N), So int[S.cl(N)] < int[cI(N)] , therefore ,
fa e int (cl(N) , for each open set N containing Xo .
Hence x is & — limit point of the net f .

Similarly we can prove number (2) .

(3) Let Xo be a 6 — limit point of the net f then , for each open set N
containing Xo ,there exists an element a, A such thata > ao
a € A then fa < int[cl(N)] .But every interior point is semi
interior point by Theorem 1.1.8.Part 1, therefore , fa e S.int[cl(N)]
for each open set N containing Xo .
Hence x is S*.56 — limit point of the net f .

Similarly we can prove numbers (4) , (5), (6), (7) and (8) .

(9) Let Xo be a 6**.5 — limit point of the net f then for every open set
N containing Xo, there exists an element a» < A such that for each

aec A, a >aothenfa e 4.int[d.cl(N)] . But every 6 — interior point is
interior point by Remark 1.4.2.Part 2, and so d.cl(N) = 0.cl(N) by
Remark 1.4.6.Part 2 , therefore , fa € int[0.cl(N)] for every open set N
containing Xo . Hence x is 0.6 — limit point of the net f .

Similarly we can prove numbers (10) and (11) .
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proposition 2.3.17 :
Let ( X, 1) be a topological space and let (f, X, A,>) be a net
in X, then every :
1)S.6 — limit point of the net f'is 6 — limit point .
2) S**.5 — limit point of the net fis S*.d — limit point .
3) 8 — limit point of the net f'is S*.6 — limit point .
4) S.8 — limit point of the net f'is S**.5 — limit point .
5) 6*.6 — limit point of the net fis 6 — limt point .
6) 0*.56 — limit point of the net fis 6*.6 — limit point .
7) 0*%*.56 — limit point of the net f'is 0***.5 — limit point .
8) 6***.5 — limit point of the net f is 6**.5 — limit point .
9) 8**.6 — limit point of the net f'is 0.6 — limit point .
10)0*.5 — limit point of the net fis 0***.5 — limit point .
11)0*** .8 — limit point of the net f'is & — limit point .
Proof :
(1) Let Xo be a S.56 — limit point of the net f then , for each
open set N containing Xo there exists an element a» < A such that
a>ao,a <Athenfa e int[S.cl(N)] . By Theorem 1.4.5, we get that
S.cI(N) < cl(N), So int[S.cl(N)] < int[cl(N)], therefore ,
fa e int (cl(N) , for each open set N containing Xo .
Hence x is & — limit point of the net f .

Similarly we can prove number (2) .

(3) Let Xo be a 6 — limit point of the net f then , for each open set N
containing Xo ,there exists an element a <A such that a> ao ,
a € A then fa < int[cl(N)] .But every interior point is semi
interior point by Theorem 1.1.8.Part 1, therefore , fa e S.int[cl(N)]
for each open set N containing Xo .

Hence x is S*.6 — limit point of the net f .

46



Similarly we can prove numbers (4) , (5), (6) , (7) and (8) .

(9) Let xobe a 6**.0 — limit point of the net f then for every open set
N containing Xo, there exists an element a» « A such that for each

ae A, a >aothenfa e d.int[3.cl(N)] . But every & — interior point is
interior point by Remark 1.4.2.Part 2, and so 6.cl(N) = 0.cl(N) by
Remark 1.4.6.Part 2 , therefore , fa < int[0.cl(N)] for every open set N
containing Xo . Hence x is 0.6 — limit point of the net f .

Similarly we can prove numbers (10) and (11) .

Note 2.3.18 :

The following diagram is taken from the above proposition and

definition of modification of 6 — limit points of the net stated above .
S.0—limit ——— 6 — limit «——»06.0 — limite——»0.5 — limit

N
S**.6 — limit 0*.0 — limit « 0*.0 — limit

| / 4

OF*F* 5 — limit

v v v
S*.0—limit  &**0 — limite—>0***.5 — limit < 0** .5 — limit
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Lemma 2.3.19 :
Let ( X, 1) be a topological space and let (f, X, A,>)bea

net in X, converges to a point Xoe X . Then the net fis :

1) S.56 — converges to Xo .

2) 6 — converges 10 Xo .

3) S*.6 — converges to Xo.

4) 6*.5 — converges to Xo .

5) 6*.6 — converges to Xo.

6) S**.0 — converges to Xo.

Proof :

(1) Suppose (f, X, A,>)be anet converging to a point Xo in X
then , for every open set N containing Xo , there exists a, e A such that
foreacha ¢ A,a>ao then fa ¢ N.Since N <int[S.cl(N)] by
Theorem 1.4.12.Part 6, therefore ,fa < int[S.cl(N)] for every open set N
containing Xo . Hence f'is S.5 — converges net to the point xo € X .

(2), (3), (4), (5) and (6) can be proved by following the same

procedures applicable to the number (1) .

Definition 2.3.20 :
Let ( X, 1) be a topological space and let (f, X, A,>) be a net
in X then , a point x e X is called :
1) — cluster point of the net f, if for each open set U containing x , f
is frequently in int[cl(U)], that is , for each a in A , there exists b > a

in A such that f, < int[cl(U)], for each open set U containing X .
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2) S.5 — cluster point of the net f, if for each open set U containing X,
f is frequently in int[S.cl(U)] ,that is, for each a in A, there exists

b >ain A such that fye int[S.cl(U)], for each open set U containing X.

3) 0.6 — cluster point of the net f, if for each open set U containing X,
fis frequently in int[(0.cl(U)] , that is , for each a in A , there exists

b >ain A such that f,eint[0.cl(U)], for each open set U containing x .

4) 8.6 — cluster point of the net f, if for each open set U containing x,
f is frequently in int[d.cl(U)] ,that is, for each a in A , there exists b>a
in A such that f, e int[5.cl(U)], for each open set U containing x .

5) S*.6 — cluster point of the net f, if for each open set U containing x, f
Is frequently in S.int[cl(U)] , that is , for each a in A , there exists b>a

InA such that f, e S.int[cl(U)], for each open set U containing X .

6)0*.5 — cluster point of the net f, if for each open set U containing x , f
Is frequently in 0.int[cl(U) , that is , for each a inA , there exists b>a in A

such that f, € 0.int[cl(U)], for each open set U containing X .

7) &*.5 — cluster point of the net f, if for each open set U containing x , f
Is frequently in é.int[cl(U)] , that is , for each a in A , there exists b>a in

A such that f, e d.int[cl(U)], for each open set U containing X .
8) S**.6 — cluster point of the net f, if for each open set U containing x , f

Is frequently in S.int[S.cl(U)], that is , for each a in A , there exists b>a
in A such that f, e S.int[S.cl(U)], for each open set U containing X .
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9)6**.5 — cluster point of the net f, if for each open set U containing X, f
Is frequently in 0.int[0.cl(U)] , that is , for each a in A , there exists b>a
InA such that f, € 0.int[0.cl(U)] , for each open set U containing x .

10)6**.6 — cluster point of the net f, if for each open set U containing x ,
f is frequently in o.int[d.cl(U)] , that is , for each a in A, there exists b>a
in A such that f, € 6.int[5.cl(U)], for each open set U containing X .

11)6***.6 — cluster point of the net f, if for each open set U containing
X, fis frequently in 0.int[d.cl(U)] , that is , for each a in A there exists
b >ain A such that f, e 0.int[3.cl(U) , for each open set U containing x .

12)0*** 5 — cluster point of the net f, if for each open set containing x , f
is frequently in 6.int[0.cl(U)] , that is , for each a in A there exists b >a in

A such that f, e 8.int[0.cl(U)], for each open set U containing x .

Lemma 2.3.21 :
Let (X,7) be a topological space and let (f, X, A,>)bea
netin X, then every :
1) S. 5 — limit point of the net fis S.6 — cluster point .
2) 0.6 — limit point of the net f'is 0.6 — cluster point .
3) 8.6 — limit point of the net f'is 8.5 — cluster point .
4) S*.6 — limit point of the net fis S*.56 — cluster point .
5) 6*.56 — limit point of the net f'is 0*.5 — cluster point .
6) 6*.6 — limit point of the net f'is *.6 — cluster point .
7) S**.8 — limit point of the net fis S**.6 — cluster point .
8) 0**.5 — limit point of the net fis 6**.5 — cluster point .
9) 6**.6 — limit point of the net f'is 6**.56 — cluster point .
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10)0***.56 — limit point of the net f'is 6***.5 — cluster point .
11)0*** .5 — cluster point of the net f'is 0*** .6 — cluster point .

12) 6 — limit point of the net f'is § — cluster point .

Proof :
(1) Let x be a S.5 — limit point of f, and let N be an arbitrary open
set containing X then , there exists a, ¢ A such that for each a>aoin A,
then fa e int[S.cI(N)].......... (1). Since A is a directed set ,we get
that forall c ¢ A, and sinceao € A,
there exists b € A such that b>c and b > a. . Therefore ,
fo e int [S.cl(N)] from (1) .Hence x is S.5 — cluster point of f .
Similarly we can prove numbers (2), (3), (4), (5), (6), (7), (8), (9),
(10), (11) and (12) .

Theorem 2.3.22 :

Let ( X, 1) be a topological space . A point xo In X isa:
1) & — cluster point of anet (f, X, A, >) if and only if there exists a

subnet (g, X, B, >*) which 6 — converges to Xo .

2) S.0 — cluster point of anet ( f, X, A, >) if and only if there exists

a subnet (g, X, B,>*) which S.5 — converges to Xo.

3) 0*.6 — cluster point of anet ( f, X, A, >) if and only if there exists
a subnet (g, X, B, >*) which 6*.5 — converges to Xo.

4) S*.8 — cluster point of anet (f, X, A, >) if and only if there exists
asubnet (g, X, B,>*) which S*.5 — converges to Xo.
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5) &*.8 — cluster point of anet ( f, X, A, >) if and only if there exists

a subnet (g, X, A,>*) which 6*.0 — converges to Xo .

6) S**.0 — cluster point of anet (f, X, A, >) if and only if there exists

asubnet (g, X, A,>*)which S**.56 — converges to Xo .

Proof :

(D

)
2)

The “if ” part . Assume that f has a subnet g which 6 —
converges to Xo . To prove that Xo is a & — cluster point of f. Let N
be T — open set containing Xo. and let a. be any element of A . Since
g is a subnet of f, there exists a function
®:B — A suchthat
g="Ff-® and
For each a in A , there exists an element b in B such that ®(x) > a for
every x>*bmB.

Hence by (2) . Corresponding to a» ¢ A , there exists an
element bo € B such that ®(x) > ao for every x >* bo . Since g 6 —
converges to Xo , there exists an element p >* bo in B such that
g(p) € int[cl(N)] . Now let ®(p)=q.Thenq e A and q> ao .

Also f(q) = f(D(p)) = (fD)(p) = g(p) < int[cl(N)] . Thus we have
Shown that for each element a. in A, there exists an element q > ao
in A such that f(q) e int[cl(N)] . Hence f is frequently in int[cI(N)] . It

follows that Xo is a & — cluster point of f .

The “ only if ” part . Let xo be a & — cluster point of the net
(f,X,A, >)and let N(xo0) be the collection of all open subsets of X
containing Xo .

Let Q= {N;:N;=int[cI(N)]and N e N(xo) }. If Ly = int[cl(L)]
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and M = int[cl(M)] are any two members of Q , since L N Me N(Xo),
then int[cl(L N M )] is also a member of Q2

and int[cl(L N M )] < int[cl(L)] and so int[c(L N M )] < int[cI(M)],
also since Xo is a o — cluster point of f, then f is frequently in each
member of Q . Hence by Theorem 2.3.8, there exists a subnet g of £
which is eventually in each member of Q. This implies that g is

d — converges to Xo.

(2), (), (4), (5) and (6) can be proved by adopting the same items .

Corollary 2.3.23 :

Let ( X, t) be a topological space . A point Xo in X is (6 — cluster
point , S.5 — cluster point , 0*.5 — cluster point , S*.56 — cluster point ,
0*.0 — cluster point and S**.5 — cluster point) ofanet (f, X, A,>),if

there exists a subnet ( g, X, B, >* ) which converges to xo .

Proof :
By Lemma 2.3.19, and by Theorem 2.3.22.

The following Propositions 2.3.24, 2.3.25and 2.3.26 can be proved
by using Definition 2.3.20, and Remark 1.4.6.Part 2 .

proposition 2.3.24:
Let (X, 1) be a topological space, and let (f, X, A, >) be a net in
X ,and x € X. Then the following statements are equivalents :
1) x is & — cluster point of the net f.
2) x is 0.8 — cluster point of the net f.
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3) x is 8.6 — cluster point of the net f .

proposition 2.3.25 :
Let (X, 1) be a topological space, and let (f, X, A, >) be a net in
X ,and x e X . Then the following statements are equivalents :
1) x is 6*.8 — cluster point of the net f .
2) x is 0**.5 — cluster point of the net f .

3) x is 0*** .8 — cluster point of the net f .

proposition 2.3.26:
Let (X, 1) be a topological space, and let (f, X, A, >) be anet in
X, and x e X . Then the following statements are equivalents :
1) x is 6*.8 — cluster point of the net f.
2) x is 6**.8 — cluster point of the net f.

3) x is 0***.5 — cluster point of the net f .

Lemma 2.3.27 .
Let (X,7) be a topological space and let (f, X, A,>)bea
net in X then , every cluster point of the net fis :
1) S.5 — cluster point .
2) o — cluster point .
3) 0*.56 — cluster point .
4) S*.5 — cluster point .
5) 8*.6 — cluster point .
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6) S**.5 — cluster point .

Proof :

1) Suppose Xo € X, and Xo is a cluster point of the net f, then
for every open set N containing Xo, and for all ac A there exists
b>ain A such that f, ¢ N.

Since N c int[S.cl(N)] by Theorem 1.4.12. Part 6, therefore ,
fo e Int[S.cl(N)] . Hence Xo is S.d — cluster point of the net f .
(2), (3), (4), (5) and (6) can be proved by the same manner .

Example 2.3.28 :
LetX={1,2,3}andt={¢,{1},{1,2},X},andletf
be anet of N into X, where N is the set of natural numbers.
Find :

(1) the limit points , the 6 — limit points , the S.5 — limit points, the
0*.0 — limit points, the S*.5 — limit points , the 6*.6 — limit points
and the S**.5 — limit points .(2)The cluster points , the 6 — cluster
points , the S.8 — cluster points , the 6*.6 — cluster points ,the
S*.0— cluster points , the 6*.6 — cluster points and the S**.6 —
cluster points of the following nets in X,

@ <1,2,1,2,1,2,........ >, (b)<1,1,1,1,........ >

Solution :

(@ (1). This net converges to the point 2 , since the only
open sets containing 2 are {1 , 2} and X both of which contain all term
of all net . Similarly converges to 3, since the only open set containing 3

is X which contains all terms of the net , therefore 2 and 3 are limit points
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of this net ,also the points 2 and 3 are 6 — limit points , S.8 — limit points,
0*.0 — limit points , S*.0 — limit points , 6*. & — limit points and S**. 6 —
limit points of this netin X by Lemma 2.3.19 . But 1 is not a limit point
of this net , since {1} is open set containing 1 such that the net is not
eventually in this open set {1} .

Since t — closed = {X, {2, 3}, {3}, ¢}, therefore,

int[cI(N)] = X, S.int[cI(N)] = X , &.int[cl(N)] =X,

0.int[cl(N)] = X, and since {¢, {a}, {a,b}, X, {a,c}} the family of all
semi open sets in X, therefore , {X, {b, c}, {c}, ¢, {b}} the

family of all semi closed in X, so int[S.cl(N)] = X and S.int[S.cl(N)] = X,
for every open set N containing 1 . and so the net is eventually in X,
hence 1 is 6 — limit point , S.5 — limit point , 6*.6 — limit point ,

S*.8 — limit point, 0*.5 — limit point and S**.5 — limit point of A,

by Definition 2.3.10 .

(2) Since 2 and 3 are limit points of this net they are certainly
cluster points . The point 1 is also a cluster point of this net since the
only open sets containing 1 are {1}, {1, 2} and X each of which contains
an infinite number of terms of net , hence 1, 2 and 3 are the cluster points
of this net,and by Lemma 2.3. 21, we get that 1 , 2 and 3 are & — cluster
point , S.5 — cluster point , 6*.0 — cluster point, S*.5 — cluster point,
0*.6 — cluster point and S**.5 — cluster point of A .

(b) (1) The open sets containing 1 are {1}, {1, 2} and X , since
thenet<1,1,1,1,........ > is eventually in each of these open
sets , it follows that 1 is a limit point of this net . Again the open sets
containing 2 are {1, 2} and X in each of which the net eventually lies .
Hence 2 is also a limit point of this net .

Similarly 3 is a limit point of this net since the only open set
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containing c is X in which the net lies . Thus 1, 2 and 3 are limit
points of this net . Also 1, 2 and 3 are ¢ — limit point , S.5 — limit point ,
0*.6 — limit point , S*.5 — limit point , 0*.5 — limit point and S**.5 —
limit point of A) by Lemma 2.3.19.

(b) (2) Since 1, 2 and 3 are limit points , 6 — limit points ,
S.0—limit points , 6*.6 — limit points , S*.8 — limit points , 0*.5 — limit
points and S**.5 — limit points of A , they are certainly cluster points ,
d — cluster points ,S.8 — cluster points , 6*.5 — cluster points ,
S*.8 — cluster points, 0*.5 — cluster points and S**.5 — cluster points of
A, by Lemma 2.3.21.

proposition 2.3.29 :
Let (X,7) be a topological space and let (f, X, A,>)be anetin

X then, every:
1) S.6 — cluster point of the net f is & — cluster point .
2) S**.6 — cluster point of the net fis S*.56 — cluster point .
3) 6 — cluster point of the net f is S*.5 — cluster point .
4) S.5 — cluster point of the net f is S**.5 — cluster point .
5) 6*.6 — cluster point of the net f is 6 — cluster point .
6) 06*.6 — cluster point of the net f is 6*.6 — cluster point .
7) 0**.6 — cluster point of the net f is 6***.5 — cluster point .
8)0*** .5 — cluster point of the net f'is 6**.56 — cluster point .
9)6**.5 — cluster point of the net fis 0.6 — cluster point .
10)6*.6 — cluster point of the net f is 6***.5 — cluster point .

11)3***.5 — cluster point of the net f'is 6 — cluster point .

Proof :
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(1) Letxbe aS.0— cluster point of the net f then , for each open

3)

9)

set U containing x , fis frequently in int[S.cl(U)] , that is , for
each open set U containing x and for each a in A , there exists

b >ain A such that fb € int[S.cl(U)] . and since

S.cl(U) < cl(U) by Theorem 1.4.5, so int[S.cl(U)] < int[cl(U)],
therefore , f, < int[cl(U) , for each open set U containing X .
Hence x is 6 — cluster point of the net f .

Similarly we can prove number (2) .

Let x be a & — cluster point of the net f then , for each open set
U containing x , fis frequently in int[cl(U)] , that is , for each open
set U containing x and for each a in A , there exists b>a in A
such that fo < int[cl(U)] . But for any set every interior point
IS semi interior point by Theorem 1.1.8.Part 1, therefore ,
we get that fo e S.int[cl(U)] for each open set U containing X .
Hence x is S*.6 — cluster point of the net f .

Similarly we can prove numbers (4) , (5), (6) , (7) and (8) .

Let x be 6**.5 — cluster point of the net f then , for each
open set U containing x , f'is frequently in 6.int[d.cl(U)] .
But every 6 — interior point is interior point by Remark 1.4.2.Part 2,
and so d.cl(U) = 0.cl(U) by Remark 1.4.6.Part 2 .
Therefore , fb is frequently in int[0.cl(U)] , for each open set U
containing x . Hence x is 0.6 — cluster point of the net f .
(10) and (11) can be proved by following the same procedures

applicable to the number (9) .
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Note 2.3.30 :
The following diagram is taken from the above proposition and
definition
of modification of & — cluster points of the net stated above .

S.d — cluster ——» 3 — cluster «——»0.0 — cluster «——» 0.5 —cluster

A

v

S*.d — cluster 0*d — cluster < 0.5— cluster

| / 4

o*** § — cluster
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S*. 6 —cluster 6**.0 — cluster +—>09*** §—clustert——0**.5 —cluster

Section four :Types of Hausdorff Spces

In this section, we define and study the kinds of Hausdorff
spaces by using some properties of semi open , 6 —open and & — open
sets .

A topological space ( X, 1) is said to be a Hausdorff space ,
if for every pair of distinct points x , y of X ,there exist disjoint open
sets of x and y , that is , there exist open sets N containing x and M
containing y such that NNM =4 .[28]

Definition 2.4.1 :
A topological space ( X, t)issaidtobe a:
1) 6 — Hausdorff space , if for all points x #y in X ,there exists open

sets N containing x and M containing y such that
int[cl(N)] N int[ci(M)] = ¢ .
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2) S.5 — Hausdorff space , if for all points x # y in X, there exists open
sets containing x and M containing y , Such that
int[S.cI(N)] N int[S.ciM)] = ¢ .

3) 0.6 — Hausdorff space , if for all points x #y in X, there exists open
sets N containing x and M containing y , such that
int[0.cl(N)] N int[0.cl(M)] = ¢.

4) 8.5 — Hausdorff space , if for all points x #y in X , there exists open
sets N containing x and M containing y, such that
int[6.cl(N)] N int[d.clM)] = ¢ .

5) S*. 8 — Hausdorff space , if for all x #y in X, there exists open sets
N containing x and M containing y, such that
S.int[cI(N)] N S.int[cI(M)] = ¢ .

6) 0*.0 — Hausdorff space , if for all points x # y in X, there exist open
sets N containing x and M containing y , such that
8.int[cI(N)] N 6.int[cl(M)] = ¢ .

7) 0*.0 — Hausdorff space , if for all x £y in X , there exists open sets N
containing x and M containing y , such that
d.int[cI(N)] N d.int[cIM)] = ¢ .

8) S**.6 — Hausdorff space , if for all points x #y in X, there exist

open sets N containing x and M containing y , such that
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S.int[S.cl(N)] N S.int[S.cl(M)] = 4.

9) 6**.6 — Hausdorff space , if for all points X # y in X , there exists
open sets N containing x and M containing y, such that
0.int[0.cI(N)] N 6.int[0.cl(M)] = ¢ .

10)6**.6 — Hausdorff space , if for all points x # y in X ,there exists open
sets N containing x and M containing y, such that
d.int[8.cI(N)] N d.int[d.cl(M)] = ¢ .

11)6***.6 — Hausdorff space , if for all points x # y in X , there exists

open sets N containing x and M containing y, such that

0.int[5.cI(N)] N 6.int[5.clM)] = ¢ .

12)6*** .6 — Hausdorff space , if for all points x # y in X, there exists
open sets N containing x and M containing y , such that
3.int[0.cI(N)]N 8.int[0.clM)] = ¢ .

The following propositions can be proved by using Definition 2.4.1,
and Remark 1.4.6.Part 2 .

Proposition 2.4.2 :
Let ( X, 1) be a topological space , then the following statements
are equivalents :
1) (X, t)is 6— Hausdorff space .
2) (X,1)is 0.6 — Hausdorff space .
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3) (X,1)is 6.0 —Hausdorff space .

Proposition 2.4.3 :
Let ( X, 1) be a topological space , then the following
statements are equivalents :
1) (X, 1)is 0*.6 — Hausdorff topological space .
2) (X, t)is 0** & — Hausdorff topological space .
3) (X, 1)is 0*** 8 — Hausdorff topological space .

Proposition 2.4.4 :

Let ( X, 1) be a topological space , then the following

statements are equivalents :

1) (X, t)is 6*.60 — Hausdorff space .
2) (X, t)is 0**. & — Hausdorff space .
3) (X, 1)is 0*** 5 — Hausdorff space .

Lemma 2.4.5:
Let ( X, 1) be a topological space then , Every :
1) S.6 — Hausdorff space is Hausdorff space .
2) 0.6 — Hausdorff space is Hausdorff space .
3) S*.6 — Hausdorff space is Hausdorff space .
4) 0*.6 — Hausdorff space is Hausdorff space .
5) 6*.6 — Hausdorff space is Hausdorff space .

6) S**.56 — Hausdorff space is Hausdorff space .

Proof :
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(1

Pr

Let ( X, t) be a S.0 — Hausdorff space then , for all points x #y
in X there exist open sets N containing x and M containing y such
that int[S.cl(N)] N int[S.cI(M)] = ¢ . But N c int[S.cl(N)], and
also M c int[S.cl(M)] by Theorem 1.4. 12.Part 6 , we get that
N NM = 4. Hence , the topological space ( X ,t) is Hausdorff
space .

(2,3, (4), (5) and (6) can be proved by adopting the same

items .

oposition 2.4.6 :
Let (X,7) be a topological space then , every :
1) 6 — Hausdorff space is S.6 — Hausdorff space .
2) S*.5 — Hausdorff space is S**.56 — Hausdorff space .

3) S*.6 — Hausdorff space is 6 — Hausdorff space .

4) S** .6 — Hausdorff space is S.d — Hausdorff space .

5) 6 — Hausdorff space is 6*.6 — Hausdorff space .

6) 6*.0 — Hausdorff space is 6*.6 — Hausdorff space .

7) 0*%** .6 — Hausdorff space is 0**.56 — Hausdorff space .
8) 6**.60 — Hausdorff space is 6***.6 — Hausdorff space .
9) 0.6 — Hausdorff space is 6**6 — Hausdorff space .

10)0*** .6 — Hausdorff space is 6*.6 — Hausdorff space .

11) 6 — Hausdorff space is 6***.5 — Hausdorff space .

Proof :

(1) Let (X,7) be a 6 — Hausdorff space then , for all points
x #y in X, there exist open sets N containing x , and M
containing y , such that int[cI(N)] N int[ci(M)] = ¢ .
Since S.cl(N) < cl(N) and S.cl(M) < cl(M) by Theorem 1.4.5.
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And so int[S.cl(N)] < int[cI(N)], int[S.cI(M)] < int[cl(M)] .
This implies that int[S.cl(N)] N int[S.cI(M)] = ¢ , for all
points x # y in X . Hence (X,1) is S.6 — Hausdorff space .

Similarly we can prove number (2) .

3) Let (X,7) be a S*.6 — Hausdorff space then , for all points
x #y in X ,there exist open sets N containing x and M containing
y such that ,S.int[cl(N)] N S.int[cl(M)] = ¢ . Since for any set
every interior point is semi interior point by Theorem 1.1.8.Part 1,
therefore , int[cl(N)] N int[ cI(M) = ¢ , for all x #y in X .Hence
(X,7) is & — Hausdorff space .
4, (B), (©), (7) and (8) can be proved by adopting the

same items.

9) Let (X,7) be a 6.0 — Hausdorff space then , for all points X #y
in X, there exist open sets N containing x and M containing y
such that , int[0.cl(N)] N int[0.cl(M)] = ¢ . Since every 0 —
interior point is interior point by Remark 1.4.2.Part 2, therefore ,
d.1nt[0.cl(N)] N6.int[0.cl(M)] = ¢ . And since d.cl(N) = 0.cl(N),
and o.cl(M) = 6.cl(M) by Remark 1.4.6.Part 2, this implies that
o.nt[d.cI(N)] N d.int[o.ciM)]=¢ ,forallx #yin X .

Hence (X,1) is 8**.6 — Hausdorff space .

Similarly we can prove numbers (10) and (11) .
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Note 2.4.7:

The following diagram is taken from the proposition and the
definition of modifications of 6 — Hausdorff spaces stated above .
Let Hausd = Hausdorff

S.0 — Hausd <— 0 — Hausd «— 3.8 — Hausd «— 0.6 — Hausd

A

S**§_Hausd /6% — Hausd > 0%.5 — Hausd

A A
A

o*** § — Hausd

v

v
S*.0 — Hausd 0**.0 —Hausd «—> 6***.5 — Hausd — 6**.5 — Hausd
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Section five : Types of Continuous Functions

In this sections , we define the types of continuous function and
prove theorems by using convergence .

Let g be a function of a space ( X, t) intoaspace (Y, W),
then g is said to be continuous at xoe X, if for every u— open set M
containing g(x) , there exists a T —open set N containing x such that
g(N) = M .[28]

Definition 2.5.1:
Let g be a function of a space ( X, t) into a space (Y, n),
and letx e X. Then g issaid to be :
1) & — continuous at x , if for all p— open set M containing g(x) ,

there exists a T —open set N containing x such that
g(T—int[cl(N)]) < (p—int[cl(M)] ) ;

2) S.5 — continuous at x , if for all p—open set M containing g(x) ,
there exists a T — open set N containing x such that
g(t—int[S.cI(N)]) < (n—int[S.cl(M)]);

3) 0.6 — continuous at x , if for all u— open set M containing g(x) ,

there exists a T — open set N containing x such that
g(t—int[0.clN)] ) < (p—int[0.ci(M)] ) ;

4) 8.8 — continuous at x , if for all p— open set M containing g(x) ,
there exists a T — open set N containing X such that
g(t—1int[d.cl(N)] ) < (pn—int[s.clM)])

5) S*.8 — continuous at x, if for all p— open set M containing g(x) ,
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there exists a T — open set N containing x such that
g(t—S.int[cl(N)]) < (p-S.int[ci(M)]);

6) 0*.6 — continuous at x , if for all u — open set M containing g(x) ,
there exists a T — open set N containing x such that
g(t—06.int[cl(N)] ) < (p—0.int[cl(M)] ) ;

7) 6*.6 — continuous at x , if for all p — open set M containing g(x) ,
there exists a T — open set N containing x such that
g(t—o.nt[cl(N)]) < (pn—d.int[cI(N)] ) ;

8) S**.5 — continuous at x , if for all p— open set M containing g(x) ,
there exists a T — open set N containing x such that
g(t—S.nt[S.cI(N)]) < (p-S.int[S.ciM)]) ;

9) 6**.5 — continuous at x , if for all p— open set M containing g(x),
there exists a T — open set N containing x such that
g(t—0.int[6.cl(N)]) < (- 06int[6.cl(M)]) ;

10)0**.6 — continuous at x , if for all p — open set M containing g(x) ,
there exists a T — open set N containing x such that
g(t—o.nt[d.cI(N)] < (- d.int[6.cIM)] ) ;

11)6***.8 — continuous at x , if for all p — open set M containing g(x),

there exists a T — open set N containing x such that
g(t—0.int[5.cl(N)]) < (p-6.int[5.cl(M)]) ;
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12)6***.6 — continuous at x , if for all p — open set M containing g(x) ,
there exists a T — open set N containing x such that
g(t—4o.int[6.cI(N)]) < (pn—3d.int[6.cl(M)]) .

The following propositions can be proved by using Definition 2.5.1,
and Remark 1.4.6.Part 2 .

Proposition 2.5.2 :
Let g be a function of a space ( X, 1) intoaspace (Y, ),
and Xo e X . Then , the following statements are equivalents :
1) g is & — continuous at Xo.
2) g is 6.5 — continuous at Xo .

3) g is 8.8 — continuous at Xo .

Proposition 2.5.3 :
Let g be a function of a space (X, t)intoaspace (Y, pn),
and Xo ¢ X . Then , the following statements are equivalents :
1) g is 6*.5 — continuous at Xo .
2) g is 0**.5 — continuous at Xo .

3) g is 0*** .8 — continuous at Xo .

Proposition 2.5.4 :
Let g be a function of a space (X, t)intoaspace (Y, un),
and Xo ¢ X . Then , the following statements are equivalents :
1) g is 6*.6 — continuous at Xo .

2) g is 6**.5 — continuous at Xo .
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3) g is 0***.§ — continuous at Xo .

Theorem 2.5.5:
Let g be a function of a space ( X, t) into aspace (Y, ),
and xo e X.Thengis:
1) & — continuous at X, if and only if wheneveranet {fa:a e A} d—

converges to X in X . Then the net {g(fa) : a € A} 6 — converges to

g(xo) .

2) S. & —continuous at Xo if and only if whenever a net {fa: a cA}
S.5 — converges to Xo in X . Thenthenet { g(fa):a e A } S.0 -
coverges to g(Xo) .

3) 0*.8 — continuous at X, if and only if wheneveranet {fa:a e A}
0*.0 — converges to Xo in X . Thenthenet { g(fa) :a e A } 0%.6 —

converges to g(Xo) .

4) S*.5 — continuous at X, if and only if whenever anet { fa:a ¢ A}
S*.5 — converges to Xo in X . Thenthe net { g(fa) :a ¢ A } S*.0 —

converges to g(Xo) .

5) 6*.8 — continuous at X. if and only if whenever anet {fa:a ¢ A}
0*.0 —convergesto Xo in X . Thenthenet { g(fa):a e A } 6*.6—

converges to g(Xo) .
6) S**.5 — continuous at X. if and only if wheneveranet { fa:a ¢ A}

S**.6 — converges to X, in X . Thenthe net { g(fa) :a ¢ A } S¥*.0 —

converges to g(Xo) .
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Proof :

(D

Suppose g is 6 — continuous at X. and fa 6 — converges to X .
To show that g(fa) 6 — converges to g(x.) . Let M be any u — open
set containing g(X.) . Since g is & — continuous at Xo then , there
exists T — open set N containing Xo , such that
g (int[cl(N)]) < wp—int[cl(M)] . Since fa 6 — converges to X. , there
exists a € A such that a>ao, a € A then fa e t— int[cI(N)] and
therefore , a>ao which impilies that g(fa) € g(t— int[cI(N)]) <
u— int[cl(M)] . Hence g(fa) 6 — converges to g(Xo) .

Conversely , let fa 6 — converges to X. then g(fa) 6 — converges
to g(X.) , and suppose , if possible g is not 6 — continuous at X .
Then for some p — open set M containing g(Xo) ,
g (t—int[cl(N)]) ¢ p—int[cl(M)], for any t— open set N
containing X» . Thus for each T — open set N containing X. , we
can choose xn: where N3 = int[cl(N)] , and xwm e t—int[cl(N)]
such that g(xn1) ¢ p—int[ci(M)], let N(Xo) ={N : N =X and N is
open set containing X.} , and put Q= { N; : N; =1 —int[cl(N)],
and NeN(Xo)}. We must prove the collection Q is directed set by
the inclusion relation < .
1) For all N; € Qthen Nic Nj,
2) Let N1, Nzand N3 e Q, such that N1 < N, and N, N3 then

N; < Ns.
3) Let N1 and M; e Q such that N; = int[cI(N)] , M1 = int[cI(M)],
where N and Me N(Xo), therefore, NNMe N(Xo) , and NNMcN

and NNMc M, also int[cI(NNM)] < int[cl(N)] = N; and

71



int[c(NNM)] cint[cl(M)] = My, and int[cINNM)] € Q..
Consequently the collection € is directed by the inclusion
relation < , which implies that {xn: : N1 € Q} isanetin X.

It is easy to see that the net{xn : N; € Q} & — converges to Xo .

For if U; = int[cl(U)] and U is open set containing X. then for every

N; = int[cl(N)] , where N is open set containing X, and N1 > Uy in
Q,

that is, N1 < Ujin Q we have that xn: eN; < U; . But

{g(Xn1) : Nie Q } netin Y which does not & — converge to g(X.) ,

for M is a pu — open set containing g(Xo) such that g(xn) ¢ p—

int[cl(M)] for every N; ¢ Q.

(2),(),(4), (5) and (6) can be proved by the same manner .

Corollary 2.5.6 :

Let g be a function of a space ( X, 1) intoaspace (Y, n),and
Xoe X.Ifgis:
1) & — continuous at X whenever a net { fa: a € A} converges to Xo.

Then the net {g(fa) : a € A} 6 — converges to g(Xo) .

2) S. & — continuous at Xo whenever a net { fa: a <A } converges to

Xo . Then the net { g(fa) :a € A} S.6 — coverges to g(Xo) .

3)0*.56 — continuous at X, whenever a net { fa: a € A} converges to Xo .

Thenthe net { g(fa) : a ¢ A } 6*.5 — converges to g(X.) .

4) S*.5 — continuous at X. whenever a net {fa: a € A} converges to Xo .
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Then the net { g(fa) : a € A } S*.6 — converges to g(Xo) .

5) 6*.8 — continuous at X. whenever a net { fa: a € A} converges to Xo .

Then the net { g(fa) : a € A } 8*.6 — converges to g(Xo) .

6) S**.5 — continuous at X, whenever a net { fa: a ¢ A} converges to X. .

Then the net { g(fa) : a € A } S**.5 — converges to g(Xo) .

Proof :
Directly by Theorem 2.5.5, and Lemma 2.3.19 .

Definition 2.5.7:
Let g be a function of aspace (X, t)intoaspace (Y, W),
and letx e X . Theng is called :
1) almost 6 — continuous at x , if for all u— open set M containing

g(x) , there exists a T—open set N containing x such that
g(N) = (p—intlcl(M)]) ;

2) almost S.56 — continuous at x , if for all p— open set M containing

g(x) , there exists a T — open set N containing x such that
g(N) = (p—int[S.ci(M)]);

3) almost 0.6 — continuous at x , if for all p— open set M containing

g(x) , there exists a T — open set N containing x such that
g (N) = (p—int[0.cl(M)] ) ;
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4) almost 8.6 — continuous at x , if for all p— open set M containing

g(x) , there exists a T — open set N containing x such that
g (N) c (pn—int[8.cl(M)]);

5) almost S*.5 — continuous at x , if for all p— open set M containing

g(x) , there exists a T — open set N containing x such that
g(N) = (p—S.int[ci(M)]);

6) almost 0*.5 — containuous at x , if for all p — open set M containing

g(x) , there exists a T — open set N containing x such that
g(N) = (pn—6.int[clM)]);

7) almost 6*.0 — continuous at x , if for all p— open set M containing

g(x) , there exists a T — open set N containing x such that

g (N) c (pn—3d.int[cl(N)] ) ;

8) almost S**.5 — continuous at x , if for all p— open set M containing
g(x) , there exists a T — open set N containing x such that
g(N) = (p-S.nt[S.cl(M)]);

9) almost 6**.5 — continuous at x , if for all p — open set M containing

g(x) , there exists a T — open set N containing x such that
g (N) = (p—6int[6.ci(M)]) ;

10)almost 6**.6 — continuous at x , if for all p — open set M containing

g(x), there exists a T — open set N containing x such that
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g(N) = (nu—3&.int[3.ciM)]) ;

11)almost 6***.5 — continuous at x , if for all p — open set M containing

g(x) , there exists a T — open set N containing x such that
g(N) = (p-6.nt[d.cl(M)]);

12)almost 6***.5 — continuous at x , if for all p— open set M containing

g(x) , there exists a t — open set N containing x such that
g(N) < (p-3a.int[6.cl(M)]).

The following propositions can be proved by using Definition 2.5.7
and Remark 1.4.6.Part 2 .

Proposition 2.5.8 :
Let g be a function of a space ( X, t)intoaspace (Y, ),
and Xo € X . Then, the following statements are equivalents :
1) g is almost & — continuous at Xo .
2) g is almost 0.6 — continuous at Xo .

3) g is almost 8.6 — continuous at Xo .

Proposition 2.5.9:
Let g be a function from a space ( X, t)intoaspace (Y, ),
and Xo ¢ X . Then , the following statements are equivalents :
1) g is almost 6*.5 — continuous at Xo .
2) g is almost 0**.5 — continuous at Xo .

3) g is almost 3***.5 — continuous at Xo .
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Proposition 2.5.10:

Let g be a function of a space (X, t)intoaspace(Y,un),

and Xo € X . Then , the following statements are equivalents :

1) g is almost 6*.56 — continuous at Xo.

2) g is almost 6**.5 — continuous at Xo .

3) g is almost 0***.5 — continuous at Xo .

Lemma 2.5.11:

Let g be a function of a space (X, t)intoaspace (Y, un),

and xo € X . If g is continuous at Xo then :

1) g is almost & — continuous at Xo .

2) gis almost S.6 — continuous at Xo .

3) gis almost 6*.5 — continuous at Xo .

4) g is almost S*.5 — continuous at Xo .

5) g is almost &*.6 — continuous at Xo .

6) g is almost S**.56 — continuous at Xo .

Proof :

(1)

Let g be a continuous at Xo . Then for each u— open set M
containing g(Xo) , there exist T — open set N containing Xo such
that g(N) < M. But M c int[cl(M)] by Note 1.4.11,
therefore , for each p — open set M containing g(xo) , there
exist T — open set N containing X. such that g(N) < int[cl(M)] .
Hence g is almost 6 — continuous at Xo .

(2,3, (@), (5) and (6) can be proved by the same manner .
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Proposition 2.5.12:
Let g be a function of aspace (X ,t)intoaspace(Y,pu),
and xo e X . Ifgis:

1) almost S.d — continuous at Xo then g is almost & — continuous at Xo .

2) almost 6*.5 — continuous at Xo then g is almost 6*** .5 — continuous

at Xo .

3) almost S**.5 — continuous at Xo then g is almost S*.5 — continuous at

Xo .

4) almost 6 — continuous at Xo then g is almost S*.5 — continuous at Xo .

5) almost S.5 — continuous at Xo then g is almost S**.5 — continuous at

Xo .

6) almost 6*.5 — continuous at Xo then g is almost & — continuous at Xo .

7) almost 6*.5 — continuous at Xo then g is almost 6*.5 — continuous at

Xo .

8)almost 0**.5 — continuous at Xo then g is almost 6***.5 — continuous

at Xo .

9) almost 6***. § — continuous at Xo then g is almost 6.6 — continuous at

Xo .
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10)almost 6***. 5 — continuous at Xo then g is almost 6**.5 — continuous

at Xo .

11)almost &**. & — continuous at Xo then g is almost 0.5 — continuous at

Xo .

Proof :

(1)

3)

©)

Let g be a almost S.6 — continuous at Xo . Then for each p —
open set M containing g(Xo) , there is T — open set N containing Xo
such that g(N) < int[S.cl(M)] . Since S.cl(M) < cl(M) by Theorem
1.4.5, and so int[S.cl(M)] < int[cl(M) , which implies that
g(N) c int[cl(M)] .

Hence g is almost 6 — continuous at Xo .

Similarly we can prove number (2) .

Let g be a almost & — continuous at Xo . Then for each u — open
set M containing g(Xo) , there is T — open set N containing Xo such
that g(N) cint[cl(M)] . Since every interior point is semi interior
point by Theorem 1.1.8.Part 1, therefore , g(N) < S.int[cl(M)] .This
implies that g is almost S*.5 — continuous at Xo .

Similarly we can prove numbers (4) , (5), (6) , (7) and (8) .

Let g be a almost 6**.5 — continuous at Xo . Then for each
1 — open set M containing g(Xo) , there is T — open set N containing
Xo such that g(N) < 6.int[d.cl(M)] . But every 6 — interior point is
interior point by Remark 1.4.2.Part 2, and so d.cl(M) = 0.cl(M) by
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Remark 1.4.6.Part 2, which implies that, g(N) < int[0.cl(M)] .

Therefore , g is almost 6 — continuous at Xo .

Note 2.5.13 :

The following diagram is taken from the above proposition and
definition of modification of almost 6 — continuous functions stated
above .

Let alcont = almost continuous

S.0 —alcont ——» 6 — alcont «——» 3.6 — alcont «—»0.5 — alcont
A

v

S**.6 — alcont o*d — alcont » 0*.0—alcont

I ‘/'A

o*** § —alcont

v v v

S*. 8 —alcont  8**.0 —alconte«—> 0*** d—alcont «— 0**.5 —alcont

Proposition 2.5.14 :
Let g be a function of a space ( X, t) into aspace (Y, ),
and xo e X . Ifgis:

79



1) & — continuous at Xo then g is almost & — continuous at Xo .

2) S.8 — continuous at Xo then g is almost S.d — continuous at Xo .

3) 0.6 — continuous at Xo then g is almost 6.6 — continuous at Xo .

4) 8.6 — continuous at Xo then g is almost 6.6 — continuous at Xo.

5) S*. & — continuous at Xo then g is almost S*.5 — continuous at Xo .

6) 0*.6 — continuous at Xo then g is almost 6*.5 — continuous at Xo .

7) 6*. & — continuous at Xo then g is almost 6*.5 — continuous at Xo.

8) S**.5 — continuous at Xo then g is almostS**.5 — continuous at Xo .

9) 6**.5 — continuous at Xo then g is almost 6**.56 — continuous at Xo.

10)0** .6 — continuous at Xo then g is almost 6**.6 — continuous at Xo.

11)0*** .8 — continuous at Xo then g is almost 6***.5 — continuous at Xo.

12)0*** § — continuous at Xo then g is almost 6***.5 — continuous at Xo.

Proof :

(1)  Let gbead—continuous at Xo . Then , for each p — open set M

containing g(Xo) , there is T — open set N containing Xo such that

g(int[cl(N)]) < int[cl(M)]. But N c int[cI(N)] by Note 1.4.11,
therefore , g(N) < int[cl(M)] which implies that g is almost & —
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continuous at Xo .

2).3).4.6).(6).(7).(8),(9,(10),(11) and (12) ) can be

proved by following the same procedures applicable to number (1) .

Corollary 2.5.15:

Let g be a function of a space ( X, 1) into aspace (Y, ),
and Xo € X . Thengis:
1) almost 6 — continuous at Xo . If every 6 — converges net
{fa:a e A} to Xo such that the net {g(fa) : a € A} which é —

converges to g(Xo) .

2) almost S.5 — continuous at Xo . If every S.5 — converges net
{fa:a e A} to Xo such that the net {g(fa) : a € A}which S.56 —

converges to g(Xo) .

3) almost 0*.5 — continuous at Xo. If every0*.6 — converges net
{fa:a e A} to X0 such that the net {g(fa) : a € A}which 6*.5 —

converges to g(Xo) .

4) almost S*.56 — continuous at Xo . If every S*.5 — converges net
{fa:a e A} to Xo such that the net {g(fa) : a € A}which S*.5 —

converges to g(Xo) .

5) almost 6*.5 — continuous at Xo . If every 6*.8 — converges net
{fa:a e A} to X0 such that the net {g(fa) : a € A}which &*.0 —

converges to g(Xo) .

6) almost S**.5 — continuous at Xo . If every S**.5 — converges net
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{fa:a e A} to X0 such that the net {g(fa) : a € A} which S**.6 —

converges to g(Xo) .

Proof :

By Theorem 2.5.5, and by Proposition 2.5.14 .

Corolary 2.5.16 :
Let g be a function of a space (X, t)intoaspace (Y, ),
and Xo € X . Then gis:
1) almost 6 — continuous at Xo if and only if whenever a net

{fa:a e A} converges to xo in X . Then the net {g(fa) : a € A}
d — converges to g(Xo) .

2) almost S. & — continuous at Xo if and only if whenever a net
{fa:acA}convergestoxoin X . Thenthenet{g(fa):ac A}
S.6 — coverges to g(Xo) .

3) almost 0*.5 — continuous at Xo if and only if whenever a net
{fa:a e A} convergestoxoin X.Thenthenet{g(fa):ac A}
0*.0 — converges to g(Xo) .

4) almost S*.5 — continuous at Xo if and only if whenever a net
{fa:a e A} convergesto Xoin X. Thenthenet{g(fa):ac A}
S*.56 — converges to g(Xo) .

5) almost 6*.6 — continuous at X if and only if whenever a net
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{fa: a ¢ A}convergesto Xo in X . Then the net {g(fa) : a ¢ A}
d*.6 — converges to g(Xo) .

6) almost S**.5 — continuous at Xo if and only if whenever a net

{fa:a e A} convergesto Xoin X. Thenthenet{g(fa):ac A}
S**.6 — converges to g(Xo) .

Proof :

(1) Suppose g is almost 6 — continuous at X and fa converges to Xo .
To show that g(fa) & — converges to g(Xo) . Let M be any u — open
set containing g(Xo) . Since g is almost 6 — continuous at X. then,
there exists T — open set N containing X. , such thatg (N) ¢ pu-—
int[cl(M)] . Since fa converge to Xo , there exist a., ¢ A such that
a>ao, ac A then fa e (N) and therefore, a>ao which
implies that g(fa) € g (N) < p—int[cl(M)] . Hence g(fa) 6 —
converges to g(Xo) .

Conversely , let fa converges to xo which implies that g(fa) 6 —
converges to g(xo) , we get that fa 6 — converges to x. by
Lemma 2.3.19.Part 2 . Therefore , g is almost & — continuous at Xo
by Corollary 2.5.15.Part 2 .
(2,),(4),(5) and (6) can be proved by following the same
procedures applicable to number (1) .
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Theorem 3.1.4 :
A topological space ( X, 1) 1is:
1) 6 — Hausdorff if and only if for every net in X can 6 — converge to at

most one point .

2) S.6 — Hausdorff if and only if for every net in X can S.5 — converge to

at most one point .

3) 0*.6 — Hausdorff if and only if for every net in X can 0.6 — converge

to at most one point .

4) S*.8 — Hausdorff if and only if for every net in X can S*.6 — converge

to at most one point .

5) 6*.6 — Hausdorff if and only if for every net in X can &*.6 — converge

to at most one point .

6) S**.0 — Hausdorff if and only if for every net in X can S**.5 —

converge to at most one point .

Proof :
(1)  The “if ” part . Assume that every net in X can d — converge
to at most one point and suppose if possible , that the space X is not

& — Hausdorff space . Then there exists two distinct points x and y in X

such that for every open sets N containing x and M containing y ,
the intersection int[cl(N)] N int[clM)] # ¢.
Let N(x) ={N : N < X, and N is open set containing x},
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Let Q= {int[cI(N)] : N e N(x) },and let N(y) ={ M : M X,
and M is open set containing y } , and @ = { int[cl(M)] : M e N(y)}.
Then both Q and @ are directed by the inclusion relation < . put
N: = int[cl(N)] and put M: = int[cl(M)] . Consider the collection
Y={(N1,M1): N1e Q,M:1 e ®,and N[J1 NM1#¢ }, we define
(N1, M1) > (U, V1) , if N1 ¢ U1 and M1 <V:i. We must show that
V¥ is directed by the inclusion relation c.
1) Forall (Ni,Mi1) e ¥,N:i < Ni and Mi < M: then,
(N1, M1) > (N1, My).
2)Let (A1, B1), (C1, D1) and (Ez, F1) € ¥ such that
(A1, B1)>(C1, D1) and (C1, D1) > (E1, F1) . Since Aic Ciand
CicEithen AicE:,and also B: < Diand D: < Fithen Bi c Fu
therefore (A1, B1) > (E1, F1) .
3)Let (A1, B1) and (C1, D1) € ¥, such that Ax = int[cl(A)], B:= int[cl(B)],
C: = int[cl(C)] and D:= int[cl(D)] .
Aand C € N(x), Band D € N(y) .So ANC  N(x) , and
int[cI(ANC)] < int[cl(A)], and int[cl(ANC)] < int[cl(C)] .
Also BND e N(y), and int[cl(BND)] < int[cl(B)],
and int[cl(BND)] < int[cl(D)] . Let int[cl(ANC)] = U, and
int[cl(BND)] = V1. Since ANC e N(x) and BND eN(y) , we
get that U; € Q and Vie ®@ and sol] UiNV1# ¢ , therefore ,
(U1, V1) € ¥. Since U1 < A: and
Vic B: hence, (U1, Vi) > (A1, B1), and so Uic C: and
Vic D1 hence (U1, V1) > (C1, D1) . Consequently (¥ ,>)

is directed set . Since N1 = int[cI(N)] for all open set N containing
x which intersect Mi= int[cl(M)] for all open sets M containing y ,

we have N1 N M1 # ¢ for all (N1, M1) € ¥ . Now consider the
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function f: ¥ — X ; (N1, M1) = X(N1, M1) for all (N1, M1) e V.
Then fis a net in X 6 — converges to both x and y . To see this, let

S be any open set containing x , and T be any open set containing y
such that S: = int[cl(S)], T = int[cl(T)] ,and let E: = int[cl(E)] and
F1 = int[cl(F)] .Then for each (E1, F1) > (S1, T1) , thatis, EicS:

and Fic T1, we have f(Ei,Fi) = X(E1,F1) € EsNF1 ¢ SiNTh.

Hence f(E1, F1) € S1and f(Ei, F1) €T1. It follows that £ —
converges to both x and y . But this is a contradiction . Hence X must

be a 6 — Hausdorff space .

The* only if ” part . Let X be a 6 — Hausdorff space , and let x and
y be two distinct points of X . Then there exist open sets N containing
x and M containing y such that int[cI(N)]Nint[cl(M) = ¢ . Since a net
can not be eventually in each of two disjoint sets . It is evident that no
net in X can o — converge to both x and y . Hence a net in X can 6 —
converge to at most one point .
(2),(),(4), (5 and (6) can be proved by adopting the same

items.

Theorem : 3.1.5:
Let(X,t)bea:
1) 6 — Hausdorff space . Then every 6 — convergent net has a unique 6 —

cluster point and this is the unique 6 — limit point of the net .

2) S.6 — Hausdorff space . Then every 6 — convergent net has a unique

S.d — cluster point and this is the unique S.6 — limit point of the net .
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3)06*.6 — Hausdorff space .Then every 0*.6 — convergent net has a unique

0*.0 — cluster point and this is the unique 6*.6 — limit point of the net .

4)S* .8 — Hausdorff space .Then every S*.d — convergent net has a unique

S*.8 — cluster point and this is the unique S*.5 — limit point of the net .

5)6*.6 — Hausdorff space .Then every 6*.6 — convergent net has a unique

0*.0 — cluster point and this is the unique &*.6 — limit point of the net .

6)S**.6 — Hausdorff space .Then every S**.6 — convergent net has a
unique S**.5 — cluster point and this is the unique S**.6 — limit point
of the net .

Proof :

(1) We know that in a 6 — Hausdorff space , every 6 —
convergent net has a unique & — limit point by Theorem
3.1.4.Part 1. Let p be the unique 6 — limit point of a 6 —
convergent net f in X .Since every & — limit point is also o —
cluster point by Lemma 2.3.21.Part 12,we get that p is & — cluster
point of .

Suppose if possible that , f has another & — cluster point g
distinct from p , since X is 6 — Hausdorff , there exist disjoint
open sets N and M of p and g respectively, such that
int[cI(N)] N int[cl(M)] = ¢ . Since p is & — limit point of the net
f, fiseventually in int[cI(N)] and since
int[cl(N)] < X/int[cl(M) ] by Note 2.3.6, then , f can not be

frequently in int[cl(M)] . But this is a contradiction with
our supposition that , q is a 6 — cluster point of f. Hence

f can not have two distinct 6 — cluster points accordingly ,
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every 0 — convergent net in X has a unique o — cluster point .
(2),(3),(4), (5 and (6) can be proved by adopting the

same items .
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Section 3.2 :
The Relationship of Convergence in Compact
Spaces

In this section , we prove some of theorems by convergence in
topological spaces on kinds of compact spaces.
A subset A of topological space (X, 1) is compact , if every

open cover of A has a finite subcover .[28]

Definition 3.2.1 :
A topological space ( X, 1) is called :
1) 6 — compact space , if for every open cover U of X has a finite
subfamily Uo of U suchthat X =U {int[cl(V):V e Uo}.

2) S.6 — compact space , if for every open cover U of X has a finite
subfamily Uo of U such that X=UuU{int[S.cl(V)]:V e Uo}.

3) 6.6 — compact space , if for every open cover U of X has a finite
subfamily Uo. of U suchthat X =U {int[0.cl(V)]:V € Uo }.

4) 6.6 — compact space , if for every open cover U of X has a finite
subfamily Uo of Usuchthat X=U {int[d.cl(V)]:V e Uo}.

5) S*.6 — compact space , if for every open cover U of X has a finite
subfamily U. of Usuchthat X=U {S.int[cl(V):V e Uo}.

6) 0*.6 — compact space , if for every open cover U of X has a finite
subfamily Uo of U suchthat X =U {0.int[cl(V):V e Uo }.
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7) 6*.06 — compact space , if for every open cover U of X has a finite
subfamily Uoof Usuchthat X =U {d.int[cl(V):V e Uo }.

8) S**.6 — compact space , if for every open cover U of X has a finite
subfamily Uo of Usuchthat X =U {S.int[S.cl(V)] : Ve Uo}.

9) 6**.6 — compact space , if for every open cover U of X has a finite
subfamily Uoof Usuchthat X =U {0.int[0.cl(V)]:V e Uo }.

10) 6**.86 — compact space, if for every open cover U of X has a finite
subfamily Uo of Usuchthat X =U {3.int[6.cl(V)]:V e Uo }.

11)6***.5 — compact space , if for every open cover U of X has a finite
subfamily Uo of U such that X = U {0.int[d.cl(V)]: V € Uo }.

12)0*** 5 — compact space , if for every open cover U of X has a finite
subfamily Uo of U suchthat X =U {0.int[0.cl(V):V e Uo }.

The following Propositions 3.2.2, 3.2.3 and 3.2.4 can be proved by
using Definition 3.2.1 and Remark 1.4.6.Part 2 .

Proposition 3.2.2 :
Let ( X, t) be a topological space . Then , the following statements
are equivalents :
1) (X, t)is 6—compact topological space .
2) (X, 1) is 0.6 — compact topological space .
3) (X, 1) is 8.0 — compact topological space .
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Proposition 3.2.3 :
Let ( X, 1) be a topological space . Then , the following statements
are equivalents :
1) (X, 1)is 0*.6 — compact topological space .
2) (X, 1)is 0%*.6 — compact topological space .

3) (X, 1)is 8***.56 — compact topological space .

Proposition 3.2.4:
Let ( X, 1) be a topological space . Then , the following statements
are equivalents :
1) (X, t)is 6*.0 — compact topological space .
2) (X, 1)is 0**.0 — compact topological space .

3) (X, 1)is 0*¥** 8 — compact topological space .

Proposition 3.2.5 :

Let ( X, 1) be a topological space then , every :
1) S.6 — compact space is 6 — compact space .
2) S**.8 — compact space is S*.0 — compact space .
3) & — compact space is S*.6 — compact space .
4) S.d — compact space is S**.5 — compact space .
5) 6*.0 — compact space is & — compact space .
6) 6*.0 — compact space is *.0 — compact space .
7) 0**.6 — compact space is 0***.56 — compact space .
8) 6***.0 — compact space is 6**.0 — compact space .
9) 6**.0 — compact space i1s 0.0 — compact space .
10)6*.6 — compact space is 0***.6 — compact space .

11) 6***.6 — compact space is 6 — compact space .
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Proof :

(1) Let ( X, 1) be a S.5 — compact space then , for every open
cover U of X there exists a finite subfamily U, of U such that
X=U{int[S.cl(V)] : V e Uo }.But S.cl(V) ccl(V) by Theorem
1.4.5, therefore, X =U {int[cl(V)]: V € Uo }.

Hence ( X, t) is 6 — compact space .

Similarly we can prove number (2) .

3) Let ( X ,t) be a 6 — compact space then , for every open
cover U of X has finite subfamily U, of U such that
X =U{int[cl(V)] : V e Uo } .But every interior point is semi
interior point by Theorem 1.1.8.Part 1,therefore ,
X=U{S.int[cl(V)]:V e Uo}.Hence (X,1)is
S.d6 — compact space .

4, (5), (6), (7) and (8) can be proved by the same manner .

9) Let ( X, 1) be a 6**.5 — compact space then , for every open
cover U of X there exists a finite subfamily U. of U such that
X=U {d.int[5.cl(V) : V e Uo } . But every 6 — interior point
Is interior point by Remark 1.4.2.Part 2 , and also
d.cl(V) =0.cl(V) by Remark 1.4.6.Part 2 ,therefore ,
X =U{int[0.cl(V):V e Uo}.
Hence ( X, 1) 1s 6.0 — compact space .

Similarly we can prove numbers (10) and (11) .
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Note 3.2.6 :
The following diagram is taken from the above proposition and

definition of modification of 6 — compact spaces stated above .

S.8 — compact —>3 — compact «— 3.0 — compact+—>0.6 — compact

S**.6 — compact d*.0 — compact <« 0*.6 — compact

A A

O*** § — compact

v

0**.6 — compact

v

v
S*.86 — compact O**.0 — compact

0***.86 — compact

Lemma 3.2.7 :
Every compact topological space ( X, 1) is:
1) S.8 — compact topological space .
2) & — compact topological space .
3) S*.6 — compact topological space .
4) 6*.6 — compact topological space .
5) 6*.6 — compact topological space .

6) S**.56 — compact topological space .
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Proof :

(1) Let ( X, T ) be a compact topological space then , every
open cover U of X has a finite subcover U, of U such that
X=U{V:V eUo,V et}. But V c int[S.cl(V)] by Theorem
1.4.12.Part.6 , therefore, X = U{int[S.cl(V)]:V € Uo }.
Hence X is S.0 — compact space .

(2,3, (4), (5) and (6) can be proved by adopting the same

items .

Theorem 3.2.8 : [28]

A topological space (X, 1) is compact if and only if each net in

X has a cluster point .

Corollary 3.2.9 :
Let (X,1) be a topological space , if each net in X has a cluster
point then (X, 1) 1s :
1) & — compact space .
2) S.5 — compact space .
3) 6*.6 — compact space .
4) S*.6 — compact space .
5) 6*.6 — compact space .
6) S**.0 — compact space .
Proof :
(1) By Theorem 3.2.8, we get that (X,1) is compact space , and so
(X,7) is & — compact by Lemma 3.2.7.Part 2 .
Similarly we can prove numbers (2) , (3), (4), (5), and (6) .
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Definition 3.2.10 :
A subset A of a topological space ( X, ) is called :
1) & — compact set , if for every open cover U of A there,

exists a finite subfamily U, of U such that
AcuUu{intcl(V):VeU} .

2) S.5 —compact set, if for every open cover U of A there,
exists a finite subfamily U. of U such that
Ac U{intS.cl(V)]:V e Uo}.

3) 0.6 — compact set , if for every open cover U of A there,
exists a finite subfamily U, of U such that
Ac U{int[0.c(V)]:V e Uo}.

4) 6.6 — compact set , if for every open cover U of A there,
exists a finite subfamily Uo of U such that
Ac U {int[d.cl(V)]:V e Us}.

5) S*.56 — compact set , if for every open cover U of A there,
exists a finite subfamily U, of U such that
AcU {S.intfciV)]:V e Uo }.

6) 0*.6 — compact set , if for every open cover U of A there
exists a finite subfamily U. of U such that
Ac U {0int[c(V)]:V e Uo}.
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7) 6*.6 — compact set , if for every open cover U of A there,
exists a finite subfamily U, of U such that
Ac U {dint[cl(V)]:V e Uo}.

8) S**.56 — compact set , if for every open cover U of A there,
exists a finite subfamily Uo of U such that
Ac U{Sint[SclV)]:V e Us}.

9) 6**.0 — compact set , if for every open cover U of A there,
exists a finite subfamily U. of U such that
A c U{0.int[0.cl(V)]: V e Uo }.

10) 6**.6 — compact set , if for every open cover U of A there,
exists a finite subfamily U, of U such that
A cU {6.int[6.c(V)] : V e Uo }.

11) 6*** & — compact set , if for every open cover U of A
there,exists a finite subfamily Uo of U such that
A c U{0.int[6.c(V)]: V e Uo }.

12) 6*** 5 — compact set , if for every open cover U of A
there , exists a finite subfamily Uo. of U such that

A c U{3.int[0.cl(V)]: Ve Uo}.

The following Propositions 3.2.11, 3.2.12 and 3.2.13 can be proved
by using Definition 3.2.10 and Remark 1.4.6.Part 2 .
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Proposition 3.2.11 :
Let (X, 1) be a topological space , and A < X . Then, the
following statements are equivalents :
1) Ais & —compact set.
2) A is 0.0 — compact set .
3) A is 8.0 — compact set .

Proposition 3.2.12 :
Let ( X, 7) be a topological space, and A < X . Then, the
following statements are equivalents :
1) A is 6*.0 — compact set .
2) A is 0**.0 — compact set .

3) A is 0***.56 — compact set .

Proposition 3.2.13 :
Let ( X, T) be a topological space , and A c X Then, the
following statements are equivalents :
1) A is 0*.0 — compact set .
2) Ais 0**.0 — compact set .
3) A is 6*** .5 — compact set .

Proposition 3.2.14 :
Let ( X, 1) be a topological space and let A <« X . If Alis:
1) S**.6 — compact set then A 1s S*.d — compact set .
2) S.8 — compact set then A is 6 — compact set .
3) 6 — compact set then A is S*.6 — compact set .
4) S.8 — compact set then A is S**.0 — compact set .

5) 6*.0 — compact set then A is 6 — compact set .
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6) 6*.0 — compact set then A is 6*.0 — compact set .

7) 0**.0 — compact set then A 1s 0*%**.6 — compact set .

8) 0***.8 — compact set then A is 6**.0 — compact set .

9) 6**.0 — compact set then A is 6.0 — compact set .
10)0*.6 — compact set then A is 6***.6 — compact set .

11)3***.6 — compact set then A is 6 — compact set .

Proof :

(1)

3)

)

Let A be a S**.5 — compact set then , for every open cover
U of A there exists a finite subfamily U, of U such that
A c U{S.int[S.cl(V)]: V € Uo }. But S.cl(V) ccl(V) by
Theorem 1.4.5, therefore , A < U {S.int[cl(V)]:V € Uo }.
Hence A is S*.5 — compact set .

Similarly we can prove number (2) .

Let A be a 6 — compact set then , for every open cover U of
A there exists a finite subfamily U, of U such that
A c U{int[cl(V) : V € Uo } . But every interior point
Is semi interior point by Theorem 1.1.8.Part 1, therefore ,
AcU{S.int[cl(V)]:V € Uo } . Hence A is S*.56 — compact set .
Similarly we can prove numbers (4) , (5), (6) , (7) and (8) .

Let A be a 6**.6 — compact set then , for every open cover U
of A, there exists a finite subfamily U. of U such that
A cU{o.int[d.cl(V) : V e Uo } . But every & —interior point is
interior point , by Remark 1.4.2.Part 2, and also ,
d.cl(V) =0.cl(V) by Remark 1.4.6.Part 2 , therefore ,
A c U{int[0.cl(V)]:V € Uo } . Hence A is 6.0 — compact set .
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(10) and (11) can be proved by adopting the same items .

Definition 3.2.15:[ 10 ]
A collection C of sets is said to have the finite intersection
property (FIP) or to be finitely common , if the intersection of members

of each finite subcollection of C is non — empty .

Definition 3.2.16:
Let ( X, 1) be a topological space . A collection p={ pp: X €A}

of subsets of X is said to have :
1) 0*.FIP , if for every finite subset Ao of A the subcollection

{cl [int(p,)] : A € Ao } has non—empty intersection, (i.e .
N cl[int(p,)] # ¢ .

L € Ao

2) S.0*.FIP , if for every finite subset Ao of A the subcollection
{S.cl[int(p,)] : A € Ao } has non—empty intersection , (i.e.

N S.clint(py)] # ¢ .

A € Ao

3) 6*.0*.FIP , if for every finite subset Ao of A the subcollection
{cl[0.int(p,)] : A € Ao } has non—empty intersection , (i.e.

N cl[0.int(p)] # ¢ -

LE Ao

4) S*.6*.FIP , if for every finite subset Ao of A the subcollection
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{ cl[S.int(p,)] : e Ao } has non—empty intersection , (i.e.
N cl[S.int(py)] # ¢ ;

ALE Ao

5) 6*.0*.FIP , if for every finite subset Ao of A the subcollection
{cl[5.int(p,) : Le Ao} has non—empty intersection , (i.e.
N cl[d.int(py)] # ¢ -

LE Ao

6) S**.0*.FIP , if for every finite subset Ao of A the subcollection
{S.cl[S.int(p,)] : A € Ao} has non—empty intersection , (i.e.
N S.cl[S.int(px)] # ¢ .

LE Ao

Proposition 3.2.17 :
1)If the collection p={p»: A A} of open subsets of a topological
space ( X, 1) has FIP . Then p has 6*.FIP .

2)If the collection p={pr: A €A} of open subsets of a topological
space ( X, 1) has FIP . Then p has S.6*.FIP .

3) If the collection p={pr: A e A} of 6 —open subsets of a topological
space ( X, 1) has FIP . Then p has 0*.0*.FIP .
4) If the collection p={pr: A e A} of semi open subsets of a topological

space ( X, 1) has FIP . Then p has S*.6*.FIP .

5) If the collection p={pr: A €A} of 6 — open subsets of a topological
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space ( X, 1) has FIP . Then p has 8*.0*.FIP .

6) If the collection p={pr: X €A} of semi open subsets of a topological

space ( X, t) has FIP . Then p has S**.6*.FIP .

Proof :
(1) Since p has FIP . So each finite subsets Ao of A,
Np.# ¢ . Butp, =int(p,) < cl[int(p,)] forall A € A .Then,

LE Ao

N clfint(py)] # 4. Thus p has *.FIP.

A€ Ao.

(2),(3), (4), (5 and (6) can be proved by the same manner .

Proposition 3.2.18 :
1) Let p={pr: A € A} be a collection of open subsets of a topological
space ( X, 1) .If {cl(py) : A €A } has the FIP . Then p has 6*.FIP.

2) Let p={pr: A e A} be a collection of open subsets of a topological
space ( X, 1) .If {S.cl(pr) : A e A} has the FIP .Then p has S.6*.FIP.

3) Let p={pr: A € A} be a collection of 6§ — open subsets of a topological
space ( X, 1) .If {cl(pr) : L e A } has the FIP . Then p has 0*.6*.FIP.

4) Let p={p»: A e A} be a collection of semi open subsets of a topo —
logical space ( X, 1) . If {cl(pr) : L €A } has the FIP . Then p has
S*. 0* FIP.

5)Let p={pr: A e A} be a collection of & — open subsets of a topological
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space ( X, 1) .If {cl(pr) : AL e A } has the FIP . Then p has 6*.6*.FIP.

6)Let p={p»: A e A} be acollection of semi open subsets of a topolo —
gical space ( X, t) . If {S.cl(pr) : A €A } has the FIP . Then p has
S**.6* FIP.

Proof :
(1) Suppose {cl(p.) : L € A} has FIP, so for each finite subsets
Ao of A, we getthat Ncl(py) # ¢ .
Now since for all A A, p.isopen set , which implies
that cl[int(p,)] = cl(p,) forall A € A . Hence N cl[int(p,)] #¢,

ALE Ao

for each finite subset Ao of A . Thus p has 6*.FIP.
(2),(),(4), (5) and (6) can be proved by the same manner .

Theorem 3.2.19:
A topological space ( X, 1) 1s:
1) 6 — compact if and only if every collection of closed subsets with

the 6*.FIP have a non—empty intersection .

2) S.6 — compact if and only if every collection of closed subsets

with the S.5*.FIP have a non—empty intersection .

3) 6*.6 — compact if and only if every collection of closed subsets

with the 0*.0* FIP have a non—empty intersection .

4) S*.6 — compact if and only if every collection of closed subsets

with the S*.6* .FIP have a non—empty intersection .
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5) 6*.6 — compact if and only if every collection of closed subsets

with the &*.6* FIP have a non—empty intersection .

6) S**.6 — compact if and only if every collection of closed
subsets with the S**.6*.FIP have a non—empty intersection .
Proof :
(1) Suppose that ( X, t) bead—compact. Let F={F,: A eA}
be a collection of closed subsets of X with the 6*.FIP and suppose if
possible , N F, = ¢ . Then X/[ N F,. ] = X, and by ( De —Morgan

AEA LEA

law ) we get that U X/[F.] =X . But X is & — compact space . Hence

ALEA
there exists a finite subset Ao of A such that Uint[cl(X/F)] = X
rE Ao
which implies that U X/[cl(int(F,))] = X, and so N cl[int(F)] = ¢ ,
A€ Ao A€ Ao

which contradicts with 6*.FIP of F.

Conversely . Let K={Kux: A e A} be any open cover of X , so

UKy =X, then X/[U K] =¢, which implies that NX/Kx = ¢. Hence

LEA rEA LEA

by hypothesis , there exists a finite subsets Ao of A, such that

N cl (int[ X/ (KW)]) = ¢ , so N X/ int[c] (K))] = ¢ .

LE Ao L€ Ao

So by ( De — Morgan law ) , we get that U int[cl(Kx)] = X .Thus ( X, 1)
)€ Ao

1s 0 — compact space .

(2),), (@), (5),and (6) can be proved by adopting the same items .
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Theorem 3.2.20 :
Let ( X, 1) be a topological space and let Y be a :
1) & — closed subset of X . If X. is a 6 — cluster point of a net (f, X, A, >)

which is eventually in Y , then X ¢ Y .

2) S.6 — closed subset of X . If X, is a S.8 — cluster point of a net
(f,X,A,>) whichiseventuallyinY ,thenx. e Y.

3) 6*.5 — closed subset of X . If X. is a 6*.5 — cluster point of a net
(f,X,A,>) whichis eventuallyin Y , thenxo € Y .

4) S*.5 — closed subset of X . If Xo is a S*.5 — cluster point of a net
(f,X,A,>) whichis eventuallyin Y ,thenxo € Y .

5) 6*.8 — closed subset of X . If X, is a &*.56 — cluster point of a net
(f,X,A,>) whichis eventuallyin Y , then xo € Y .

6) S**.5 — closed subset of X . If Xois a S**.5 — cluster point of a net
(f, X, A,>) whichis eventually in Y ,then X ¢ Y .

Proof :

(1) By Theorem 2.3.22.Part 1, there exist a subnet g of the net f
which & — converges to X, .Since f is eventually in Y, g may be
considered as anetin Y which 6 — converges to x. . Hence by
Theorem 3.1.1.Part 1, we get that X. is 6 — adherent pointof Y,
consequently, Xo € 9.cl(Y) . Since Y is 6 — closed , we have
d.cl(Y)=Y . Hence xo €Y .

2,@),(4), (5 and (6) can be proved by the same manner .
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Theorem 3.2.21 :
Let ( X, 1) be a topological space and let (f, X, A,>) be a net
in X.ForeachaimA,letMa= {f(x):x>ain A } . Then a point p of
Xisa:

1) & — cluster point of f if and only if p € d.cl(Ma) foralla e A.

2) S.6 — cluster point of f if and only if p € S.6cl(Ma) foralla € A.

3) 6*.8 — cluster point of fif and only if p € 6*.5.cl(Ma) foralla € A.

4) S*.56 — cluster point of fif and only if p € S*.5.cl(Ma) foralla ¢ A,

5) 6*.6 — cluster point of fif and only if p € 6*.5.cl(Ma) foralla € A.

6) S**.5 — cluster point of f if and only if p € S**.5.cl(Ma) foralla cA .

Proof :

(1) The “if ” part . Let p € d.cl(Ma) foralla € A, and suppose if
Possible p is not a 6 — cluster point of f then , there exists an open set
U containing p, and an element a in A such that f(x) ¢ int[cl(U)] for
all x >ain A, this implies that int[cl(U)] N Ma = ¢ . It follows that
p ¢ o.clMa for this a . But this is a contradiction . Hence pis a d —

cluster point of f.

The ““ only if ” part . Let p be a & — cluster point of fand let N be
any open set containing p .Then f is frequently in int[cl(N)] , that is ,
foreach a € A, there exist x > a in A such that f(x) e int[cl(N)],
hence Ma N int[cl(N)] # ¢ for every a « A . Thus for each open set N
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containing p, int[cl(N) intersect Ma for all a € A . It follows that
ped.cl(Ma) foralla e A.
(2),(3),(4), (5 and (6) can be proved by the same manner .

Theorem 3.2.22 :
A topological space ( X, 1) 1s:

(1) 0 — compact , if each net in X has & — cluster point .

(2) S.6 — compact , if each net in X has S.5 — cluster point .

(3) 6*.6 — compact , if each net in X has 0*.5 — cluster point .

(4) 0*.6 — compact , if each net in X has &*.6 — cluster point .

Proof :

(1) Suppose every net in X have & — cluster point and
let K be a collection of closed subsets of X with 6*FIP .
Let Q= { D : D is the *— intersection of a finite sub collection of K }
(i.e. D=nNcl [int(K;)] , where K, € K, A, finite index . We must

ALE Ao

prove Q is directed set by the inclusion relation < . Since K has

0*.FIP then , each D in Q is non — empty .
1) IfAcQthenA c A.
2) LetA,Band Cec QandifAcBandB c Cthen,Ac C.
3) Let Aand B € Q, since K has 6* FIP , which implies that there
exist finite indexes Ao and I'o such that A =N cl[int(K,)] ,

rE Ao
B= N cl[int(Ky)] . So A N B =( Nel[int(Ky)) N (Nel[int(Ky)]) then
A E To rE Ao L e To
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A N B= Ncl[int(K3)] . Since Ao, and I'o are finite sets, S0 Ao U I'o
re Ao U To

1s finite set. Thus A N B €eQ ,and AN B cAandso ANB c B.
Then , (Q, < ) is directed set . Since each D is non — empty , by
the axiom of choice , we may choose a point x(D) in D .
Now consider the function

f:Q — X ; f(D)=x(D)forallD € Q.
Then fis anet in X . By hypothesis f must have a 6 — cluster point,
say Xo . Let E be an arbitrary member of Q . Then for every D > E
(ie. (D E)inQ,wehave f(D) = x(D) e D < E.Hencefis
eventually in the 6 — closed set E .
It follows from Theorem 3.2.20.Part 1, that X € E . Since E was
chosen arbitrary xoe N Q < N K. Hence N K# ¢ and
consequently, X is 8 — compact by Theorem 3.2.19.Part 1.

Similarly we can prove numbers (2) , (3) and (4) .

Corollary 3.2.23 :
A topological space (X, 1) 1s:
(1) 6 — compact , if each net in X has a subnet which é — converges to

some points in X ..

(2) S.6 — compact , if each net in X has a subnet which S.5 — converges to

some points in X ..

(3) 6*.0 — compact , if each net in X has a subnet which 6*.6 — converges

to some points in X .
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(4) 8*.0 — compact , if each net in X has a subnet which 3*.6 — converges

to some points in X .
Proof :

It is an immediate consequence of Theorem 2.3.22, and the
Theorem 3.2.22.
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