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Abstract

The primary objective of this study was to explore the characterizations,
features, and relationships associated with seven concepts. Various examples and
important consequences were provided, along with illustrations of the

connections between these concepts.

The second objective was to examine the relationships between the ideas in
this work and other types of modules, such as indecomposable, semisimple,
generalized hollow, g-lifting, @-g-supplemented, distributive, uniform, weak
duo, projective modules, etc. The attributes, characterizations, and examples of
these modules were explored, and direct connections to other notions were
identified. Conditions that make the classes of the seven modules closed under

direct sums were also provided.

This study presented several concepts in module theory. Firstly, the notion
of principally generalized radical-supplemented modules, abbreviated as
PG-radical supplemented, was introduced. In this concept, an R-module M was
considered PG-radical supplemented if, for any cyclic submodule N of M has

PG-radical supplement. The concept of P-(Py)-modules, introduced as

generalization of principally g-lifting modules.

Additionally, the concept of @-PG-radical supplemented modules was
introduced, an R-module M was considered @-PG-radical supplemented if, for
any cyclic submodule N of M has direct summand PG-radical supplement. The
idea of a Rad,-lifting module was discussed, defining it as an R-module M in
which, for any submodule N of M with Rad,(M) < N, there was a
decomposition M = A@ B such that A < N and N N B <, B. This concept



was extended to a ring R being called Rad,-lifting if it behaved as an R-module.
Furthermore, this idea was applied to cyclic submodules and termed as

principally Rad,-lifting modules. Moreover, the concept of generalized Rad,-
lifting modules, denoted as G-Rad,-lifting, was introduced, where an R-module
M was considered G-Rad,-lifting if, for every N < M with Rad,(M) < N, there
was a decomposition M=A@&B such that A < N and N N B < Rad,(B). The

case in which a ring R was considered G-Rad,-lifting was also discussed.



Introduction

Throughout this dissertation all rings are associative with identity unless
otherwise stated, and all modules are right unitary.

A proper submodule N of a module M is called small in M, i.e., N K M if,
for any submodule L of M with M = N + L, then L = M, equivalently, for any
LcM, N+LcM|[22]. If M is an R-module, the Jacobson radical of M is
denoted by Rad (M), and defined as the intersection of all maximal submodules
of M, or the sum of all small submodules of M [22]. If M has no maximal
submodule, then we set Rad(M) = M. Many years ago, many authors [7] gave
a definition of Rad-supplemented module as, if for every submodule N in M, we
havethat M = N + K and N N K € Rad(K) for some K < M. Later in 2012 the
concept of @-Rad-supplemented module have been introduced in [11] if for
every direct summand submodule N in M, we have that M = N + K and
N N K € Rad(K) forsome K < M.

A nonzero submodule N of a module M is said to be essential in M, i.e,
N 2 Mif, forany L < M with NN L = 0implies L = 0 [22]. In [42] Zhang and
Zhou call submodule K as g-small in M, i.e., K <, M if, for every essential
submodule T of M such that M = K + T implies that T = M. Also, Zhou and
Zhang [42] defined the generalized radical of an R-module M as the intersection
of all submodules that are both essential and maximal submodule of M and
denoted by Rad,(M). Equivalently, Rad,(M) is the sum of all g-small
submodules of M. The definition of g-radical supplemented module was
presented by [26].

In 2020, Ghawi introduce the definition of é@-g-radical supplemented
module as, a module M is called @-g-radical supplemented if, every submodule

of M has a g-radical supplement that is a direct summand, i.e., forevery N < M,



there is a direct summand H of M suchthat M = N+ Hand N N H € Rad(H)
[14]. In [15] Ghawi introduced the definition of (P,")-modules as, if for N < M,

there exists a direct summand H of M where H < N and N/H € Rad,(M/H),

a module M is said to have (P,") property or (P,")-module.

Lifting modules have been extensively studied by several authors, and
various generalizations for these modules were given, for example, g-lifting
modules [33], principally lifting modules [19], principally g-lifting modules [13],

...etc. The ideas in this work.

In this work, we will introduce three main concepts as generalizations of
the concepts of generalized radical supplemented modules, (P,")-modules and
@-generalized radical supplemented modules respectively. Then we presented
two ideas of Radg-lifting modules and G-Radg-lifting modules with their
generalizations principally Rad,-lifting modules and principally G-Rad,-lifting
modules respectively.

According to the order of the chapters: This dissertation consists of five
chapters. Chapter one is divided into two sections. In section 1, we mentioned
all the definitions that we used in this work. In section 2, we represented and
explained all the theorems, propositions and corollaries that building this work
as lemmas.

In chapter two of this study is entitled “PG-radical supplemented and
P-(P;")-property” is divided into six sections. In sections 1 & 4, the notion of
PG-radical supplemented and P-(P,")-modules, were defined and examined.
We'll go through the characterization of the notions of PG-radical supplemented
modules (P-(P;")-modules), with some of their features. Also, we take some

examples, remarks and studied the closure under direct summands and factor



modules. We started by important propositions then concluded major theorems
where we investigate the factors of PG-radical supplemented modules (P-(P,")-
modules) in some cases. A direct summand of the PG-radical supplemented
modules (P-(P;")-modules), has been investigated in a series of results which
begin by several propositions.

Then we gave a condition that makes a PG-radical supplemented modules
(P-(Py")-modules), inherited by its direct summands. Also, we discussed the
direct sums of them under some cases.

Sections 2 & 5 are about the relation between PG-radical supplemented
modules (P-(P,")-modules) and other types of modules such as, generalized
hollow, semisimple, ...etc. Also, we are proofed.

In sections 3 & 6, we looked at and explored the behavior of PG-radical
supplemented modules (P-(P,")-modules) under localization. So, we gave some
lemmas and theorems. As well, we investigated the P-(P,") property as a ring, in
section 6.

Chapter three is entitled “@-PG-radical supplemented modules” and it has
three sections. As a more advanced notion of @-PG-radical supplemented
modules, we defined and investigated a @-PG-radical supplemented modules,
and some basic properties that are shows in section 1 of this chapter. By using
the indecomposable modules, we provide many equivalent cases for the notion
@-PG-radical supplemented modules.

We describe the direct sums of the notions of @-PG-radical supplemented
modules, under certain conditions. Also, in the same section we looked into the
direct summands and factors of @-PG-radical supplemented modules. The factor
is proved under many conditions as we see in many propositions. We showed
that if, M/L is a @-PG-radical supplemented module, then M does not need to



be a @-PG-radical supplemented, for a submodule L of a module M by couture
example.

Also, we investigated the conditions of direct summands for @-PG-radical
supplemented modules. Later we conclude a corollaries which give us a cases
that make a direct sum of @-PG-radical supplemented modules is @-PG-radical
supplemented if the module is satisfied one of the following cases, weak-duo,
duo, weakly distributive or M has SIP.

In section 2, we discussed numerous relations between the idea of
@-PG-radical supplemented modules and other types of modules. We start by
many theorems which declare these relations with @-PG-radical supplemented
modules under special conditions. Then we start to form different equivalence
relations under case zero generalized radical. As well, if we have g-V-ring (e-
noncosingular) we had the same results. Through this section by remarks we
show that some cases are necessary in theorems. Also, we give two cases that
can make the factor M/Rad,(M) of a cyclic and @©-PG-radical supplemented
module M over a PID R is principally semisimple. We ended this section with a
five-point equivalents that is true only if, the module has zero generalized
radical.

In section 3, we discussed the @-PG-radical supplemented property as a
ring. In addition, we investigate the behavior of @-PG-radical supplemented
modules under the localization. We have talked about some interesting results.

Chapter four, is entitled “Rad,-lifting modules and P-Rad,-lifting modules”
Is divided into six sections. In sections 1 & 4, we defined the class of modules
that is known as Rad,-lifting and P-Rad,-lifting respectively. Therefore, we
presented the main proposition which gave us seven equivalents assertions to our

definition. Also, there were certain properties, examples, characterizations and



instances provided. As well we gave a condition that make a direct sum of
Rad,-lifting modules (P-Rad,-lifting modules) is also Rad,-lifting modules
(P-Rad,-lifting modules). Basic characteristics and factor modules will be
checked. We discuss the factor module of Rad,-lifting modules (P-Rad,-lifting
modules) in many propositions and corollaries.

In sections 2 & 5, several relations are made between our notions and
different types of modules. As well as the classes, semisimple (principally
semisimple) modules, g-lifting (principally g-lifting) modules, &-g-
supplemented  (principally @-g-supplemented) modules, (Pg*)-modules
(principally (P,;")-modules), sgrs®-modules (principally sgrs®-modules) and
@-G-Radg-supplemented (€-PG-Radg-supplemented) modules are equivalent
only if, the generalized radical of the module is equal to zero. We build another
theorem that has the same condition over a ring R but with a special group of
some types of R-modules.

Finally, in sections 3 & 6, we discuss a localization of Rad,-lifting modules
and P-Rad,-lifting modules. The Rad,-lifting and P-Rad,-lifting properties is
also studied as a ring in these two sections.

Chapter five is, entitled “G-Radg-lifting modules and ~ PG-Rad,-lifting
modules” is divided into six sections. In sections 1 & 4, we defined a class of
modules that is known as a G-Radg-lifting modules and PG-Rad,-lifting
modules respectively, also, there were certain properties, examples,
characterizations, instances provided, direct summands, factor modules,
homomorphism images. We collected and remembered several examples of as
well as some observations that are useful in the writing of this dissertation as

well as clarify some concepts and prove them elsewhere.



In sections 2 & 5 within this chapter, several connections are made between
our notions and different types of modules that we mentioned for them
previously which they were had direct relation with our definitions and indirect
sometimes, which required us to add some cases. We build another theorem that
has the same condition over a ring R but with a special group of some types of
R-modules.

In two sections 3 & 6, during these sections we exposed the concept of
localization, and we studied how it effects on Rad,-lifting (P-Rad,-lifting)
modules. As well as, we discussed these notions as rings.

Note in the last two chapters we included a case within the basic definition,
which is Rad,(N) € M for each submodule N of a module M. This required
lead us to add conditions sometimes and delete conditions at other times.

Chapter Three is titled "@®-PG-Radical Supplemented Modules" and is
divided into three sections. In this chapter, we explore the concept of
@-PG-radical supplemented modules in greater depth. We define and investigate
@-PG-radical supplemented modules, presenting their basic properties in the
first section. By utilizing indecomposable modules, we establish several
equivalent cases for @-PG-radical supplemented modules.

We discuss the direct sums of @-PG-radical supplemented modules under
specific conditions in the same section. Additionally, we examine the direct
summands and factors of @-PG-radical supplemented modules. We provide
proofs for these factors under various conditions, as indicated by multiple
propositions. Furthermore, we demonstrate that if ML is a @-PG-radical
supplemented module, M itself does not necessarily have to be @&-PG-radical
supplemented, as exemplified in our corollary.



In this section, we also investigate the conditions for direct summands of
@-PG-radical supplemented modules. Towards the end, we derive corollaries
that outline cases where the direct sum of @&-PG-radical supplemented modules
Is also @-PG-radical supplemented, assuming that the module satisfies one of
the following conditions: weak-duo, duo, weakly distributive, or M has SIP.

Moving on to Section 2 of this chapter, we explore various relationships
between @-PG-radical supplemented modules and other module types. We
begin by introducing several theorems that establish these relationships under
specific conditions. Additionally, we examine different equivalence relations
under the context of the zero generalized radical and g-V-ring (g-noncosingular)
settings.

By providing remarks, we highlight the necessity of certain cases in the
theorems. Furthermore, we present two cases where the factor M / (Rad,(M))
of a cyclic and @-PG-radical supplemented module M over a PID R is
principally semisimple. We conclude this section with a five-point equivalence
that holds true only if the module has a zero generalized radical.

In Section 3, we shift our focus to the @-PG-radical supplemented property
as a ring. We also investigate how @-PG-radical supplemented modules behave
under localization, presenting several interesting results.

Chapter Four, titled "Radg-Lifting Modules and P-Rad,-Lifting Modules," is
divided into six sections. In Sections 1 and 4, we define two classes of modules:
Rad,-lifting and P-Rad,-lifting. We present the main proposition, which
provides seven equivalent assertions to our definitions. We also explore various
properties, examples, characterizations, and instances. Additionally, we discuss

conditions under which the direct sum of Rad,-lifting modules (P-Rad,-lifting

modules) remains Rad,-lifting modules (P-Rad,-lifting modules). We delve into



basic characteristics and factor modules, examining them through multiple
propositions and corollaries.

In Sections 2 and 5 of this chapter, we establish connections between our
notions and different types of modules discussed earlier. We demonstrate
equivalence among classes, such as semisimple (principally semisimple)
modules, g-lifting (principally g-lifting) modules, @-g-supplemented
(principally &-g-supplemented) modules, (F;)-modules (principally (F;)-
modules), sgrs®-modules (principally sgrs®-modules), and @®-PG-Rad,-
supplemented (©-PG-Radg-supplemented) modules when the generalized
radical of the module equals zero. We introduce another theorem with the same
condition applicable to a special group of R-modules over a ring R.

In Sections 3 and 6, we examine the localization of Rad,-lifting modules
and P-Rad,-lifting modules. We also study these properties as rings.

To conclude, the last two chapters include a case within the basic definition,
which is Rad, (M) S N for each submodule N of a module M. This occasionally

leads us to add or remove conditions as needed.
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In this chapter we will review several of important definitions and
outcomes. This chapter is divided into two sections. In section 1, we recall
many basic definitions which we need in our work. In section 2, we are going

to include several theorems, propositions, and previous corollaries as lemmas.

1.1. Basic definitions.

In this section of the chapter, we will state most of the definitions that we

need in our work.

Definition 1.1.2. [22, p.19] If 0 and M are the only submodules of an R-module
M, then M is called simple.

Definition 1.1.3. [22, p.19] A submodule E of an R-module M is said to be
maximal, denoted by E <™** M if, E #+ M and for any submodule G of M
wWithE c G < M, thenG = M.

Definition 1.1.4. [22, p.19] A submodule E of an R-module M is said to be
minimal, if, for E #+ M and for any submodule G of M with ¢ ¢ E < M, then
G = 0.

Definition 1.1.5. [22, p.18] A submodule of an R-module M is called cyclic if
it is generated by m. So that, a module M is called cyclic if it generated by a
subset X = {m} contains one element only, that is M = ({m}) or M is called

cyclic if and only if there isan m € M, where M = mR.

Definition 1.1.6. [22, p.22] If an R-module M has a finite generating set, it is
said to be finitely generated, say X, thatis M = (X).

Definition 1.1.7. [22, p.31] A submodule E of an R-module M is called a direct
summand of M, denoted by E <® M if, there exists a submodule C of M such
that E+C=MandEnNC = 0.
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Definition 1.1.8. [22, p.191] If every submodule of an R-module M is a direct

summand, then M is called semisimple.

Definition 1.1.9. [36, p.47] An R-module M is called regular if all its cyclic
submodules are direct summands of M. Later itis called principally semisimple
[13].

Definition 1.1.10. [22, p.32] An R-module M is called an indecomposable if

the only direct summands of M are 0 and M.

Definition 1.1.11. [22, p.106] A submodule E of an R-module M is said to be
small in M, denoted by E « M if, for any submodule X of M with M = E + X,
thenX = M, or,foranyX c M,E+ X c M.

Definition 1.1.12. [22, p.106] A nonzero submodule E is said to be essential in
an R-module M, denoted by E 2@ M if, forany X < M and E n X = 0 implies
X= 0, equivalently, for any submodule X = 0, En X # 0.

Definition 1.1.13. [16, p.17] let A and B are two submodules of an R-module

M, then A is relative complement of B, if A is maximal in An B = 0.

Definition 1.1.14. [22, p.212] The Jacobson Radical of an R-module M
denoted by Rad (M), and defined as the intersection of all maximals of M, or
the sum of all small submodules of M. If M has no maximal submodule, then
Rad(M) = M.

Definition 1.1.15. [40, p.351] A nonzero R-module M is called hollow if every

proper submodule is small in M.

Definition 1.1.16. [20] A nonzero R-module M is called principally hollow

(denoted by , P-hollow) if every proper cyclic subomodule is small in M.
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Definition 1.1.17. [16, p.85] A nonzero R-module is called uniform if all its

nonzero submodules are essential.

Definition 1.1.18. [16, p.17] Let M be an R-module, the annihilator of
a module M in R denoted by ann(M)y, defined as the set of those r € R such

that mr = 0 forall m € M.

Definition 1.1.19. [16, p.31] Let M be an R -module, put Z(M) = {m €
M: ann(M)g S R}. Z(M)is called the singular submodule of M. M is called
singular if Z(M) = M, and M called nonsingular if Z(M) = 0.

Definition 1.1.20. [42] A submodule K of an R-module M is called g-small in
M, can write K <, M if, for every essential L in M such that M = K + L then
L = M. The authors Zhou and Zhang call a g-small submodule as an e-small

submodule.

Definition 1.1.21. [42] A generalized Radical of an R-module M is the
intersection of all essential maximal in M or, the sum of all g-small
“submodules, and it is denoted by Rad,(M). If M has no maximal submodule,

then we set Rad,(M) = M.

Definition 1.1.22. [43] A submodule N of an R-module M is called §-small in
M, denoted by N «s M if, whenever M = N + X with M /X singular, we
have M = X.

Definition 1.1.23. [43] Let M be an R-module, define § (M) as the following:
S(M) =Y{N < M|N is a 6-small submodule of M}. Since, every §-small
submodule is g-small, then §(M) < Rad,(M).

Definition 1.1.24. [3, p.357] an R-module M is called to be local if, Rad (M)
Is maximal in M and Rad(M) < M.
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Definition 1.1.25. [35] An R-module M is called to be g-local if, Rad, (M) is
maximal in M and Rad,(M) <4 M.

Definition 1.1.26. [21] Let M be an R-module, the sum of all generalized
Radical submodules of M denoted by B, (M), ie., P,(M)=X{E <

M| Rad,(E) = E}.

Definition 1.1.27. [26] An R-module M is called generalized hollow if each its

proper submodule is g-small.

Definition 1.1.28. [14] An R-module M is called principally generalized

hollow if each its proper cyclic submodule is g-small.

Definition 1.1.29. [22, p.147] An R-module M is said to be Noetherian
(Artinian ) if every nonempty set of submodules have a maximal (minimal,

respectively) element ordered by inclusion.

Definition 1.1.30. [40, p. 539] An R-module M over ring R is called uniserial
if all submodules are totally ordered by inclusion. This simply means that for

any two submodules E; and E, of M, either E; < E, or E, < Ej.
Definition 1.1.31. [22, p.23] An R-module M is called free if it is having basis.

Definition 1.1.32.[22, P.124] An R-module N is called injective if and only if
for any two R-modules A, Band for any monomorphism f: A — Band any
homomorphism g: A = N, there exists a homomorphism h: B — Nsuch that
hof=g.1f N2 Mand M is an injective module, then M is said to be an

injective envelop of N, denoted by E(N) = M.

Definition 1.1.33. [22, p.117] An R-module P is called projective if and only
If for any two R-modules H, G and for any epimorphism 7: H — G and for any

g: P = G homomorphism, there is g: P - H homomorphismwitht oo = g.

10
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Definition 1.1.34. [3, p.184] Let E and M be two R-modules. M is called
projective with respect to a module E (or E-projective) in case for each X < E,
and for each homomorphism h: M — E /X could be lifted a homomorphism
g:M - E ie,mog = hwheren: E — E/X isanatural map. A module which
Is projective with respect to itself is said to be a quasi-projective (or self-

projective) module [31, p.68].

Definition 1.1.35. [31, p.74] Let I = {1,2, ..., n}, where n be a positive integer.
The class of modules {M;| i € I} is said to be relatively projective if for M; is

M;-projective forall (i # j) € 1.

Definition 1.1.36. [40. p.40] A submodule E of an R-module M is said to be
fully invariant if, f(E) < E forall f € End(M).

Definition 1.1.37. [33] If all submodules of an R-module M are fully invariant,

then M is called a duo module.

Definition 1.1.38. [33] If all direct summands of an R-module Mare fully

invariant, then M is called a weak duo module.

Definition 1.1.39. [8] A submodule H of a module M is called distributive if
HNn(G+L)=HNG)+HNL)orH+(GNL)=H+G)n(H+ L) for
all submodules G, L of M. A module M is called distributive if all submodules

of M are distributive.

Definition 1.1.40. [6] A submodule H of an R-module M is weak distributive
if, H=(HnNX)+ (HnY) for all submodules X,Y of M such that X +Y =
M. A module M is called weakly distributive if every submodule of M is a

weak distributive submodule of M.

Definition 1.1.41. [40, p.359] An R-module M is called m-projective if, for any
two submodules H,G of M with M = H + G there is an f € Endgz (M) such
that Imf < H and Im(1—f) <G.

11
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Definition 1.1.42. [41, p.50] An R-module M is called refinable if for all
submodules U and V of M with M = U + V, there is a direct summand U of M
suchthatUcUandM =0 + V.

Definition 1.1.43. [39] An R -module M is said to have the summand
intersection property, briefly SIP, if the intersection of any two direct

summands of M is again a direct summand.

Definition 1.1.44. [2] An R-module M is said to have the summand sum
property, briefly SSP, if the sum of any two direct summands of M is also direct

summand of M.

Definition 1.1.45. [17] A submodule L of an R-module M is called g-coclosed
if whenever N < L with L/N «<; M/N implies L = N.

Definition 1.1.46 [40, p.348] For submodules L, E of an R-module M. Then L
Is called a supplement of E in M if, L is a minimal element in the set of
submodules X of M with E 4+ X = M, or equivalently, L is a supplement
submodule of Ein M if, E4+L=Mand ENL < L. A module M is called

supplemented if every submodule of M has a supplement in M.

Definition 1.1.47. [1] An R-module M is said to be principally supplemented
if for all cyclic submodule L of M, there is a submodule X of M with
M=L+XandLnXissmallinX.

Definition 1.1.48. [26] Let M be an R-module and U,V < M. IfM =U +V
and M = U + L with L 2V implies L =V, then V is called a g-supplement of
U in M; or equivalently, VV is a g-supplement of U in M if and only if
M=U+VandUNV <K, V. If every submodule of M has a g-supplement in

M, then M is called a g-supplemented module.

12
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Definition 1.1.49. [32] An R-module M is called principally g-supplemented if
every cyclic submodule of M has a principally g-supplement in M, i.e., for
m € M, thereis L < M suchthat M = mR + Land mR N L K, L.

Definition 1.1.50. [31, p.95] An R-module M is said to be @-supplemented if
every submodule of M has a supplement that is a direct summand, i.e., for every
L < M, there is a direct summand Nof Mwith L4+ N =M andLN N < N.

Definition 1.1.51. [38] An R-module M is called principally @-supplemented
if for any cyclic submodule L of M, there is a direct summand X of M such that
M=L+XandLnXissmallinX.

Definition 1.1.52. [14] An R-module M is called @-g-supplemented if every
submodule of M has a g-supplement that is a direct summand of M, i.e., for any
E < M there is a direct summand C of M withE+C =M and E N C K, C.
For any ring R, in case a module Ry is @-g-supplemented, then R is said to be

a @-g-supplemented ring.

Definition 1.1.53. [32] An R -module M is called principally & -g-
supplemented if every cyclic submodule of M has a principally g-supplement
that is a direct summand of M, i.e., that is, for each m € M, there exists
a submodule L of M such that M = mR + L = L'@L for some L' < M with
mRNL <K, L.

Definition 1.1.54. [19] An R-module M is called principally §-supplemented
if for all cyclic submodule N of M, there exists a submodule X of M such that
M=N+XandNNnX <z X.

Definition 1.1.55. [37] An R -module M is said to be principally
@-5-supplemented if for all cyclic submodule N of M, there exists a direct
summand X of M suchthat M = N+ Xand N N X <; X.

13
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Definition 1.1.56. [25] An R-module M is called ©-G-Radg-supplemented if,
any submodule N of M with Rad,(M) < N there is a direct summand A of M
suchthat M = N + Aand N N A € Rad,(M).

Definition 1.1.57. [21] Let R be a ring. An R-module M is said to be
principally €&-G-Radg-supplemented (briefly, ©-PG-Rad,-supplemented) if,
any cyclic submodule mR of M with Rad,(M) S mR, there exists a direct
summand A of M such that M = mR + A andmR N A € Rad,(A). Aring R

is called ©@-PG-Rad,-supplemented if, Ry is ©-PG-Radg-supplemented.

Definition 1.1.58. [27] Let M be an R-module, U, V<Mand M =U+V
such that UNV < Rad,(V), then V is called a generalized Radical

supplement, briefly g-Radical supplement, of U in M. Moreover, if every
submodule of M has a generalized Radical supplement in M, then M is called

a generalized Radical supplemented, briefly g-Radical supplemented.

Definition 1.1.59. [14] An R-module M is called @-g-Radical supplemented

if, every submodule of M has a g-Radical supplement that is a direct summand.

Definition 1.1.60. [10] An R-module M is called strongly generalized Radical
supplemented or briefly, sgrs-module if, any submodule of M containing
Rad,(M) has a g-supplement in M, i.e., for any N < M with Rad,(M) S N
there exists a submodule K of M such that N + K = M and N N K <, K. As

an example, every semisimple module is a sgrs-module.

Definition 1.1.61. [32] An R-module is called a principally strongly g-Radical
supplemented module (briefly principally sgrs-module) if, for m € M with
Rad,(M) S mR, there exists a subomodule X of M suchthat M = X + mR and

mR N X is g-small in X.

14
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Definition 1.1.62. [21] An R -module M is called strongly generalized
@-Radical supplemented (briefly, sgrs®-module) if for every submodule L of
M with Rad,(M) < L has a g-supplement which is a direct summand of M,
i.e,, forany L < M with Rad,(M) < L, there exists a direct summand X of M

suchthat M =L + X and L n X is g-small in X.

Definition 1.1.63. [21] An R-module M is said to be a principally strongly
generalized @-Radical supplemented (briefly, principally sgrs®-module) if,
for any cyclic submodule N of M such that Rad,(M) S N has a g-supplement
that is a direct summand of M, i.e., forany m € M with Rad,(M) < mR, there

exists a direct summand X of M suchthat M = mR+ Xand mR N X Ky X.

Definition 1.1.64. [23] An R-module M is called lifting (or satisfies (D,)) if,
any submodule L of M contains a direct summand N of M with L/N <« M/N,
or equivalently, for every L < M, there exists a decomposition M = N@X such
that N<LandLNX K M,also LN X K X.

Definition 1.1.65. [20] An R-module M is called principally lifting if, for all
cyclic submodule L of M, there exists a decomposition M = H@G such that
H<LandLNG K M.

Definition 1.1.66. [31, p.57] An R-module M is said have:

(D,) Property: if for any H < M such that M /H is isomorphic to a direct
summand of M, then H is so a direct summand of M.

(D3) Property: if for any direct summands H and G of M withM = H + G

then H N G is also a direct summand of M.

Definition 1.1.67. [34] An R-module M is called g-lifting if, for any L < M,
there is a decomposition M = H®G suchthat H < Land L N G K, M, also in
G.

15
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Definition 1.1.68. [13] An R-module M is called principally g-lifting if, for
each m € M, M has a decomposition M = H®G such that H < mR and
mRNG K, G.

Definition 1.1.69. [22, p.124] A pair (P, f) is called a cover of an R-module
M if, P is a module and f: P — M is an epimorphism with kerf is small in P.
If P is a projective module, (P, f) is said to be a projective cover of M.
An R-module M is called semiperfect if and only if every factor module of M

has a projective cover.

Definition 1.1.70. [14] A pair (P, f) is called g-cover of M if, P is a module
and f: P — M isanepimorphism with kerf isg-small in P. If P is a projective,
(P, f) is said to be a projective g-cover of M. As well, a module M is said to be

g-semiperfect if every factor module of M has a projective g-cover.

Definition 1.1.71. [1] An R-module M is called principally semiperfect if

every factor module of M by a cyclic submodule has a projective cover.

Definition 1.1.72. [14] An R-module M is called principally g-semiperfect if,

all its factor modules by cyclic submodules has a projective g-cover.

Definition 1.1.73. [35] An R-module M is called T-e-noncosingular relative to
E if, for any nonzero homomorphism f: M — E, Imf is not e-small in E. M is

called 7"-e-noncosingular if M is T-e-noncosingular relative to M.

Definition 1.1.74. [35] An R-module M is called “e-small”, in this study we
called it “g-small”, if M is g-small in injective envelope of M. Then

a e-cosingular, in [13] indicated to be a g-cosingular submodule which denote

Z,(M), defined as follows: Z,(M) = N{kerc| o: M - E, E is a g-small}.

Definition 1.1.78. [14] An module M is said to be a g-cosingular
(g-noncosingular) if, Z,(M) = 0 (resp. Z,(M) = M).

16
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Definition 1.1.79. [15] An R-module M is said to have (P,")-property or may
be called a (P,")-module if for each L < M, there is a direct summand H of M

suchthat H < L and L/H € Rad,(M/L).

Definition 1.1.80. [28, p.97] A ring R is called V-ring if, for every simple
R-module M, is injective. Moreover, Rad(M) = 0. Also a ring R is called
g-V-ring if, for every R-module M, Rad,(M) = 0. [21]

Definition 1.1.81. [30, p.42] A multiplicatively closed set (or, a multiplicative
set) is a subset S of a ring R with identity satisfying two conditions:

(1)1 €S.

(2) Forall x and y in S, the product xy € S.

Definition 1.1.82. [5] An R-module M is said to be multiplication if, for
E < M, E = IM forideal I of R. Equivalently, M is a multiplication R-module
if, for any submodule E of M, E =M.(E:x M) where (E:xy M) ={r €
R:Mr € E}.

Definition 1.1.83. [5] An R-module M is called faithful if, (0:x M) = 0.

Definition 1.1.84. [30, P.61] Let R be a ring and let M be an R-module. Let S
be a multiplicatively closed set in R. Let T be the set of all ordered pairs (a, b)
where a € R and b € S. We have S™1M is an R-module with respect to this
operation. The R-module S™'M is said to be "a quotient S~*R-module", or a
"module of quotient". Note that if 0 € S, then S™1M = 0.

Als, S71R is called a quotient ring of R, or a ring of quotient of R.

Definition 1.1.85. [4] Let R be a commutative ring, M an R-module and E an
R-submodule of M. Anelementr € R is called primeto E if rm € E (m € M)
implies that m € E. Denote by L(E) the set of all elements of R that are not
primeto E,i.e., L(E) ={r e R|rm € E forsomem € M \ E}.

17
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1.2. Basic results.

In this section of the chapter, we will mention most of the results that we

will rely on in this dissertation for the coming chapters.

Lemma 1.2.1. [40, 19.3] Let C, X, E and M be R-modules.
QIfc<X<M,thenX <K Mifandonlyif C K Mand X/C K M/C.

(2) Cy, Cy, ..., C, are small submodules of M if and only if };i~, C; is small in
M.

(3) For C « M and f: M — E a homomorphism, we have f(C) < E.

(4) If C <X <M and X a direct summand in M, then C < M if and only if
C K X.

Lemma 1.2.2. [3, Proposition 5.20] let M be R-module, and C; < M; < M,
C, <M, <Mand M = M; @ M,; then.

(1) C,8C, K M;®M, ifand only if C; K M; and C, K M,.

(2) C,®C, 2 M;®M, ifandonlyif ¢C; 2 M, and C, 2 M,.

Lemma 1.2.3. [12, Theorem 2.5] Let R be a commutative ring with identity
and M a non-zero multiplication R-module. Then

(1) every proper submodule of M is contained in a maximal submodule of M.
(2) C is a maximal submodule of M if and only if there exists a maximal ideal
P of R suchthat C = PM # M.

Lemma 1.2.4. [42, Proposition 2.3] Let E be a submodule of an R-module M.
The following are equivalent.

(1) E K4 M.

(2) If C + E = M, then C is a direct summand of M with M /C a semisimple

module.

18
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Lemma 1.2.5. [42, Proposition 2.5]

(1) Assume that E, C, X are submodules of an R-module M with C C E.

(i) IFE <, M,then C <, Mand E/C <, M/C.

() E+X K, Mifandonly if E <, M and X <, M.

(2)If C Ky M and f:M — E is any homomorphism, then f(C) <, E. In
particular, if C <, M € E, then C <, E.

(3) Assume that C;, €M, €M, C,SM,SM and M = M;®M, , then
C10C, K53 M;@®M, ifandonly if C; <K, M; and C; K, M,.

Lemma 1.2.6. [18, Proposition 3.2] Let M be an R-module, letC < E <M
be submodules of M. If C «, M and E <® M, then C «, E.

Lemma 1.2.7. [15, Lemma 2.5] Let M be an R-module and X < E <® M. If
X € Rad,(M) then X € Rad,(E).

Lemma 1.2.8. [42, Corollary 2.11]

(1) If f:M — M is an R-homomorphism, then f(Rad,(M)) S Rad,(M). In

particular, Rad, (M) is a fully invariant submodule of M.

(2) If every proper essential submodule of M is contained in a maximal

submodule of M, then Rad, (M) is the unique largest g-small submodule.

Lemma 1.2.9. [35, Lemma 2.2] Let M be an R-module and m € M. The
following are equivalent:

(1) m € Rad,(M).

(2) mR <4 M.

Lemma 1.2.10. [35, Corollary 2.3] Let M = @;c;M; be a module, then
Radg(M) = @iEIRadg(Mi).
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Lemma 1.2.11. [18, Proposition 3.7] Let M be an indecomposable module.

Then a proper submodule E of M is small if and only if it is g-small.

Lemma 1.2.12. [14, Lemma 5.4] M be finitely generated R-module, then
Rad,(M) <, M.

Lemma 1.2.13. [18, Proposition 3.15] Let M be an arbitrary R-module. Then
Rad,(M) = M if and only if all it is finitely generated submodules of M are

all g-small.

Lemma 1.2.14. [33, Lemma 2.1] Let an R-module M = &@;¢;M; be a direct
sum of submodule M; (i € I), and let E be a fully invariant submodule of M.
Then E - ®iEI(E N Ml)

Lemma 1.2.15. [34, Lemma 6] Let E, L be submodules of an R-module M
such that £+ L has a g-supplement X in M and ENn(X+L) has
a g-supplement U in E. Then X + U is a g-supplement of L in M.

Lemma 1.2.16. [34, Lemma 8] Let M, and E be submodules of an R-module
M and M, be a g-supplemented module. If M; + E has a g-supplement in M,
then so does E.

Lemma 1.2.17. [14, Lemma 2.12] Suppose that M is an R-module with
L<E<MandX < M.Assume E is a g-supplement of X. Then,

(1) L isg-small in E if and only if L is g-small in M.

(2) Rady(E) = E N Rad,(M)

Lemma 1.2.18. [13, Lemma 2.3] Let L, X and N be submodules of an
R-module M such that L is a g-supplement of X and N «,; M, then L is

a g-supplement of X + N in M.
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Lemma 1.2.19. [37, Lemma 3.14] Let M be an R-module and E a fully
invariant submodule of M. If M = M;®M, for some submodules M, and M,
of M, then M/E = [(M; + E)/E]®[(M, + E) /E].

Lemma 1.2.20. [34, Theorem 4] The following are equivalent for an R-module
M.

(1) Rad, (M) is Artinian .

(2) Every g-small submodule of M is Artinian .

(3) M satisfies DCC on g-small submodules.

Lemma 1.2.21. [35, Proposition 3.7] The following are equivalent for aring R.
(1) Every right R-module is T-g-noncosingular.

(2) Every right R-module is g-noncosingular.

(3) For any right R-module M, Rad, (M) = 0.

Lemma 1.2.22. [Modular Law,22, P.30] For submodules A, B and C in
an R-module M with B < C, it follows that (A+B)NC=(ANC)+ (BN
C)=(AnNC)+B.

Lemma 1.2.23. [40, 31.3] Let M be a semisimple R-module. Then M is
Artinian if and only if M is finitely generated.

Lemma 1.2.24. [31, Lemma 4.6] Let M be an R-module with (D,). Then M
has (D3).

Lemma 1.2.25. [31, Proposition 4.38] Any quasi-projective R-module has
(D2).

Lemma 1.2.26. [31, Lemma 4.47] let M = S®T = E + T be an R-module
where S is T-projective. Then M = T@®T where T < E.

Lemma 1.2.27. [22, Theorem 5.4.1] A module is projective if and only if it is

iIsomorphic to a direct summand of a free module.
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Lemma 1.2.28. [22, Corollary 8.2.2] Let R be a ring, then.

(1) R is semisimple if and only if any right and left R-module is semisimple.
(2) R is semisimple if and only if any right and any left R-module is injective
if and only if any right and any left R-module is projective.

(3) R is semisimple if and only if any simple right R-module and any simple

left R-module is projective.

Lemma 1.2.29. [24, Lemma 2.3] Let E be a direct summand of an R-module
M and let L be a submodule of M such that M /L is projectiveand M = E + L.

Then E N L is a direct summand of M.

Lemma 1.2.30. [40, 41.14] Let M be a m-projective module. If M =U +V
and U a direct summand in M, then there exists V c V with M = UV,

Lemma 1.2.31. [40, 41.14] The following cases are equivalent for
an R-module M = M, @ M,.

(1) M, is M,-projective.

(2) For any submodule N of M with M = E + M,, there exists a submodule E;
of E suchthat M = E;®M,.

Lemma 1.2.32. [23, Theorem 6.1.2] Let M be an R-module and let N < M.
(1) The following are equivalent:

(i) M is Artinian.

(ii) N and M /N are Artinian.

(2) The following are equivalent:

(i) M is Noetherian.

(ii) N and M /N are noetherian.

(iii) Every submodule of is finitely generated.
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Lemma 1.2.33. [29, Proposition 2.1] For a submodule E c M, the following
are equivalent.

(1) M/E is semisimple.

(2) for any X < M there exists a submodule L < M such that X + L = M and
XNLCE;

(3) there is a decomposition M = M, @M, with M, is semisimple, E 2 M, and

M, /E is semisimple.

Lemma 1.2.34. [35, Proposition 2.8] The following cases will be equivalent
for a g-local module M.
(1) M is local.

(2) M is indecomposable.

Lemma 1.2.35. [17, Proposition 2.6] Suppose that M is an R-module and
Rad,(M) # M. Then M is generalized hollow if and only if M is local.

Lemma 1.2.36. [21, Lemma 2.2.13] P, (M) is a fully invariant submodule for

each module M.

Lemma 1.2.37. [21, Lemma 2.2.20] Let M be an R-module such that E < M
and Rad,(M) < E. Then,

(1) If E is a direct summand of M, then Rad,(M) = Rad,(E).
(2) If Rad (M) is a direct summand of M, then Rad (M) = E;(M).

Lemma 1.2.38. [9, 2.17] For an R-module M the following are equivalent.
(1) M is uniserial.

(2) Every factor module of M is uniform.

(3) Every factor module of M has zero or simple socle.

(4) Every submodule of M is hollow.

(5) Every finitely generated submodule of M is local.

(6) Every submodule of M has at most one maximal submodule.
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Lemma 1.2.39. [9, 2.18] Let M be a Noetherian and uniserial R-module. Then

any submodule of M is fully invariant.

Lemma 1.2.40. [13, Lemma 3.7] Let R be an arbitrary ring and let f: H - G
be a homomorphism of R-modules H, G. Then,

(1) f(Zg(H)) < Z4(6).

(2) The class of all g-noncosingular modules is closed under homomorphic

Images.

Lemma 1.2.41. [27, Lemma 8] Let M be an R-module such that U,V < M and
L<U.If Vis a g-Radical supplement of U in M. Then (V + L)/L is
a g-Radical supplement of U/Lin M/L.

Lemma 1.2.42. [13, Lemma 3.20] For an indecomposable R-module M, the
following are equivalent:

(1) M is principally generalized hollow.

(2) M is principally g-lifting.

Lemma 1.2.43. [13, Theorem 4.3] The following assertions are equivalent for
a projective R-module M.

(1) M is principally g-semiperfect.

(2) M is principally g-lifting.

Lemma 1.2.44. [21, Remarks 3.1.2] Every principally sgrs®-module is also

a principally sgrs-module.

Lemma 1.2.45. [21, Proposition 3.1.10] Let M be a principally sgrs®-module
has a cyclic generalized Radical. Then, M = C,®&C, where C; isa module with
Rad,(C,) is g-small in C; and C;, is a module with Rad,(C;) = C,.

Lemma 1.2.46. [21, Proposition 3.3.7] A refinable R -module M is
a principally sgrs-module if and only if, it is a principally sgrs®-module.
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Lemma 1.2.47. [40] Every nonzero uniform R-module is indecomposable.

Lemma 1.2.48. [15, Proposition 3.2] If M is an R-module and Rad,(M) = M,
then M is a (P;")-module.

Lemma 1.2.49. [15, Theorem 2.3] Let M be an R-module. Then the following

two assertions are equivalent.
(1) M is a (P;")-module.

(2) for any submodule L < M, there is a decomposition M = M; ®&M, such that
M; < Land L N M, S Rad,(M,).

Lemma 1.2.50. [32, Proposition 3.1.4] Any principally & -g-supplemented

module is principally g-supplemented.

Lemma 1.2.51. [32, Proposition 3.1.5] Every principally g-lifting module is
principally @&-g-supplemented.

Lemma 1.2.52. [15, Proposition 3.1] Let M be an R-module, consider the
following:

(1) M is semisimple.

(2) M has (P,") property.

(3) Each summand of M is &-g-Radical supplemented.

(4) M is &-g-Radical supplemented.

(5) M is g-Radical supplemented. Then (1) = (2) = (3) = (4) = (). If
Rad,(M) = 0, then (5) = (1).

Lemma 1.2.53. [32, Proposition 3.1.7] Consider the following for an
R-module,
(1) Rad,(M) = M;

(2) M is a principally generalized hollow.
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(3) M is a principally g-lifting.

(4) M is a principally @&-g-supplemented.

Then (1) = (2) = (3) = (4). If M is non-cyclic indecomposable then
(4) = (D).

Lemma 1.2.54. [21, Remark 3.1.3(4)] If M is a cyclic R-module over a PID R,
then we know that every submodule of M is also cyclic. Hence, any cyclic

principally sgrs®-module over a PID R is a sgrs®-module.

Lemma 1.2.55. [21, Corollary 3.3.16] Let M be a module over a PID R has the
following cases:

(1) M is a distributive (or, projective).

(2) M is a cyclic refinable.

Then M/Rad (M) is a principally semisimple module if and only if, M is

a principally sgrs®-module.

Lemma 1.2.56. [32, Theorem 2.1.10]. If M is a principally g-supplemented
and weakly distributive R -module, then any direct summand of M is

principally g-supplemented.

Lemma 1.2.57. [32, Corollary 3.1.24] Let M be a distributive R-module.
Consider the following conditions:

(1) M is principally é-g-supplemented.

(2) M is principally g-supplemented.

(3) M/Rad (M) is principally semisimple. Then (1) = (2) = (3), if M is
refinable and Rad, (M) <, M, (3) = (1).

Lemma 1.2.58. [21, Theorem 4.3.1] Let M be an R-module, consider the
following conditions:

(1) M is principally semisimple.

(2) M is principally g-lifting.
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(3) M is principally &-g-supplemented.

(4) M is a principally sgrs®-module.

(5) M is ©-PG-Rad,-supplemented.

Then (1) = (2) = (3) = (4) = (5). Also (5) = (1) if, Rad,(M) = 0.

Lemma 1.2.59. [32, Proposition 4.2.1] Let M be an R-module, consider the
following conditions:

(1) M is principally semisimple.

(2) M is principally lifting.

(3) M is principally g-lifting.

(4) M is principally @-supplemented.

(5) M is principally @&-g-supplemented.

(6) M is principally supplemented.

(7) M is principally g-supplemented.

(8) M is principally sgrs-module.

Then (1) = 2)= @) = (6)and (1) = (3) = (5) = (7) = (8). Also
(8) = (1) if, Rad,(M) = 0.

Lemma 1.2.60. [32, Theorem 3.3.1] Let M be a projective R-module, the
following are equivalents:

(1) M is g-semiperfect.

(2) M is principally g-lifting.

(3) M is principally @&-g-supplemented.

(4) M is principally g-supplemented.

Lemma 1.2.61. [21, Corollary 4.3.2] Let M be a cyclic module over a PID R
with Rad, (M) = 0. The following are equivalent.

(1) M is semisimple.

(2) M is principally semisimple.
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(3) M is g-lifting.

(4) M is principally g-lifting.

(5) M is @-g-supplemented.

(6) M is principally @-g-supplemented.
(7) M is a sgrs®-module.

(8) M is a principally sgrs®-module.
(9) M is ©-G-Radg-supplemented.
(10) M is ©-PG-Rad,-supplemented.

Lemma 1.2.62. [18, Corollary 3.19] Let M be a faithful, finitely generated and
multiplication module over a commutative ring R with identity, and X c M.
The following are equivalent:

(1) XK, M.

(2) (X:g M) <, R.

(3) X = IM for some I <, R.

Lemma 1.2.63. [12, Theorem 1.6] Let R be a commutative ring with identity
and M a faithful R-module. Then M is a multiplication module if and only if.
(1) Naea(luM) = (Npepa )M if for each non-empty collection of ideals I,
(A€ A)ofR,and

(2) for any submodule E of M and ideal I of R such that E c IM there exists
anideal G withG cIand E € GM.

Lemma 1.2.64. [12, Theorem 3.1] Let R be a commutative ring with identity
and M a faithful multiplication R-module. Then the following are equivalent.
(1) M is finitely generated.

(2) If H and G are ideals of R such that HM € GM then H € G.

(3) For each submodule E of M, there exists a unique ideal I of R such that
E=1IM.
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(4) M + HM for any proper ideal H of R.
(5 M + HM for any maximal ideal P of R.

Lemma 1.2.65. [32, Lemma 2.3.1] let M be a module and S a multiplicative
closed subset of R suchthat L(L) NS = @ forany L < M.Then E € E in M if
andonly if ST'E € S™'E in S~ M.

Lemma 1.2.66. [32, Lemma 2.3.2] suppose that M isan R-module, E < M and
S a multiplicative closed subset of R such that L(L) NS = @ for any L < M.
Then E is cyclic in M as R-module if and only if ST1E is cyclic in S™1M as

S~IR-module.

Lemma 1.2.67. [32, Lemma 2.3.7] Let M be a module and S a multiplicative
closed subset of R such that for any proper submodule L of M, (L:); b) = L for
anyb € S.ThenE € EinM ifandonly if S™'E € S™'E in S M.

Lemma 1.2.68. [32, Lemma 2.3.8] Suppose that M is an R-module, E ¢ M
and S be a multiplicative closed subset in R. If for any proper submodule L of
M, (L:py b) = L, for all b € S. Then E is cyclic in M as R-module if and only
if ST1E is cyclic in S™1M as S~1R-module.

Lemma 1.2.69. [32, Lemma 2.3.3] Let M be an R-module, E <M and S
a multiplicative closed subset of R such that L(L) NS = @ for L < M. Then,
(1) ESL<M as R -module if and only if ST'E<2S71L <S™M as
S~1R-module.

(2) E <4 L <M as R-module if and only if ST'E «; ST'L < S7'M as

S~IR-module.

Lemma 1.2.70. [32, Lemma 2.3.9] let M be an R-module, E <M and S
a multiplicative closed subset of R such that for any proper submodule L of M,
(L:yyb) = L, forall b € S. Then,
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(1) EQXL<M as R -module if and only if ST'!E<S'L<S™'M as
S~1R-module.
(2) E €4 L <M as R-module if and only if S7'E «; ST'L <S™'M as

S~1R-module.

Lemma 1.2.71. [32, Lemma 1.2.21] Let E and L be two submodules of an
R-module M and let S be a multiplicative closed subset in R. Then,

QDS YENL)=SE)n(S7LL).

QS TYE+L)=(STE)+ (S7L).

Lemma 1.2.72.[12, Theorem 2.13] Let R be a commutative ring with identity
and M a faithful multiplication R-module. A submodule E of M is essential if

and only if there exists an essential ideal I of R such that E = IM.

Lemma 1.2.73. [43, Lemma 1.9] Assume that P is a projective module, then
6(P) = P6(R) such that §(P) is the intersection of all essential maximal

submodules of P.

Lemma 1.2.74. [16, proposition 1.3] Let N,L be two submodules of an
R-module M, if N is relative complement for L. Then N®L 2 M.
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This chapter consists of six sections. In sections one and four, we define and
study two concepts principally generalized Radical supplemented modules and
principally (Pg*)—module respectively. Several properties, illustrate examples,
characterizations, factors, and direct summands of these modules are presented.
In sections two and five, we investigated some connections between our
definitions and other types of modules. In sections three and six, we study and
investigate the behavior of principally generalized Radical supplemented

modules and principally (P,")-modules respectively, under localization.

2.1. Principally Generalized Radical supplemented modules

In this part, we will present the definition of principally generalized Radical
supplemented modules, as well as a number of their properties and examples
about them will be discussed in this section. First, we will suppose that our

following main definition:

Definition 2.1.1. An R-module M is said to be principally generalized Radical
supplemented, briefly PG-Radical supplemented if, for any m € M, and mR is
a submodule of M, there exists a submodule L of M such that M = mR + L
and mR N L € Rad,(L).

Remarks and Examples 2.1.2.

(1) Evidently, we see that any g-Radical supplemented module is PG-Radical
supplemented. However, if M is a cyclic module over a PID R, then we know
that every submodule of M is also cyclic. Then, a cyclic module M over a PID R
Is PG-Radical supplemented if and only if it is g-Radical supplemented module.
(2) LetR = Zand M = Z,,. As we know that all g-small submodules of My are
{0, 27,4, 4754, 6Z54, 87,4, 127,,}, hence Rad,(M) = 2Z,,. If L is any cyclic

submodule of M. So, we have three cases:
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(a) if L = M, then trivially 0 is a g-Radical supplement of L in M.

(b) if 3Zy, # L c M,then L+ M =Mand LN M = L € 2Z,, = Rad,(M).
(c) if L=3%Z,,. Let Y =47Z,,, then L+Y = M. It is easily to see that Y is
semisimple, then Rad,(Y) =Y. Hence, L NY = 127Z,, € 47Z,, = Rady(Y).
This means that any submodule of M has a g-Radical supplement in M. Hence,
M = Z,, is a PG-Radical supplemented as Z-module.

(3) Any principally generalized hollow module is PG-Radical supplemented,
while the converse need not be true, in general, as seen by (2) Z,, as Z-module
Is PG-Radical supplemented but not principally generalized hollow.

(4) Suppose that M = R = Z. Let n,m € Z* with g.c.d(n,m) = 1. As a result
of this, nZ + mZ = Z. As Rad,(aZ) < Rad,(Z), then Rad,(aZ) = 0 for any
a € Z,,we deduce nZ N mZ = (nm)Z # 0, thatisnZ N mZ & Rad, (nZ) and
nZ N mZ & Rad,(mZ). Therefore, the Z-module Z does not be PG-Radical
supplemented.

(5) Any principally semisimple is PG-Radical supplemented, the converse need
not be true in general, as we see Q as a Z-module is PG-Radical supplemented

[see examples 2.2.3(2)] but not principally semisimple.

Now, we will study the behavior of PG-Radical supplemented summands.

Theorem 2.1.3. Let M be a PG-Radical supplemented duo R-module. Then
every direct summand of M is PG-Radical supplemented.

Proof. Let M = M; @ M, be a PG-Radical supplemented duo R-module and let
m € M,. There is a submodule T of M such that M =mR+Tand mRNT <
Rad,(T). By the modular law, M; = mR + (M; NT). By Lemma 1.2.14,
T=MNT)®d (M,NnT). We prove thatmR N (M; NT) € Rad,(M; N T).
IfxemRN(M;NnT)andasmRN(M;NT)SmRNT,thenx EmRNT,Ss0
that x € Rad,(T). ThusxR <, T,by Lemmal.2.9.AsxR < M; NT <® T, As
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a result of this, xR «; M; NT, by Lemma 1.2.6, thus xR € Rad,(M; N T),

and so x € xR € Rad,(M; N T) that is what we have to prove. [

Now, we propose and prove the following lemma that present the idea in
theorem 2.1.5.
Lemma 2.1.4. Let M = M, @ M, =W + E be an R-module and W < M,. If
M is weakly distributive and W N E € Rad,(E), then W N E € Rad, (M, N E).
Proof. Let x € W N E, then x € Rad,(E) and so xR K, E, by Lemma 1.2.9.
As M is weakly distributive, E = (M NE) @ (M, NE).AsxR <W < M, and
xR < E then xR < M; NE <% E, Lemma 1.2.6 implies that xR «<; M; N E.
Thus, xR € Rad;(M; NE),and x = x.1 € xR € Rad,(M; N E). This completes

the proof. O

Theorem 2.1.5. Let M be a weakly distributive R-module and M; <® M. If M
is a PG-Radical supplemented R-module, then M, is PG-Radical supplemented.
Proof. Let M = M, @ M, be a weakly distributive PG-Radical supplemented R-
module and x € M,, for some M, < M. There exsista submodule E of M such
that M =xR+E and xRNE S Rady(E), Since, M is PG-Radical
supplemented. By modular law, we have M; = M; N M =M; N (xR + E) =
xR+ (M;NE). Also M=M, @M, =xR+E, xR<M; and xRNE C
Rad,(E), we deduce that xRNE =xR N (M; NE) S Rad,(M; NE), by
Lemma 2.1.4. This mean that M; N E is a PG-Radical supplement of xR in M,,
and then M, is PG-Radical supplemented. O

Proposition 2.1.6. Let M =@;¢; M; be an infinite direct sum of PG-Radical
supplemented R-modules {M;| i € I}. If every cyclic submodule of M is fully
invariant, then M is PG-Radical supplemented.

Proof. Assume that M =@;¢; M; is an R-module and m € M. According to the
hypothesis, mR is fully invariant, then mR =@;¢; (mR N M;), by Lemma
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1.2.14. Since, mRN M; is a cyclic submodules of M; and so M; is
a PG-Radical supplemented R-module, for i € I, then there exist a submodule
T; of M; such that M; = (mRNM;)+T; and (mRNM;)NT; =mRNT; <
Rad,(T;). S0 M =@;¢; M; = mR + (D¢, T;). Again by Lemma 1.2.14, we
have mR N (Bie; i) =@ier (MR NT;) S@ie; Rady(Ty) = Rady(Die; To),

as required. [J

Proposition 2.1.7. Let M =M, @ M, be a direct sum of PG-Radical
supplemented modules M; and M,. If any cyclic submodule of M is weak
distributive, then M is PG-Radical supplemented.

Proof. As the same argument of Proposition 2.1.6. O

Corollary 2.1.8. Let M be a module, then.

(1) if M =B;¢; M; is a duo infinite direct sum of modules {M;| i € I}. Then M
is PG-Radical supplemented if and only if M; is PG-Radical supplemented, for
[ €l

(2) if M = M; @ M, is a weakly distributive direct sum of modules M, and M,.
Then M is PG-Radical supplemented if and only if M; and M, are PG-Radical
supplemented.

Proof. (1) It follows directly by Theorem 2.1.3 and Proposition 2.1.6.

(2) It follows directly by Theorem 2.1.5 and Proposition 2.1.7. O

Lemma 2.1.9.If f: M — E is ahomomorphism and C is PG-Radical supplement
in M with kerf < C, then f(C) is a PG-Radical supplement in f(M).

Proof. If C is a PG-Radical supplement in M, then there existsacyclic W <M
such that W+ C =M and W N C € Rad,(C). Thus, f(W) + f(C) = f(M).
As, kerf < C,s0 f(W)Nf(C)=f(WnNC)E f(Rad,(C)) € Rad,(f(C)),
by Lemma 1.2.8(1). Clearly, f (W) is a cyclic submodule of f(M). This implies,
f(C) is a PG-Radical supplement of f (W) in f(M). [
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Following, we will investigate the factors of PG-Radical supplemented

modules under some cases.

Proposition 2.1.10. Let M be a PG-Radical supplemented module and C < M.
If any cyclic submodule of M has a g-Radical supplement contains C,
then M /C is PG-Radical supplemented.

Proof. Let mR be any cyclic submodule of M/C, then mR = (mR + C)/C
for some m € M. According to the hypothesis, there exists W < M such that
C<W,mR+W=MandmRNW < Rad,(W). Suppose that a natural map
m:M — M/C. Since kert = C < W, so by Lemma 2.1.9, =(W) is a g-Radical
supplement of t(mR) = (mR 4+ C)/C = mR in M/C, and this completes the
proof. []

The following example shows the converse of Proposition 2.1.10 is not

true, in general.

Example 2.1.11. Let R = Z and M = 7Z/247. We illustrated this by Remarks
and Examples 2.1.2(2) that Z /247 is a PG-Radical supplemented as Z-module,
while the Z-module Z does not be PG-Radical supplemented, see Remarks and
Examples 2.1.2(4).

Proposition 2.1.12. Let M be a distributive and PG-Radical supplemented
module. Then M /Rad (M) is principally semisimple.

Proof. Let M be a PG-Radical supplemented module and let mR be a cyclic
submodule of M/Rad (M), so mR = (mR + Rad,(M))/Rad,(M) for some
m € M. Then there is a submodule C of M sothatmR +C =M andmR N C S
Rad,(C). So, we get that M/Rad,(M) = (mR + Rady(M)/Rad,;(M)) +
(C + Rad,(M)/Rad,(M)) = mR + (C + Rad,(M))/Rad,(M). Since, M is
distributive, hence mR N ((C + Rad,(M))/Rad,(M)) = [mR + Rad,(M) N
(C+Rady(M))]/Rad;(M)] = ((mRNC)+ Rady(M))/ Rady(M) <
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(Rady(C) + Rady,(M))]/Rad,(M) = Rad,(M)/Rad,(M). This lead as to
M/Rady,(M) = mR®(C + Rad,(M)/Rad,(M)), and hence M/Rad (M) is

principally semisimple. []

The following corollary is obtained by Proposition 2.1.12 and Remarks and
Examples 2.1.2(5).

Corollary 2.1.13. Let M be a distributive and PG-Radical supplemented module.
Then M /Rad (M) is PG-Radical supplemented.

Proposition 2.1.14. Let a: M; — M, be any R-epimorphism from a PG-Radical
supplemented module M, into module M, which any cyclic submodule of M,

contains kera, then M, is PG-Radical supplemented.

Proof. Let mR be any cyclic submodule of M,, then m = a(m) for some
m € M,. Since M, is a PG-Radical supplemented module and mR a submodule
of M,, then there is a submodule W of M; such that mR + W = M; and
mR NW € Rad,(W). As aresult of this, mR + a(W) = M,. By assuming we
get kera < mR. Therefore, a(mR) na(W) = a(mRnW) € a(Rad,(W)) S
Rad,(a(W)) that is mR na(W) € Rad,(a(W)). So, a(W) is a g-Radical
supplement of mR in M,, and then M, is PG-Radical supplemented. O

Corollary 2.1.15. Let M be a PG-Radical supplemented R-module and W < M.
If any cyclic submodule of M contains W, then M/W is PG-Radical

supplemented.

Proof. Assume the natural epimorphism map m: M - M/W. As kermt =W,
then by assuming, every cyclic submodule of M contains kerm, so that M /W is

PG-Radical supplemented, by Proposition 2.1.14. O
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Proposition 2.1.16. If a module M =T@®N. Then N is PG-Radical
supplemented if and only if for any cyclic submodule E/T of M/T, there is a
submodule W of N suchthat M = W + Eand W N E S Rad,(W).
Proof. Suppose that N is PG-Radical supplemented. Let E/T be a cyclic
submodule of M/T. ThenE/T = (xR+T)/T andx = a; + a, Where a; € T,
a, € N. Thus E/T = (ay,R + T)/T. Hence there is W < N with N = a,R +
W with a,R N W < Rad,(W). As aresult of this, E = a,R+Tand M =T +
(a,R+W)=E+W. Therfore we get that ENW = (a,R+T)NW <
[a,R N (T + W)+ [T N (ay,R +W)]. Since, TN(ayR+W)STNN =0,
we deducethat ENW <a,RN(T+ W) <a,R,andsoENW <a,RNW.
Since, ;R N W < Rad, (W), we deduce E N W S Rad,(W).

Conversely, suppose that «, € N and the cyclic submodule (a,R + T)/T of
M /T. By our assuming, there is W < N with M = (a,R + T) + W and (a,R +
T)NW < Rad,(W). By modular law, we deduce that N=NNM =Nn
((@R+T)+ W) = (azR+ W)+ (NNT)=ayR+W. Itis enough to show
that W N (T + a,R) =a,RN(T+ W) =a,RnW. Therefore, a,Rn (T +
WMYSITNn(W+a,R)]|+[Wn(a,R+T)]=Wn(@a,R+T) <[a,RN(T +
W)+ [Tn W+ a,R)] =a,Rn (T + W). Since we have Tn (W + a,R) S
TNN=0. It follows that Wn (T +a,R) =a,RN(T+W) =a,RnW.
Hence, a;R N W S Rad,(W). Hence, N is PG-Radical supplemented.

Proposition 2.1.17. let M be a PG-Radical supplemented R-module and L < M.
If L N Rad,(M) = 0, then L is principally semisimple.

Proof. Let x € L. As M is a PG-Radical supplemented module, there exists
a submodule W of M with M = xR + W and xR N W S Rad,(W) S Rad,(M).
By the modular law, L=LnNnM=Ln xR+ W) =xR+ (LnW). Since,
xRN (LNW)<ELnRad,(M) =0, we get L =xR®(L N W). Hence, xR is

a direct summand of L, and so L is principally semisimple. O
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Proposition 2.1.18. Let M be a cyclic and PG-Radical supplemented module
over a PID R. Then M =W®&C, where W is a principally semisimple
submodule and C a submodule has essential generalized Radical.

Proof. Since, Rad,(M) < M, so by lemma 1.2.74 then there is a submodule W
of M so that W®Rad,(M) 2 M. As, W n Rad,(M) = 0 and M a PG-Radical
supplemented R-module, so by Proposition 2.1.17, W is principally
semisimple. Since, M is acyclic module overaPID R,and W < M, then W is
a cyclic submodule. As M is a PG-Radical supplemented module, there is
a submodule C of M such that M =W +C and W NC S Rad,(C) S
Rad,(M). As, W nRad,(M) =0, then WNC =0. Thus M = WeC. It
follows that, Rad,(M) = Rad,(W&®C) = Rad,(W)®Rad,(C), by Lemma
1.2.10. So, W@Rad,(M) = W®Rad,(C). Hence, W@Rad,(C) 2 M =
WeC, then by Lemma 1.2.2(2) Rad,(C) 2 C. [

2.2. Connections with PG-Radical supplemented modules

We will present, in this section, many relationships between the concept of

PG-Radical supplemented module and other types of modules.

Proposition 2.2.1. Let M be a principally g-supplemented modules then M is
PG-Radical supplemented.

Proof. Let M be a principally g-supplemented module and m € M. Then
there isasubmodule E of M such thatmR + E = MandmR N E K, E. Thus,

mR N E < Rad,(E) and hence M is PG-Radical supplemented. [

Corollary 2.2.2. Every principally @-g-supplemented and hence every
principally g-lifting module is PG-Radical supplemented.

Proof. We have M is a principally g-supplemented module, from Lemmas 1.2.50
and 1.2.51 and by Proposition 2.2.1 M is PG-Radical supplemented. O
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Examples 2.2.3.

(1) As application of Corollary 2.2.2, M = Q®Z, as a Z-module is PG-Radical
supplemented, as M is principally &-g-supplemented see [32, Example 3.1.6].
(2) The Z-module Q is PG-Radical supplemented, since Q is principally
g-supplemented, according [32, Examples 2.1.4. (1)]. Therefore, there are
submodules of an arbitrary module do not inherit the property of PG-Radical
supplemented, as we see that the Z-module Z < Q is not PG-Radical

supplemented, while Z-module Q is PG-Radical supplemented.

Proposition 2.2.4. Let M be a module with Rad,(M) = 0. Then the following
are equivalent.

(1) M is principally semisimple.

(2) M is principally g-lifting.

(3) M is principally @-g-supplemented.

(4) M is principally g-supplemented.

(5) M is PG-Radical supplemented.

Proof. (1) & (2) & (3) & (4) By Lemma 1.2.59.

(4) = (5) By Proposition 2.2.1.

(5)= @) Ifme M, and as M is PG-Radical supplemented, there W < M
such that mR+ W =M and mR N W € Rad,(W) € Rad (M), that implies

mR NW = 0. Thus, mR <® M and hence (1), holds. O

Corollary 2.2.5. Let M be a module over a g-V-ring R. Then the following are
equivalent.

(1) M is principally semisimple.

(2) M is principally g-lifting.

(3) M is principally @-g-supplemented.

(4) M is principally g-supplemented.

(5) M is PG-Radical supplemented.
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Proof. Since R isag-V-ring R, hence Rad,(M) = 0, thus the result follows by
Proposition 2.2.4.

Corollary 2.2.6. Let R be an arbitrary ring whose every right R-module is
g-noncosingular. Then the following are equivalents.

(1) M is principally semisimple.

(2) M is principally g-lifting.

(3) M is principally @-g-supplemented.

(4) M is principally g-supplemented.

(5) M is PG-Radical supplemented.

Proof. Since M is an g-noncosingular R-module, thus by lemma 1.2.21

Rad,(M) = 0, hence the result come by Proposition 2.2.4. O

Proposition 2.2.7. If M is a cyclic module over PID R with Rad,(M) = 0, then
the following are equivalents.

(1) M is semisimple.

(2) M is principally semisimple.

(3) M is g-lifting.

(4) M is principally g-lifting.

(5) M is @-g-supplemented.

(6) M is principally @-g-supplemented.

(7) M is g-supplemented.

(8) M is principally g supplemented.

(9) M is g-Radical supplemented.

(10) M is PG-Radical supplemented.

Proof. (2) & (4) & (6) & (8) & (10) By Proposition 2.2.4

1) = (2),3) & (4),(5) = (6),(7) = (8) and (9) & (10) since M is

a cyclic module over PID R, then all its submodules are cyclic. O
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Proposition 2.2.8. Let M be an R-module so that Rad,(M) € mR for any
m € M. Then M is principally g-supplemented if and only if M is PG-Radical
supplemented and Rad,; (C) <, C for any g-supplement C of mR in M.

Proof. =) From Proposition 2.2.1, M is a PG-Radical supplemented module.
Let C be any g-supplement of mR in M, It follows M = mR + C and mR n
C <4 C.As Rad,(C) € Rad,(M) n C € mR n C imply Rad,(C) <, C.

<) LetmR < M, m € M.Byassuming, M = mR + CandmR N C € Rad,(C)
foraC < M. AsRad,(C) <, C,thenmR N C K, C, as required. [

Proposition 2.2.9. Let M be an R-module whose Rad,(M) is a minimal
submodule of M. Then M is principally semisimple if and only if M is PG-
Radical supplemented.

Proof. The necessity by Remarks and Examples 2.1.2(5). Conversely, suppose
m € M. According to the hypothesis, there existsa W < M withmR+ W =M
and mR NW < Rad,(W). Therefore, mR N W < Rad,(M). As Rad,(M) is

minimal in M, we have mR N W = 0. Hence mR@®W = M, as required. [

Corollary 2.2.10. Let M be amodule with Rad (M) is minimal in M. Then the
following are equivalents.

(1) M is principally semisimple.

(2) M is principally g-lifting.

(3) M is principally @-g-supplemented.

(4) M is principally g-supplemented.

(5) M is PG-Radical supplemented.

Proof. (1) = (2) = (3) = (4) By Lemma 1.2.59.

(4) = (5) By Proposition 2.2.1.

(5) = (1) By Proposition 2.2.9. [
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Corollary 2.2.11. Consider M is a distributive refinable R-module with
Rad,(M) <z M. Then M is PG-Radical supplemented if and only if
M /Rad (M) is principally semisimple.

Proof. The necessity is clear by Proposition 2.1.12. Conversely, Lemma 1.2.57
implies M is a principally g-supplemented module and hence it is PG-Radical

supplemented, by Proposition 2.2.1. [

Corollary 2.2.12. Let M be a distributive, refinable and finitely generated
module. Then M is PG-Radical supplemented if and only if M/Rad,(M) is
principally semisimple.

Proof. As M is a finitely generated R-module, Lemma 1.2.12 implies

Rad,(M) <4, M. Hence the result is obtained by Proposition 2.2.11.

Corollary 2.2.13. Let M be a distributive and refinable module with
Rad,(M) <, M. Then the following are equivalents.

(1) M is principally @-g-supplemented.

(2) M is principally g-supplemented.

(3) M is PG-Radical supplemented.

(4) M /Rad (M) is principally semisimple.

Proof. (1) & (2) < (4) By Lemma 1.2.57.

(3) & (4) By Proposition 2.2.11. O

Corollary 2.2.14. Let M be a distributive, refinable and finitely generated
module. Then the following are equivalents.

(1) M is principally g-supplemented.

(2) M is principally @-g-supplemented.

(3) M is PG-Radical supplemented.

(4) M /Rad (M) is principally semisimple.
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Proof. By Lemma 1.2.12, Rad,(M) <, M. Therefore, the result follows
Corollary 2.2.13. O

Corollary 2.2.15. Let M be a distributive, refinable and noetherian module.
Then the following are equivalents:

(1) M is principally g-supplemented.

(2) M is principally @-g-supplemented.

(3) M is PG-Radical supplemented.

(4) M /Rad (M) is principally semisimple.

Proof. Since any noetherian module is finitely generated. Hence, the result
follows by Corollary 2.2.14. O

2.3. Localization of PG-Radical supplemented modules

We will investigate the behavior of PG-Radical supplemented modules

under localization. Before that we need to prove the following two lemmas.

Lemma 2.3.1. Let M be an R-module, E < E <M and S is a multiplicative
closed subset of R with L(W) NS = @ for any W < M. Then E is a maximal
submodule of E if and only if S~1E is a maximal submodule of S~E.
Proof. Suppose that E is a maximal submodule of E. As E is a proper submodule
of E, so S7LE is a proper submodule of S™*E. Let S~1C be any submodule of
S™'E such that ST'E € S™'C € S™'E. From Lemma 1.2.65, we get that £ €
C € E. As E is maximal in E, so either E = C or C = E. Again, by Lemma
1.2.65, ST'E = S71C or S71C = S7'E, and so S'E is a maximal submodule
of S7'E.

Conversely, suppose that S™1E is a maximal submodule of S~'E. As S~E
is a proper submodule of S™1E, so it is easily E is a proper submodule of E. Let

C be a submodule of E such that E € C < E. From Lemma 1.2.65, S™1E
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S~1C € S7'E. Since S7'E is maximal in S7'E, so either ST'E = S7IC or
S™1C = S7'E. Again, by Lemma 1.2.65, We get that E = C or C = E, and hence

E is a maximal submodule of E. []

Lemma 2.3.2. Let M be an R-module, E < M and S is a multiplicative closed
subset of R such that L(W) NS = @ for any W < M. Then Rad,(S7'E) =

S™'(Rad,(E)).
Proof. Let x € Radg(S‘lE). Then x = % for some n € E and s € S. For any
essential maximal submodule C of E, then from Lemma 1.2.69 (1) and Lemma

2.3.1, S71C is an essential maximal submodule of S™1E and so x = 2 e S 1c,

then % = % forsome L € C and t € S, then ptn = psl € C, for some p € S. If
n & C,thenpt € L(C)andas L(C) NS = @, sopt & S, which is a contradiction,
and thus n € C, so that n € Rad,(E) and so x = % € S™'(Rad,(E)). Hence,
Rad,(S7'E) € S~ (Rad,(E).

Conversely, suppose that a = f € S™'(Rad,(E)), for some x € Rad,(E)
and s € S. For any essential maximal submodule S™*C of S™1E, Lemma
1.2.69(1) and Lemma 2.3.1 implies C is an essential maximal submodule of E,

then x€C and so a= f €S7IC hence a € Rad,(S™'E). Therefore,

S™'(Rad,(E)) € Rad,(S™'E), as required. [J

Theorem 2.3.3. Let M be an R-module and S a multiplicative closed subset of
Rsuchthat L(T) NS = @ forany T < M. Then M is PG-Radical supplemented
as R-module if and only if S™*M is PG-Radical supplemented as S~ R-module.
Proof. Let M be PG-Radical supplemented as R-module and let S~1E be any
cyclic submodule of S™*M as S~*R-module. By Lemma 1.2.66, E is cyclic in
M as R-module. Then there is a submodule W of M so that E + W = M and
ENW < Rady,(W). From Lemmas 1.2.71, 1.2.65 and 2.3.2, ST'E + S7'W =
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ST'Mand ST'E N ST'W € ST (Rad,(W)) = Rad,(S™'W). Hence, S™'M is
PG-Radical supplemented as S~ R-module.

Conversely, suppose that S™*M is PG-Radical supplemented as S™1R-
module, and let E be any cyclic submodule of M as R-module. From Lemma
1.2.66, S~LE is cyclic in S™1M as S~1R-module. Then there exists a submodule
STIW of STIM, STE + S7'W = S~tand STXE n STW < Rad,(S~'W). By
Lemmas 1.2.71, 1.2.65 and 2.3.2, we have that E+ W =M and ENW C
Rad,(W). That is, M is PG-Radical supplemented as R-module. [

Lemma 2.3.4. Let M be an R-module, m € M and S be a multiplicative

closed subset of R. Then S~1(mR) = %.S‘lR forany s € S.

Proof. Let% € S~1(mR), forsome r € Rand ¢t € S. Then % = % = %?

?.S‘lR, we deduce that S~*(mR) < %.S‘lR.Conversely, Iet%.si € ?.S‘lR,
1

for some r €R and s; € S. Put s, = ss, then =. = = = ? € S~1(mR).
2

s sy Ss1

Thus, =.S™*R € §7'(mR) and hence S™*(mR) = =.S~*R for any s € 5. O

Lemma 2.3.5. Let M be an R-module, E c M and S be a multiplicative
closed subset of R. If for every submodule W c M, (W:ys) =W, for all
s € S. Then Rad,(S™'E) = S™'(Rad,(E)).
Proof. Suppose that %e Rad,(S7'E), for some n € E and s € S. Then
%.S‘lR Ky STIE, so by Lemma 2.3.4, S71(nR) = %.S‘lR and s0 nR <, E
from Lemma 1.2.70(2). Thus n € Rad,(E) and then EES‘l(Radg(E)).
Therefore, Rad,(S™'E) € S~ (Rad,(E)).

Conversely, suppose f € S~'(Rad,(E)), for some x € Rad,(E) and s € S.

As a result of this, xR <, E, Lemma 1.2.70(2) implies S™*(xR) <, S7'E.
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From Lemma 2.3.4, =.57'R = S7!(xR) that is; =.S 'R <, ST*E, and hence

§ € Rad,(S™'E). Therefore, ™' (Rad, (E)) € Rad,(S™'E), as required. O

Theorem 2.3.6. Let M be an R-module and S a multiplicative closed subset of
R such that forany W c M, (W:y s) = W, forall s € S. Then M is PG-Radical
supplemented as R-module if and only if S™*M is PG-Radical supplemented as
S~1R-module.
Proof. Suppose that M is PG-Radical supplemented as R-module, and S™E a
cyclic submodule of S™*M as S™1R-module. By Lemma 1.2.68, E is a cyclic
submodule of M as R-module. Then there exists W < M suchthat E + W = M
and ENW € Rad,(W). From Lemmas 1.2.71,1.2.67 and 2.3.5, we get S™'E +
ST'W =5"'M and so that ST'ENST'W < S~(Rad,(W)) = Rad,(S7'W).
Therefore, S™1M is PG-Radical supplemented as S~1R-module.

Conversely, let S™*M be PG-Radical supplemented S~1R-module, and let
E be a cyclic submodule of M as R-module. By Lemma 1.2.68, S™1E is cyclic
in S™IM as STtR-module. Then there exists a S™1W < S™1M with S71E +
ST'W =S""MandST'ENS™'W < Rad,(S™'W). By Lemmas 1.2.71, 1.2.67
and 2.3.5, we deduce that E + W = M and E N W < Rad, (W), as required. [

2.4. Principally (Pg")-modules

In this section we will introduce the definition of principally (P,")-modules,

as well as a some of their properties and examples about them will be discussed.

Definition 2.4.1. An R-module M is called a principally (P,")-module, briefly
P-(P;")-module or have P-(P;") property if, for any m € M, there is a direct

summand D of M such that D < mR and mR/D € Rad,(M /D).
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Remarks and Examples 2.4.2.

(1) Itis easily to ensure that every principally g-lifting module is P-(P,")-module.
As an application example; we have Q and Z,» as Z-modules are principally
g-lifting for all prime number p and n € Z*, see [13, Examples 3.2], hence they
are principally (P,")-module modules.

(2) Itis clear that any (P, ")-module is a P-(P,")-module. However, if M is a cyclic
module over a PID R, then M is a P-(P,")-module if and only if it is a (P,")-

module.
(3) The P-(P,")-module not inherited by its submodules, for instance, by (1), Q

is a P-(P,")-Z-module, while Z; < Qy is not P-(P,")-module, to see this: it is well
known that Rad,(Zz) =0, then for any nZ <7Z we have Rad,(nZz;) <
Rad,(Zz) = 0 for any n € Z*. However, if nZ < Z and n > 1, then there is
only decomposition Z = (0)®Z so that (0) < nZ while nZNZ=nZ € 0 =
Rad,(nZ).

In the following theorem, we shall propose a characterization for P-(P,")-

modules.

Theorem 2.4.3. Let M be an R-module. Then the following are equivalent.

(1) M is a P-(P,")-module.

(2) for any m € M, there is a decomposition M = E@W such that E < mR and
mR NW C Radg,(W).

(3) for any m € M, there is a decomposition M = E@W such that E < mR and
mR NW S Rad,(M).

Proof. (1) = (2) Let m € M, so by (1), there is a direct summand E of
M such that E < mR and mR/E € Rad,(M/E). Thus M = E®W for some
W < M. By modular law, mR = mR N M = mR n (E®W) = E®(mR N W).
As M/E =W, so we have that a: M/E — W is an R-isomorphism. Since,
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mR/E € Rad,(M/E), we have that mRnW = a((E®&(mRNW))/E) =
a(mR/E) € a(Rad,(M/E)) € Rad,(W).

(2) = (1) If m € M, by (2), then there is a decomposition M = E@W so that
E<mR and mRNW € Rad,(W). We have mR = E®@(mRNW). As,
W = M/E, then there is an R-isomorphism @:W - M/E. As mRNnW <
Rad,(W), thus mR/E = (E®@(mRNW))/E = o(mRNW) € ¢(Rad,(W)) S
Rad,(M/E). Hence, M is a P-(P,")-module.

(1) = (3) Itis directly followed by Theorem 2.4.3.

(3) = (1) Let m € M. By (2), there is a decomposition M = L@Y such that
L<mR and mRNY S Rad,(M). As mRnY <Y <® M, Lemma 1.2.7
impliessmR NY < Rad,(Y), thus (1) holds, by Theorem 2.4.3. [

Proposition 2.4.4. Let M be a P-(P,")-module. If m € M, then there exists
a submodule E of M contained in mR such that M = E@®C and C is a g-Radical
supplement of mR in M.

Proof. Assume m € M. Since, M is a P-(P,")-module, then there exists a
submodule E of M in mR such that M = E®@C and mR N C € Rad,(C). It
follows that, M = mR + C. Hence C is a g-Radical supplement of mR in M. [

Theorem 2.4.5. The following are equivalent for an R-module M and m € M.
(1) M is a P-(P,")-module.

(2) there exists an idempotent e € End(M), e(M) < mR and (1 —e)mR <
Rady(1 — e)(M);

(3) mR has a g-Radical supplement Y so that mR N Y <® mR.

Proof. (1) = (2) Let m € M. By Theorem 2.4.3, there is a decomposition
M = L&Y so that L <mR and mRNY < Rad,(Y). For a decomposition
M = L@®Y, there is an idempotent e € End(M) so that L =e(M) and
Y=(1-e)M. Since e(M) =L <mR, then we can easily to show that
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(1—-e)mR=mRN(1—e)M.AsY=(1—-e)MandmRNY S Rad,(Y), so
(1-ey)mR=mRnNn(1—-e)M =mRNY S Rad,y(Y) = Rady(1 —e)(M).
(2)=(3) Putting L=e(M) and Y =(1—e)M, then M =e(M) ®(1 —
e)(M) =L®Y. As L =e(M) <mR, we conclude that M = mR +Y. Also
mRNY =mRN(1—e)M=(1—-e)mR S Rad,;(1—e)(M) = Rad,(Y).
So,Y = (1 —e)M is a g-Radical supplement of mR in M. On the other hand,
as L <mR,we have mR=mRNM =mR N (LAY) = LB(mR NY), by the
modular law, thatis mR N Y <® mR.

B)= @A) Let mR=L@®(mMRNY) for some L <mR. As Y is a g-Radical
supplement of mR in M, M =mR +Y and mRNY < Rad,(Y). Therefore,
M=mR+Y=LAmMRNY)+Y =LAY. Then the result is obtained by
Theorem 2.4.3. [

Theorem 2.4.6. The following are equivalent for an R-module M.

(1) M is a P-(P,")-module;

(2) for each m € M, then mR can be written as mR = T@®S, where T is a direct
summand of M and § € Rad,(M);

(3) for each m € M, there exists two ideals I and J of R so that mR = mI®m/,

where ml is a direct summand of M and m/ € Rad,(M).

Proof. (1) = (2) If m € M, so by a P-(P;")-module for M, there exists a
submodule T of M contained in mR such that M = T@®F and mRNE <
Rad,(E).PutS = mR N E, it follows that mR = T@®S and S € Rad,(M).
(2) = (1) Let m € M, by (2), then there exists a direct summand T of M,
mR =T@®Sand S € Rad,(M). Thus M = T@T forsome T < M. As a result of
this, mR = mR N M = T®(mR n T). Suppose that a projection p: T®T — T.
We deduce S = p(T®S) = p(mR) =mRNT, and so mRNT S Rad,(M).
SincemRNT <T <® M, Lemma 1.2.7, implies mR N T € Rad,(T).
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(1) = (3) If me M, by Theorem 2.4.5, there is an e = e? € End(M),
e(M) <mR and (1 —e)mR S Rad,(1—e)(M). Consider, M = eM®(1 —
e)M.Letr € Rsothatmr = (1 — e)m forsomem € M,thenm = em + mr €
mR sincee(M) < mR,andsomR N (1 —e)M <mR N (1 —e)mR. Asaresult
of this, mRnN (1 —e)M = (1 — e)mR. Therefore, we have mR = eM®(1 —
e)mR. Putting I ={s € Rlmse€eM} and | ={r € R|mr € (1 —e)mR}.
Therefore, mR = mI®m/J, where mI =eM <® M and mJj = (1 —e)mR €
Rad,(M).

(3) = (1) By (3), if m € M, then there exists two ideals I and J of R,
such that mR = mI@mJ, where mI <® M and mjJ € Rad,(M). So that,
M = mI@S for some S < M. Hence mR = mI®@(mR N S),andsomR NS =
mJ, imply mR NS € Rad,(M). AsmRNS <S <® M, Lemma 1.2.7 implies
that mR NS € Rad,(S). Hence M is a principally (P,")-module. O

We will discuss some properties of a P-(P,")-module according to their

submodules, direct summands, and factor modules.

Proposition 2.4.7. Let M be a P-(P,")-module. Then for m € M, there exists
E <® M, (E +mR)/E € Rad,(M/E) and (E + mR)/mR S Rad,(M/mR).
Proof. Suppose that M is a P-(P,")-module. If m € M, then there is a direct
summand E of M such that E < mR and mR/E < Rad,(M/E). It follows that,
(E + mR)/E S Rad,(M/E). As (E + mR)/mR &, M/mR, we deduce that
(E + mR)/mR € Rady,(M/mR). O

Proposition 2.4.8. Let M be a P-(P,")-module and m € M. Then there is a direct
summand L of M and a submodule C < M such that L < mR, mR = L + C and
C S Rad,(M).

Proof. Suppose that M is a P-(P;")-module and let m € M. Then there exists
a decomposition M = L@Y, L < mR and mR/L € Rad,(M/L). As a result of
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thiss, mR=L+ (mRnNY). Put C=mRnNY, we get mR =L+ C. Since,
M/L =Y, we deduce that ¢: M/L — Y is an R-isomorphism. As mR/L <
Rad,(M/L), implies mRNY = @(mR/L) € ¢(Rad,(M/L)) € Rad,(Y),
and hence C € Rad,(M). [

Proposition 2.4.9. Let M be a P-(P,")-module and C < M. If M/C is projective,
then C is a P-(P;")-module.

Proof. Let x € C, then there exists a decomposition M = L@Y with L < xR
and xRNY < Rad,(M). Thus, M = C +Y,and so C NY is a direct summand
of M, by Lemma 1.2.29. Also, we have C = L@(CnY)and xRN (CNY) =
XxRNY S Rady(CNY), by Lemma 1.2.7. Therefore, C is a P-(P;")-module. [

Proposition 2.4.10. Let M be a module and N < M. If any cyclic submodule of
M has a (P,") property with a direct summand of M which contains N, then M /N
has a P-(P,") property.

Proof. Suppose that (mR + N)/N is a submodule of M/N, where m € M. By
assuming, there is a submodule € of M in mR so that M = C®L, N < L and
mR N L S Rad,(M). Then we have M/N = ((C+ N)/N)&®(L/N), and
(C+N)/N < (mR+ N)/N. Let «r indicate the canonical map from a module
M into M/N. Since, kerm =N S L, then t(mRNL) =n(mR)Nnn(L) =
((mR + N)/N) n (L/N). So that, ((mR+ N)/N)n (L/N) S Rad,(M/N)
and hence ((mR + N)/N)n (L/N) € Rad,(L/N), by Lemma 1.2.7. [J

Now, we will investigate the quotients of P-(P,")-modules.

Proposition 2.4.11. Let M be a P-(P,")-module, then.

(1) If ¢ < M is fully invariant submodule of M, then M /C is so a principally
(P,")-module.

(2) If C < M is weak distributive submodule of M, then M /C is so a principally
(P,")-module.
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Proof. (1) Let C be a fully invariant submodule of M and (mR + C)/C <
M/C, where m € M. As mR < M, then there is a decomposition M = LY
such that L <mR and mRNY € Rad,(Y). From Lemma 1.2.19, we get
M/C=[(L+C)/C]®[(Y+C)/C]. As L <mR, then (L+C)/C <mR/C.
Now, define a natural map m:Y — (Y + C)/C. Since mR NY € Rad,(Y), so
n(mR nY) € (Rady(Y)) € Rady((¥ +€)/C), but we have (mR/C)n
(Y +C)/C) =n(mRNY), thus we deduce that (mR/C)n ((Y +C)/C) <
Rad,((Y + C)/C). Therefore, M/C is a P-(P,")-module.

(2) Let C be a weak distributive submodule of M and (mR + C)/C < M/C,
where m € M. Then there exists a decomposition M = LY, L < mR and
mRNY S Rad,(Y). We get that C=(CnL)+(CNY). Also, M/C=
(L+C)/C+ (Y +C)/C. Hence, L+C)n¥Y +C)=(L+({Cn))n{Y +C) =
LnY)+(nY)+C=C imply (L+C)/Cn(Y+C)/C=0. Therefore,
(L+C)/O)((Y+C)/C)=M/C. Then we go through the same steps to
proof (1). O

Corollary 2.4.12. Let M be a duo (or, a weakly distributive) module. If M is
a P-(P,")-module, then any factor module of M is also a P-(P;*)-module.

Proof. Clear. O

Corollary 2.4.13. If M is a P-(P,")-module, then so is M /Rad,(M).
Proof. From Lemma 1.2.8 we know that Rad, (M) is fully invariant, so that the
result is obtained by Proposition 2.4.11(1). O

As we see in Remarks and Examples 2.4.2(3), a P-(P;")-module is not

inherited by their submodules in general, so that we will give some cases to make
it inherited.
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Proposition 2.4.14. Each direct summand of a P-(P,")-module is also a P-(P;")-
module.

Proof. Let F <® M and let M be a P-(P,")-module. If a € F, then there exist
two submodules L and Y of M so that L < aR and aR NY S Rad,(Y), where
M = L@Y. We deduce that F = L@(F NnY). It's obvious to see that F N
Y<®Y.ByaRn(FNY)<aRNY S Rady(Y), Lemma 1.2.7 implies aR N
(FNY) S Rad,(F NY),as required. 0

Proposition 2.4.15. Let M = @;¢;M; be a module whose any cyclic submodule

is fully invariant. If M; is a P-(P,")-module for all i € I, then M is a P-(P,")-

module.

Proof. Let M; be a P-(P,")-module for all i € I, and let mR be a submodule of
M = @;c;M;, where m € M. As mR is fully invariant, then by Lemma 1.2.14
mR = @;c;(mR N M;). As mR N M; < M; for i € I, there is decompositions
M; = G®G; so that G;<mRnM; and (mRNM)NG, =mRNG; S
Rad, (G)). We get M = (@;,G)D (e, G;), DieGi < By (MR N M;) = mR and
then mR N (@;e;G;) = Bie (MR N G;) € Bje;(Rady(G;)) = Rady(Die;Gy),
from Lemma 1.2.10. Thus, M is a P-(P,")-module. O

Corollary 2.4.16. If M = @;¢;/M; is a duo module, then M; is a P-(P;")-
module foralli € I, ifand only if M is a P-(P,")-module.

Proof. The result follows directly from Propositions 2.4.14 and 2.4.15. O

Proposition 2.4.17. Let M = M,;@®M, be a module. If M, is a P-(P;")-module,
then for any cyclic submodule mR /M, of M /M,, mR has g-Radical supplement
D < M, that is a direct summand of M, for some m € M.

Proof. Suppose M, is a P-(P,")-module. Let mR /M, be a cyclic submodule of
M /M, where m € M. Since, mR is a cyclic submodule of M = M;®M,, so it's

easy to see that mR N M, is cyclic in M,. Then there is a decomposition
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M, = W®W such that W <mRnNM, and (mRNM,)NW =mRnW S
Rady,(W). Thus, M, = (mR n M,) + W. Also, we get that M = M, ®M, =
mR + M, =mR + (mRNM,) + W =mR + W.Thus, W < M, is ag-Radical
supplement of mR so that W <® M. O

Proposition 2.4.18. Let M = S + T be a P-(P;")-module with T <®M.IfSNT
Is cyclic in M, then T contains a g-Radical supplement of S in M.

Proof. Since, P-(P,")-module for M, and as S N T is cyclic in M, Theorem 2.4.6
implies SNT = A@N, where A is a direct summand of M, soin T, and N <
Rad,(M).Put,T = A@E forsome E < T. Asaresultof this, SNT = AB(S N
E). Suppose that a projection map p: T = A®E — E. Since, N < T <® M and
N € Rad,(M), Lemma 1.2.7 implies N € Rad,(T), and hence p(N) S
p(Rad,(T)) € Rad,(E). Also, we deduce that SNE = p(AB(SNE) =
p(SNT)=p(A®N) = p(N), then SNE S Rady(E) and M =S5+T =5+
A+ E =S+ E. Hence, T contains E as a g-Radical supplement of S in M. [J

Theorem2.4.19. LetM = L, @®L,, where L, be asemisimple and L, isa P-(P;")-

module which are relatively projective, then is a P-(P;")-module.

Proof. Letm € M. Suppose that (0 #) mR < M,and letG = L, n (mR + L,),
so we have two cases:

Case (i) if G # 0. Since G < L, there exists a submodule G, of L; such that
L, =G®G,, and so M = GOG, DL, = mR + (L,HG,). Thus G is L,BG,-
projective. By Lemma 1.2.26, there is C < mR so that M = C®(L,DG,). We
may suppose that mR N (L,®G,) # 0. 1t iseasy tosee thatmR N (H + G,) =
Hn (mR + G,) for H < L,. In particular, mR n (L, + G;) = L, n (mR + G,).
As a result of this, mR = C®(mR N (L,HG,)) = CA(L, N (mR + G,)). As
L, isaprincipally (P,")-module, there is adecomposition L, = S; @S, with §; <

L,n(mR + G;) and S, N (mR + G;) € Rad,(S,). We conclude that M =
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(CBS)D(S,DG,). Also, We get that CBS; < mR and mR N (S,HG,) =S, N
(mR + G;) € Rady(M). From S,®G, <® M, we deduce that mRnN
($2,0G;) € Rad,(S,DG,) by Lemma 1.2.7.

Case (ii) if G = 0, so mR < L,. Since, L, is a principally (P,")-module there
exists a submodule S; < mR, L, = 5;®S, and mR N S, < Rad,(S,) for some
submodule S, < L,. Therefore, M =S, ®(L,®S,) and mR N (L;®S,) =
mR NS, € Rad,(M). Again, by Lemma 1.2.7, we deduce that mR N
(L1®S;) € Rad,(L,6S;), and the proof is now complete. [

Proposition 2.4.20. If M is a P-(P,")-module and T a submodule of M.
Then T is principally semisimple, whenever T N Rad,(M) = 0.

Proof. Suppose that a € T. Since, M is a P-(P,")-module, then there exists
adecomposition M = M;®M, so that M; < aR and aR N M, € Rad (M), and
so aR N M, € Rad,(M). We conclude that aR = aR n (M;@®M, ) = M;@®(aR N
M,). Since, aR N M, S T N Rad, (M) = 0, we get aR = M;, and aR <® M.

Thus, aR <® T and T is principally semisimple. O

Theorem 2.4.21. Let M be a cyclic module over a PID R. If M is a P-(Py")-
module, then M = T@®N, where T is principally semisimple and N a module
with Rad,(N) 2 N.

Proof. As Rad,(M) <M, by lemma 1274 there is a T <M with
T®Rad,(M) 2 M. As T N Rad,(M) = 0, Proposition 2.4.20 implies T is
principally semisimple. Since, M is a cyclic module over aPID R, so T is a cyclic
submodule of M. Since, M has P-(P,") property, there is a decomposition M =
M;@®M, sothat M; <T and T N M, € Rad,(M,). Thus T + M, = M. As T N
M, €T NnRady(M) =0, so that M = T@®M,. Notice that, Rad,(T) ST n
Rad,;(M) = Rady(M) = Rad,(T®M,) = Rad,(T)®Rad,(M,) = Rad,(M,),
implies T®Rad,(M,) 2 T®M,, and so Rad,(M,) 2 M,. [
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2.5. Connections with P-(P")-modules

This section will discuss several relations between the principally g-Radical

supplemented module concept and other types of modules.

As a special case if we have an indecomposable module, we present some

interesting results.

Proposition 2.5.1. Any cyclic indecomposable submodule of a P-(P,")-module
M is either contained in Rad, (M) or a direct summand of M.

Proof. Let M be a P-(P;")-module. If m € M such that mR is an indecomposable
submodule of M, then It follows form Theorem 2.4.6, that mR = T@®S where
T<®MandSc Rad,(M). As mR is indecomposable, we get either mR = S
ormR = T, and this end the proof. O

Proposition 2.5.2. Let M be an indecomposable (non-cyclic) module. Then M
is a P-(P;")-module ifand only if Rad,(M) = M.

Proof. =) Let m € M. Since M is a P-(P,")-module, then there exists
a decomposition M = M;®M,, M; <mR and mR N M, € Rad,(M,). So,
either M, = M or M; = 0. If M; = M, then M = mR, a contradiction. Thus,
M; = 0and M, = M. We deduce m € mR € Rad,(M). Thus Rad,(M) = M.
&) Lemma 1.2.48 implies M is a (P,")-module, Therefore, is a P-(P,")-module,

by Remarks and Examples 2.4.2(2). O

As an application example of Proposition 2.5.2, in fact Q is a P-(P;")-

module as Z-module, and it is indecomposable and non-cyclic and Rad,(Q) = Q.

Proposition 2.5.3. Let M be a non-cyclic indecomposable R-module. Then the

following are equivalents.
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(1) Rad, (M) = M.

(2) M is principally g-lifting.

(3) M is principally generalized hollow.

(4) M is a P-(P,")-module.

(5) M is a principally @&-g-supplemented.

Proof. (1) & (2) & (3) & (5) By Lemma 1.2.53.
(1) & (4) By Proposition 2.5.2. O

Lemma 2.5.4. Let M be a module whose any proper submodule is contained in
a maximal essential suomodule, then Rad,(M) <, M.

Proof. Let E 2 M such that Rad,(M) + E = M. If E # M, by assumption,
there exists a maximal essential submodule H of M with E < H. Thus,
Rad,(M) + H = M. Since, Rad,(M) € H, we get H = M, a contradiction with
the maximality for H. So, E = M and then Rad (M) <, M. O

Proposition 2.5.5. Let M be a module and Rad,(M) <, M. If M is P-(P,")-

module then M is principally g-lifting.

Proof. Suppose that m € M. Since, M is a P-(P,")-module, then by Theorem
2.4.3, there is a decomposition M = D@H such that D < mR and mRNH <
Rad,(H). As Rad,(H) € Rad,(M) and Rad,(M) <, M, then mRnN
H <4, M. Since, mR N H < H and H is a direct summand of M, Lemma 1.2.6

implies mR N H <, H. This completes the proof. [

By using Lemma 2.5.4, Proposition 2.5.5 and Remarks and Examples

2.4.2(1), we have the following.

Corollary 2.5.6. Let M be an R-module whose any proper submodule is
contained in a maximal essential suomodule. Then M is a P-(P,")-module if and

only if it is a principally g-lifting.
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The following consequence is satisfying by Remarks and Examples 2.4.2(1)

and Proposition 2.5.5.

Corollary 2.5.7. Let M be a module with Rad,(M) <, M. Then M is P-(P;")-
module if and only if M is principally g-lifting module.

Corollary 2.5.8. Let M be a finitely generated R-module. Then M is P-(P,")-
module if and only if M is principally g-lifting module.

Proof. Since M is finitely generated, hence by Lemma 1.2.12 M has g-small
generalized Radical. By Corollary 2.5.7, the result is follow. O

Corollary 2.5.9. Let R be aring. Then R is a principally g-lifting R-module if
and only if R is a P-(P,")-R-module.
Proof. Since R = (1), then R is finitely generated. From Corollary 2.5.8, the

result is followed. O

Corollary 2.5.10. Let M be a module with Rad,(M) = 0. M isaP- (P,")-module
if and only if M is a principally g-lifting module.
Proof. As Rad,(M) = 0 <, M. Thus, the result follows by Corollary 2.5.7. [

Proposition 2.5.11. A principally generalized hollow module is a P-(P,")-
module.

Proof. Letm € M and M a principally generalized hollow module. Suppose, that
mR = M, the proof is clear. Let mR ¢ M. We have the decomposition
M = 0&M, where 0 < mR and mR N M = mR <, M, Therefore, nRNM <

Rad,(M) and M is a principally (P,")-module. O

The converse of Proposition 2.5.11 is not true, in general, as see in the

following example.

Example 2.5.12. Let M = Z,, as Z-module. Then M is not a principally

generalized hollow, since 3Z,, is not g-small in Z,,. Now, we will prove that
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M = Z,, is a P-(P,")-module. Consider noting that any proper submodule E of
M =Z,, with E # 3Z,, is g-small, so there is a trivial decomposition
M = 0®M such that 0 <E and ENM =E «&; M, so ENM S Rad,(M).
Also, if E = 3Z,, or E = Z,, then E <® M (Since, M = 3Z,,®8Z,, and
M = Z,,®0) then the proof is clear. So, M is a principally (Py")-Z-module.

Proposition 2.5.13. Every principally semisimple is a P-(P,")-module.
Proof. Let me M and M a principally semisimple. Hence, M = mR®W
for some W < M. Therefore, mR < mR and mR NW = 0 € Rad,(W), thus

M is a P-(P,")-module, by Theorem 2.4.3. [0

The converse of Proposition 2.5.13 is not true, in general, as in Example

2.5.12 the Z-module Z,, is P-(P,")-module but not principally semisimple, in

fact, 27Z,, is not direct summand of Z,,.

Proposition 2.5.14. Let M be a module with zero generalized Radical. Then any
P-(P;")-module is principally semisimple.

Proof. Let m € M and M a P-(P,")-module. Then there is a decomposition
M =T@W such that T < mR and mR N W < Rad,(W). As a result of this,
M=T+W=mR+WandmRnNW < Rad,(M) = 0.Hence, mR <® M and

M is principally semisimple. O
The following corollary is direct by Propositions 2.5.13 and 2.5.14.

Corollary 2.5.15. Let M be a module with zero generalized Radical. Then M is

a P-(P,")-module if and only if M is principally semisimple.

Theorem 2.5.16. For an R-module M consider the following statements:
(1) M is a P-(P,")-module.
(2) M is PG-Radical supplemented.
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Then (1) = (2). If M is a m-projective module whose every g-Radical
supplement submodule of M is a direct summand, then (2) = (1).

Proof. (1) = (2) Obvious by definitions.

(2) = (1) Let x € M. According (2), M has a submodule E, M = xR + E and
xR N E € Rad,(E). According to the hypothesis, E is a direct summand of M,
andso M = T@E forsome T < M. Since M = TOE = xR + E is m-projective,
Lemma 1.2.30 implies M = E@E such that E < xR, and thus (1) holds. O

Proposition 2.5.17. Let M be a projective module whose every g-Radical
supplement submodule is a direct summand of M. If Rad,(M) <, M, then the
following are equivalent.

(1) M is principally g-semiperfect.

(2) M is principally g-lifting.

(3) M is a P-(P,")-module.

(4) M is PG-Radical supplemented.

Proof. (1) & (2) By Lemma 1.2.43.

(2) & (3) By Corollary 2.5.7.

(3) & (4) By Theorem 2.5.16. O

The following corollary comes by Lemma 1.2.12 and Proposition 2.5.17.
Corollary 2.5.18. Let M be a finitely generated and projective module whose
each g-Radical supplement submodule is a direct summand of M. Then the
following are equivalent.

(1) M is principally g-semiperfect
(2) M is principally g-lifting.

(3) M is a principally (P;")-module.
(4) M is PG-Radical supplemented.

Corollary 2.5.19. Let R be a ring whose any g-Radical supplement R-submodule

Is a direct summand of R. Then the following are equivalent.
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(1) R is principally g-semiperfect

(2) R is principally g-lifting.

(3) R is a principally (P,")- R-module.

(4) R is PG-Radical supplemented.

Proof. Follows by Corollary 2.5.18, since R = (1) is a finitely generated and

projective R-module . O

2.6. Rings and localization for P-(P,")-Property

In this section we discuss P-(P,") property as a ring. Also, under

localization, we are going to study the behavior of PG-Radical supplemented

modules. Before this, we must first prove the following lemma.

Lemma 2.6.1. Let M be a faithful multiplication module over a commutative
ring R with identity. Then Rad,(M) = Rad,(R). M.
Proof. We have,
Rad,(M) = N;{C; < M| C, is maximal essential in M}
= N,{C, = E;M| E; is maximal essential in R}, by Lemmas 1.2.3and 1.2.72,
= N,{E;| E; is maximal essential in R}. M, by Lemma 1.2.63.
= Rady(R).M. [
Theorem 2.6.2. Let M be a faithful, finitely generated and multiplication module
over a commutative ring R with identity. Then M have P-(P,") property if and
only if R have P-(P,") property.
Proof. Suppose M have P-(P,") property. Let I be a cyclic ideal of R. As M is
a finitely generated multiplication R-module, so IM is a cyclic submodule of M.
According to the hypothesis, there exists a decomposition M = E@W so that
E <IM and IM N W S Rady(W), so in Rad,(M). We get that E = JM and
W =EM for some ideals /] and E of R. By Lemma 2.6.1, Rad,(M) =
Rad,(R).M. As a result of this, M = JM@®EM so that /M < IM and IM N
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EM S Rad,(R).M. Thus, M = (J®E)M so that JM < IM and (I NE)M <
Radg,(R).M,by Lemma 1.2.63. By Lemma 1.2.64R = JOE,] <IandI NE S
Rad,(R). Since INECE<®R and INE S Rad,(R), hence INE <
Rad,(E), by Lemma 1.2.7. Therefore, R have P-(F,") property.

Conversely, suppose that R have P-(P,") property. Let C = IM be a cyclic

submodule of M, for some ideal I of R. Since, M is a finitely generated
multiplication R-module, then I is a cyclic ideal of R. According to the
hypothesis, there exists a decomposition R = J@E sothat ] <l and INE <
Rad,(E), also in Rad,(R). As a result of this, M = (J@OE)M so that JM < IM

and (I N E)M € Rady(R).M. Thus, M = JM@®EM such that JM < C and C n
EM € Rad,(M), by Lemma 1.2.63 and Lemma 2.6.1. Since CNEM <
EM <® M and C N EM S Rad,(M), hence C N EM < Rad,(EM), by Lemma
1.2.7. Therefore, M have P-(P,") property. [

Theorem 2.6.3. Let M be an R-module and S a multiplicative closed
subset of R such that L(T) NS = @ for any T < M. Then M is a P-(P;")-R-
module if and only if 7'M is a P-(P,")- S~*R-module.

Proof. Let M be a P-(P,")- R-module and let S~*E be any cyclic submodule of
S™1M as ST1R-module. From Lemma 1.2.66, E is cyclic in M as R-module. So
there isa decomposition M = W@W, W < E and E N W S Rad,(W). From
Lemmas 1.2.71, 1.2.65 and 2.3.2, S™M = ST'W@S™W, S7'W < S~'E and
STENST'W € S7*(Rad,(W)) = Rad,(S™*W). Hence, S™*M is a principally
(P;")- S~'R-module.

Conversely, suppose that S™1M is a P—(Pg*)—S‘lR—moduIe, and let H be a
cyclic submodule of M as R-module. By Lemma 1.2.66, S™1H is cyclicin S~1M
as S~tR-module, so there is a decomposition S™*M = STTW@S™W, STW <
S™H and ST*H N S™*W < Rad,(S™*W). By Lemmas 1.2.71, 1.2.65 and 2.3.2,
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we deduce that M = W@®W, W < H and H N W <€ Rad,(W). Hence, M is
P-(P;")-R-module. [

Theorem 2.6.4. Let M be an R-module and S a multiplicative closed subset of
R such thatany proper submodule W of M, (W:),s) = W, forall s € S. Then
M is a P-(P,")-R-module if and only if S™'M is a P-(P,")- S~*R-module.
Proof. Suppose that M is a P-(P,")- R-module. Let S~1L be a cyclic submodule
of S~M as S~1R-module. By Lemma 1.2.68, L is cyclic in M as R-module.
Then there is a decomposition M = T@®N, T < L and LN N € Rad,(N). By
Lemmas 1.2.71, 1.2.67 and 2.3.5, we get S™IM = S7IT@®SIN, S7IT < S71L
and S™'L N S™'N € S~ (Rad,(N)) = Rad,(S~'N). So, ™M is a P-(P,")-
S~1R-module.

Conversely, let S™*M be a P-(P;")- S™'R-module. Let L be any cyclic in M
as R-module. By Lemma 1.2.68, S~ 1L is cyclic in S™1M as S~1R-module. Then
there is a decomposition S™'M = S~'D@®S~'D so that S~'D < S~'L and
ST'LNS™*D € Rad,(S~'D). From Lemmas 1.2.71, 1.2.67 and 2.3.5, we get
M =D®D,D < Land LN D € Rad,(D). Thus, M is a P-(P,")- R-module. [
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This chapter consists of three sections. In section one, we define and study
the idea of @-PG-Radical supplemented modules, properties, characterizations
and illustrate examples factors and direct summands of these modules are
presented. In section two, we investigate some relations between our definition
and other kinds of modules. In section three, we study and investigate the

behavior of @-PG-Radical supplemented modules under localization.

3.1. ®-PG-Radical supplemented modules

We will present definition of @-PG-Radical supplemented modules. This

section will go over some of their properties and provide examples of them.
Now we are going to analyze our major definition as follows:

Definition 3.1.1. An R-module M is called principally &-generalized Radical
supplemented, briefly @-PG-Radical supplemented if, for any cyclic submodule
E of M, there is a direct summand L of M suchthat M = E+Land ENL C
Rad,(L).

Remarks and Examples 3.1.2.

(1) It is easy to see that any @©-g-Radical supplemented module is ®-PG-Radical
supplemented. As an application, Q as Z-module is @-g-Radical supplemented
and hence @-PG-Radical supplemented.

(2) If M is a cyclic module over a PID R, then the two notions “@-PG-Radical
supplemented” and “@-g-Radical supplemented modules” are identical.

(3) It is evident to see that any é@-PG-Radical supplemented module is
PG-Radical supplemented. As an application, Z as Z-module is not PG-Radical
supplemented and hence it is not @-PG-Radical supplemented, see Remarks and
Examples 2.1.2(4).
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(4) Clearly, any principally (P,")-module and hence any principally g-lifting
module is @©-PG-Radical supplemented. As an application, the Z-module Z,n
for prime number p and n € Z* is principally g-lifting, see [13, Examples 3.2(2)]
and so it @-PG-Radical supplemented.

(5) Every principally semisimple is @-PG-Radical supplemented.

Now we will prove analogous characterization for @-PG-Radical supplemented

modules.

Proposition 3.1.3. Let M be a @-PG-Radical supplemented R-module and
C <M. If every cyclic submodule of M has a @-g-Radical supplement
containing C, then M /C is @-PG-Radical supplemented.

Proof. Let mR be a submodule of M /C, such that mR = (mR + C)/C, where
m € M. Then there exists a direct summand E of M withC < E,M = mR + E
and mRNE <€ Rad,(E). So M = E®@W for some submodule W of M. Let
m:E — E/C be a canonical map. It is easy to see that M/C = E/C® (W + C)/C =
E/C + mR. By modular law and Lemma 1.2.8, we conclude that (E/C) n mR =
E/Cn(mR+C)/C=(En(mMR+C))/C=(C+(mMRNE))/C=n(mRNE)C
n(Rad,(E)) € Rad,(E/C). Hence, E/C is a g-Radical supplement of mR of
M /C, and hence M /C is &-PG-Radical supplemented. [

Proposition 3.1.4. Let M be a @-PG-Radical supplemented R-module and C
a fully invariant submodule of M. So M /C is @-PG-Radical supplemented.

Proof. Let mR/C be any cyclic submodule of M /C, where m € M. Then there
is a direct summand E of M such that M = mR + E and mR N E € Rad,(E).
Thus M = E@W for some submodule W of M. By Lemma 1.2.19, we have
M/C=({(C+E)/C)®D((C+W)/C). Also, M/C = (mR/CYD((C+E)/C).
Letr: E — (C + E)/C be a canonical map. By modular low and Lemma 1.2.8,
we have (mR/C)n ((C+E)/C)=(mRN(C+E))/C=(C+(mMRNE))/C =
n(mR NE) € n(Rady(E)) € Rad,((C + E)/C). Therefore, (C + E)/C is a &-
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PG-Radical supplement of mR/Cin M/C, and then M/C is @-PG-Radical

supplemented. O

Corollary 3.1.5. The factor R-module of a @-PG-Radical supplemented duo
module is &-PG-Radical supplemented.

Proof. Direct from Proposition 3.1.4.

Corollary 3.1.6. If M is a @-PG-Radical supplemented R-module, then
M/Radg(M) is ©-PG-Radical supplemented.
Proof. It follows directly from Lemma 1.2.8(1) and Proposition 3.1.4. 0

Previously, we note that @-PG-Radical supplemented property is not

inherited by their submodules. Now we will give condition to be inherited.

Theorem 3.1.14. Let M be a @-PG-Radical supplemented R-module, T < M
and M /T is a projective R-module, then T is @-PG-Radical supplemented.
Proof. Leta € T. There is a direct summand N of M such that M = aR + N and
aRNN S Rady(N). Thus, M =T + NandsoT N N <® M, by Lemma 1.2.29.
Since, M = (T N N)®F for some F <M. By modular law, we get that
T=Tn({(TnN®F)=(TnN®TnF), this implies TnN <® T. Also,
by modular law, T = aR + (T N N), alsoaRN (T NN) = aR NN € Rad,(M).
aRN(TNN)STnNandT NN <® M implies aR n (T N N) € Rad, (T N N)
by Lemma 1.2.7, as required. [

Now, we will study the behavior of @-PG-Radical supplemented summands.

Proposition 3.1.7. Suppose M = M, ®M, is a @-PG-Radical supplemented
R-module, where M, is a fully invariant submodule of M. Then M; and M, are
@-PG-Radical supplemented.

Proof. By Proposition 3.1.4, and since M/M,; = M,, then M, is @®-PG-Radical
supplemented. Let m; € M;. As M is a @-PG-Radical supplemented module,
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then there exists a submodule E of M such that M = myR + E = E@W and
myR N E € Rad,(E) for some submodule W of M. As M, is a fully invariant
submodule of M, we have that M; = (M; N E)®(M; n W). We deduce that
M,=M,n(mR+E)=mR+ (M, NE).AlsoomRn(M;nE)=mRNEC
Rad,(M), and as myRN (M; NE) < M; nE <® M, Lemma 1.2.7 implies
mR N (M; N E) € Rad,(M; N E). Thus, M, is ®-PG-Radical supplemented. [

Corollary 3.1.8. If M is a weak duo and @-PG-Radical supplemented R-module,
then every direct summand of M is also @-PG-Radical supplemented.

Proof. Let E is direct summand of M and M is a @-PG-Radical supplemented
module, M = E®@W for some W < M. As M is weak duo, then E is a fully
invariant submodule, thus E is a @-PG-Radical supplemented R-module from
Proposition 3.1.7.

Corollary 3.1.9. Let M be a duo @-PG-Radical supplemented module. Then
every direct summand of M is @-PG-Radical supplemented.
Proof. Clear. O

The proofs of the three following consequences are exactly analogous to the

proofs of Theorem 2.1.5, Propositions 2.1.6 and 2.1.7, respectively.

Theorem 3.1.10. Let M be a weakly distributive @-PG-Radical supplemented

R-module, then any direct summand of M is @-PG-Radical supplemented.

Proposition 3.1.11. Let M = @®,¢;M; be an infinite direct sum of @-PG-Radical
supplemented R-modules {M;| i € I}. If every cyclic submodule of M is fully

invariant, then M is @-PG-Radical supplemented.

Proposition 3.1.12. Let M, and M, be &-PG-Radical supplemented R-modules
and let M = M;®M,. If any cyclic submodule of M is weak distributive, then M
Is @-PG-Radical supplemented.
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However, we have the following corollary.

Corollary 3.1.13. Let M be an R-module, then

(1) if M = @, M; is a duo infinite direct sum of R-modules {M;|i € I}. Then
M is @-PG-Radical supplemented if and only if, for i € I, M; is ®-PG-Radical
supplemented, for i € I.

(2)if M = M, ®M, is a weakly distributive direct sum of R-modules M; and M,.
Then M is @-PG-Radical supplemented if and only if M; and M, are
@-PG-Radical supplemented.

Proof. (1) It follows directly by Corollary 3.1.9 and Proposition 3.1.11.

(2) It follows directly by Theorem 3.1.10 and Proposition 3.1.12. O

Proposition 3.1.14. Let M be a @-PG-Radical supplemented R-module satisfies
(D3), then any direct summand of M is @-PG-Radical supplemented.

Proof. Suppose that T <® M and a € T. As M is a @-PG-Radical supplemented
module and a € M, M =aR + N and aR NN S Rad,(N) for some direct
summand N of M. By modular law, T =aR + (TN N). From M =T + N and
by property (D3), T N N is direct summand of M. Since,aR N (T N N) =aR N
N € Rad,(M) and Tn N <® M, we have aR n (T N N) € Rad,(T N N), by
Lemma 1.2.57. Therefore, T is @-PG-Radical supplemented. [

Corollary 3.1.15. Let M be an R-module has the SIP. Then M is @-PG-Radical
supplemented if and only if every direct summand of M is @-PG-Radical
supplemented.

Proof. By Proposition 3.1.14 since the SIP implies (D3) property. O

Corollary 3.1.16. Suppose that M is a quasi-projective an R-module. Then M is
@-PG-Radical supplemented if and only if every direct summand of M is

@-PG-Radical supplemented.
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Proof. By Lemmas 1.2.24 and 1.2.25, M has (D3). Thus, the result is follows
directly by Proposition 3.1.14. O

3.2. Connections with @-PG-Radical supplemented modules

This section will look at several connections between the @-PG-Radical

supplemented module concept and various kinds of modules.

Proposition 3.2.1. Let M be a principally @-g-supplemented R-module, then M
iIs @-PG-Radical supplemented. However, the converse is true whenever
Rad,(M) <4 M.

Proof. =) Suppose that M is a principally &-g-supplemented R-module and
m € M. Then there exists a direct summand E of M such that mR + E = M and
mRNE K; E. Thus, mRNE S Rad,(E). Hence, M is &-PG-Radical
supplemented.

<) Suppose that M is a @-PG-Radical supplemented R-module and m € M.
Then there exists a direct summand E of M such that mR + E = M and
mR N E € Rad,(E) € Rady(M) <, M. AsmRNE < E <% M, it follows that
mRNE K, E, by Lemma 1.2.6. So, M is a principally é&-g-supplemented

R-module.

Example 3.2.2. As an application of Proposition 3.1.15, we have that Q®Z,
principally @-g-supplemented as Z-module, see [32, Examples 3.1.6(2)]. Hence,
it is will be @-PG-Radical supplemented,

Corollary 3.2.3. Let M be a finitely generated R-module. Then M is @-PG-
Radical supplemented if and only if M is principally @&-g-supplemented.
Proof. Since M is a finitely generated R-module, Lemma 1.2.12 implies that

Rad,(M) <, M. Hence the result is obtained by Proposition 3.2.1. [J
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Corollary 3.2.4. Let M be a noetherian R-module. Then M is @-PG-Radical
supplemented if and only if M is principally é@-g-supplemented.
Proof. Since any noetherian R-module is finitely generated, Corollary 3.2.3

implies the result. O

Corollary 3.2.5. Let R be any ring. Then R is @-PG-Radical supplemented if
and only if R is principally @-g-supplemented.

Proof. Since R = (1) is finitely generated, then the result is follows by Corollary
3.23.0

Proposition 3.2.6. Let M be a distributive R-module. Consider the following
conditions:

(1) M is @-PG-Radical-supplemented.

(2) M/Rad (M) is principally semisimple.

Then (1) = (2). If M is a refinable R-module with Rad,(M) <, M, then
(2) = (D).

Proof. (1) = (2) By Remarks and Examples 3.1.2(3) and Proposition 2.1.12.
(2) = (1) By Lemma 1.2.57, M is a principally &-g-supplemented R-module
and so it is @-PG-Radical supplemented, by Proposition 3.2.1. O

Proposition 3.2.7. A m-projective R-module M is @-PG-Radical supplemented
if and only if M has the property P-(P,").

Proof. =) Suppose that m € M. Then M = mR + C and mR N C < Rad,(C)
for a direct summand C of M, since M is @-PG-Radical supplemented. From
m-projectivity for M, there exists W < mR such that M = W&C, from Lemma
1.2.30. Thus, for m € M, there exists a decomposition M = W@C such that
W < mR and mR N C € Rad,(C). This implies M has the property P-(P,").
<) By Remarks and Examples 3.1.2(4). [

70



Chapter THI€E ..ottt e e s e e e e e e @®-PG-radical supplemented modules

Corollary 3.2.8. Let M be a m-projective R-module. Then M is @-PG-Radical
supplemented if and only if every direct summand of M is @-PG-Radical

supplemented.

Proof. Suppose M is a @-PG-Radical supplemented R-module. By Proposition
3.2.7, M is a P-(P;")-module. From Proposition 2.4.14, we have that every direct
summand of M is a principally (P,")-module, so it is @-PG-Radical

supplemented. The converse is clear. O

Corollary 3.2.9. Suppose that M is an R-module with Rad,(M) = 0, then M is

@-PG-Radical supplemented if and only if M is principally &-g-supplemented.
Proof. Clear by Proposition 3.2.1. O

The Corollaries 3.2.10 and 3.2.11 come directly from Corollary 3.2.9.

Corollary 3.2.10. Let M be a module over a g-V-ring R. Then M is @&-PG-
Radical supplemented if and only if M is principally @&-g-supplemented.

Corollary 3.2.11. Suppose that M is an g-noncosingular R-module. Then M is
@-PG-Radical supplemented if and only if M is principally &-g-supplemented.

Proposition 3.2.12. If M is an R-module such that Rad,(M) = M, then M is
@-PG-Radical supplemented.

Proof. If m € M,thenmR < Rad (M), by hypothesis. Thus, mR + M = M and
mR N M =mR S Rad,(M). Hence, M is &-PG-Radical supplemented. [

Proposition 3.2.13. Let M be a non-cyclic indecomposable R-module. If M is
a @-PG-Radical supplemented R-module then Rad, (M) = M.

Proof. Suppose that M is a @-PG-Radical supplemented R-module and m € M.
Then there is a direct summand E of M such that M = mR + E = E®W and
mR NE < Rad,(E) for some W < M. Hence, either M = E or E =0. If,
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E = 0, then M = mR, which is a contradiction. Thus, M = E. We deduce that
m € mR € Rad,(M). Hence Rad,(M) = M. O

Corollary 3.2.14. Let M be a non-cyclic indecomposable R-module. Then M is
@-PG-Radical supplemented if and only if Rad,(M) = M.
Proof. By Propositions 3.2.12 and 3.2.13. [

In the following theorem we present our main result.
Theorem 3.2.15. Consider that the following conditions for an R-module M:
(1) M is a P-(P,")-module.
(2) Every direct summand of M is @-PG-Radical supplemented.
(3) M is @-PG-Radical supplemented.
(4) M is PG-Radical supplemented.
Then (1) = (2) = (3) = (4). If M is a projective R-module whose any
g-Radical supplement submodule of M is a direct summand, then (4) = (1).
Proof. (1) = (2) Let E be any direct summand of M and n € E. Since, M has
the property P-(P;"), then by Theorem 2.4.3, there exists a decomposition
M = L®L such that L < nR and nR N L € Rad,(L). By modular law, we can
write E = L®(E n L). This implies E N L is a direct summand of E. It follows

that, E =nR + (E n L). Also, we will prove that nRN(ENL)=nRNLC
Rad,(E n L). Suppose that x € nR N L, so x € Rad,(L), since xR «, L (also
xR &, M)by Lemma1l.2.9.AsxR < ENL <® E <® M, Lemma 1.2.6 implies
xR <4 E n L, therefore x € xR € Rad,(ENL). Thatis ENL <® E and it is

a g-Radical supplement for nR in E. Hence, E is @-PG-Radical supplemented.
(2) = (3) Clear.

(3) = (4) By Remarks and Examples 3.1.2(3).

(4) = (1) by Theorem 2.5.17. O
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Proposition 3.2.16. If M is a refinable R-module, consider the following cases:
(1) M is a P-(P,")-module.

(2) M is @-PG-Radical supplemented.

(3) M is PG-Radical supplemented.

Then (1) = (2) & (3). If M satisfies (D3) property, then (2) = (1).

Proof. (1) = (2) = (3) Follows by Remarks and Examples 3.1.2(3 and 4).
(3) = (2) Let m € M. Then there exists a submodule E of M such that E +
mR =M and ENmR S Rad,(E). As M is refinable, so there is a direct
summand U of M with U € Eand M = U + mR = U@®U for a submodule U of
M. To conformthat U n mR € Rad,(U), we deduce U N mR < Rad,(M). By
UnmR < U and U <® M, Lemma 1.2.7 imply U n mR S Rad,(U). Hence,
M is @-PG-Radical supplemented.

(2) = (1) If m € M, then there exists a direct summand E of M such that
E+mR =M and ENmR < Rad,(E). Since M is refinable, then there is
U, <® Msuchthat U; € Eand M = U; + mR = U,®U, for some U; < M. As
Uy NmR S Rad,(M) and U; <® M, Lemma 127 implies U; nmR <
Rad,(U,). Again, by hypothesis, there exists U, <® M such that U, € mR and
M = U, + U, = U,®U,. By property (Ds), Uy nU, <® M, and M = (U; N
U,)®W for some submodule W of M. By modular law, U; = (U; N U,)®(U; N
W)yandso M = U, + U, = U,®(U; N W). It is easily to see that mR n (U; N
W) € Rad,(U;).SincemR N (U; N W) < U;nWandU; n W <® Uy, we get
that mR N (U; N W) € Rad,(U; N W) by Lemma 1.2.7, and the proof now is

complete. O

Corollary 3.2.17. Let M be a refinable R-module has SIP. Then the following
are equivalent.

(1) M is a P-(P,")-module.

(2) M is @-PG-Radical supplemented.
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(3) M is PG-Radical supplemented.
Proof. By Proposition 3.2.16, since the SIP implies (D3) property. O

Proposition 3.2.18. The following are equivalent for a nonzero indecomposable
R-module M with Rad,(M) <, M.

(1) M is principally generalized hollow.

(2) M is ®-PG-Radical supplemented.

(3) Every direct summand of M is @-PG-Radical supplemented.

Proof. (1) = (2) Obvious.

(2) = (3) Let M be an indecomposable module and let W <® M, so either
W =M or W = 0. By (2), then the result is follows.

(3) = (1) Suppose that mR is any proper cyclic submodule of M and m € M.
Since M is a @-PG-Radical supplemented module, then there exist T < N of M
such that mRNT S Rad,(T) and M =T@®&N =mR+T. If T=0 then
mR = M, which is a contradiction. Thus, T = M and N = 0. So, mR = mR N
T € Rad, (M), and thenmR <, M. Hence, M is principally generalized hollow.
U

Corollary 3.2.19. The following cases are equivalent for a finitely generated
indecomposable R-module M.

(1) M is principally generalized hollow.

(2) M is @-PG-Radical supplemented.

(3) Every direct summand of M is @-PG-Radical supplemented.

Proof. From Lemma 1.2.12 and Proposition 3.2.18. O

Corollary 3.2.20. The following are equivalent for an indecomposable ring R.
(1) R is principally generalized hollow.

(2) R is ®-PG-Radical supplemented.

(3) Every direct summand of R is @-PG-Radical supplemented.

Proof. By Corollary 3.2.19, Since R = (1) is finitely generated. O

74



Chapter THI€E ..ottt e e s e e e e e e @®-PG-radical supplemented modules

In the following, we will investigate some terms that make the
@®-PG-Radical supplemented modules to be P-(P,")-modules.
Theorem 3.2.21. Let M be a ®-PG-Radical supplemented R-module and satisfy
any one of the following:
(1) M is weakly distributive.
(2) M is duo.
(3) M is refinable and have the SIP.
Then M is a P-(P,")-module.
Proof. (1) Let m € M. As M is a @-PG-Radical supplemented R-module, then
M =mR + CandmR N C S Rad,(C) forsomea C <® M.Hence, M = COW
for some W < M. Since mR is weak distributive in M, then mR = (mR N C) +
(mRNnW), also (mRNC)n(mRNW)c CnW =0, this lead as to
mR=mMRNC)(mRNW) and hence M=mRnW)®C where
mRNW <mR and mR N C € Rad,(C). So, M is a P-(P,")-module.
(2) Similar to proof (1).
(3) Suppose that M is a @-PG-Radical supplemented R-module and m € M, then
M =mR + C and mR N C S Rad,(C) for some C <® M. As M is refinable,

thenthereis W <® M suchthat W < mRandM =W + C.ThusCnW <® M,
Since M have the SIP. Thus M = (C n W)@E for some E < M. By modular
law, we conclude C = (CNW)B(CNE),andsoM =W +C =W&(CNE).
Clearly, mR N (C N E) € Rad,(C N E) and this end of proof. [

Proposition 3.2.22. Let M be a nonzero indecomposable R-module such that
Rad,(M) <4, M. Then the following are equivalent.

(1) M is principally @-supplemented.

(2) M is principally é@-5-supplemented.

(3) M is principally &-g-supplemented.

(4) M is @-PG-Radical supplemented.
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Proof. (1) = (2) = (3) Evident.

(3) = (4) By Proposition 3.2.1.

(4) = (1) Let m € M. Then there is E <® M such that mR + E = M and
mRNE S Rady(E). IfmRNE =M,somR = M has trivially a principally &-
supplement 0 in M. Let mRNE c M. Since, mRNE < Rad,(M) and
Rad,(M) <4, M, we get that mRNE <, M. As M is an indecomposable

R-module, Lemma 1.2.11 impliesmR N E < M. Thus, mR N E < E by Lemma
1.2.1(4), and hence (1), holds. O

Corollary 3.2.23. The following cases are equivalent for an indecomposable
R-module M # 0 with Rad,(M) < ; M.

(1) M is principally g-lifting.

(2) M is a P-(P,")-module.

(3) M is principally &-supplemented.

(4) M is principally &-6-supplemented.

(5) M is principally &-g-supplemented.

(6) M is @-PG-Radical supplemented.

(7) Every direct summand of M is principally &-g-supplemented.
(8) Every direct summand of M is @-PG-Radical supplemented.
(9) M is principally generalized hollow.

Proof. (1) & (2) By Corollary 2.5.8.

(3) & (4) & (5) < (6) By Proposition 3.2.22.

(7) & (8) by the same way of proof Proposition 3.2.1

(6) & (8) & (9) By Proposition 3.2.18.

(1) & (9) By Lemma 1.2.42. O

Corollary 3.2.24. The following are equivalent for an indecomposable finitely
generated R-module M.
(1) M is principally g-lifting.
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(2) M is a P-(P,")-module.

(3) M is principally @&-supplemented.

(4) M is principally &-6-supplemented.

(5) M is principally &-g-supplemented.

(6) M is @-PG-Radical supplemented.

(7) Every direct summand of M is principally é@-g-supplemented.
(8) Every direct summand of M is @-PG-Radical supplemented.
(9) M is principally generalized hollow.

Proof. From Lemma 1.2.12 and Proposition 3.2.23. [

Corollary 3.2.25. The following are equivalent for a uniform R-module M with
Rad,(M) <4 M.

(1) M is principally g-lifting.

(2) M is a P-(P,")-module.

(3) M is principally &-supplemented.

(4) M is principally &-6-supplemented.

(5) M is principally &-g-supplemented.

(6) M is @-PG-Radical supplemented.

(7) Every direct summand of M is principally &-g-supplemented.

(8) Every direct summand of M is @-PG-Radical supplemented.

(9) M is principally generalized hollow.

Proof. Since, every uniform R-module is indecomposable, Corollary 3.2.24
implies the result. [

Corollary 3.2.26. The following are equivalent for an indecomposable ring R.
(1) R is principally g-lifting.

(2) R is a P-(P,")-R-module.

(3) R is principally @-supplemented.

(4) R is principally @-6-supplemented.

(5) R is principally @&-g-supplemented.
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(6) R is ®-PG-Radical supplemented.

(7) Every direct summand of R is principally @&-g-supplemented.
(8) Every direct summand of R is @-PG-Radical supplemented.
(9) R is principally generalized hollow.

Proof. It is evidently by Corollary 3.2.24, as R = (1) is finitely generated. 0

Proposition 3.2.27. Let M be an R-module, consider the following:

(1) M is principally semisimple.

(2) M is a P-(P,")-module.

(3) Each direct summand of M is @-PG-Radical supplemented.

(4) M is @-PG-Radical supplemented.

(5) M is PG-Radical supplemented.

Then (1) = (2) = (3) = (4) = (5). If Rad,(M) = 0, then (5) = (1).
Proof. (1) = (2) and (3) = (4) = (5) Clear.

(2) = (3) By Proposition 2.4.13, any direct summand of M is also
a P-(P,")-module, hence any direct summand of M is @-PG-Radical
supplemented, according to Remarks and Examples 3.1.2(4).

(5) = (1) By Proposition 2.2.4. O

3.3. Rings and localization for @-PG-Radical supplemented

In this part, we will study the @-PG-Radical supplemented property as
a ring. Also, we discuss the behavior of @-PG-Radical supplemented modules

under localization.

Theorem 3.3.1. Let M be a faithful, finitely generated and multiplication module
over a commutative ring R with 1 = 0. Then M is @-PG-Radical supplemented
if and only if R is @-PG-Radical supplemented.

Proof. Suppose that M is a @-PG-Radical supplemented R-module. Let I be

any cyclic ideal of R. Since M is a finitely generated multiplication R-module,
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then IM is a cyclic submodule of M. By hypothesis, there exists a direct
summand W of M such that M = IM + W and IM N W S Rad,(W), so in
Rad,(M). We have W = EM for some ideal E of R. By Lemma 2.6.1,
Rad,(M) = Rad,;(R).M. It follows that E <® R such that R =1+E and
INE S Rady(R), by Lemma 1.2.63 and 1.2.64. Since, INE € E <® R and
INE < Rady(R), then INE S Rad,(E), by Lemma 1.2.7. Therefore, R is
@-PG-Radical supplemented.

Conversely, suppose that R is @-PG-Radical supplemented. Let C = IM be
a cyclic submodule of M, for some ideal I of R. As M is a finitely generated
multiplication R-module, then I is a cyclic ideal of R. According to the
hypothesis, there exists a direct summand E of R such that R =1+ E and
INE S Rady(E), also in Rad,(R). Since, EM <® M suchthat M = C + EM
and (I N E)M < Rad,(R).M, such that C N EM < Rad,(M) by Lemma 1.2.63
and Lemma 2.6.1. As CNEM S EM <® M and C N EM S Rad (M), then
C NEM < Rad,(EM), from Lemma 1.2.7. Therefore, M is é©-PG-Radical

supplemented. [

Theorem 3.3.2. Let M be an R-module and S a multiplicative closed subset of
Rwith L(T)NnS =@ forall T < M. Then M is @-PG-Radical supplemented as
R-module if and only if S™M is @-PG-Radical supplemented as S~1R-module.
Proof. Let M be @®-PG-Radical supplemented as R-module and let S~1E be any
cyclic submodule of S™*M as S~*R-module. By Lemma 1.2.66, E is cyclic in M
as R-module. Then there exists a submodule W of M such that E+ W =
COW =Mand ENW € Rad,(W). By Lemmas 1.2.71, 1.2.65, and 2.3.2, we
deduce that S'E+4+S'W=S"'C®ST'W=S"'M and ST'EnST'wc
Rad,(S~'W). Hence, S~'M is @-PG-Radical supplemented as S~ R-module.
Conversely, suppose that S™'M is @-PG-Radical supplemented as

S~1R-module, and let E be a cyclic submodule of M as R-module. By lemma
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1.2.66, S71E is cyclic in S™*M as ST1R-module. Then there is a submodule
STIW of S7IM such that STIE+S7IW =S1H®S W =S"IM and so
STTENS'W < Rad,(S™*W). From Lemmas 1.2.71, 1.2.65, and 2.3.2, we
have E+W =H@®&W =M and ENW S Rad,(W). Implies M is
@®-PG-Radical supplemented as R-module. [

Theorem 3.3.3. Let M be an R-module and let S be a multiplicative closed subset
of R such that for any W c M, (W:y,s) =W, for all s€S. Then M is
a @-PG-Radical supplemented as R-module if and only if S™IM is
@-PG-Radical supplemented as S~1R-module.
Proof. Suppose that M is @-PG-Radical supplemented as R-module. Let S~1E
be cyclic in S™1M as S~1R-module. From Lemma 1.2.68, E is cyclic in M as
R-module. Then there exists a W <M, E+W =C®W =M and ENW C
Rad,(W). From Lemmas 1.2.71, 1.2.67 and 2.3.2, we get that S™'E + S™'W =
STICH®S'W =S"'M and STE N S~'W < Rad,(S~'W). Therefore, S™'M is
@-PG-Radical supplemented as S~1R-module.

Conversely, let S™1M be @-PG-Radical supplemented as S~1R-module. If
C is a cyclic submodule of M as R-module. By Lemma 1.2.68, S~1C is cyclic
in SIM as S™'R-module. Then there is a ST'H < S~ 'M, S71C+ S 'H =
ST'D@®ST'H=S5"'M and ST'CNS'H S Rad,(S"'H). From Lemmas
1.2.71,1.2.67 and 2.3.5, we get C + H = D®H = M and C N H <, Rad,(H).
Hence, M is @-PG-Radical supplemented as R-module. O
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Diagrams of Some Important Implications and

Their Reverses for Chapters Two & Three




Diagrams ... According Chapters Two and Three

Principally g-hollow Principally g-lifting

principally ®-g-

©

Principally (Pg)-module

v

supplemented

\ 4

PG-radical supplemented |

Diagram (1)

@-PG-radical supplemented

Symbol Condition

Related results

If M is a refinable module & has SIP

Corollary 3.2.18

If M is a projective module & every g-radical
supplement submodule is a direct summand of M.
& Rad,(M) K4 M

Proposition 2.5.17 & 2.5.16

If M is a m-projective module & any g-radical
supplement submodule of M is direct summand

Theorem 2.5.16

If M is a non-cyclic indecomposable module

Proposition 2.3.3

0 © o©¢e

If M is a refinable module & satisfies (D3) property

Proposition 3.2.17
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Diagrams

... According Chapters Two and Three

Every direct . principally — —
summand of M iS | @ (P,")-module | € principally g-lifting
@-Pg-radical g
supplemented y
£
2 ®
o
@-PG-radical (5 | PG-radical Principally
supplemented supplemented | ———>| g semiperfect
O or Qor (2]
s 5 Qor®
(—J o]
Principally principally
—_—
@-g-supplemented g-supplemented
Diagram (2)
Symbol Condition Related results
a Ky M. roposition 3.2.
(1) If Rady (M) <4 M Proposition 3.2.1
(2] If M is a projective module & any g-radical Proposition 2.5.17
supplement submodule is direct summand of M
& Rady(M) <4 M
If Rad,(M) = 0 or, R is g-V-ring or, M is e- Corollaries 3.2.9 & 3.2.10
g g g
noncosingular &3.2.11
(4 If M is a projective module & any g-radical Theorem 3.2.16
supplement submodule of M is direct summand
(5] If Rady(M) = 0 Proposition 3.2.28
(7 If M is refinable & has SIP Corollary 3.2.18
If M is refinable Proposition 3.2.17
(8] p
(9] If M be a finitely generated or noetherian R- Corollaries 3.2.3 & 3.2.4
module.
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This chapter consists of six sections. In sections one and four, we define
and investigate two concepts, Rad,-lifting modules and P-Rad,-lifting

modules, respectively. Properties, characterizations and illustrate examples
factors and direct summands of these modules are presented. In sections two
and five, we discussed some relations between our definitions and other types
of modules. In sections three and six, we study and investigate the behavior of

Rad,-lifting modules and principally Rad,-lifting under localization and rings.

4.1. Rad,-lifting modules

We will present the definition of Rad,-lifting modules, as well as a number

of their properties and examples about them will be discussed in this section.

Definition 4.1.1. An R-module M is called Rad,-lifting if, every submodule E
of M with Rad,(M) < E, there is a decomposition M = T@®N suchthatT < E
and E NN <, N. Thus, aring R is also called Rad,-lifting if it is Rad,-lifting

as R-module.

Proposition 4.1.2. Let M be an arbitrary module such that Rad, (M) = M, then
M is a Rad,-lifting module.

Proof. Let E be any submodule of M such that Rad,(M) S E. By hypothesis,
we have that M < E thisimplies M = E. Trivially, M = M@®(0) where M < E
and E N (0) = (0) <, (0), as required. O

Corollary 4.1.3. If M is an arbitrary module containing no maximal submodule,
then M is Rad,-lifting.

Proof. Since, M containing no maximal, so Rad(M) = M. As Rad(M) <
Rad, (M), so we get Rad,(M) = M. By Proposition 4.1.2, the result is follows.
[
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Corollary 4.1.4. Let M be a module such that all its finitely generated
submodules are g-small, then M is Rad,-lifting.

Proof. By Proposition 1.2.13 we have Rad,(M) = M, hence by Proposition
4.1.2, M is Radg-lifting. O

As an application of above corollary, for a prime number p and n € Z*,
the Z-module Z,n is Radg-lifting, in fact, all its finitely generated submodules

are g-small.

Corollary 4.1.5. Let M be any module. Then, B, (M) is Rad,-lifting.
Proof. It is enough to prove that, Rad,(F,(M)) = P,(M).
We have, P;(M) = ¥{L < M|Rad (L) = L} = ¥, <y Rad, (L)

= Rad,(X{L < M|Rad,(L) = L}) = Rad,(P,(M))
By Proposition 4.1.2, B, (M) is a Rad,-lifting module. O

Remarks and Examples 4.1.6.

(1) By the definitions, every g-lifting module and hence every lifting module is
Rad,-lifting. The converse is not true, in general, for instance: the Z-module Q
is Rad,-lifting, in fact, Rad,(Q) = Q (see Proposition 4.1.2), while Z-module
Q not g-lifting.

(2) It is clear that every semisimple module is Rad,-lifting. But the converse
need not be true, in general, for instance: It's easy to see that Zg as Z-module is
hollow, so it is lifting hence by (1) is Rad,-lifting. While the Z-module Zg not

semisimple.

Proposition 4.1.7. The following are equivalent for a module M.
(1) M is a Radg-lifting module.
(2) for every submodule E of M with Rad,(M) < E, there is a decomposition

M =T®N suchthatT < EandENN Ky M;
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(3) for every submodule E of M with Rad,(M) € E can be written as E =
H®G, where H is a direct summand of M and ¢ <, M;

(4) for every submodule E of M with Rad,(M) < E, there exists a direct
summand C of M suchthat C < Eand E/C K; M/C;

(5) for every submodule E of M such that Rad,(M) < E, and E containing
a g-supplement C in M such that E N C is a direct summand of E;

(6) for every submodule E of M with Rad,(M) € E, there is an e = e? €
End(M) witheM < E and (1 — e)E <, (1 —e)M;

(7) for every submodule E of M with Rad,(M) € E, there exists a direct
summand T of Mand W <, M suchthatT < Eand E =T + W,

(8) for every submodule E of M with Rad,(M) S E, there is a submodule H
of M inside E such that M = H@®W and W a g-supplement of E in M.

Proof. (1) = (2) Clear.

(2) = (1) Let E < M with Rad,(M) < E. By (2), there is a decomposition
M =T®N suchthatT <EandENN <; M.ASENN <N <® M, Lemma
1.2.17(1) implies E N N <, N. Hence, M is Rad,-lifting.

(1) = (3) Suppose that E < M such that Rad, (M) S E. By (1), there exists
adecomposition M = H@S suchthat H < EandE N S <, S. By modular law,
E=H®(ENS).Putting ENS =G. Thus E = H®G such that H <® M and
G <Ly M.

(3) = (4) Suppose E < M with Rad,(M) < E. We have a decomposition
E =C®W such that C <® M and W Ky M, by (3). Suppose a natural map
m:M — M/C. Since, W <, M, we conclude that =7(W) <, M/C, i.e.,
(C+W)/C=E/C <K, M/C.

(4) = (1) Let E < M with Rad,(M) < E. Then there is a decomposition
M = C®W suchthat C < E and E/C <, M/C, by (3). By Modular law, we
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have E = C®(ENW). Thus, E/C = EnW and M/C = W. It follows that
ENnW <, W.Hence, (1) holds.

(1) = (5) Let E < M with Rad,(M) € E. By (1), there is a decomposition
M=Teé@CsuchthatT < Eand ENC K, C.So, M = E + C and by modular
lowwe get E = T@(C N E). Hence, E containing a g-supplement C in M such
that E N C is a direct summand of E.

(5) = (6) Let E < M with Rad,(M) < E. By hypothesis, if we suppose E
containing a g-supplement C in M with En C is a direct summand of E,
M=E+Cand ENC <, C. Also, E=(EnC)®W for some W <E. It
follows that M = W@C. Suppose that eeM - W; e(k+1)=k and
(1—e):M —C; (1 —e)(k+1)=1are projection maps forallk + l e M =
WeC. Itis easily to confirm that e = e? € End(M). Since,eM = W < E and
1-e)E=EN(1-e)M=ENCK,C=(1-¢e)M.

(6) = (3) Suppose that E < M such that Rad,(M) S E. By (6), there is an
e = e® € End(M) such that eM < E and (1 —e)E «, (1 —e)M. Consider
noting that M = eM®(1 —e)M. By modular law, E =E N (eM®(1 —
e)M) =eM®(EN(1—e)M) =eM®(1 —e)E, such that eM is a direct
summand of M and (1 — e)E <, (1 —e)M,soin M.

(1) = (7) Let E < M with Rad,(M) < E. By (1), there is a submodule T of
M containing in E suchthat M = T@N and ENN <, N.PutW =E NN, we
deducethat E =T + W and W <, N, so in M.

(7) = (1) Suppose that E is a submodule of M such that Rad,(M) € E, so
by (7), there exists a direct summand T of M and W <, M suchthatT < E and
E=T+ W.Thus, M = T@N for some N < M. Since, N is a g-supplement of
T in M, so Lemma 1.2.18 implies N is a g-supplementof E =T+ W in M,
thus ENN <, N.
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(1) = (8) Let E be any submodule of M such that Rad,(M) < E. Since, M
is a Radg-lifting, there exists H < E with M = HOW and ENW <, W.

Hence, M = E + W this implies W is a g-supplement of E in M.
(8) = (1) Clear. O

The Rad,-lifting property is not inherited by their submodules for instance,
the Z-module Z < Q is not Rad,-lifting while Q as Z -module is Rad,-lifting,
see [ Remarks and Examples 4.1.6 (1)].

Now we list some propositions that make Rad,-lifting property inherited

by their submodules under special conditions.

Proposition 4.1.8. Let M be a module. Then M is Rad,-lifting if and only if,
every direct summand of M contains Rad, (M) is Rad,-lifting.

Proof. =) Let E <® M and Rad,(M) < E. If U is a submodule of E such that
Rad,(E) € U. By Lemma 1.2.37(1) we have Rad,(M) = Rad,(E). Thus,
Rady,(M) €U <M. As M is a Radg-lifting, there exists a decomposition
M =V@V suchthat V < U and UNV «, V. By modular law, we have that
E=En(VOV)=V®ENV).Also,wehave Un (ENV) =UNV K, M.
Since, Un(ENV)<EnV <® M, from Lemma 1.2.6 we get Un (E N
V) «4 E nV. Hence E is Rad,-lifting.

) Since, trivially M <® M and Rad,(M) S M, Therefore, by hypothesis M
is a Rad,-lifting module. O

Corollary 4.1.9. Suppose that M is a module and Rad (M) <® M. IfMis
a Rad,-lifting module, then Rad, (M) is Radg-lifting.
Proof. Clear by Proposition 4.1.8. O
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Proposition 4.1.10. Let M is Radg-lifting and let E be any submodule of M
such that Rad, (M) < E. If E is g-coclosed, then E is a direct summand of M.
Proof. Let E be a g-coclosed submodule of M with Rad,(M) € E. Since, M is
a Rad,-lifting module, by Proposition 4.1.7, there exists a direct summand L of
M such that L < E and E/L <, M/L. Since, E is g-coclosed, L = E, this

implies E <® M. O

Corollary 4.1.11. Let M be a Rad,-lifting, and E is a g-coclosed submodule of
M containing Rad, (M), then E is Rad,-lifting.
Proof. Direct from Propositions 4.1.10 and 4.1.8. O

Proposition 4.1.12. If M is a Rad,-lifting module and E an indecomposable
submodule of M containing Rad,(M), then either E is a direct summand or

g-small.

Proof. Assume that M is a Rad,-lifting module. Let E' be an indecomposable
submodule E of M with Rad,(M) S E. From Proposition 4.1.7, E can be
written as £ = H®G, where H is a direct summand of M and ¢ <, M. It

follows that either E = H or E = G. This completes the proof. O

We now give a condition that make the class of Rad,-lifting is closed

under finite direct sums.

Theorem 4.1.13. Let {M;}i*, be a family of submodules of an R-module M.
Such that each M; is Radg-lifting R-modules. If M =;_; M; and M is duo,
then M is Rad,-lifting.

Proof. Suppose that {M;}, is a family of Rad,-lifting R-modules. To prove
that M is Radg-lifting, it is enough to prove the case when n = 2. Let U be
a submodule of M = M; @M, and Rad,(M) < U. Since, U is a fully invariant
submodule of M, Lemma 1.2.14 implies U = (M, nU)®(M, nU). We
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deduce that Rad,(M;) < M; n U for i = 1,2. Since, M; is Radg-lifting, for
i = 1,2, then there are two decompositions M; = V,; @V, and M, = V,®V, with
Vi<M;nU and (My;nU)NV,=UNV, KV, also V; <M,nU and
M, nU)NV, =UnV, K V,. Thus, M = M;®M, = (V,®V,)®V,®V,) with
V@V, < (M, nU)®M, nU) =UandU n (V,®V,) = (Un V)@ (U Nn,)
Ky V,@®V,, by Lemma 1.2.5(3). So, by mathematical induction, M is Rad,-
lifting. O

Theorem 4.1.14. Let {M;}-, be a family of submodules of R-module M. Such
that each M; is Rad,-lifting R-modules. If M =, M; and M is distributive,
then M is Rad,-lifting.

Proof. Analogous to proof Theorem 4.1.13. [0

Theorem 4.1.15. If M = M; @M, is a direct sum of Rad,-lifting modules M,
and M, with M, is quasi-projective and M,-projective, then M is Rad,-lifting.
Proof. Let E be a submodule of M = M;@®M, with Rad,(M) € E. Since,
M; N (E + M) < M, and Rad,(M,) € M, N (E + M;). Since, M, is Rad,-
lifting, then there is a decomposition M; =V, @V,, V; < M; n (E + M,) and
Vo, N (E + M;) <g V. Since, we have V,®V,®M, < (E + M,)®V,®OM, = E +
(V,®&M,) then M =E+ (V,M,). Since, M; is quasi-projective and
M,-projective, then V, is V,@®M,-projective. By Lemma 1.2.31, there is
a submodule E; of E such that M = E;@®(V,@®M,). It is easy to confirm that
En(L+V,)=Ln(E+V,) forany L < M,, toseethis;as ENn(L+V,) <
LNnE+V,)+V,n(E+L) and V, n(E+L) =0, then (L+V,)<Ln
(E +V,). In the same way, we get L N (E +V,) < E n (L +V,). Therefore,
LNn(E+V,) =En(C+YV,). Also, we conclude that M, n (E +V,) < M,
with Rad,(M,) € M, N (E +V;) and M, is a Radg-lifting, for then there is
a decomposition M, = V,®V,, V, <M, n(E+V,) =En (M, +V,) <E and
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V,n (E +V,) K V,. Therefore, M = E;®(V,®M,) = (E;® V))®(V,®V,),
Ex®V, <E and En (V,@V,) =V, N (E +V,) K, V,@®V,. Therefore, M is
a Rad,-lifting. O

Proposition 4.1.16. Let M be a Radg-lifting with Rad (M) # M. Then there
is a decomposition M = H®W such that W is a g-supplement of Rad, (M) in
M, Rad,(W) <, W and H is a g-Radical. More specifically, if £,(M) = 0,
then Rad,(M) <, M.
Proof. Suppose that Rad,(M) # M. Since, M is Rad,-lifting and Rad, (M) <
Rad (M), so by Proposition 4.1.7(8), there exists a submodule H of M in
Rad (M) suchthat M = H®W and W a g-supplement of Rad,(M) in M, i.e.,
M = Rad,(M) + W and Rad,(M) N W <, W.Since, W is a direct summand
of M, so it is a g-supplement and hence Rad,(M) N W = Rad,(W), by
Lemma 1.2.17, this implies Rad,(W) <, W. Form Lemma 1.2.10,
M = Rad,(H)®W. By modular law, we getthat H = H N (W®Rad,(H)) =
Rad,(H)®(W n H) = Rad,(H). Hence, H is g-Radical.

Now, suppose that £,(M) = 0. Then, H = 0 which implies M = W, hence
Rady,(M) K4 M. []

The converse of Proposition 4.1.16 need not be true, in general for
example, if M = R = Z, then Rad, (M) = 0 # M. Also, we have Z = Z&(0)
is the only decomposition of Z-module Z such that Z is a g-supplement of
Rad,(M) = 0, Rad,(Z) = 0 <, Z and (0) is g-Radical, while M = Z is not
Rad,-lifting Z-module.
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We will discuss the factor module of a Rad,-lifting modules.
Theorem 4.1.17. Let M be a Rad,-lifting and E < M that satisfy one of the
following:
(1) If for any direct summand C of M, (C + E)/E is adirect summand of M /E.
(2) If E is a distributive submodule of M.
(3) If E is a fully invariant submodule of M.
(4) If M = E@®Y such that Y containing Rad,(M).
Then M /E is a Rad,-lifting module.
Proof. (1) Suppose that E < L < M with Rad,(M/E) € L/E. Consider, the
natural map m:M - M/E. From Rad,(M)< M, we deduce that
w(Rad,(M)) € Rad,(M/E), hence (Rad,(M) + E)/E < Rad,(M/E). Thus,
(Rad,(M) + E)/E < L/E, and hence Rad,(M) < L. Since, M is Rad,-lifting,
then there exists a direct summand C of M suchthat C < Land L/C <, M/C,

by Proposition 4.1.7(3). By (1), (C + E)/E is a direct summand of M/E.

M/C
(E+C)/C’

Clearly, (E + C)/E < L/E. Suppose, a projection map p:% - Since,

L/C Kz M/C then EL? Ky EM? Therefore, M /E is Rad,-lifting.

(2) Suppose that M = C®C for some C < M. By (1), it is enough to conform
that (C + E)/E is also a direct summand of M /E. It's easy to see that M /E =
((C+E)/E)+ ((C+ E)/E). Now, as E is a distributive suomodule of M,
then(C+E)Nn(C+E)=(CnC)+E=E.So, ((C+E)/E)n((C+E)/E)=0,
as required.

(3) Let H be a direct summand of M, then M = H®H for some H < M. Since,
E isafully invariant submodule,so M/E = ((H+ E)/E)® ((H' + E)/E), by
Lemma 1.2.19, i.e., (C + E)/E is a direct summand of M /E. Hence, M/E is
Rad,-lifting, by (1).
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(4) Since, Y is adirect summand of M containing Rad, (M), thus by Proposition
4.1.8, Y is a Radg-lifting module, as M/E =Y, hence M/E is a Rad,-lifting

module.

Corollary 4.1.18. If M is Rad,-lifting, then M /F; (M) is Rad,-lifting.
Proof. By Lemma 1.2.36, F,(M) is a fully invariant submodule of M, and so
by Theorem 4.1.17(3), we get the result. 0

Corollary 4.1.19. The factor module of a distributive (or, duo) Rad,-lifting
module is also Rad,-lifting.

Proof. Clear. O

Corollary 4.1.20. The homomorphic image of a distributive (or, duo)
Rad,-lifting module is also Rad,-lifting.
Proof. Suppose M is a distributive Rad,-lifting module and let f: M — M be

any homomorphism. By 1% isomorphism theorem, there exists a submodule U
of M such that M/U = f(M). By Corollary 4.1.19, M/U is Rad,-lifting.

Hence, f (M) is Radg-lifting. [

Corollary 4.1.21. Suppose M be a distributive module, and L <® M. Then M
is a Rad,-lifting module if and only if L and M/L are both Rad,-lifting
modules.

Proof. =) Suppose that M is a distributive module and L a direct summand of
M, so M = L@®N for a submodule N of M. By Corollary 4.1.19, M/L is
Rad,-lifting. However, L = M /N, again by Corollary 4.1.19, we deduce L is
Rad,-lifting.

&) Since, M = L@®(M /L), the result is included by Theorem 4.1.14. O

Corollary 4.1.22. Let M be aweak duo module, L <® M.If M isa Rad,-lifting,
then L and M /L are Rad,-lifting modules.
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Proof. Let M be a weak duo and L a direct summand of M, then M = L&@C for
some C < M, and L, C are fully invariant submodules. By Theorem 4.1.17(3),
M /L is Radg-lifting, also L = M/C is Rad,-lifting. [

Corollary 4.1.23. Let M be a duo, and L <® M. Then M is a Rad,-lifting
module if and only if L and M /L are Rad-lifting modules.

Proof. =) Since, every duo module is a weak duo, then the result is follows
by Corollary 4.1.22.
<) Since, M = L@®(M /L), we deduce the result by Theorem 4.1.13. [

Corollary 4.1.24. Let M =@®{_; M; be aduo module. Then M; is a Rad,-lifting
module for i € {1,2,...,n}, if and only if M is a Radg-lifting module.

Proof. It comes directly by Theorem 4.1.13 and Corollary 4.1.23. O

Corollary 4.1.25. Let f:M - M be a homomorphism from a Rad,-lifting

module M into a module M. If kerf is a distributive (or, fully invariant)
submodule of M, then Imf is Rad,-lifting.

Proof. Since, M is a Rad,-lifting module, Theorem 4.1.17(2,3) imply M /ker f
is Rad,-lifting. By 1* theorem isomorphism, M/kerf = Imf and so Imf is
Rad,-lifting. O

The following result is consequence from Corollary 4.1.25.

Corollary 4.1.26. Let f: M — M be an epimorphism of R-modules M, M such
that kerf is a distributive (or, fully invariant) submodule of M. Then M is

Rad,-lifting whenever M is Rad,-lifting.
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4.2. Connections with Rad,-lifting modules

This section will highlight several relations between this concept of

Rad,-lifting and other forms of modules.

Proposition 4.2.1. Every generalized hollow module is Rad,-lifting.

Proof. Let M be a generalized hollow module and let € < M such that
Rad,(M)< C. If C =M, trivially, M = M&®(0) such that M < C and
C N (0) K, (0). Suppose C c M, then C K, M. It follows that M = (0)®M
suchthat (0) < CandCNM = C K4 M, soin C. Hence, M is Rad,-lifting. O

Example 4.2.2. As an application on Proposition 4.2.1, it is easy to see that Zg

as Z-module is generalized hollow, so it is Rad,-lifting.

The reverse of Proposition 4.2.1 need not be true, in general, for instance:

Z,4 as Z-module is Rad,-lifting, to see this: it is easy to show that
Rady(Zy4) = 27Zy4. Since, 2Z,, is the only proper submodule of Z,, that
contains Rad,(Z,,). Thus, Z,, have trivial decomposition Z,, = (0)®Z,,
such that (0) < 2Z,, and 2Zy, N Zyy = 2Ly <Ky Ly,. While Z,4 as Z-module

is not generalized hollow, in fact, 3Z,, <  Z,.

Proposition 4.2.3. If M is a g-local module, then M is Rad,-lifting.

Proof. Suppose M is a g-local module. Thus, we have Rad,(M) is a maximal
and g-small submodule of M. Assume T <M with Rad,(M) S T. If
Rad,(M) =T, then T <, M, trivially, M = (0)M with (0) <T and T n
M =T <; M. Let Rad,(M) c T. As, Rad,(M) is maximal of M, Therefore,
T = M, trivially, M = M&®(0) withM < T and T N (0) <, (0). Therefore, M
is Radg-lifting. O
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The converse of Proposition 4.2.3 is not true, in general, as seen in the

following example.

Example 4.2.4. Assume R = Z and M = Q. We have that Q as Z-module is
Rad,-lifting, see Remarks and Examples 4.1.6(1). But Rad,(Q) dose not be

a maximal submodule of Q and hence, Q not g-local as Z-module.

Proposition 4.2.5. Every Rad,-lifting module is a sgrs®-module, and hence it
IS a sgrs-module.

Proof. Suppose M is a Rad,-lifting module, E < M such that Rad,(M) < E.
Then there is a decomposition M = T@N suchthat T < Eand ENN <, N.
Thus, M =E + N such that N <® M and E NN «, N. Therefore, M is

a sgrs®-module. O

As an application of above consequence, by [21, Examples 2.7(3)]
Z-module Z is not an sgrs®-module, so it is not Rad,-lifting. Since, this
example and Remarks and Examples 4.1.6(1), it can be said that any submodule

of a Rad,-lifting module may not be Rad,-lifting.

Proposition 4.2.6. Let M be an indecomposable. If M is an sgrs®-module, then
M is Rad,-lifting.

Proof. Suppose that M is an sgrs®-module and E < M with Rad,(M) S E. If
E = M, trivially, there is a decomposition M = M@0 such that M < E and
E N0 <K, 0.Suppose E # M. Then there exists a submodule N of M such that

M=T®N=E+NandE NN <, N. As M is indecomposable, either N = 0
or N=M. If N =0, then E = M, a contradiction. Thus, T = 0 and N = M.
Thus, T <E and E NN <, N.Hence, M is a Rad,-lifting module.C

The following result follows straightaway from Propositions 4.2.5 and
4.2.6.
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Corollary 4.2.7. Let M be indecomposable. Then M is an sgrs®-module if and
only if M is Radg-lifting.

Proposition 4.2.8. Let M be a refinable with SIP. If M is an sgrs®-module,
then M is Rad,-lifting.

Proof. Suppose that M be an sgrs®-module with the SIP. Let E < M such that
Rad,(M) € E. Then there is a direct summand T of M suchthat M = E + T
and ENT <K, T. Since, M is refinable, there exists a direct summand U of M

such that U is containingin Eand M = U + T. By SIP of M, U N T is a direct
summand of M. Therefore, M = (U NT) @ W for some submodule W of M.
By Modular law, T=(UNT) W NT),andsoM =U+T=UH (W n
T). On the other hand, EN(WNT) K, T. From EN(WNT)<Wn
T<®T,thenEN(WNT)<, WNT,byLemma1.2.6. 0

Proposition 4.2.9. Let M be a uniserial module. Then M is Rad,-lifting, and
hence M /E is Rad,-lifting whenever E' < M is fully invariant.

Proof. Let M be a uniserial module, so by Lemma 1.2.38, any submodule of M
is a hollow module, hence, M is hollow and so generalized hollow. Thus, by

Proposition 4.2.1, M is Rad-lifting. Now, if E < M is fully invariant, Theorem
4.1.17 implies that M /E is Rad,-lifting. O

An easy applying example, for a prime number p and a positive integer n,

the Z-module Z,~ is uniserial, so it is Rad-lifting. While Z¢ as Z-module is

Rad,-lifting not uniserial.

Corollary 4.2.10. Let M be a Noetherian uniserial module. Then any factor

module of M is Rad,-lifting.
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Proof. Assume M is a Noetherian uniserial module, then every submodule of
M is fully invariant by Lemma 1.2.39. Therefore, each factor module of M is
Rad,-lifting, by Proposition 4.2.9. [0

Corollary 4.2.11. The factor module of uniserial duo module is also
Rad,-lifting.

Proof. By definition of a duo module and Proposition 4.2.9. O

The following example shows the converse of above results need not be

true, in general.

Example 4.2.12. LetR = Z and M = Z/pZ = L, where p is a prime number.
It is clear that Z/pZ is Radg-lifting as Z-module because it is simple as

Z-module. While the Z-module Z does not Rad,-lifting.

Proposition 4.2.13. Let M be a module, consider the following cases:

(1) M is a semisimple module.

(2) M is a g-lifting module.

(3) M is a Rad,-lifting module.

(4) M is a (P;")-module.

Then (1) = (2) = (3). If Rad,(M) = 0, then (3) = (4) = (1).

Proof. (1) = (2) = (3) Clear.

(3) = (4) Let L be submodule of M. As Rad,(M) = 0 € E, by (3) there is a
decomposition M = I; @I, such that I; < E and E NI, K, I, so in M, this
implies E N I, € Rad,(M). Hence, M is a (B,;”)-module, by Lemma 1.2.49.
(4) = (1) Let T < M with Rad,(M) = 0. By (4), there is a decomposition
M =C®W suchthat C <Tand T NnW S Rad,(M). Thus, M =T + W and
TNW =0.Thus, M = T®W, and (1) holds. O
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By involve the preceding result, we can immediately confirm a previous

example, we realize that the Z-module Z is not Rad,-lifting, actually, Z-module

Z neither semisimple nor g-lifting, and Rad,(Z) = 0.

Corollary 4.2.14. If M is a finitely generated Rad,-lifting module such that
Rad,(M) = 0. Then M is an Artinian module.
Proof. From Proposition 4.2.13 and Lemma 1.2.23. O

Corollary 4.2.15. Let M be a module and E' a nonzero Rad,-lifting submodule
of M with E n Rad,(M) = 0, then E is semisimple.

Proof. Since, Rad,(E) € E N Rad,;(M), then Rad,(E) = 0 and hence E is
semisimple by Proposition 4.2.13. [

Corollary 4.2.16. Let M be a module with Rad,(M) = 0. If, E is a nonzero
Rad,-lifting submodule of M, then E is semisimple.

Proof. Clear by Corollary 4.2.15. O

Corollary 4.2.17. Let M= M,;®M, such that M, is a semisimple and M, is
Rad,-lifting, and they are relatively projective with M,, then M is Rad,-lifting.

Proof. From Proposition 4.2.13 we have M, is Rad,-lifting and so by Theorem

4.1.15, M is a Rad,-lifting. O

Proposition 4.2.18. If M is a Rad-lifting, then M /Rad (M) is semisimple.
Proof. Suppose Rad,(M) < H < M. According to the hypothesis, there is

a decomposition M = C@C for some € <H and Hn € «, C. Therefore,

M = H + C. Since, M H (E+Rady(M)) (

H
Radg(M)  Radg(M) Radgy(M) ' Radg(M)) N

C+Radg(M)\ _ HN(C+Radg(M)) _ Radg(M)+(HNC) _ Radgy(M)
Rady(M) |/ Radg(M) "~ Radg(M) ~ Radg(M)’

is a direct summand of M /Rad,(M). Hence, M /Rad (M) is a semisimple. [

e, H/Rady(M)
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Corollary 4.2.19. Let M be a Radg-lifting such that Rad,(M) is a direct
summand of M then M /P, (M) is semisimple.

Proof. From Lemma 1.2.37(2), P,(M) = Rad,(M). By Proposition 4.2.18,
M /P, (M) is semisimple. [

Corollary 4.2.20. If M is a Rad,-lifting module, then also M /Rad,(M).
Proof. From Propositions 4.2.18 and 4.2.13. O

Proposition 4.2.21. Let M be a finitely generated module satisfies DCC on
g-small submodules. If M is a Rad,-lifting, then M is Artinian.

Proof. Suppose that M is Rad,-lifting. By Proposition 4.2.18, M /Rad (M) is
semisimple. Since, M is a finitely generated module, then M /Rad (M) is so
finitely generated, and then M /Rad (M) is artinian, see Lemma 1.2.23. Also,
M satisfies DCC on g-small submodules implies that Rad,(M) is Artinian,
according to Lemma 1.2.20. Therefore, by Lemma 1.2.22, M is Artinian. O

Corollary 4.2.22. Let M be a cyclic module satisfies DCC on g-small
submodules. If M is a Rad,-lifting, then M is Artinian.
Proof. Clear. O

Proposition 4.2.23. If M is a Rad,-lifting with Rad,(M) # M, then there is
a decomposition M = C;C, such that ¢, is semisimple, Rad,(M) 2 C, and
C,/Rady(M) is semisimple.

Proof. Since, M is a Radg-lifting module, Proposition 4.2.18 implies
M/Rad,(M) is a semisimple module. Since, Rad,(M) c M and by Lemma

1.2.33, there is a decomposition M = C;@C, such that C; is semisimple,
Rad,(M) 2 C, and C,/Rad (M) is semisimple. [

Proposition 4.2.24. If M is a Rad,-lifting such that Rad,(M) = 0, then M is

refinable.
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Proof. Let E, C <M with M =E +C. Since, M is a Radg-lifting and
Rad,(M) = 0 € E, then there is a decomposition M = L@Y such that L < E
and ENY <, M. By Modular law E = L&(E NnY). Now, since, ENY €
Rad,(M) =0, so E =L imply M =L+ C, and L <® M. Therefore, M is

refinable. O

Remark 4.2.25. The term “Rad,(M) = 0” for a module M in Proposition
4.2.24, is necessary, for instance: it is well know that by Remarks and Examples
4.1.6(1), Q as Z-module is Radg-lifting, but Qz not refinable, indeed,
Rad,(Qz) = Qg, this implies Rad,;(Qz) # 0.

Theorem 4.2.26. The following are equivalent for a projective R-module M.
(1) For E < M with Rad,(M) € E, the factor M/E containing a projective
g-cover.

(2) M is a Rad,-lifting module.

(3) M is a sgrs®-module.

(4) M is a sgrs-module.

Proof. (1) = (2) Suppose that E < M such that Rad,(M) < E. By (1), there
exists a projective R-module P and an R-epimorphism a: P - M /E such that
kera <, P. Suppose m: M — M /E is a canonical epimorphism, then there is
ahomomorphism g: M — P such that a8 = . Thus P = f(M) + kera. Since,
kera <, P, Lemma 1.2.4 implies P = g(M)®Y for some semisimple
submodule Y of kera, hence S (M) is projective. So M = ker W for some
submodule W of M. It is easy to confirm that kerf < kerm = E. To prove that,
ENW KL, W.Askera L, P, kera n (W) = B(ENW) <, P.By Lemma
1.217Q1), B(ENW) KL, p(M) = p(W). Hence, ENW K, W, as p is an
isomorphism from W into §(W). Therefore, M is a Rad,-lifting module.

(2) = (3) = (4) By Proposition 4.2.5.
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(4) = (1) Let E < M with Rad,(M) € E. By (4), there exists a submodule
T of Msuchthat M =E+T and ENT K, T. Suppose that f:M — M/E is
a homomorphism defined by f(x) =a+ E,wherex =n+a € M,n € E and
a€T.Letm:M — M/E be the natural epimorphism. Since, M is projective,

then there is a homomorphism g: M — M such that fg = m.

.,
,
,
9 .,
// n
,
,
,
,
L

f
M ——s M/N —>

Then f(g(M)) = m(M), so that f~1(f(g(M))) = f~1(M/E), it follows that
M=gM)+Kerf=gM)+ENT. Since, ENT <, T, and hence it is
g-small in M. By Lemma 1.2.4, there exists a semisimple submodule Y of
E N T suchthat M = g(M)®Y and such that g(M) is a projective R-module.
Hence, g(M) = M /kerg implies kerg is a direct summand of g(M), so in M,
thisimplies M = kerg@®N for some submodule N of M. Since, N is projective.
Let (fg)|y indicate the restriction of fg on N, thatis (fg)|y: N — M/E. Then
ker((fg)ln) < E nT.Therefore, ker((fg)ly) K4 M. Since, ker((fg)ly) €
N and N is a direct summand of M, Lemma 1.2.17(1) implies ker((fg)|xn)

K, N.Hence, N is a projective g-cover of M /E. This completes the proof. [

Corollary 4.2.27. The following are equivalent for a ring R.

(1) ForI < Rwith Rad,(R) < I, the factor R /I containing a projective g-cover
(2) R is a Rad,-lifting ring.

(3) R is a sgrs®-ring.

(4) R is a sgrs-ring.

Proof. Since, R = (1) is a free R-module, so it is projective. Then the result is
obtained by Theorem 4.2.26. [
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Corollary 4.2.28. Let R be any semisimple ring, and M be an R-module. Then
the following are equivalent.

(1) For E < M with Rad,(M) € E, the factor M/E containing a projective
g-cover.

(2) M is a Rad,-lifting ring.

(3) M is a sgrs®-ring.

(4) M is a sgrs-ring.

Proof. Since, R is a semisimple ring, so by Lemma 1.2.28(2), an R-module M

Is projective. Then the result is obtained by Theorem 4.2.26. 0

Proposition 4.2.29. Let P be a projective module containing g-small

generalized Radical (i.e., Rad,(P) <, P). Then the following are equivalent.
(1) P is a Radg-lifting module.

(2) P/Rad,(P) is semisimple and for every submodule E of P containing
Rad,(P) and E = E /Rad,(P), there exists a direct summand C of P such that
E=C.

Proof. (1) = (2) Let E be a submodule of P such that Rad,(P) € E. Since,
P is a Radg-lifting module, thus by Proposition 4.2.18, P/Rad,(P) is
semisimple. Put E = E/Rad,(P). By Proposition 4.1.7, there exists
a decomposition E = C@®W such that C is a direct summand of P and W <, P.
So W <€ Rad,(P). It follows that C + Rad,(P) € E. On the other hand, we
have E=C+W S C+ Rady(P), thus E =C+ Rad,(P). Therefore,
E/Rad,(P) = (C + Rad,(P))/Rad,(P), and hence E = C.

(2) = (1) Let E < P such that Rad,;(P) € E. As P/Rad,(P) is semisimple,
we have P/Rad,(P) = E/Rad,(P) ® W /Rad,(P) for some submodule W
of M. By (2), there exists a direct summand T of P such that P = T@N for
some submodule N of P, and E =T, such that W = N + Rad,(P). Thus,
P=T+ N+ Rad,(P) =E+ N. Since, P =E + N is projective, so from
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Lemma 1.2.32 we get P =E'@N with E'C E. Also, ENN<ENW =
Rad,(P) <, P, Therefore, P is a Rad,-lifting module, by Proposition 4.1.7. [

Proposition 4.2.30. Let M be an indecomposable with Rad,(M) # M. If M is
Rad,-lifting, then Rad,(M) <, M. Furthermore, if Rad,(M) is a maximal

submodule of M then the converse is true.

Proof. Suppose that M is an indecomposable and Rad,-lifting. Since,
Rad,(M) € Rad,(M), so by Proposition 4.1.16, there is a unique
decomposition M = M0 such that M is a g-supplement of Rad (M) and 0 is
a g-Radical. Hence, Rad,;(M) = Rad,(M) N M <, M.

To prove the converse of this claim, let Rad, (M) be a maximal submodule
of M and Rad (M) <, M, implies M is g-local. As M is an indecomposable,

Lemma 1.2.34 implies M is local. By Lemma 1.2.35, M is generalized hollow
and thus by Proposition 4.2.1, M is Rad,-lifting. 00

The converse of Proposition 4.2.30 need not be true, in general, for

example, it is well know that the Z-module Z is not Rad,-lifting, while Z is an

indecomposable, Z # Rad,(Z) and Rad,(Z) <, Z.

Proposition 4.2.31. Let M be indecomposable. Then M is Rad,-lifting if and
only if, either M is g-Radical or Rad (M) is an essential maximal and g-small
submodule of M, and hence M is g-local.

Proof. =) Let M be an indecomposable Rad,-lifting module. Suppose, that
Rad,(M) # M. By Proposition 4.2.30, we have Rad,(M) <, M. Also, M
containing an essential maximal submodule, say E, such that Rad,(M) S E.
By Proposition 4.1.7(8), there exists a submodule H of M inside E such that
M = H®W and W is a g-supplement of E in M. Thus, M =E+ W and
ENnW <K, W. As M is an indecomposable module, so either W =0 or
W =M.
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If W =0 then E = M, that is a contradiction. Hence W = M and so E <, M.,
Then E € Rad,(M). Thus, Rad,(M) = E. This means Rad, (M) is a maximal
submodule of M and Rad,(M) <, M, Therefore, M is g-local.

&) If Rad,(M) = M, Proposition 4.1.2 implies M is Rad-lifting. Now, if M

is g-local, Proposition 4.2.3 implies M is Rad,-lifting.O

Corollary 4.2.32. Let M be an indecomposable with Rad,(M) # M. If M is
Rad,-lifting, then M is local.
Proof. By Proposition 4.2.31, M is a g-local. as stated by Lemma 1.2.34, M is

alocal. O

Corollary 4.2.33. Let M be an indecomposable with Rad,(M) # M. If M is
Rad,-lifting, then M is hollow, and hence generalized hollow.

Proof. Direct from Corollary 4.2.32. O

Proposition 4.2.34. Suppose that M is a module containing SSP and Rad, (M)
is a ©-g-supplemented that is a direct summand of M. If M is a Rad,-lifting,
then M is @-g-supplemented.

Proof. Let U be any submodule of M. Since, Rad,(M) € Rad, (M) + U, so
by Proposition 4.1.7(8), Rad,(M) + U containing a g-supplement, say L, that
is a direct summand of M. Now, as Rad,(M) n (L + U) < Rad,(M) and
Since, Rad, (M) is ©-g-supplemented, then Rad,(M) N (L + U) containing a
g-supplement, say Y, that is a direct summand of Rad,(M). Since,
Rad,(M) <® M, Y is a direct summand of M. As M containing SSP, we have
L +Y is adirect summand of M. By Lemma 1.2.15, L + Y is a g-supplement
of U in M. Therefore, M is @-g-supplemented. O
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4.3. Rings and localization of Rad,-lifting

In this part, we will investigate the behavior of Rad,-lifting modules

under localization and rings.

Theorem 4.3.1. Let M be a faithful, finitely generated and multiplication

module over a commutative ring R with identity. Then M is a Rad,-lifting
R-module if and only if R is a Rad-lifting ring.

Proof. Suppose M is a Rad,-lifting R-module. Let I be an ideal of R such that
Rad,(R) < I. Hence, Rad,(R)M < IM. Thus, by Lemma 2.6.1 Rad,(M) <

IM, and by the hypothesis, there is a decomposition M = E@W such that
E<IMand IM NW <, W. We have access to E = JM and W = EM for

some ideals J and E of R. Since, M = JM@EM such that JM < IM and
IM NEM <, EM. From Lemmas 1.2.63, 1.2.64 and 1.2.62, we conclude that

R=]J®E,J<IlandINE K, E. Therefore, R isa Radg-lifting ring.
Conversely, let R be a Rad,-lifting ring. If C = IM is any submodule of M
with Rad,(M) < IM, for some ideal I of R. By Lemma 2.6.1, Rad,(R)M S
IM, hence, Rad,(R) < I by Lemma 1.2.64. According to the hypothesis, there
exists a decomposition R = J@®E such that /<1 and I NE K, E. Thus,

M = (J®E)M = JM@EM such that JM < IM = C. By Lemma 1.2.63 and
1.2.62, we have that CNEM = IM N EM = (I N E)M <, EM. Hence, M is

a Rad,-lifting R-module. O

Theorem 4.3.2. Let M be an R-module and S a multiplicative closed subset of
R such that L(T)NS =@ for any T <M. Then M is a Radg-lifting as

R-module if and only if S™'M is a Rad,-lifting as S~'R-module.

Proof. Suppose M is a Rad,-lifting as R-module and let S~1E be a submodule
of ™M as S~*R-module such that Rad,(S~'M) € S~'E. From Lemma 2.3.2,
S™'(Rad,(M)) € S7'E, thus Rad,(M) € E by Lemma 1.2.67. Then there
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exists a submodule W of M such that M = HOW and E N W <, W where
H < E. By Lemmas 1.2.71 and1.2.69 (2), we have (ST*H)®(S W) =S"M
and (ST'E)N(ST'W) <, ST'W and ST'H < ST'E. Thus, S™'M is a Radg-
lifting as S~*R-module.

Conversely, Suppose that S™*M is a Rad,-lifting as S~'R-module, and let
E be a submodule of M as R-module such that Rad,(M) < E, thus by Lemma
2.3.2 we get Rad,(S™'M) = S"'(Rad,(M)) € ST'E. So, there exists
a submodule S7'W of S™M such that (S"*H)®(S W) =S"1M and
STE)YN(STW) K, ST'W where ST'H <S7'E. By Lemmas 1.2.71,
1.2.65 and 1.2.69, we have HOW =M and ENW <, W and H < E, this

implies M is a Rad,-lifting as R-module. [

Theorem 4.3.3. Let M be an R-module and S a multiplicative closed subset of
R such that for any W c M, (W:y,s) =W, for all s€S. Then M is
a Radg-lifting as R-module if and only if S7IM is a Rad,-lifting as
S~1R-module.
Proof. Let M be a Rad,-lifting as R-module, and S~1E be any submodule of
S~™'M as S~*R-module such that Rad,(S™*M) € S~'E, thus by Lemma 2.3.5,
S™'(Rad,(M)) € S7'E and s0 Rad,(M) S E by Lemma 1.2.67. Then there
exists W < M such that M = HOW and ENW <, W, where H < E. By
Lemmas 1.2.71 and 1.2.70, S™'M = (ST*H)®(S~ W) with S71H < S7'E
and (ST'E) N (ST'W) K, ST'W. Hence S™'M is a Rad,-lifting as S™'R-
module.

Conversely, suppose that S~*M be a Rad,-lifting as S~1R-module, and let
E be a submodule of M as R-module such that Rad,(M) € E. By Lemma 2.3.5,
Rady,(S™*M) = S~'(Radz(M)) € ST'E. Then there exists a S™'W < S™'M
such that (ST'H)®(S™'W) =S"'M and (ST'E) N (S™'W) <, S'W where
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STIH < S71E. By Lemmas 1.2.71, 1.2.67 and 1.2.70 we deduce that
M = H®W suchthat H < E and E N W «,; W. Hence M is a Rad,-lifting as
R-module. O

4.4. Principally Rad,-lifting modules

In this section we will introduce the definition of principally Rad,-lifting

modules, as well as several of their properties and examples about them will be

discussed.

Definition 4.4.1. An R-module M is called principally Rad,-lifting, briefly
P-Rad,-lifting, if for any cyclic submodule E of M contains Rad, (M), there is
a decomposition M = T@N suchthat T < E and E N N <, N. In other words,
forany m € M such that mR < M with Rad,(M) < mR, there are submodules

T,Nof MwithM =T®ON, T <mRandmRNN <, N.

Remarks and Examples 4.4.2.

(1) Every principally semisimple module is P-Rad,-lifting, such that for any
semisimple ring R, all right R-modules are P-Rad,-lifting, and each submodule
of any principally semisimple module so is P-Rad,-lifting.

(2) For any prime number p and any positive integer n, the Z-module Z/p"Z is
P-Rad,-lifting, while Z as Z-module is not P-Rad,-lifting.

(3) Obviously, Radg-lifting modules are P-Radg-lifting. As application
example, by Remarks and Examples 4.1.6, Q and Z,, as Z-modules are

Rad,-lifting, and so they are P-Rad,-lifting Z-modules.
(4) If M is a principally g-lifting module then M is P-Rad,-lifting. Moreover,

if Rad,(M) = 0, clearly, the converse is true.
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(5) If M is a cyclic module over a PID, then we know that every submodule of
M is also cyclic. Hence, any cyclic P-Rad,-lifting module over a PID is
Rad,-lifting.

(6) If M is a module such that Rad, (M) is a non-cyclic maximal submodule of

M, then M is a P-Rad,-lifting module.

Proof. Suppose that m € M such that Rad,(M) < mR. Since, Rad,(M) is
a non-cyclic submodule, then Rad,(M) # mR, this implies Rad,(M) < mR.
Since, Rad,(M) is maximal of M, thus mR = M, trivially, M = M&®(0) such
that M < mR and mR n (0) <, (0). Therefore, M is P-Rad,-lifting. [

Proposition 4.4.3. The following are equivalent for an R-module M.

(1) M is a P-Rad,-lifting module.

(2) for any cyclic submodule E of M such that Rad,(M) € E, there is
a decomposition M = T@N suchthatT < Eand E NN K, M;

(3) for any cyclic submodule E of M containing Rad,(M) can be written as
E = H®G, where H is a direct summand of M and ¢ <, M;

(4) for any cyclic submodule E of M containing Rad, (M), there exists a direct
summand C of M suchthat C < E'and E/C <, M/C,

(5) for any cyclic submodule E of M containing Rad, (M), E containing a g-
supplement W in M such that E n W is a direct summand of E;

(6) for any cyclic submodule E of M containing Rad, (M), there exists an
e =e? € End(M)witheM < E and (1 —e)E <, (1 —e)M;

(7) for any cyclic submodule E of M containing Rad, (M), there exists a direct

summand T of M and a g-small submodule W of M such that T < E and
E=T+W;
(8) for any cyclic submodule E of M containing Rad, (M), there is a submodule

H of M inside E such that M = H@®W and W a g-supplement of E in M;
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(9) foreachm € M with Rad,(M) < mR, there are principal ideals I and J of
R such that mR = mI @ mJ, where mI <® M and mJ <, M.

Proof. (1) = (2) Clear.

(2) = (3) Let E be a cyclic submodule of M with Rad,(M) < E. By (2),
there is a decomposition M = T@N such that T < E and E NN «K; M. By
Modular law, E = T@(E N N) suchthat T <® Mand E N N <, M.

(3) = (4) Suppose E is any cyclic submodule of M such that Rad,(M) € E.
By (3), E =C®G, where € <® M and G «, M. Define, a natural map
m:M — M/C. Since, G <, M, we deduce n(G) K, M/C,ie., (C+G)/C=
E/C <, M/C.

(4) = (5) Suppose that E is a cyclic submodule of M with Rad,(M) <€ E. By
(4), there is a direct summand C of M such that C < E and E/C «<; M/C,
where M = C@®W forsome W < M. Therefore, M = E + W. By modular law,
E=C®ENW). So, E/C=EnW and M/C =W. Thus, ENW <K, W.
Hence E containing a g-supplement W in M and E n W is a direct summand of
E.

(5) = (6) Let E be a cyclic suomodule of M with Rad,(M) S E. According
to the hypothesis, if we suppose E containing a g-supplement W in M such that
E nW is adirect summand of E, then M = E+ W and EnNW <, W. Also,
E=(EnW)®H for some H<E. Thus, M =H®W. Suppose, that
eeM->H, ech+k)=h and (1—e):M > W; (1—-e)(h+k)=k are
projection maps for all h + k € M. Obviously, e = e? in End(M). Therefore,
eM<Eand(1-e)E=EnNW K, W =(1—-e)M.

(6) = (7) Suppose E is a cyclic suomodule of M such that Rad,(M) € E. By
(6), there is an e = e? € End(M) such that eM <E and (1-e)E &,

(1—e)M. We know that M = eM@®(1 — e)M. We deducethat E = ENM =
En(eM®(1—-—e)M) =eM®(EN(1—e)M) =eM®(1 —e)E. If we put
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T=eM,W=(01—-e)Eand N=(1—e)M. Thus, T<E and E=T+ W
where W <, N (so in M), and T is a direct summand of M.

(7) = (8) Suppose E is a cyclic suomodule of M such that Rad,(M) S E. By
(7), there exists a direct summand T of M and W «, M such that T < E and
E=T+W.Thus, M = T®N forsome N < M. Thus, N is a g-supplement of
T in M, so Lemma 1.2.18 implies N is a g-supplementof E =T + W in M.
(8) = (1) Clear.

(6) = (9) Suppose that m € M with Rad,(M) S mR. By (6), there is an
e = e? € End(M) such that eM < mR and (1 — e)mR <« (1 — e)M. Notice
that M = eM@®(1 —e)M. Let r € R such that mr = (1 —e)m’ for some
m' € M, then m' =em’'+mr € mR, since, eM <mR, and sOo mRN
(1—e)M < (1 —e)mR. Hence, mR N (1 —e)M = (1 — e)mR. By modular
law, we have that mR=mRnNn (eM®(1—e)M) =eM®(mR N (1 —
e)M) =eM®(1—e)ymR. Put [ ={seR:ms€eM} and | ={r ER:mr €
(1 —e)mR}. It follows that mR = mI®mJ, where ml =eM <® M and
mJ] = (1—e) K; mR(1—e)M, hence in M.

(9) = (1) By (9), for any cyclic submodule E of M containing Rad, (M),
there exists two ideals I and J such that E = I@®], where I is direct summand
of M and /] <, M. Thus, M = IS for some S < M. Hence E = I®(E N S),
by modular law, and so ENS =] K, M. Since, ENS <SS <® M, then

ENnS<K,S, from Lemma 1.2.17. Therefore, M is a P—Radg—lifting module. O

Corollary 4.4.4. Let M be a P-Radg-lifting R-module. Then for any
indecomposable cyclic submodule E of M containing Rad, (M), either E is a

direct summand or g-small.

Proof. Since, E is a cyclic suomodule of M such that Rad,(M) € E, so by
Proposition 4.4.3, E = H®G where H is a direct summand of M and G <, M.
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Since, E is indecomposable, thus, either E = H or E = G. This completes the

proof. [

Corollary 4.4.5. Let M be any module over a local ring R. If M is P-Rad,-
lifting, then any cyclic suomodule of M containing Rad, (M) is, either a direct
summand of M or g-small.

Proof. Let E be a cyclic submodule of M. Since, any cyclic module over
a local ring is a local module, then E is a local R-submodule, and such that it is

hollow, thus E is an indecomposable R-submodule. Thus, the result follows by
Corollary 4.4.4. O

A P-Rad,-lifting is not inherited by their submodules in general, as we
see, Q as a Z-module is P-Rad,-lifting, while Z < Q is not P-Rad,-lifting. In
following, gives some conditions for a P-Rad,-lifting module to be inherited

by their submodules.

Proposition 4.4.6. Let M be a P-Rad,-lifting R-module. Then, a submodule E
of M with Rad,; (M) < E is P-Rad,-lifting if, one of the following cases is hold.
(1) E is a direct summand of M.

(2) E is a cyclic g-coclosed submodule of M.

Proof. (1) Let x € E with Rad,(E) < xR, where E is a direct summand of M.
By Lemma 1.2.37, we have Rad,(M) = Rad,(E). So, Rad,(M) € xR < M.
As, M is a P-Rad,-lifting, there is a decomposition M = VeV with V < xR
andxR NV <, V.AsV < E,sobymodularlaw, E = En (V@V) = VO(E N
V). Also xRN (ENV)=xRNV K, M. As xRN (ENV)<ENV <® M,
Lemma 1.2.17(1) implies xR N (E N V) «, E N V. Hence E is P-Rad,-lifting.
(2) Let E be a cyclic g-coclosed submodule of M with Rad,(M) <€ E. Since,
M is a P-Rad,-lifting, so by Proposition 4.4.3(4), there is a direct summand L
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of M such that L < E and E/L <, M/L. Since, E is a g-coclosed submodule
of M, L = E, this implies E <® M. By (1), E is P-Rad,-lifting. O

Corollary 4.4.7. If M is a P-Rad,-lifting R-module such that Rad,(M) is
a direct summand of M, then Rad,; (M) is P-Rad,-lifting.

Proof. As Rad,(M) <® M and Rad,(M) < Rad,(M), Proposition 4.4.6(1)
imply Rad, (M) is P-Rad,-lifting. O

Proposition 4.4.8. Let M = C + W be a P-Rad,-lifting R-module such that
C<Mand W<® M. If CnW is a cyclic submodule of M such that
Rad,(M) € C n W, then W containing a g-supplement of C in M.

Proof. Let C n W be a cyclic submodule of M and Rad,(M) S C n W. Since,
M is a P-Radg-lifting module, we deduce by Proposition 4.4.3(3), CNW =
T@®N where T is a direct summand of M (therefore, in W) and N <, M. Write
W =T@®E, for some E<W. Thus, CNW =T&(C N E). Suppose that
m: W — E is the natural projection. As W is a direct summand of M and
N &, M, we have that N <, W and hence m(N) <, E. But, CNE =
n(T®(C NE)) =n(CnW) =n(TO®N) =n(N),soC N E <, E.Moreover,
M=C+W=C+T+E=C+E. Thu, W contains E as a g-supplement of
CinM. O

Corollary 4.4.9. Let M = C + mR be a P-Rad,-lifting module over a PID R
such that C @ M and m € M. If Rad,(M) < C n D for each D <® mR, then
mR containing a g-supplement of C in M.

Proof. Assume M =C +mR such that C < M and m € M. Since, M is
P-Rad,-lifting, so by Proposition 4.4.3(3), we can write mR = E @ S, where
E<®MandS«,M.SoM=C+mR=C+E+S,and as C 2 M implies
C+E 2 M,andhence M = C + E (since, S <, M), where E is a cyclic direct
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summand of M, thus C N E is a cyclic submodule of M containing Rad, (M)
according to the hypothesis, and so by applying Proposition 4.4.8, E (so that,

mR) containing a g-supplement of C in M. [0

In general, we expect that the sum of two P-Rad,-lifting modules is not
P-Rad,-lifting, but we could not find an example to confirm this. However, we
now give a condition that make the class of P-Rad,-lifting modules is closed

under finite direct sums.

Theorem 4.4.10. Let M be a duo (or, distributive) R-module and M =@}, M;,
where {M;| i = 1,2, ...,n} afinite family of P-Rad,-lifting modules. Then M is
a P-Rad,-lifting R-module.

Proof. We will prove this in the case when n = 2. Let U be any cyclic
submodule of a duo R-module M = M;@®M, and Rad,(M) < U. Since, U is
a fully invariant submodule of M, Lemma 1.2.14 implies U = (M; N
U)®(M, nU). We have that Rad,(M;) € M; nU and M; nU is a cyclic
submodule of M; fori = 1,2. Since, M; is P-Rad,-lifting, for i = 1,2, then there
are decompositions M; = V;@W; suchthat V; < M;nUand (M;nU) NW; =
UNW,; K, W;. Thus, M = (V,@®V,)®W,®W,), V@V, <M, nSM, n
U)=U and Un W,0W;)=UnW)OUNW,) K, W,@®&W;, by Lemma
1.2.5(3). So by using mathematical induction, M is P-Rad,-lifting. Similarly,

when M is a distributive R-module. O

Theorem 4.4.11. Let M = M, ®M, be a cyclic module over a PID R such that
M; and M, are P-Radg-lifting R-modules and M; is quasi-projective and
M,-projective, then M is P-Rad,-lifting.

Proof. Same as the proof of Theorem 4.1.15.
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Corollary 4.4.12. Let M = M, @M, be a cyclic module over a PID R such that
M, is a principally semisimple R-module and M, a principally Rad,-lifting
R-module and they are relatively projective with M,, then M is a principally
Rad,-lifting module.

Proof. From Proposition 4.4.2(1), we have that M, is P-Rad,-lifting and so by
Theorem 4.4.11, M = M; @M, is P-Rad,-lifting.

Theorem 4.4.13 Let M be a P-Rad,-lifting R-module and suppose E < M. If
for every direct summand C of M, (C + E)/E is a direct summand of M/E.
Then M/E is P-Rad,-lifting.

Proof. Let E < xR < M with x € M and Rad,(M/E) € xR /E. Consider the
natural map m: M —» M/E. By Rad,(M) € M, we have that w(Rad,(M)) €
Rad,(M/E),ie., (Rady;(M) + E)/E < Rad,(M/E),

thus (Rad,(M) + E)/E S xR/E, and hence Rad,(M) S xR. Since, M is
a P-Rad,-lifting module, then by Proposition 4.4.3(4), there is a direct
summand H of M such that H < xR and xR/H <, M/H. By hypothesis,
(H+E)/E is a direct summand of M/E. Clearly, (H+ E)/E < xR/E.

.. M M/H i
Suppose a projection map Py > e Since, xR/H <; M/H then
XR M .. ) XR/E M/E : gh-
7 <o T this implies Gre)E <9 GenyE Hence, M /E is a P-Rad,-lifting
module. O

Theorem 4.4.14. Let M be a P-Rad,-lifting R-module and E < M that satisfy
one of the following:

(1) If E is a distributive submodule of M.

(2) If E is a fully invariant submodule of M.

(3) If Y is a submodule of M containing Rad, (M) such that M = E@Y.

Then M/E is a P-Rad,-lifting module.
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Proof. (1) Assume M = C®C for some C < M. From Theorem 4.4.13, it is
enough to conform that (C + E)/E is a direct summand of M/E. It is easy to
see that M/E = ((C + E)/E) + ((C + E)/E). Now, as E is a distributive sub
module of M, (C+E)n(C+E)=(CnC)+E=E. Thus ((C+E)/E)n
((C + E)/E) = 0, therefore, M/E is a P-Rad,-lifting module.

(2) Let H be a direct summand of M, then M = H@®H for some H < M. As E
Is a fully invariant submodule of M, then M/E = ((H + E)/E)® ((H' + E)/E),
by Lemma 1.2.19, i.e., (H + E)/E is adirect summand of M/E. Hence, M /E
is a P-Rad,-lifting module, by Theorem 4.4.13.

(3) By Proposition 4.4.6(1), Y is a P-Rad,-lifting module. Thus, M /E =Y, and
then M/E is a P-Rad,-lifting module. O

Corollary 4.4.15. Let M be a P-Rad,-lifting R-module, then:

(1) If M is a distributive (or, duo) module, then every factor module of M is
also P-Rad,-lifting.

(2) If f: M — M is ahomomorphism containing distributive (or, fully invariant)
kernel, then f (M) is P-Radg-lifting. Moreover, if f is an epimorphism, then M
is P-Rad,-lifting.

Proof. (1) Clear from Theorem 4.4.14(1) and (2), respectively.

(2)Suppose f: M — M is a homomorphism. By 1% isomorphism theorem, we
have that M/kerf = f(M). From Theorem 4.4.14(1) or (2), M/kerf is
P-Rad,-lifting. Hence, f (M) is P-Rad,-lifting. [

Proposition 4.4.16. Let M be a weak duo R-module and L a direct summand
of M. If M is a P-Rad,-lifting module, then L and M /L are both P-Rad,-lifting
modules.

Proof. Suppose that M is a weak duo module and L a direct summand of M,
then M = L@®C where L, C are fully invariant submodules of M. By Theorem
4.4.14(2), M/L and L = M /C are P-Rad,-lifting modules. [
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Proposition 4.4.17. Let M be an R-module and L a direct summand of M. Then
M is P-Rad,-lifting if and only if L and M /L are both P-Rad,-lifting if, one of
the following conditions hold:

(1) M is a distributive R-module.

(2) M is a duo R-module.

Proof. (1) Suppose that M is a distributive module and L a direct summand of
M, so M = L@N for a submodule N of M. By Corollary 4.4.15(1), we have
M /L is P-Rad,-lifting. However, L = M /N, again by Corollary 4.4.15(1), L is
P-Rad,-lifting. Conversely, because M = L& (M /L), the result is included by
Theorem 4.4.10.

(2) Since, every duo module is weak duo, then the result is follows by
Proposition 4.4.16 and Theorem 4.4.10. O

Corollary 4.4.18. Assume M is a P-Radg-lifting module, then M/FP,(M) is
a P-Rad,-lifting module.
Proof. From Lemma 1.2.36, F;(M) is a fully invariant submodule of M. Then

by Theorem 4.4.14(2), M /P,(M) is a P-Rad,-lifting module. O

Corollary 4.4.19. Let M =@}., M; be a duo R-module. Then, for any
i =12,..,n, M; is P-Radg-lifting if and only if M is a P-Rad,-lifting.
Proof. It comes directly from Theorem 4.4.10 and Proposition 4.4.17(2). O

Theorem 4.4.20. Let M be a P-Rad,-lifting R-module. Then for any cyclic
submodule E of M containing Rad (M), there is a direct summand C of M with
(C+E)/EKLyzM/Eand (C+E)/C K, M/C. The converse hold, when M is
g-noncosingular.

Proof. Suppose that M is a P-Rad,-lifting module. If E is a cyclic submodule
of M such that Rad,(M) < E. Then there is a submodule C in E such that
M=Ce®Ww and ENW «,; W. Since, (E+C)/E=E/E <; M/E and by
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Modular law E = C®(ENW), so by 2" isomorphism theorem, E/C = ENW
and M/C = W, therefore, E/C <, M/C, thisyield (C + E)/C <, M/C.

Conversely, let E be a cyclic submodule of M with Rad,(M) < E. From
a condition, there is a ¢ <® M of M such that (C + E)/E Ky M/E and
(C+E)/C Ky M/C. Thus, (C + E)/E is g-cosingular. By g-noncosingular
for M, then C + E is g-noncosingular, and so by Lemma 1.2.40 (C + E)/E is
g-noncosingular. Thus C + E = E. Therefore, C < E and E/C K; M/C. By
Proposition 4.4.3(3), M is P-Rad,-lifting. [

If the factor module of a module M is P-Rad,-lifting, then it is not

necessary for M to be a P-Rad,-lifting, as seen in the following example.

Example 4.4.21. Suppose R = Z and M = Z/pZ = Z,, where p is a prime
number. It is clear that Z/pZ is a P-Rad,-lifting as a Z-module since, it is

simple. While the Z-module Z is not a P-Rad,-lifting module.

4.5. Connections with P-Rad,-lifting modules

This section will discuss many relations between the principally

Rad,-lifting module concept and other types of modules.
First we will start with the following proposition.

Proposition 4.5.1. A principally generalized hollow module is P-Rad,-lifting.

Proof. Suppose M is a principally generalized hollow module, and E a cyclic
submodule of M with Rad,(M) € E. If E = M, then there is a decomposition

M = M&(0) suchthat M < E and E N (0) K, (0). Let E ¢ M, According to
the hypothesis, E <, M, then there is a decomposition M = (0)@M such that
(0O)<EandENM =E <4z M. Hence, M is a P-Rad,-lifting module. O
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The converse of Proposition 4.5.1 is not true, in general, as seen in the
following example: The Z-module Z,, is P-Radg-lifting, while Z,, is not
principally generalized hollow as Z-module, in fact, 3Z,, is a proper cyclic

submodule which not g-small in Z,.

Also, as application example of Proposition 4.5.1; Since, every finitely
submodule in Q as Z-module is small, then all cyclic submodules are g-small
in Q as Z-module, that is Q as Z-module is principally generalized hollow, such
that it is P-Rad,-lifting.

Proposition 4.5.2. Let M be an R-module, suppose the following assertions:
(1) M is a P-Rad,-lifting module.

(2) M is a principally sgrs®-module.

(3) M is a principally sgrs-module.

Then (1) = (2) = (3). Moreover, if M is indecomposable, then (2) = (1).
If M is refinable, (3) = (2). The three assertions are equivalent whenever M
Is an indecomposable refinable module.

Proof. (1) = (2) Suppose M is a P-Rad,-lifting module and let x € M such
that Rad, (M) < xR. By (1), there is a decomposition M = T@N suchthatT <
xR and xRN N «; N. Thus, M =xR+ N and xRN N «<,; N for some
N <® M. Hence M is a principally sgrs®-module.

(2) = (3) By Lemma 1.2.44.

(2) = (1) Suppose that M is a principally sgrs®-module and let x € M such
that Rad,(M) € xR. If xR = M, trivially, there exists a decomposition
M = M&(0) suchthat M < xR and xR N (0) <, (0). Let xR # M, then there
is a submodule N of M suchthat M = T®N = xR + Nand xR N N <, N. As
M is an indecomposable module, either N =0 or N = M. If N = 0, then
xR = M, which is a contradiction. Thus, T =0and N = M. So, T < xR and
xR NN <, N, hence (1) holds.
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(3) = (2) By Lemma 1.2.46.

Proposition 4.5.3. Let M be a P-Radg-lifting R-module and 0 # L < M. If
L n Rad,(M) = 0, then L is principally semisimple.

Proof. Let a € L. As M is a P-Rad,-lifting R-module, there is a decomposition
M =T@®N such that T < aR and aRN N <, N, so in M. Since, aRNN <
Rad,(M). By modular law, L =LNnM =Ln (aR + N) =aR + (LN N). As
aRN(LNN)ESLNnRady;(M) =0, we get L =aR®(LNN). Therefore,

aR <® L and so L is principally semisimple. [J

Corollary 4.5.4. If M is a P-Radg-lifting module, then M containing
a principally semisimple submodule W such that Rad,(M)®W 2 M.

Proof. Since, Rad,(M) < M, by Zorn’s lemma we may find a submodule W
of M such that Rad,(M)@W is an essential submodule of M. Also, we have

Rad,(M) n W = 0, then by Proposition 4.5.3, W is principally semisimple. [J

Proposition 4.5.5. Let M be an R-module, suppose the following cases:

(1) M is a principally semisimple R-module.

(2) M is a principally g-lifting R-module.

(3) M is a P-Rad,-lifting R-module.

Then (1) = (2) = (3). If Rad,(M) = 0, then (3) = (1).

Proof. (1) = (2) = (3) Clear.

(3) = (1) If Rady,(M) = 0, then M N Rad,(M) = 0 and so M is a principally

semisimple R-module, by Proposition 4.5.3. O

Corollary 4.5.6. Let M be a P-Rad,-lifting R-module with Rad,(M) = 0, then

every nonzero submodule of M is principally semisimple.

Proof. It comes directly by Proposition 4.5.5. O
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Proposition 4.5.7. Let M be a P-Rad,-lifting R-module with Rad,(M) = 0.
Then for each m,n € M with M = mR + nR, there is H <® M such that
H<SmRand M = H + nR.

Proof. Letm,n € M with M = mR + nR. As M is a P-Rad,-lifting R-module
and Rad,(M) = 0 € mR, then there exists two submodules H and T of M such
thatM = H®T, H < mRandmR N T K, M, by Proposition 4.4.3 By modular
law, we deduce that mR =H®(mRNT). Moreover, as mRNT S
Rad,(M) =0, so mR = H which implies M = H+nR and H <® M, as

required. O

Proposition 4.5.8. If M is a P-Rad,-lifting R-module, then M/Rad (M) is
principally semisimple.
Proof. Let x € M and Rad (M) < xR. According to the hypothesis, there is

a decomposition M = C@C for some € < xR and xR N € <, € (also in M).

M _ XR
Radg(M) Radg(M)

Therefore, M = xR + C and xR n € S Rad,(M). Since,

C+Radg(M)
Radg(M)

0, ie, xR/Rady(M) is a direct summand of M/Rad,(M). Hence,

and thus < xR ) <C‘+Radg(M)) _ XRN(C+Radg(M)) _ Radg(M)+(xRNC)

Radg(M) Radg (M) Radg(M)  Radg(M)

M/Rad (M) is a principally semisimple module. [

Corollary 4.5.9. Let M be a P-Rad,-lifting module then, M/Rad (M) is
a P-Rad,-lifting module.
Proof. From Propositions 4.5.5 and 4.5.8. [

Proposition 4.5.10. Suppose M is a cyclic module over a PID R. If M is
a P-Radg-lifting module satisfies DCC on g-small submodules. Then M is
Avrtinian.

Proof. Let M be a P-Rad,-lifting module. By Proposition 4.5.8, M /Rad (M)

Is principally semisimple. Since, M is a cyclic R-module, then M is finitely
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generated and so M /Rad, (M) is finitely generated. Since, M is a cyclic module
over a PID R, then all its submodules are cyclic, Therefore, M is principally
semisimple imply M is semisimple, such that by Lemma 1.2.23, M /Rad (M)
Is Artinian. Moreover, M satisfies DCC on g-small submodules implies that
Rad, (M) is Artinian, according to Lemma 1.2.20. Hence, by Lemma 1.2.32,
M is Artinian. O

Theorem 4.5.11. Suppose the following cases for a projective R-module M.
(1) For x € M with Rad,(M) < xR, the factor M /xR containing a projective
g-cover.

(2) M is a P-Rad,-lifting module.

(3) M is a principally sgrs®-module.

(4) M is a principally sgrs-module.

(5) M/Rad (M) is principally semisimple and for every cyclic submodule E
of M containing Rad,(M) and E = E/Rad,(M), there exists a direct
summand C of M such that £ = C.

Then (1) & (2) © 3) & (4) and (2) = (5). If Rad,(M) <, M, then
(5) = (2).

Proof.(1) = (2) Let x € M such that Rad,(M) < xR. From (1), there is
a projective R-module P and an R-epimorphism a:P — M /xR such that
kera <, P. Suppose, m: M — M /xR is a natural epimorphism, then there is
a homomorphism B: M — P such that af = n. Thus, a(B(M)) = n(M) =
M/xR. By taking the inverse of a, we deduce P = f(M) + kera. Since,
kera <, P, Lemma 1.2.4 implies P = g(M)®Y for some semisimple
submodule Y of kera, this implies B(M) is projective. Thus, M = kerBW
for some W < M. If x € kerf, then (x) = 0 and s0 0 = a(B(x)) = n(x),
thus x € kerm. Thus, kerf < kerm = xR. To conform that xR N W <, W.

As kera L, P, keran B(W) = B(xRNW) <, P. By Lemma 1.2.17(1),
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B(xRNW) K, f(M) = f(W). Therefore, xRNW <K, W, as B is an
isomorphism from W into f(W). Therefore, M is a P-Rad,-lifting module.
(2) = (3) = (4) By Proposition 4.5.2.

(4) = (1) Let x € M such that Rad,(M) € xR. From (4), there exists
a submodule T of M withM = xR+ Tand xRNT <, T. Let h: M - M /xR
be a homomorphism defined by h(m) = a + xR, where m = xr + a € M, for
somer e Randa € T. Let m: M — M /xR be the natural epimorphism. Since,

M is projective, then there is a homomorphism g: M — M such that hg = m.

.,
,
9 .,
// L
,
’
,
,
L

M 5 M/xR — > ¢

Hence, h(g(M)) = m(M), such that h=1(h(g(M))) = h~1(M/xR), Since,
M = g(M)+ kerh=g(M)+ (xRN T). Since, xRNT K, T, soin M, then
by Lemma 1.2.4, there exists a semisimple submodule Y of xR N T such that
M = g(M)®Y and such that g(M) is a projective module. Hence, g(M) =
M /kerg implies kerg is a direct summand of g(M), so in M, this implies
M = kerg@®N for some submodule N of M. Since, N is projective. Let (hg)|y
indicate the restriction of hg on N, that is (hg)|y:N = M/xR. Then
ker((hg)ly) < xR NT.Since, ker((hg)|y) K, M. Since, ker((hg)|y) €N
and N is adirect summand of M, Lemma 1.2.17(1) implies ker ((hg)|y) <4 N.
Hence, N is a projective g-cover of M /xR. This completes the proof.

(2) = (5) By Proposition 4.5.9, M /Rad (M) is principally semisimple. Let,
E be any cyclic submodule of M where Rad,(M) € E. Put, E = E/Rad,(M).
By Proposition 4.4.3(3), there is a decomposition E = C®W such that C is
a direct summand of M and W «; M, thus W <€ Rad,(M), and hence
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C + Rady,(M) = E. Thus, E/Rad,(M) = (C + Rad,(M))/Rad,(M), and
hence E = C.

(5) = (2) Let E be a cyclic submodule of M such that Rad,(M) € E. Since,
M/Rad,(M) is semisimple, thus we conclude that M/Rad,(M) =
(E/Rad,(M))®(W/Rad,(M)) = E®(W /Rad,(M)) where Rad,(M) < W for
some submodule W of M. By (2), there exists a direct summand T of M such
that M = T@N for some submodule N of M, and E = T. Thus M/Rad,;(M) =
T®((N + Rad,(M))/Rad,(M)), since W =N + Rad,(M). Hence,
M =T+ N + Rad,(M) =E + N. Since, M = E + N is projective, Lemma
1.2.32 implies that M = E'@®@N with E'CE. Also, ENN<ENW =
Rad,(M) <4 M, hence M is a P-Rad,-lifting module. O

Corollary 4.5.12. The following are equivalent for a ring R.

(1) For each principal ideal I < R with Rad;(R) € I, the factor R /I containing
a projective g-cover.

(2) R is a P-Rad,-lifting ring.

(3) R is a principally sgrs®-ring.

(4) R is a principally sgrs-ring.

(5) R/Rad,(R) is principally semisimple and for every cyclic ideal I of R
containing Rad,(R) and [ = I/Rad,(R), there is adirect summand J of R with
Ir=7.

Proof. Since, R = (1) is a free R-module, so it is finitely generated projective.
By Lemma 1.2.12, Rad,(R) <, R. Thus, we obtained the result by Theorem
45.11. 0

Corollary 4.5.13. Let R be a semisimple ring and M an R-module. Then the

following are equivalent.
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(1) For x € M with Rad,(M) < xR, the factor M /xR containing a projective
g-cover

(2) M is a P-Rad,-lifting ring.

(3) M is a principally sgrs®-ring.

(4) M is a principally sgrs-ring.

Proof. Since, every module over a semisimple ring is projective. Then the result
Is obtained by Theorem 4.5.11. O

Proposition 4.5.14. Let M be a P-Rad,-lifting R-module with Rad,(M) # M
Is cyclic. Then there is a decomposition M = H@W with W is a g-supplement
of Rad,(M) in M, Rad,(W) <, W and H is a g-Radical. Moreover, if

P,(M) = 0, then Rad,;(M) <, M.

Proof. Suppose that Rad,(M) # M is a cyclic submodule. Since, M is
a P-Radg-lifting module and Rad,(M) S Rad,(M), so by Proposition
4.4.3(8), there is a submodule H of M in Rad,(M) such that M = H®W and
W a g-supplement of Rad,(M) in M, ie., M= Rad,(M)+ W and
Rad,(M) N W <K, W. Since, W is a direct summand of M, so it is
a g-supplement and so Rad,(M) N W = Rad (W), by Lemma 1.2.17, implies
Rad,(W) &, W. By Lemma 1.2.10, M = Rad,(M) + W = Rad,(H)®W.
By Modular law, we get H = H N (Rad,(H)®W) = Rad,(H)®(W N H) =
Rad,(H). Thus, H is a g-Radical. Now, assume F;(M) = 0. Therefore, H = 0,
which conclude that M = W, hence Rad,(M) <4z M. []

The converse of Proposition 4.5.14 need not be true, in general, for
example, for the Z-module Z, we have Rad,(Z) =0 # Z is cyclic and
a decomposition Z = Ze(0) such that Z is a g-supplement of Rad,(Z) = 0,
Rady(Z) = 0 K4 Z and (0) is a g-Radical, while Z is not P-Rad,-lifting

Z-module.
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Proposition 4.5.15. Let M be an indecomposable module with Rad,(M) # M
is cyclic. If M is a P-Rad,-lifting module, then Rad,(M) <4 M.

Proof. Suppose that M is an indecomposable P-Rad,-lifting module. Since,
Rad,(M) S Rad,(M) is cyclic, then by Proposition 4.5.14, there is a unique
decomposition M = M@0 such that M is a g-supplement of Rad,;(M) and 0 is
a g-Radical. So, Rad,;(M) = Rad,(M) N M <, M, as required. [

Corollary 4.5.16. Let M be an indecomposable R-module such that Rad, (M)
is cyclic. If M is a principally Rad,-lifting module, then either.

(1) M is a cyclic module, or
(2) Rad,(M) is a g-small submodule of M.

Proof. Suppose M is an indecomposable and principally Rad,-lifting module
such that Rad,(M) = aR for some a € M. If M is not cyclic, therefore
M # aR and so Rad,(M) # M. This implies Rad,(M) is a proper cyclic
submodule of M, so by Proposition 4.5.15, Rad,;(M) <4z M. [J

Proposition 4.5.17. Let M be an indecomposable R-module containing a cyclic

generalized Radical. Then M is P-Rad,-lifting if and only if, either M is
g-Radical or Rad,;(M) is an essential maximal and g-small submodule of M.

Proof. Same as the proof of Theorem 4.2.31. O

Corollary 4.5.18. Let M be an indecomposable module with Rad,(M) # M is
cyclic. If M is a P-Rad,-lifting module, then M is local.

Proof. By Proposition 4.5.17, M is a g-local module. Therefore, M is a local
module, by Lemma 1.2.34. [

Proposition 4.5.19. Let M be an R-module, consider the following cases:
(1) M is principally semisimple.

(2) M is principally g-lifting.
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(3) M is a P-Rad,-lifting module

(4) M is a principally sgrs®-module.

(5) M is a principally sgrs-module.

Then (1) = (2) = (3) = (4) = (5).If Rad,(M) = 0, then (5) = (1).
Proof. (1) = (2) Clear.

(2) = (3) By Remarks and Examples 4.4.2(4).

(3) = (4) = (5) By Proposition 4.5.2.

(5) = (1) By Lemma 1.2.59. [

The following consequence is immediately from Lemma 1.2.21 and
Proposition 4.5.19.
Corollary 4.5.20. The following are equivalent for an g-noncosingular
R-module M.
(1) M is principally semisimple.
(2) M is principally g-lifting.
(3) M is a P-Rad,-lifting module
(4) M is a principally sgrs®-module.
(5) M is a principally sgrs-module.

Proposition 4.5.21. The following are equivalent for an indecomposable
R-module M.

(1) M is a P-Rad,-lifting module.

(2) Form € M with Rad,(M) € mR # M, mR <, M.

Proof. (1) = (2) Let Rad,(M) S mR # M and m € M. As M is a P-Rad,-

lifting module, by Proposition 4.4.3(8), there are submodules H, G of M such
that G <mR, M =mR + H = G®H and mR N H <, H. Now, if H = 0 then

mR = M which is a contradiction. By hypothesis, H =M and G = 0.
Therefore, mR <, M.
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(2) = (1) Let m € M such that Rad,(M) € mR. If mR = M, trivially, there
is a decomposition M = M@(0) with M < mR and mR n (0) = (0) <, (0).
If we let mR # M, according to the hypothesis, we get mR <, M. Trivially,
M = (0)@M such that (0) < mR and mR N M = mR <; M. Hence, by two
cases, (1) is hold. [J

Corollary 4.5.22. The following are equivalent for a uniform R-module M.
(1) M is a P-Rad,-lifting module.
(2) For m € M with Rad,(M) € mR # M, mR <, M.

Proof. From Lemma 1.2.47 every uniform module is indecomposable. Then

the result is followed by Corollary 4.5.21. [

Proposition 4.5.23. Let M be a P-Rad,-lifting module containing a cyclic
generalized Radical. Then M = L@K such that Rad,(L) <, L and
Rad,(K) = K.

Proof. It comes by Proposition 4.5.2 and Lemma 1.2.45. [

Proposition 4.5.24. Let M be an e-noncosingular R-module. Then M is
P-Rad,-lifting if and only if M /Rad (M) is P-Rad,-lifting.
Proof. By Lemma 1.2.21, Rad,(M) = 0, such that M/Rad,(M) = M, as

required. [

Theorem 4.5.25. Let R be any ring with Rad,(R) = 0. The following are
equivalent.

(1) Every projective R-module is a P-Rad,-lifting module.

(2) Every free R-module is a P-Rad,-lifting module.

(3) Every projective R-module is principally semisimple.

(4) Every free R-module is principally semisimple.

Proof. (1) = (2) Clear.
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(2) = (1) Let H be a projective R-module. By Lemma 1.2.27, there exists
a free R-module F such that H <® F. By (2), F is a P-Rad,-lifting module.
Since, F is projective, by [42] every g-small submodule is §-small, thus
Rad,(F) = 6(F) = F.6(R) < F.Rad,(R) =0, by Lemma 1.2.73. Hence,
Proposition 4.5.5 implies F is a principally semisimple R-module and then H
is principally semisimple, so again by Proposition 4.5.5, H is P-Rad,-lifting.
(1) = (3) Let H be a projective R-module. By (1), H is a P-Rad,-lifting
module. We deduce Rad,(H) =0, Since, Rad,(R) = 0, Therefore, by
Proposition 4.5.5, H is a principally semisimple R-module.

(3) = (1) By Proposition 4.5.5.

(2) = (4) Similar to proof (1) = (3).

(4) = (2) By Proposition 4.5.5. [

4.6. Rings and localization of P-Rad,-lifting

Firstly, we will deal and study the P-Rad,-lifting property as a ring. Also,
we are going to study the behavior of P-Radg-lifting modules under

localization.

Theorem 4.6.1. Let M be a faithful, finitely generated and multiplication
module over a commutative ring R. Then M is a P-Rad,-lifting R-module if
and only if R is a P-Rad,-lifting ring.

Proof. Suppose M is a P-Rad,-lifting R-module. Let I be a cyclic ideal of
R such that Rad,(R) SI. As M is a finitely generated multiplication
R-module, then IM is a cyclic submodule of M. By Lemma 2.6.1, Rad,(M) =
Rady,(R)M < IM. So, by the hypothesis, there exists a decomposition
M = E®W such that E <IM and IM N W <, W. We have E = JM and
W = EM for some ideals J and E of R. Since, M = JM@EM with JM < IM

128



Chapter Four ... Radg-lifting modules and P-Rad,-lifting modules

and IM NEM <, EM. By Lemmas 1.2.63, 1.2.64 and 1.2.62, we deduce
R=]J®E,J<landINE K, E. Therefore, R isa P-Radg-lifting ring.

Conversely, assume R be a P-Rad,-lifting ring. If C =1IM is a cyclic
submodule of M such that Rad,(M) < IM for some ideal I of R. Since, M is
a finitely generated multiplication R-module, then I is cyclic in R. By Lemma
2.6.1, Rad,(R)M < IM, hence, Rad,(R) < I by Lemma 1.2.64. According to
the hypothesis, there is a decomposition R = J@®FE such that /] < and
INE K, E. Thus, M = (J®OE)M = JM®EM such that JM < IM = C. By
Lemmas 1.2.63 and 1.2.62, CNEM =IM NEM = (I N E)M <, EM. Thus,
M is a P-Rad,-lifting R-module. [

Theorem 4.6.2. Let M be an R-module and S a multiplicative closed subset of
R such that L(T)NS =@ for any T <M. Then M is a P-Rad,-lifting as
R-module if and only if S™*M is a P-Rad,-lifting as S~1R-module.
Proof. Suppose that M is a P-Rad,-lifting as R-module and let S~1E be acyclic
submodule of S™'M as S™'R-module such that Rad,(S™*M) € S™'E. By
Lemma 1.2.66, E is cyclic in M as R-module. From Lemma 2.3.2,
S™'(Rad,(M)) € S7'E, thus Rad,(M) € E by Lemma 1.2.65. Then there
exists a submodule W of M such that M = HOW and E N W <, W where
H<E. By Lemmas 1271, 1266 and 1.2.69(2), we have that
STTH)®SS'W)=S5S"M and (STE)N(ST'W) K, ST'W and ST'H <
S™'E.Hence S™'M is a P-Rad,-lifting as S~*R-module.

Conversely, Suppose that S™M is a P-Rad,-lifting as S~1R-module, and
let E be a cyclic submodule of M as R-module such that Rad,(M) < E, Thus
by Lemma 2.3.2 and Lemma 1.2.65 Rad,(S™'M) = S~*(Rad,(M)) € ST'E.

From Lemma 1.2.66, S1E is cyclic in S™'M as S™1R-module. From the
hypothesis, there is a decomposition (ST1H)®(S™W) = S IMand (S71E) n
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(ST'W) K, ST'W where ST'H < ST'E. By Lemmas 1.2.71, 1.2.65 and
1.2.69(2), we deduce HOW =M and ENW <, W and H < E, that is M is
a P-Rad,-lifting as R-module.

Theorem 4.6.3. Suppose that M be an R-module and S a multiplicative closed
subset of R such that forany W c M, (W:y s) = W, forall s € S. Then M is
a P-Rad,-lifting as R-module if and only if S™*M is a P-Rad,-lifting as S~ R-
module.

Proof. Let M be a P-Rad,-lifting as R-module, and S~'E be a cyclic submodule
of S™*M as S~'R-module such that Rad,(S~'M) € S~'E. By Lemma 1.2.68,
E is cyclic in M as R-module. Also, by Lemma 2.3.2, S™'(Rad,(M)) € S7'E
and so Rad,(M) € E by Lemma 1.2.67. By the hypothesis, there exists
a decomposition M = H@®W such that H <E and ENW <, W. From
Lemmas 1.2.71, 1.2.67 and 12.70(2), we deduce that S™'M =
(STTHY®(S'W), ST*H < ST*Eand (ST'E) N (S™'W) K, S™'W. Hence, S™'M
is a P-Rad,-lifting as S~ R-module.

Conversely, suppose that S~*M be a P-Rad,-lifting as S~1R-module, and
let E be a cyclic submodule of M as R-module such that Rad,(M) € E. From
Lemma 1.2.68, S~LE iscyclicin S™1M as S~1R-module, also by Lemmas 2.2.7
and 1.2.67, Rad,(S™'M) = S"'(Rad,(M)) € ST'E. According to the
hypothesis, then there is a S™'W < S™'M such that (ST*H)®(S W) =
ST*Mand (ST'E) N (ST'W) <, ST'W where ST'H < ST'E. From Lemmas
1.2.71, 1.2.67 and 1.2.70(2) we deduce that M = H@®W such that H < E and
EnW <K, W.Hence, M is a P-Rad,-lifting as R-module. U
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This chapter consists of six sections. In sections one and four, we define

and study two notions, G-Rad,-lifting modules and PG-Rad,-lifting respectively.

Features, characterizations and illustrated examples, factors and direct
summands of these modules are presented. In sections two and five, we
investigate some relations between our definitions and other kinds of modules.

In sections three and six, we discuss the behavior of G-Rad,-lifting modules
and PG-Radg-lifting as rings. In addition, the localization of these ideas is

studied.

5.1. Generalized Rad,-lifting modules

We will introduce the notion of G-Rad,-lifting modules, as well as

several of their properties and examples about them will be discussed in this

section.

Definition 5.1.1. A module M is said to be generalized Rad,-lifting, briefly
G-Rad,-lifting if, every E < M with Rad,(M) < E there is a decomposition
M =T@N such that T < E and ENN S Rad,(N). A ring R is said to be
G-Rad,-lifting if, Ry is G-Rad,-lifting.

Beginning, we will give some characterizations of G-Rad,-lifting modules

and prove the equivalency among them.

Proposition 5.1.2. The following are equivalent for a module M.

(1) M is a G-Rad,-lifting module.

(2) for every submodule E of M such that Rad,(M) < E can be written as
E = H®G, where H is a direct summand of M and G € Rad,(M);

(3) for every submodule E of M such that Rad,(M) S E, there is a direct
summand C. of M such that C < E and E/C € Rad,(M/C);
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(4) for every submodule E of M such that Rad,(M) € E, E containing
a g-Radical supplement C in M such that E n C is a direct summand of E;

(5) for every submodule E of M such that Rad,(M) € E, there exists a
submodule T of M inside E such that M = T&@®C and C is a g-Radical
supplement of E in M.

(6) for every submodule E of M such that Rad,(M) € E, thereisan e = e’ e
End(M) witheM < E and (1 — e)E € Rad,(1 —e)M

Proof. (1) = (2) Let E<M with Rad,(M) < E. By (1), there is
a decomposition M = H@®S such that H < E and E NS € Rad,(S). By the
modular law, we have E = H®(E N S). Putting ENS = G. Thus E = H®G
such that H <® M and G € Rad,(S) S Rad,(M).

(2) = (3) Suppose that E < M such that Rad,(M) € E. We have from (2)
a decomposition E = C@W such that C <® M and W Rad,(M). Suppose,
the natural map m:M — M/C. Since, W S Rad (M), we deduce that
(W) € Rad,(M/C),i.e., (C+W)/C=E/C S Rady(M/C).

(3) = (1) Let E < M with Rad,(M) S E. By (3), there is a decomposition
M = C®W such that C < E and E/C S Rad,(M/C). By the modular law,

we have E = C®(ENnW). Since, E/C=ENW and M/C = W. As a result
of this, ENW < Rad,(W). Hence, (1) holds.

(3) = (4) Suppose that E is a submodule of M with Rad,(M) < E. By (3),
there exists a direct summand C of M such that C < E and E/C € Rad,(M/C),
where M = C@®W for some W < M. Since, M = E + W. By modular law,
E=C®ENW). So, E/C=EnW and M/C=W. Thus, ENW <
Rad,(W). Hence, E containing a g-Radical supplement W in M and
Enw<®E.

(4) = (6) Let E be a submodule of M with Rad,(M) € E. According to the
hypothesis, E containing a g-Radical supplement W in M such that En W is

132



Chapter FIiVe....ou e e e G-Rad,-lifting modules and PG-Rad,-lifting modules

a direct summand of E, then M=W+E, ENnW < Rad,(W) and
E=(EnW)®H for some H<E. Thus, M =W + (EnW )®H = W®H.
let eM > H; e(k+h)=h and (1—e):M - W; (1—e)(k+h) =k are
projection maps for all k + h € M. Obviously, e = e? in End(M). Since,
eM=H<E and so (1-e)E=En(1—-e)M=ENW € Rad,(W) =
Rad,(1—e)M.

(6) = (3) Let E be any submodule of M with Rad,(M) S E. By assuming,
there is an e = e € End(M) with eM < E, and (1 — e)E € Rad (1 — e)M.
PutT=eM and N = (1 —e)M. As e € End(M) is an idempotent, so it is
clear that M =T@®N. So M=E+N. Also, ENN=En(1—-e)M =
(1—e)E S Rad,(1 —e)M = Rad,(N), hence N is g-Radical supplement of
E. Since, by Lemma 1.2.41 (T + N)/T is g-Radical supplement of E/T in
M/T.Hence E/T =E/TNM/T =E/Tn (T +N)/T S Rad,(M/T).

(1) = (5) Let E<M with Rad,(M) S E. As M is a G-Radg-lifting
module, so there is a decomposition M = T@C suchthat T < Eand ENC <
Rad,(C). Thus, M = E + C. Hence, C is a g-Radical supplement of E' in M.
(5) = (1) Clear. O

Remarks and Examples 5.1.3.

(1) It is obvious to ensure that every Rad,-lifting module is G-Rad,-lifting.
(2) The G-Rad,-lifting module not inherited by its submodules, for instance Q
as Z-module is G-Rad-lifting since Q is a Radg-lifting Z-module, while
Z < Q as Z-module is not G-Rad,-lifting, Since Rad,(Z) = 0 < nZ for any
nZ < Z where n € N — {0,1}. Since Z = Z@®0 is the only decomposition of
Z-module Z, then 0 < nZ butnZ NZ = nZ & 0 = Rad,(Z).

(3) For all prime number p and n € Z*, Z,» as Z-module is generalized hollow,

hence its Rad,-lifting by Proposition 4.2.1, and so it is G-Radg-lifting by (1).
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(4) Itis clear that any semisimple module is G-Rad,-lifting, in fact, semisimple
modules are generalized hollow, however, the converse is not true, in general,

in a Z-module Q is G-Rad,-lifting but not semisimple.

Proposition 5.1.4. Let M be a module. Then M is G-Rad,-lifting if and only
if any direct summand E of M containing Rad,(M) is G-Radg-lifting.
Proof. =) Suppose that E <® M such that Rad,(M) S E. Let W < E with
Rad,(E) < W, then from Lemma 1.2.37 we have that Rad,(M) = Rad,(E).
Hence Rad,(M) € W. Since M is a G-Radg-lifting module, Proposition

5.1.2(2) implies W =T@N such that T is direct summand of M and
N € Rady,(M). Thus M = T@®D for some D < M. Hence, by modular law
E=T®(END), i.e., W =T@®N such that T is direct summand of E and
N € Rady(M) = Rad,(E). Thus by Proposition 5.1.2(2), E is G-Rad,-
lifting.

&) Trivially, M <® M such that Rad,(M) € M. Since, by assuming M is
a G-Rad,-lifting module. [

Corollary 5.1.5. Let M be a G-Rad,-lifting module such that Rad, (M) is
a direct summand of M, then Rad,;(M) is G-Rad,-lifting.
Proof. Clear by 5.1.4. O

Proposition 5.1.6. Let M be a G-Rad,-lifting module. If Rad,(M) = 0 then
M is semisimple.

Proof. Suppose that E be any submodule of M. As Rad,(M) = 0 € E and M
a G-Radg-lifting module, then there is a decomposition M = T@®N with
T <Eand ENN € Rad,(N). Thus M = E + N. Since, Rad,(N) € Rad,(M),

we havethat ENN = 0. Thus E <® M and M is semisimple. O
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Corollary 5.1.7. Suppose that M be a module with Rad,(M) = 0. Then M is
G-Rad,-lifting if and only if every submodule of M is G-Rad,-lifting.

Proof. =) By Proposition 5.1.6, M is a semisimple module, that means any
submodule of M is a direct summand. Also, notice that every submodule of

M contains Rad,(M) = 0. From Proposition 5.1.4, every submodule of M is
G-Rad,-lifting.

&) Clear. O

Corollary 5.1.8. Let M be an R-module. Then M is G-Rad,-lifting if and only
if any submodule of M is G-Rad,-lifting if, one of the following cases hold:
(1) M is g-noncosingular.

(2) R is a g-V-ring.

Proof. (1) By Lemma 1.2.21 and Corollary 5.1.7.

(2) Since R is a g-V-ring, then Rad,(M) = 0. From Corollary 5.1.7, the

consequence is obtained. [

Proposition 5.1.9. Assume M is a module whose all its submodules are

indecomposable contains Rad,(M). If M is a G-Rad,-lifting module, for all
C < M. Then either C <® M or, Rad,(M) = C.

Proof. Let M be a G-Radg-lifting R-module. If € < M is indecomposable
such that Rad,(M) < C, so it comes from Proposition 5.1.2(2), that C = T®S
where T <® M and S € Rad,(M). Since C is indecomposable, then either

C=TorC=S5¢< Rad;(M), Since C =T or Rad,(M) = C, as required. [

Now, we will discuss an infinite direct sum of G-Rad,-lifting modules.

Theorem 5.1.10. Let {M;|i € I} be any infinite family submodules of an
R-module M, such that each of M; is G-Rad,-lifting module. If M =®;¢; M;

and M is a duo module, then M is G-Radg-lifting.
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Proof. Suppose that {M;| i € I} is a family of G-Rad,-lifting modules such
that M =@;; M; is a duo module. To conform that M =@;; M; is
a G-Radg-lifting module. Let U be a submodule of M =@;¢; M; and
Rad,(M) € U. Since U is a fully invariant submodule of M, Lemma 1.2.14
implies that U =@®;¢; (M; N U). We deduce that Rad,(M;) € M;nU for
i € 1. Since, M; is G-Radg-lifting, for i € I, then there are decompositions
M; =V;®W; such that V;<M;nU and (M;nU)NW,=UnW, <
Rad,(W;). PutV =@;¢; V; and W =;¢; W;. As aresult of this, M =V @W
such that V =@, Vi <@ M; NU) =U and thus UnW =@;¢; (UN
W;) €@®;e; Rad,(W;) = Rad;(®e; W;) = Rad,(W), by Lemma 1.2.10(1,2).
Hence, M is G-Radg-lifting. U

Theorem 5.1.11. Let {M;|i € I} be any infinite family submodules of an
R-module M, such that each of M; is G-Rad,-lifting module. If M =@;¢; M;
and M is a distributive module, then M is G-Rad,-lifting.

Proof. Analogous to proof Theorem 5.1.10. [

Theorem 5.1.12. If M = M;@®M, is a direct sum of G-Rad,-lifting modules
such that M, is quasi-projective and M,-projective, then M is G-Rad,-lifting.

Proof. Let E be a submodule of M = M; ®M, with Rad,(M) < E. As a result
of this, M; N (E + M) < M; and Rad,(M,) € M; N (E + M,). Since, M; is
a G-Rad,-lifting module, then there is a decomposition M; = V;@V,, with
Vi <My n(E+M,) and V, n (E + M,) S Rad,(V,). Since V,®V,®M, <
(E + M,))®V,®M, = E + (V,®M,) then M = E + (V,®M,). Since, M, is
a quasi-projective module and M,-projective, then V; is V,@M,-projective.
From Lemma 1.2.32, there is a submodule E; of E with M = E;®(V,®M,).
It is easy to confirmthat EN (L +V,) =L n (E+V,) forany L < M,, to see
thissas EN(L+V,)<LN(E+V,)+V,n(E+L)and V, n(E +L) =0,
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then EN(L+V,) <Ln(E+V,). By similarly, we have LN (E+V,) <
En(L+V,). It follows that LN (E+V,) =En(L+V,) for any L < M,.
Moreover, we have M, N (E +V,) < M, with Rad,(M;) € M, N (E + V)
and M, is a G-Radg-lifting module, so there is a decomposition M, = V,®V,,
Vi <Myn(E+V,) =EN(My+Vy) <E and V, n (E +V,) S Rad,(V2).
Since, M = E;®(V,®M,) = (E;® V)DV,®V,), E;®V, <E and then
En (V,®V,) =V, n (E +V,) € Rad, (V,®V,), thus M is G-Rad,-lifting. O

Corollary 5.1.13. Let M= M; @M, such that M, is a semisimple module and
M, is a G-Radg-lifting module, and they are relatively projective with M,
then M is a G-Rad,-lifting module.

Proof. Since M; is a semisimple module, by Remarks and Examples 5.1.3(4),
M; G-Rad,-lifting and so by Theorem 5.1.12, M is G-Rad,-lifting.[]

Theorem 5.1.14. Let M be a G-Rad,-lifting module and E < M that satisfy
one of the following:

(1) (C+E)/E <® M/E forany C <® M.

(2) If E is a distributive submodule of M.

(3) If E is a fully invariant submodule of M.

(4)IfM =E @ G and Rad,(M) € G.

Then M/E is a G-Rad,-lifting module.

Proof. (1) Let L/E < M/E such that E < L < M with Rad,(M/E) € L/E.
Suppose g is the natural map. As Rad,(M) € M, we get mgz(Rad,(M))
Rad,(M/E) € L/E, and then Rad,(M) < L. Since M is G-Rad,-lifting, then
there exists a direct summand C of M such that C <L and L/C C

Rad,(M/C), by Proposition 5.1.2(3). By (1), (C + E)/E <® M/E. Clearly,

. M M/C .. .
(C+E)/E <L/E. Define Mm% 2 Gro/c as the projection map. Since,

137



Chapter FIiVe....ou e e e G-Rad,-lifting modules and PG-Rad,-lifting modules

L/C € Rady(M/C), s0 1(L/C) € n(Radg(M/C)), i.e., —— S Rady(z).
Thus, M /E is a G-Rad,-lifting module.

(2) We will use part (1) to prove this case. Let M = T@N for some N < M. It
is clear that M/E = ((T + E)/E) + ((N + E)/E). As E is distributive, then
(T+E)N(N+E)=(TNN)+E=E. So (T+E)/E)n((N+E)/E) =0,
thatis (T + E)/E <® M/E.

(3) Let L <® M, then M = L@®Y for some Y < M. Since, E is fully invariant,
Lemma 1.2.19 implies M/E = ((L+ E)/E)® (Y + E)/E), i.e,, (L+E)/E
is a direct summand of M /E. Hence M /E is a G-Rad,-lifting module, by (1).
(4) Let M = E®G for some G, E < M. As Rad,(M) < G, so by Proposition
5.14, G is a G-Radg-lifting module. Since M/E = G, therefore M/E is

a G-Rad,-lifting module. [

Corollary 5.1.15. Let M be a G-Rad,-lifting and f an R-homomorphism from
an R-module M into R-module M. Then Imf is a G-Radg-lifting module if,

kerf is a distributive, or fully invariant submodule of M.
Proof. Theorem 5.1.14(2,3) implies that M /kerf is a G-Rad,-lifting module.

By 1% isomorphism theorem, M /kerf = Imf and so Imf is a G-Rad-lifting

module. O

Corollary 5.1.16. Let M = kerf@®N be a G-Rad,-lifting module such that
f:M - L is an epimorphism and Rad,(M) < N. Then L is G-Rad,-lifting.
Proof. Clear by Theorem 5.1.14(4), M /kerf = L is G-Rad,-lifting. O

Corollary 5.1.17. If M is a G-Rad,-lifting module, then both of M /Rad (M)
and M /F,;(M) is a G-Rad,-lifting module.
Proof. By Lemmas 1.2.8 and 1.2.36, we deduce that Rad (M) (resp. F;(M))

Is a fully invariant submodule of M, thus by applying Theorem 5.1.14(3), we
get the result. O
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Corollary 5.1.18. Let M be a weak duo module and G a direct summand of
M. If M is a G-Radg-lifting module, then G and M/G are G-Rad,-lifting
modules.

Proof. Let M = G&®C for some C < M. Since M is a weak duo module, then
G and C are fully invariant submodules of M. Thus by Theorem 5.1.14(3),
G = M/C and M/G are G-Radg-lifting modules. O

Corollary 5.1.19. Let M be a duo module and G a direct summand of M. Then
M is G-Rad,-lifting if and only if G and M /G are G-Rad,-lifting modules.
Proof. =) Since any duo module is a weak duo, Corollary 5.1.18 leads to the
result.

<) Since, M = GH(M /G), we deduce the result by Theorem 5.1.10. O

Corollary 5.1.20. Let M be a G-Rad,-lifting module. If M is distributive (or,
duo), then the factor module of M is also G-Rad,-lifting.
Proof. Clear by Theorem 5.1.14(2, 3). O

Corollary 5.1.21. Let M be a distributive module and L <® M. Then M is
G-Rad,-lifting if and only if L and M /L are both G-Rad,-lifting.

Proof. =) If M is a distributive module and L a direct summand of M, then
M = L@N for a submodule N of M. From Corollary 5.1.20 L = M/N and
M /L are G-Rad,-lifting.

&) Since, M = L@ (M /L), the result is included by Theorem 5.1.11. O
Corollary 5.1.22. A homomorphic image of a distributive (or, duo) G-Radg-
lifting module is G-Rad,-lifting.

Proof. Let M be a distributive (duo) and G-Radg-lifting module. Assume
f:M — M be any homomorphism. By 1%t isomorphism theorem, M/E = Imf
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for some submodule E of M. By Corollary 5.1.20, M /E is G-Rad,-lifting and

hence Imf is a G-Rad,-lifting module. O

Corollary 5.1.23. Let f: M — M be an epimorphism of R-modules M, M such
that M is a distributive (or, duo) module. If M is a G-Rad,-lifting module,
then M is G-Rad,-lifting.

Proof. Clear by Corollary 5.1.22. O

The following corollary comes consequently from Corollary 5.1.19 and
Theorem 5.1.10.

Corollary 5.1.24. Suppose that M =@;¢; M; is a duo module. Then M; is
G-Rad,-lifting, for i € I, if and only if M is G-Rad,-lifting.

5.2. Connections with G-Rad,-lifting modules

This section, will highlight many relations between this concept of

G-Rad,-lifting module and other forms of modules. We have the following:

Proposition 5.2.1. Let M be a G-Rad,-lifting module. If Rad,(M) K, M
then M is Rad,-lifting.

Proof. Let E <M with Rad,(M) € E. As M is a G-Rad,-lifting module,
then there is a decomposition M = T@®N with T < E and E N N € Rad,(N).
From Rad,(N) € Rad,(M) <, M, we deduce that E N N <, M. Thus, by
Proposition 4.1.7, M is a Rad,-lifting module. O

Proposition 5.2.2. The notions “G-Rad,-lifting” and “Radg-lifting” for an
R-module M are equivalents when any of the following conditions hold:

(1) If Rad,(M) <, M.

(2) If M is finitely generated (so is cyclic).
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Proof. (1) It comes by Remarks and Examples 5.1.3(1) and Proposition 5.2.1.
(2) By Lemma 1.2.12, Rad (M) <4z M. So, the result satisfies by (1). [

Corollary 5.2.3. The notions “G-Rad,-lifting” and “semisimple” for an
R-module M are equivalents when any of the following conditions hold:

(1) Rad,(M) = 0.

(2) M is g-noncosingular.

(3) R is a g-V-ring.

Proof. (1) It comes by Remarks and Examples 5.1.3(4) and Proposition 5.1.6.
(2) By Lemma 1.2.21, Rad,(M) = 0. Hence the result was held by (1).

(3) Since, R is ag-V-ring, i.e, Rad,(M) = 0. So, the result follows by (1). I

Proposition 5.2.4. If M is a (P,")-module, then M is a G-Rad,-lifting module.
If Rad,(M) = 0, then the converse is correct.

Proof. =) By the definitions.
<) It comes by Proposition 5.1.6 and Lemma 1.2.52. O

Corollary 5.25. Let M be a module. Then the following assertions are
equivalent if, Rad,;(M) = 0.

(1) M is semisimple.

(2) M is g-lifting.

(3) M is Rad,-lifting.

(4) M is a (P;")-module.

(5) M is G-Rad,-lifting.

(6) M is @-g-Radical supplemented.

(7) M is g-Radical supplemented.

(8) Each summand of M is @-g-Radical supplemented.
Proof. (1) & (2) & (3) & (4) from Proposition 4.2.13.
(4) © (5) by Proposition 5.2.4.
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(e @) < ((6)=(7) < (8) fromLemmal.2.52. 0

Proposition 5.2.6. Let M be a uniserial module and Rad,(M) a minimal
submodule of M. If M is a G-Rad,-lifting module, then M is a (P,")-module.
Proof. Let E be a submodule of M. If E = 0, the proof is clear. Now, suppose
E # 0. As Rad,(M) < M and M a uniserial module, either E S Rad (M) or
Rad,(M) € E. Since Rad,(M) is minimal and E # 0, we have Rad,(M) S E.
As M is a G-Rad,-lifting module, then there is a decomposition M = L@®Y
suchthat L < E and ENY S Rad,(Y). Hence M is a (P;")-module. [

From Remarks and Examples 5.1.3(1), Propositions 5.2.1, 5.2.4 and 5.2.6

we deduce the following result.

Corollary 5.2.7. Let M be a uniserial module and Rad,(M) a minimal and
Rad,(M) <, M. Then the following are equivalent.

(1) M is a Rad,-lifting module.

(2) M is a (P;")-module.

(3) M is a G-Rad,-lifting module.

Proposition 5.2.8. Let M be a module and 0 # E < M with E N Rad,(M) = 0.
If E is a G-Rad,-lifting module, then E is semisimple.
Proof. Since, Rad,(E) € E N Rad,(M), then Rad,(E) = 0 and hence E is

semisimple by Proposition 5.1.6. O

Proposition 5.2.9. Let M be an indecomposable R-module and Rad,(M)
a proper g-small submodule of M. Then the following cases are equivalent.

(1) M is a local module.

(2) M is a hollow module.

(3) M is a generalized hollow module.
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(4) M is a Rad,-lifting module.

(5) M is a g-local module.

(6) M is a sgrs®-module.

(7) M is a G-Rad,-lifting module.
Proof. (1) = (2) = (3) Clear.

(3) = (4) clear.

(5) = (4) By Proposition 4.2.3.

(5) = (1) By Lemma 1.2.34.

(4) < (6) By Corollary 4.2.7.

(4) = (7) From Remarks and Examples 5.1.3(1).
(7) = (4) From Proposition 5.2.1. O

By Lemma 1.2.12 and Proposition 5.2.9, the following result is immediate.

Corollary 5.2.10. Let M be an indecomposable finitely generated R-module
with Rad,;(M) # M. Then the following are equivalent.

(1) M is a local module.

(2) M is a hollow module.

(3) M is a generalized hollow module.

(4) M is a Rad,-lifting module.

(5) M is a g-local module.

(6) M is a sgrs®-module.

(7) M is a G-Radg-lifting module.

Proposition 5.2.11. If M is a G-Rad,-lifting module, then.

(1) The factor M /Rad (M) is semisimple.

(2) M /E;(M) is semisimple whenever, Rad, (M) is a direct summand of M.
Proof. (1) Suppose that Rad,(M) <H < M. By Proposition 5.1.2(4),
H containing a g-Radical supplement C in M, ie, M=H+C and
HnC S Rad,(C), and that implies (H n C) + Rad,(C) = Rad,(C). Since,
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M _ H (C‘+Radg(M)) d H C+Radg(M) _ Hn(C‘+Radg(M)) _
Radg(M) Radg(M) Radg(M) Radg(M) Radg(M) Radg(M)

Radg(M)+(HNC) __ Radg(M)
Radg(M)  Radg(M)'

M/Rad,(M), and hence M /Rad (M) is semisimple.
(2) By Lemma 1.2.37, P,(M) = Rad,(M). By (1), M /P,(M) is semisimple.[

i.e, H/Rady(M) is a direct summand of

Proposition 5.2.12. Let M be a finitely generated module satisfies DCC on
g-small submodules. If M is a G-Rad,-lifting module, then M is Artinian.

Proof. By the same way of proof of Proposition 4.2.21. O

Corollary 5.2.13. Let M be a cyclic module satisfies DCC on g-small
submodules. If M is a G-Rad,-lifting module, then M is Artinian.
Proof. Clear by Proposition 5.2.12. O

Proposition 5.2.14. Let M be a G-Rad,-lifting module and Rad,(M) a proper
submodule of M, then there exists a decomposition M = C,®C, such that C;
is semisimple, Rad,(M) 2 C, and C,/Rad (M) is semisimple.

Proof. By Proposition 5.2.11(1), we get M/Rad,(M) is semisimple. Since,
Rad,(M) c M, we have the result by Lemma 1.2.33. [

Proposition 5.2.15. Assume M is a module over a g-V-ring R. If M is
a G-Rad,-lifting R-module, then M is refinable.

Proof. Let E, C < M with M = E + C. Since R is a g-V-ring, As a result of
this, Rady(M) = 0. Since M is G-Rad,-lifting and Rad,(M) < E, then there
exists a decomposition M = LY such that L < E and E N Y € Rad,(Y). By
the modular law we deduce that E = L(ENY). By ENY S Rad,(M) = 0,
E = Lthatimply M = L + C and L <® M. Hence M is a refinable module. O
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Proposition 5.2.16. Let P be a projective module. Then the following cases
are equivalent.

(1) P is G-Radg-lifting.

(2) P/Rad,(P) is semisimple and for every submodule T < P containing
Rad,(P), thereisa € <® P suchthatT = C, where T = T/Rad,(P).

Proof. (1) = (2) Let T be a suomodule of P such that Rad,(P) S T. Since,
P is a G-Radg-lifting module, thus from Proposition 5.2.11, P/Rad,(P) is
a semisimple module. Put T = T/Rad,(P). By Proposition 5.1.2, there is
a decomposition T = C®H such that C <® P and H © Rad,(P). As a result
of this, T € C + Rad,(P). But C+ Rad,(P) ST, so we deduce that
T =C + Rady(P). Thus, T/Rad,(P) = (C + Rad,(P))/Rad,(P), imply
T=C.

(2) = (1) LetT < P suchthat Rad,(P) € T. As P/Rad,(P) is semisimple,
we have that P/Rad,(P) = T/Rad,(P) ® H/Rad,(P) for some submodule
H of M. By (2), there exists a direct summand T of P such that P = T@N for
some submodule N of P,and T = C, such that H = N + Rad,(P). As aresult
of this, P=T+N+Rad,(P)=T+N. As P=T+ N is projective,
Lemma 1.2.32 implies P =T'@N with T"<T. Also, TNNCSTNH =
Rad,(P), hence P is a G-Rad,-lifting module. O

Proposition 5.2.17. Let M be a G-Rad,-lifting module with Rad,(M) # M.
Then M = WeH where W is a g-Radical supplement of Rad,(M) in M and

H a g-Radical.
Proof. Let Rad, (M) # M. As Rad,(M) < Rad,;(M) and M a G-Rad,-lifting

module, so by Proposition 5.1.2(4), Rad,(M) containing a g-Radical
supplement W in M and Rad;(M)nW <® Rad,(M). Therefore,
M = Rad,(M) + W and Rad,(M) N W S Rad,(W). However, Rad,(M) =

145



Chapter FIiVe....ou e e e G-Rad,-lifting modules and PG-Rad,-lifting modules

(Rad,(M) N W)®H for some H < Rad,(M). Hence, M = Rad,(M) + W =
W + (Rad,(M) N W)®H = W®H. By applying Lemma 1.2.10, we get
M = Rad,(M) + W = Rad,(W®H) + W = Rad,(W)®Rad,(H) + W =
Rad,(H)®W. Now, by modular law, H =H n (Rad,(H)®W) =
Rad,(H)®(W n H) = Rad,(H), thus H is a g-Radical.[]

Remark 5.2.18. The converse of Proposition 5.2.17 is not true, in general, for

example, in the Z-module Z we know that Rad,(Z ) = 0 # Z. Also, we have

the only decomposition of Z as Z-module is Z = Z&(0), such that Z is
a g-Radical supplement of Rad,(M) = 0 and its easy (0) is g-Radical, but

M = Z does not be G-Rad,-lifting Z-module.

Proposition 5.2.19. If M is an indecomposable module, then the following
cases are equivalent.

(1) M is G-Rad,-lifting.

(2) If E ¢ M and Rad,(M) < E, we have Rad,(M) = E.

Proof. (1) = (2) Suppose E < M such that Rad,(M) € E # M. Since, M is
a G-Rad,-lifting module, there is a decomposition M = T@®N such that T < E
and ENN € Rad,(N) € Rad,(M). Thus, M = E + N. And since, M is
indecomposable, either N =0 or N=M. If N =0 then E = M which is
a contradiction. Hence, N = M and then E = E NN < Rad,(M). Therefore,
E = Rad,(M).

(2) > (1) Suppose E <M with Rad,(M) S E. If E =M, then trivially,
there is a decomposition M = M@0 such that M < E and E N (0) € Rad,(M).
Let E # M, so by (2), we get E S Rad,(M). As a result of this, M = 06M,
(0)<EandENM =E < Rady(M). Thus, M is G-Rad,-lifting. [
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Corollary 5.2.20. The following are equivalent for a uniform module M.

(1) M is a G-Radg-lifting.

(2) If E ¢ M and Rad,(M) < E, we have Rad,(M) = E.

Proof. Since, every uniform module is indecomposable by Lemma 1.2.47, the

result comes directly by Proposition 5.2.19. [

As an application of Corollary 5.2.20, we show the following example.

Example 5.2.20. It is well known that Z as Z-module is uniform. Also, we
have that Rad,(Z) # nZ for all 0 # nZ c Z and Rad,(Z) = 0 € nZ, in fact,

this is a direct conclusion from Remarks and Examples 5.1.3(2) and Corollary
5.2.19.

5.3. Rings and localization of G-Rad,-lifting

In this section, we will discuss the localization and rings of

G-Rad,-lifting property under some conditions.

Theorem 5.3.1. Let M be a faithful, finitely generated and multiplication
module over a commutative ring R with identity. Then M is a G-Rad,-lifting
R-module if and only if R is a G-Rad,-lifting ring.

Proof. Suppose M is a G-Rad,-lifting R-module. Let I be any ideal of R such
that Rad,(R) € I. So, Rad,(R)M < IM, Lemma 2.6.1 imply Rad,(M) < IM,
and, there is a decomposition M = E@W such that E < IM and IM N W <
Rad,(W) € Rad,(M). Since M is multiplication, we have that E = JM and
W = EM for some ideals J and E of R. As a result of this, M = JM@EM such
that JM < IM and IM N EM S Rad,(M). From Lemmas 1.2.63, 1.2.64 and

Lemma 2.6.1, we conclude that R = J@®E, ] <1 and I NE S Rad,(R).
Since, Rg is G-Rad,-lifting.
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Conversely, assume that R is G-Rad,-lifting. Let H = IM be a submodule
of M with Rad,(M) € IM, for some ideal I of R. From Lemma 2.6.1,
Rady,(R)M < IM implies that Rad,(R) €I from Lemma 1.2.64. There is
a decomposition R = J@E such that /| <I and INE S Rad,(R). So,

M = (J®E)M = JM@EM such that JM < IM = H. By Lemma 1.2.63 and
Lemma 2.6.1, we have that HNEM = IM N EM = (I N E)M € Rad,(R)M =
Rad,(M). So, M is a G-Rad,-lifting R-module. [

Theorem 5.3.2. Let M be an R-module and S € R a multiplicative closed
such that L(T)NS =@ for each T < M. Then M is a G-Rad,-lifting as

R-module if and only if S™'M is a G-Rad,-lifting as S~*R-module.
Proof. Suppose M is a G-Rad,-lifting as R-module, and let S™'E < S™'M as
S~*R-module such that Rad,(S™'M) € S™'E. From Lemma 2.3.2, we have
that S™'(Rad,(M)) € S™'E, so E<M and Rady,(M) S E by Lemma
1.2.65. Then there is a decomposition M = H®W such that H < E and
EnNW € Rad,(W) for some W < M. From Lemmas 1.2.71, 1.2.65 and
2.3.2, we deduce that (STTH)®S W) =5"IM with S7'H < S71E and
(ST'E) N (ST'W) € Rady(S™'W). Thus, S™'M is a G-Rad,-lifting as
S~1R-module.

Conversely, let S™*M be a G-Radg-lifting as S~*R-module, and let
N <M such that Rad,(M) < N. Lemmas 1.2.65 and 2.3.2 implies that
STIN <S7'M and Rad,(S~*M) = S™*(Rad,(M)) € S~*N. Then there is
a decomposition (S71C)®(S W) =S"IM such that S71C < SIN and
(ST'N) N (S7'W) € Rady,(S™*W) where ST'W <S™'M. By Lemmas
1.2.71, 1.2.65 and 2.3.2, we have that C®OW =M withC < Nand NNnW <
Radg, (W) for some W < M. This means, M is G-Rad,-lifting. O
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Theorem 5.3.3. Let M be an R-module and S € R a multiplicative closed
such that for any W c M, (W:y,s)=W, for all s€S. Then M is
a G-Rad,-lifting as R-module if and only if S™IM is a G-Rad,-lifting as
S~1R-module.

Proof. Let M be a G-Rad,-lifting as R-module, and S™'E < S™'M as
S™'R-module such that Rad,(S™'M) € ST'E. From Lemma 2.3.5, As
a result of this, S™'(Rad,(M)) € S™'E and so Rad,(M) € E by Lemma
1.2.67. Then there is a decomposition M = H®W such that H < E and
ENW < Rad,(W) for some W < M. By Lemmas 1.2.71, 1.2.67 and 2.3.5,

STIM =TS W) such that ST'H<S'E and (S71E)n
(S™'W) € Rad,(S™'W). Hence S™*M is a G-Rad,-lifting as S~* R-module.
Conversely, suppose that S™*M be a G-Rad,-lifting as S™*R-module,
and let U < M such that Rad,(M) € U. From Lemmas 2.3.5 and 1.2.67,
S7'U <S7'M and Rad,(S™'M) = S™'(Rad,(M)) € S™'U. Then there is
a decomposition (S7IDYD(S W) =S"1M such that S7'D < S~ 'U and
ST'U) N (ST'W) S Rad,(S™*W) where S™'W < S~'M. By Lemmas
1.2.71, 1.2.67 and 2.3.5, we have that M = D@W such that D < U and
UNW < Rad,(W) where W < M. So, M is a G-Rad,-lifting as R-module.[]

5.4. Principally Generalized Rad,-lifting modules

This section is about given a generalization of G-Rad,-lifting which will

be restricted on cyclic submodules that we named PG-Rad,-lifting.

Definition 5.4.1. An R-module M is called principally generalized Rad,-lifting,
briefly PG-Rad,-lifting if, any cyclic subomodule E of M with Rad,(M) € E,
there is a decomposition M = T@®N such that T < E and E N N < Rad,(N).
Aring R is called PG-Rad,-lifting if, R is PG-Rad,-lifting.
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First, we will give many remarks with examples of PG-Rad,-lifting

modules.

Remarks and Examples 5.4.2.

(1) It is easily to ensure that every P-Rad,-lifting module is PG-Rad,-lifting,
and so every principally g-lifting module is PG-Rad,-lifting. As application
example, Q and Z/p"Z as Z-modules are P-Rad,-lifting Z-modules for any

prime number p and any n € Z*, see Remarks and Examples 4.4.2. Hence,
they are PG-Rad,-lifting modules.

(2) For any R-module M. If Rad,(M) = 0, then M is principally g-lifting if
and only if, it is P-Rad,-lifting if and only if, it is PG-Rad,-lifting.

(3) Any G-Rad,-lifting module is PG-Rad,-lifting. However, if M is a cyclic
module over a PID, then we know that every submodule of M is also cyclic.
Hence, any cyclic PG-Rad,-lifting module over a PID is G-Rad,-lifting.

(4) A PG-Rad,-lifting module not inherited by its submodules, for instance Q
as Z-module is PG-Rad,-lifting, while Z; < Qy is not PG-Rad,-lifting, to see
this: it is well know that Rad,(Z;) = 0, then for any nZ < Z we have
Rad,(nZz) € Rad,(Zz) = 0 for any n € Z*. However, if nZ c Z for any
n € Z*, then there is only decomposition Z = (0)@Z such that (0) < nZ
whilenZ NZ =nZ € 0 = Rad,(nZ).

(5) Evidently, any principally generalized hollow module is PG-Rad,-lifting,
also every principally semisimple module is PG-Rad,-lifting, however, the
converse is not true in general, as see the Z-module Z,, is PG-Rad,-lifting but

neither principally semisimple nor principally generalized hollow.

Now we will give some appropriate definitions of PG-Rad,-lifting

modules and prove the equivalency among them.
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Proposition 5.4.3. The following are equivalent for an R-module M.

(1) M is a PG-Rad,-lifting R-module.

(2) for any m € M with Rad,(M) € mR, can be written as mR = H®G,
where H is a direct summand of M and G € Rad,(M);

(3) for any m € M with Rad,(M) S mR, there exists a direct summand C of
M such that C < mR and mR/C < Rad,(M/C),

(4) for any m e M with Rad,(M) € mR, mR containing a ¢g-Radical
supplement C in M such that mR n C is a direct summand of mR;

(5) for any m € M with Rad,(M) S mR, there is an e = e* € End(M) with
eM <mR and (1 —e)mR S Rad,(1 —e)M,

(6) for any m € M with Rad,(M) < mR, there is a submodule T of M inside
mR such that M = T@C and C a g-Radical supplement of mR in M,

(7) for any m € M with Rad,(M) < mR, there are principal ideals I and J of
R such that mR = mI @ mJ, where mI <® M and mJ < Rad,(M).

Proof. (1) = (2) Suppose m € M with Rad,(M) S mR. By (1), there exists
a decomposition M = H®S such that H < mR and mR NS € Rad,(S) <
Rad,(M). By modular law, we have mR = H&(mR N S). PutmR NS = G.
Thus mR = H®G such that H <® M and G < Rad,(M).

(2) = (3) Let m € M such that Rad,(M) € mR. From (2), mR = E®@W
such that £ <® M and W < Rad,(M). Suppose, the canonical map
m:M— M/E. As W S Rad,(M), we have (E+W)/E=nW)c
n(Rad,(M)) € Rad,(M/E),i.e., mR/E S Rad,(M/E).

(3) = (4) Let m € M such that Rad,(M) € mR. By (3), thereisa C <® M
with ¢ <mR and mR/C € Rad,(M/C), where M = COW for a W < M,
Since, M = mR + W. By modular law, mR = C@®(mR nW). So, mR/C =
mRNW and M/C = W. Thus, mR N W < Rad,(W). Thus, mR containing

a g-Radical supplement W in M and mR N W <® mR.
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(4) = (5) Let m € M such that Rad,(M) € mR. By (5), mR containing
a g-Radical supplement D in M such that mR n D <® mR. As a result of this,
M =mR+ D and mR N D € Rad,(D). So, mR = (mR N D)@H for some
H <mR. Thus, M = (mRnN D)®H + D = H®D. Suppose, that e:M — H,
e(h+d)=hand (1—e):M — D; 1—e(h+d) =d are projection maps
for all h+d € M. Obviously, e = e? € End(M). Since eM = H < mR
and(1-e)ymR=mRnN(1—e)M =mRND S Rady(D) = Rad,(1 —e)M.
(5) = (7) Suppose m € M such that Rad,(M) € mR. By (6), there exists
an e = e? € End (M) such that eM < mR and (1 — e)mR S Rad,(1 — e)M.
Consider M = eM@®(1 — e)M. If r € R such that mr = (1 — e)m’ for some
m eM, so m"=em'+mremR, a eM <mR, and then mRnN
(1—e)M < (1 —e)mR. Thus, mRnN (1—e)M = (1 —e)mR. By modular
law, we have mR=mR N (eM®(1 —e)M) =eM®(mRN (1 —e)M) =
eM®(1—e)mR. We put I={a€R:ma€eM} and J={b€ER:mbE€
(1—e)mR}. It comes mR=mIi®mJ, where ml=eM <® M and
mJ = (1 —e)mR < Rad,(1 — e)M, and thus m/ € Rad,(M).

(7) = (1) By (8), let m € M such that Rad,(M) S mR. Then there exists
two ideals I and J of R such that mR = mI@mJ, where ml is direct summand
of M and m/ € Rad,(M). As a result of this, mR/mI =mj]. Also,
M = mI®H for some H < M. Hence mR = mI®(mRNH), by the modular
law, and so mR N H = mR/ml = mJ € Rad,(M). AsmRNnH <H <% M,
thenmR N H € Rad,(H) by Lemma 1.2.7. Hence, (1) holds.

(1) = (7) Suppose that m € M such that Rad,(M) < mR. Since, M is
a PG-Radg-lifting module, so there is a decomposition M =T&C with
T <mR and mRNC S Rady(C). Hence, M =mR +C, and then C is
a g-Radical supplement of mR in M.

(7) = (1) Evident. []
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Proposition 5.4.4. If M is a PG-Radg-lifting R-module that all its cyclic
submodules are indecomposable contains Rad, (M), then these submodules

either direct summand or generalized Radical.
Proof. Let x € M such that Rad,(M) < xR. Since M is a PG-Rad,-lifting

module, so by Proposition 5.4.3(2), we get that xR = T@®D where T <® M
and D € Rad,(M). According to the hypothesis, Rad,(M) S xR and xR is
indecomposable. As a result of this, either xR =T or xR = D € Rad,(M).

Thus, xR <® M or xR = Rad,;(M), as required. O

Proposition 5.4.5. Let M be a PG-Rad,-lifting R-module and suppose E is
a direct summand of M contains Rad, (M), then E is PG-Radg-lifting.

Proof. Let E <® M such that Rad,(M) S E. Let x € E with Rad,(E) S xR,
then by Lemma 1.2.37(1) we have Rad,(M) = Rad,(E), thus Rad,(M) <
xR. As M is a PG-Radg-lifting module, Proposition 5.4.3(2) implies
xR =T®N suchthat T <® Mand N € Rad,(M). Thus M = T@®D for some
D < M. Hence by the modular law, we have E = T&®(E n D), that means
xR =T®N with T <® E and N € Rad,(M) = Rad,(E). By Proposition
5.4.3(2), E is PG-Rad,-lifting. [

Corollary 5.4.6. Let M be a R-module. Then M is PG-Rad,-lifting if and only
if any direct summand of M contains Rad, (M) is PG-Rad,-lifting.
Proof. =) By Proposition 5.4.5.

<) As M is a direct summand of itself with Rad,(M) S M. By assuming,

M is a PG-Rad,-lifting module. O

Corollary 5.4.7. Let M be a PG-Rad-lifting R-module. If Rad,(M) <® M,
then Rad, (M) is PG-Rad,-lifting.
Proof. By Proposition 5.4.5 Rad (M) is PG-Rad,-lifting. [
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Now, we will discuss direct sum of PG-Rad,-lifting modules.

Theorem 5.4.8. Let M = M;@®M, be any direct sum of PG-Rad,-lifting
R-modules. If M is a duo (or, distributive) module, then M is PG-Rad,-lifting.
Proof. Let x € M such that Rad,(M) € xR and M = M, @M, is duo. As, xR
is fully invariant in M, Lemma 1.2.14 imply xR = (M; N xR)®(M, N xR).
We deduce that M; N xR is a cyclic in M; and Rad,(M;) € M; N xR for each
i = 1,2. As M; is PG-Rad,-lifting, then there is a decomposition M; = V;®W;
such that V; < M; n xR and (M; N xR) N W; = xR N W; € Rad,(W;) for i =
1,2. Putting V=V, @V, and W =W, @ W,. Thus, M =V @W such that
V=V, ®V,<(M;NnxR)® (M, nxR) = xR, and then xRNW = (xRN W,) @
(xR N W,) € Rad,(W;) ® Rad,(W,) = Rad,(W; & W,) = Rad,(W), as we
see in Lemma 1.2.10, so M is PG-Rad,-lifting. We prove the theorem for

distributive by the same way. O

Theorem 5.4.9. Let {M;|i € I} be an infinite family of PG-Rad,-lifting
modules. If M =@,¢; M; is a duo module, then M is PG-Rad,-lifting.
Proof. By the same way of proof of Theorem 5.4.15. 0

Theorem 5.4.10. If M is a direct sum of PG-Rad,-lifting R-modules M,, M,
such that M, is quasi-projective and M,-projective, then M = M, @M, is
PG-Radj-lifting.

Proof. Let x € R such that Rad,(M) € xR where M = M;@®M,. As a result
of this, M; N (xR + M;) < M; and Rad,(M;) € M, n (xR + M;). Since, M;
is PG-Rad,-lifting, then there is a decomposition M; = C;DC,, C; < My N
(xR + M;) and C, N (xR + M) € Rad,(C;). Since C;DC,OM, < (xR +
M,)DC,®M, = xR + (C,BM,) then M = xR + (C,®M,). Since, M; is
a quasi-projective module and M,-projective, so C; is C,@M,-projective. By
Lemma 1.2.31, there is E; < xR such that M = E;@®(C,®M,). It is obvious
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to confirm that xR n (L + C,) = L n (xR + C,) for any L < M,. Moreover,
we have that M, N (xR + C;) < M, with Rad,(M;) € M, n (xR + C;) and
M, is a PG-Rad,-lifting module, then there is a decomposition M, = C,®C,,
C; <M,n (xR +C,) =xRn (M, +C,) <xR and hence C, N (xR + C,) S
Rad,(C;). We conclude that M = (E;®C,)®(C,DC,), E;®C; < xR and
xR N (C,®C,) = C, N (xR + C,) S Rad,(C,DC,). Therefore, we get M is
a PG-Rad,-lifting module. O

Corollary 5.4.11. Let M = M, @M, such that M, is a semisimple R-module
and M, a PG-Rad,-lifting R-module, and they are relatively projective with
M;, then M is PG-Rad,-lifting.

Proof. Since M, is a semisimple R-module, hence it is principally semisimple.
By Remarks and Examples 5.4.2(5), M; is PG-Rad,-lifting and so from
Theorem 5.4.10, M is a PG-Rad,-lifting module.

Now, we will discuss the factor modules of PG-Rad,-lifting modules

under some terms.

Proposition 5.4.12. Let M = W&@®C with Rad,(M) € C, where W, C are
submodules of M. If M is PG-Rad,-lifting, then M /W is PG-Rad,-lifting.
Proof. Suppose M = WeC such that Rad,(M) S C. From Proposition 5.4.5,
C is a PG-Rad,-lifting module. Since, M /W = C, hence M /W is a PG-Rad,-
lifting module. O

Corollary 5.4.13. Assume M = kerf@®N is a PG-Rad,-lifting module and
f:M — L an epimorphism with Rad,(M) < N. Then L is PG-Rad,-lifting.
Proof. By Proposition 5.4.12, M /ker f is PG-Rad,-lifting. By 1% isomorphism
theorem M /kerf = L. Hence, L is PG-Rad,-lifting.
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Theorem 5.4.14. Let M be a PG-Rad,-lifting R-module and suppose E < M.
If (C+E)/E <® M/E forany C <® M, then M/E is PG-Rad,-lifting.

Proof. Let E < xR < M such that x € M and Rad,(M/E) S xR /E. Suppose,
that my; is the natural map form M onto M/E. As, Rad,(M) € M, we get
g (Rady(M)) € Rady;(M/E) € xR/E, and then Rad,(M) S xR. Since,
M is PG-Rad,-lifting, then by Proposition 5.4.3(3), there is a C <® M such

that C < xR and xR/C S Rad,(M/C). By the assuming (C + E)/E <® M/E.

M/c

Fr0)/C as the canonical

Evidently, (C + E)/E < xR/E. Define, Y:M/C -

map. Since, xR/C S Rad,(M/C), therefore xR/(E +C) =vy(xR/C) S
Y(Rad,(M/C)), this imply xR/(E + C) € Rad,(M/(E + C)). Therefore,
M /E is PG-Radg-lifting, by Proposition 5.4.3(3). O

Proposition 5.4.15. Let M be a PG-Rad,-lifting module and E a distributive
(or, fully invariant) submodule of M. Then M/E is PG-Rad,-lifting.

Proof. Assume T <® M, then M = T@®N for some N < M. It is obvious that
M/E =({(T+E)/E)+ ((N+E)/E). As E is distributive, so a result of this,
(T+E)N(N+E)=(TNN)+E=E. So (T+E)/E)n((N+E)/E)=0,
that is (T + E)/E <® M/E. Thus, by Theorem 5.4.14, M/E is a PG-Rad,-
lifting module. Now we prove the same result for fully invariant submodule.
Suppose that E < M is fully invariant, thus from Lemma 1.2.19 we get that
M/E={(T+E)/E)®((N+E)/E), ie, (T+E)/E is a direct summand
of M/E. Hence, M/E is a PG-Rad,-lifting module by Theorem 5.4.21. [0

Corollary 5.4.16. If M is a PG-Rad,-lifting module, then both M /Rad (M)
and M /F, (M) are PG-Rad,-lifting modules.

Proof. By Lemmas 1.2.8 and 1.2.36, respectively, Rad,(M) and F,(M) are
fully invariant submodules of M. Hence by Proposition 5.4.8 M /Rad (M)
and M /B, (M) are PG-Rad,-lifting. O
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Corollary 5.4.17. Let M be a PG-Rad,-lifting module. If M is distributive (or,
duo), then any factor module of M is also PG-Rad,-lifting.
Proof. Evident by Proposition 5.4.15. [

Corollary 5.4.18. Let M be a weak duo module and H a direct summand of
M. If M is a PG-Rad,-lifting module, then H and M/H are PG-Rad,-lifting
modules.

Proof. Let M = H®C for some C < M. Since M is a weak duo module, then
H and C are fully invariant submodules of M. Thus, by Proposition 5.4.15,
H =M/Cand M/H are PG-Rad,-lifting modules. O

Corollary 5.4.19. Suppose that M be a module and H <® M. Then M is
PG-Rad,-lifting if and only if H and M/H are PG-Rad,-lifting modules,
whenever:

(1) M is a duo module, or

(2) M is a distributive module.

Proof. (1) =) As any duo module is weak duo, Corollary 5.4.18 leads to the
result.

<) Since M = H®(M /H), we deduce the result by Theorem 5.4.8.

(2) =) Let H <® M, then M = H®N for some N < M. From Corollary
5.4.17, H = M/N and M /H are PG-Rad,-lifting.

&) Let H <® M, then M = H®N for some N < M. Hence M/H = N. Thus
M = H®(M/H), the result comes by Theorem 5.4.8. [

Corollary 5.4.20. Let f: M — M be any homomorphism. If M is a distributive
(or, duo) PG-Rad,-lifting module, then Imf is also PG-Rad,-lifting.

Proof. Suppose that M is a distributive and PG-Rad,-lifting module. Suppose,
f:M — M be any homomorphism. By 1%t isomorphism theorem, M/E = Imf
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for some E < M. By Corollary 5.4.17, M/E is PG-Rad,-lifting and hence
Imf is PG-Rad,-lifting. O

From Corollary 5.4.20, we get the following corollary.
Corollary 5.4.21. Let f: M — M be an epimorphism from a distributive (or,
duo) module M onto module M. If M is a PG-Rad,-lifting module, then M is
also PG-Rad,-lifting.

Corollary 5.4.22. Suppose that f: M — M an homomorphism for a modules
M, M and kerf is a distributive, or fully invariant submodule of M. If M is
a PG-Rad,-lifting module, then Imf is PG-Rad,-lifting also.

Proof. By Proposition 5.4.15 we get M /kerf is a PG-Rad,-lifting module. By
1*t isomorphism theorem, M /kerf = Imf and so Imf is PG-Radg-lifting. [

Proposition 5.4.23. If M is a PG-Rad,-lifting R-module, then.

(1) M/Rad (M) is principally semisimple.

(2) M/P,(M) is principally semisimple, whenever Rad,(M) <® M

Proof. (1) Suppose x € M and Rad,(M) < xR < M. By Proposition 5.4.3(4),

xR containing a g-Radical supplement € in M, i.e, M =xR+CCandxRnC <

Rad,(C). Thus xR n € € Rad,(M). As (xR n C) + Rad,(M) = Rad,(M), then

M xR (C+Radg(M)) xR C+Radg(M)\
we  get Radg(M)  Radgy(M) t Rad (M) and (Radg(M)) n < Rad (M) ) o
xRﬂ(C'+Radg(M)) Radg(M)+(xRNC) _ Radg(M) . XR e M
= = e, < and
Radg(M) Rady(M) Radgy(M) Radgy(M) Radgy(M)

thus M /Rad, (M) is principally semisimple.
(2) From Lemma 1.2.37(2), we have F,(M) = Rad,(M). By (1), M/F;(M) is

principally semisimple. O

Proposition 5.4.24. Let M be a cyclic and PG-Rad,-lifting module over a PID
R. Then M is Artinian if, M satisfies DCC on g-small submodules.
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Proof. From Remarks and Examples 5.4.2(3) we get M is a G-Rad,-lifting

R-module. On the other hand, M is cyclic, implies finitely generated. Thus,

the result comes by Proposition 5.2.13. O

Proposition 5.4.25. Suppose that P be a projective R-module. Then P is
PG-Rad,-lifting if and only if P/Rad,(P) is principally semisimple and for
any cyclic submodule W < P contains Rad,(P), there exists a C <® P such
that W = C, where W = W /Rad,(P).

Proof. =) Let x € P such that Rad,(P) <€ xR. Since P is a PG-Rad,-lifting
R-module, thus by Proposition 5.4.23 P/Rad,(P) is principally semisimple.
Put xR = xR/Rad,(P). By Proposition 5.4.3(2), there is a decomposition
xR = C@®H such that € <® P and H < Rad,(P). As a result of this,
xR € C + Rad,(P). But C + Rad,(P) S xR, that mean xR = C + Rad;(P).
Since xR/Rad,;(P) = (C + Rad,(P))/Rad,(P), imply xR = C.

<) Suppose that x € P with Rad,(P) € xR. As P/Rad,(P) is principally
semisimple, we have that P/Rad,(P) = xR/Rad,(P) ® H/Rad,(P) for
some submodule H of M. Also, by the hypothesis, there is a direct summand
T of P such that xR = T, where P = T®N for submodule N of P. Since,
P/Rad,(P) = T® (N + Rad,(P))/Rad,(P) and hence H = N + Rad,(P).
As a result of this, P=T+ N+ Rad,(P) =xR+ N. As P=xR+ N is

projective, Lemma 1.2.32 implies P = T'@®N with T’ < xR. Also, xRN N <
xR N H = Rad,(P), then P is a PG-Rad,-lifting R-module. [

Corollary 5.4.26. Let R be an arbitrary ring. Then R is PG-Rad,-lifting if and
only if R/Rad,(R) is principally semisimple and for any cyclic ideal I <R
contains Rad,(R), thereisaJ <® Rsuchthat] = J, and I = I/Rad,(R).

Proof. Since R = (1) is a free ring, so it is projective. Hence, the outcome is

follows directly by Proposition 5.4.25. O
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Proposition 5.4.27. Let M be a PG-Radg-lifting R-module such that
Rad,(M) is a proper cyclic in M. Then M = W&@H where W is a g-Radical
supplement of Rad,; (M) in M and H is g-Radical.

Proof. Suppose M is a PG-Rad,-lifting R-module with Radg,(M) # M.
Since, Rad,(M) < Rad,(M) and cyclic, it comes by Proposition 5.4.3(4),
Rad, (M) containing a g-Radical supplement W in M such that Rad,(M) N
W <® Rad,(M). Thus, M = Rad,(M) + W and Rad,(M) N W S Rady,(W).
Also, there is a submodule H of Rad,(M) such that Rad,(M) =
(Rady,(M) NW)®H. So, M =Rad,(M)+W =W + (Rad,(M) N W)®H =
WeH. By Lemma 1.2.10, M = Rad,(M) + W = Rad,(W)®Rad,(H) +
W = Rad,(H)®W. By the modular law, H = H n (Rad,(H)®W) =
Rad,(H)®(W n H) = Rad,(H), which mean H is g-Radical. 0

5.5. Connections with PG-Rad,-lifting modules

This section will highlight several connections between the idea of

PG-Rad,-lifting module and other forms of modules.

Proposition 55.1. Let M be an R-module containing zero generalized
Radical. Then M is PG-Radg-lifting if and only if M is principally
semisimple.

Proof. =) Assume that M is a PG-Rad,-lifting R-module and x € M. Since,
Rad,(M) = 0 € xR, then there is a decomposition M = T@®N with T < xR
and xR NN € Rad,(N). As a result of this, M =xR+ N and xXRNN S
Rad,(M) = 0. Thus, xR <® M and then M is principally semisimple.

<) Clear by proposition 5.4.2. 0
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Proposition 5.5.2. Let M be a PG-Radg-lifting module containing zero
generalized Radical, then all its cyclic submodules are PG-Rad,-lifting.
Proof. By Proposition 5.5.1, M is a principally semisimple module, thus any

cyclic submodule of M is a direct summand that contains Rad,(M) = 0. By

Proposition 5.4.8, any cyclic submodule of M is PG-Rad,-lifting. [

Corollary 5.5.3. Let M be an R-module. If M is an g-noncosingular R-module
or, R is a g-V-ring, then any cyclic submodule of M is PG-Rad,-lifting,
whenever M is PG-Rad,-lifting.

Proof. It follows from Lemma 1.2.21 (resp., definition of g-V-ring) and
Proposition 5.5.2. [

Corollary 5.5.4. Let M be amodule, 0 # E < M and E N Rad,(M) = 0. If E
is PG-Rad,-lifting, then E is principally semisimple.

Proof. Since Rad,(E) € E N Rad,(M), then Rad,(E) = 0 and hence E is
principally semisimple by Proposition 5.5.1. [

Proposition 5.5.5. let M is PG-Rad,-lifting R-module and Rad,(M) <z M
then M is P-Rad,-lifting.

Proof. Suppose that m € M with Rad,(M) < mR. As M is PG-Rad,-lifting,
then there is a decomposition M = T@®N, T < mR and mR N N < Rad,(N).
From Rad,(N) € Rad,(M) <, M, we deduce that mR N N <, M. Thus, by
Proposition 4.4.3(2), M is P-Rad,-lifting.O

Corollary 5.5.6. Let M be an R-module M such that Rad,(M) <, M. Then
M is PG-Rad,-lifting if and only if M is P-Rad,-lifting.
Proof. It comes by Remarks and Examples 5.4.2(1) and Proposition 5.5.5. []

Corollary 5.5.7. If M is a finitely generated R-module, then M is PG-Rad,-
lifting if and only if M is P-Rad,-lifting.
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Proof. By Lemma 1.2.12, we get Rad,(M) <, M. So, the result is followed
by Proposition 5.5.2. []

Proposition 5.5.8. If M is an indecomposable R-module, then the following
cases are equivalent.

(1) M is PG-Rad,-lifting.

(2) For all proper cyclic submodule E < M containing Rad, (M), E = Rad,(M).
Proof. (1) = (2) Let x € M such that Rad,(M) € xR # M. By (1), then
there is a submodule T of M in xR such that M = T@C and C a g-Radical
supplement of xR in M, see Proposition 5.4.3(6). Thus, M = xR + C and
xR NC S Rady(C). As M is indecomposable, either C =0 or C = M. If
C = 0 then xR = M, a contradiction. Thus, C = M and then xR = xRN C <
Rad,(M). Hence, xR = Rad,(M).

(2) > (1) Let x € M such that Rad,(M) € xR. If xR = M, then trivially,
there is a decomposition M = M@ (0) with M < xR and xR N (0) € Rad,(M).
Let xR # M, so by (2) we get xR € Rad,(M). Thus, M = (0)®M, (0) < xR
and xR N M = xR € Rad,(M). []

Corollary 5.5.9. The following are equivalent for a uniform R-module M.

(1) M is a PG-Rad,-lifting.

(2) For all proper cyclic E < M containing Rad, (M), E = Rad,(M).

Proof. As every uniform module is indecomposable, Proposition 5.5.8
directly yields the result. [

Proposition 5.5.10. Let M be an R-module with Rad,(M) = 0. Then the
following are equivalent.

(1) M is principally semisimple.

(2) M is a P-(P,")-module.

(3) M is PG-Rad,-lifting
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Proof. (1) = (2) Clear by Proposition 2.5.14.
(2) = (3) Clear by their definitions. (3) = (1) by Proposition 5.5.1. O

Corollary 5.5.11. The terms “PG-Rad,-lifting” and “principally semisimple”
for an R-module M are equivalent for any of the following conditions hold:

(1) M is g-noncosingular.

(2) R is a g-V-ring.

Proof. (1) By Lemma 1.2.21, we have Rad,(M) = 0. Hence, the result was
held by Proposition 5.5.10.

(2) Since R is a g-V-ring, hence Rad,(M) = 0. Hence the result follows by

Proposition 5.5.10. [

Proposition 5.5.12. Let M be a uniserial R-module. If M is PG-Rad,-lifting
and Rad, (M) is minimal in M. Then,

(1) Every nonzero cyclic submodule containing Rad,(M).

(2) Every cyclic submodule of M is a direct summand.

(3) M is principally semisimple.

Proof. (1) Let 0 # x € M. Since Rad,(M) < M and M a uniserial, then either
xR € Rad,(M) or Rad,(M) < xR. Since, Rad,(M) is minimal and xR # 0,
we have Rad,(M) S xR.

(2) Let E be any cyclic submodule of M. If E = 0, then E trivially a direct
summand. Suppose E # 0, by (1) Rad,(M) S E. As M is a PG-Rad,-lifting
module, then by Proposition 5.4.3(6), there is a decomposition M = TGN
suchthat T < E and E NN € Rad,(N). Therefore, M = E+ NandENN <
Rad,(M). As Rad,(M) is minimal in M, we have that E NN = 0. Thus
E <® M.

(3) From (2) we get that every cyclic submodule is a direct summand of M.

This imply M is a principally semisimple module. O
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Proposition 5.5.13. Let M be a uniserial R-module and Rad,(M) a minimal
in M. If M is PG-Rad,-lifting and 0 # m € M, then mR is PG-Rad,-lifting.
Proof. Suppose that M is a PG-Rad,-lifting module and 0 # m € M. From
Proposition 5.5.12(1,2), mR containing Rad,(M), respectively, mR <® M.
Hence by Proposition 5.4.8 mR is PG-Rad,-lifting.

Proposition 5.5.14. Let M be a uniserial module and Rad,(M) a minimal
submodule of M. Then the following are equivalent.

(1) M is a principally semisimple module.

(2) M is a P-(P,")-module.

(3) M is a PG-Rad,-lifting module.

Proof. (1) & (2) By Corollary 2.5.15.

(2) = (3) Clear by definitions.

(3) = (1) By Proposition 5.5.12. O

Now, we will give some cases to make PG-Rad,-lifting modules inherit
their direct summands as well.
Proposition 5.5.15. Consider M be an R-module. If Rad,(M) = 0 or, M is
g-noncosingular. Then the following are equivalent.
(1) M is principally semisimple.
(2) M is principally g-lifting.
(3) M is P-Rad,-lifting.
(4) M is P-(P;")-module.
(5) M is PG-Rad,-lifting.
(6) M is principally &-g-supplemented.
(7) M is a principally sgrs®-module.
(8) M is ©-PG-Rad,-supplemented.
(9) M is &-PG-Radical supplemented.
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(10) M is PG-Radical supplemented.

Proof. (1) = (2) = (3) By Proposition 4.5.5.

(3) = (4) Letm € M. As Rad,(M) = 0 S mR, so there is a decomposition
M =T@®N with T <mR and mRNN <, N. Thus mR NN &, Rad,(N)
and hence, (4) hold.

(4) = (5) By Proposition 5.5.10.

(5) = (6) Assume x € M. As Rad,(M) = 0 € xR and M a PG-Rad,-lifting
module, then by Proposition 5.4.3(4) there exists M = T@N with T < xR and
xRNN € Rad;(N) € Rad,(M) = 0. So that, M =xR+N and xRN N =
0 <4 N. Thus M is principally &-g-supplemented.

(6)=(7) = (8) = (1) By Lemma 1.2.61.

(1) & (9) & (10) By Proposition 3.2.28. O

Corollary 5.5.16. Let M be a cyclic module over a PID R with Rad,(M) = 0.
Then the following are equivalent.

(1) M is semisimple.

(2) M is principally semisimple.

(3) M is g-lifting.

(4) M is principally g-lifting.

(5) M is &@-g-supplemented.

(6) M is principally &-g-supplemented.
(7) M is a sgrs®-module.

(8) M is a principally sgrs®-module.
(9) M is ©-G-Radg-supplemented.

(10) M is ©-PG-Rad,-supplemented.
(11) M is Rad,-lifting.

(12) M is P-Rad,-lifting.

(13) M is G-Rad,-lifting.
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(14) M is PG-Rad,-lifting.

(15) M is a (P,")-module.

(16) M is a P-(P,")-module.

(17) M is ®-g-Radical supplemented.

(18) M is principally é@-g-Radical supplemented.

(19) M is g-Radical supplemented.

(20) M is principally g-Radical supplemented.

Proof.(1) & (11) & (13) & (15) & (17) < (19) By Proposition 5.2.19.
2)e @) = (6) = (8) = (10) = (12) = (14) = (16) = (18) &
(20) By Proposition 5.5.15.

MHDeR@eB)eMMMeaB) =267 =0B8)=09 <10
From Lemma 1.2.61. O

Proposition 5.5.17. Suppose the following cases for an R-module M:

(1) M is PG-Rad,-lifting.

(2) M /Rad (M) is principally semisimple.

Then (1) = (2). If M is a refinable R-module, then (2) = (1).

Proof. (1) = (2) By Proposition 5.4.30.

(2) = (1) Suppose that m € M such that Rad,(M) € mR. As M/Rad,(M)
is principally semisimple and mR/Rad (M) is cyclic in M /Rad (M), hence
there is D < M such that M/Rad,(M) = (mR/Rad,(M))®(D/Rad,(M)),
where D/Rad,(M) < M/Rady(M). Thus, M =mR+D and mRND =
Rad,(M). As M = mR + D is refinable, then there exists a direct summand T
of M suchthat T <mRand M =T + D. Suppose, =: M - M /T is a canonical
map. As mR N D € Rad,(M), then m(mR N D) € m(Rady,(M)) and thus

MRODT < Rad, (%) By modular law, we have that TF20mR - MOmR
T T T

mTR € Rad, (g) Thus M is PG-Rad,-lifting, by Proposition 5.4.3(3). [
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Corollary 5.5.18. Let M be a refinable and cyclic module over a PID R. Then
the following are equivalent.

(1) M is a principally sgrs®-module.

(2) M is a sgrs®-module.

(3) M is PG-Rad,-lifting.

(4) M is G-Radg-lifting.

(5) M /Rad (M) is principally semisimple.

Proof. (1) & (2) By Lemma 1.2.54.

(1) & (5) By Lemma 1.2.55.

(3) & (4) By Remarks and Examples 5.4.2(3).
(3) & (5) By Proposition 5.5.17.0

Corollary 55.19. If M is a nonzero indecomposable R-module with
Rad,(M) = 0, then the following are equivalent.
(1) M is principally semisimple.

(2) M is principally g-lifting.

(3) M is P-Rad,-lifting.

(4) M is principally (P,")-module.

(5) M is PG-Rad,-lifting.

(6) M is principally @-g-supplemented.

(7) M is a principally sgrs®-module.

(8) M is ©-PG-Rad,-supplemented.

(9) M is principally &©-g-Radical supplemented.
(10) M is principally g-Radical supplemented.

(11) M is local.

(12) M is hollow.

(13) M is principally generalized hollow.

Proof. (1) & - < (10) By Proposition 5.5.15.
(1) & (11) & (12) < (13) By Corollary 5.2.9.
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5.6. Rings and localization of PG-Rad,-lifting

We are going to study the behavior of PG-Rad,-lifting modules as rings

and we discussed under localization.

Theorem 5.6.1. Let M be a faithful, finitely generated and multiplication
module over a commutative ring R with unity. Then M is a PG-Rad,-lifting
R-module if and only if R is a PG-Rad,-lifting ring.

Proof. Suppose that M is a PG-Rad,-lifting R-module. Let I be any principal
ideal of R such that Rad,(R) € I. As M is a finitely generated multiplication
R-module, then IM is a cyclic submodule of M. Thus, Rad,(R)M < IM. So,
by Lemma 2.6.1 Rad,(M) < IM, and there exists a decomposition M =
E®W such that E <IM and IM N W < Rad,(W) € Rad,(M). As M is
multiplication, we have that E = JM and W = EM for some ideals J and E of
R. As a result of this, M = JM@®EM such that JM < IM and IM N EM <
Rad,(M). From Lemmas 1.2.63, 1.2.64 and 2.6.1, we conclude that

R=]J®E,J <IandINE < Rad,(R). Since, Ry is PG-Radg-Iifting.
Conversely, suppose that R is PG-Rad,-lifting. Let H = IM be a cyclic
submodule of M with Rad,(M) < IM, for some ideal I of R. Because M is

a finitely generated multiplication R-module, then I is cyclic in R. By Lemma
2.6.1, Rad,(R)M S IM implies Rad,(R) €1 by Lemma 1.2.64. There is

a decomposition R =J@E such that J <I and INE S Rad,(R). So,

M = (JOE)M = JM@®EM such that JM < IM = H. By Lemma 1.2.63 and
26.1, we have that HNEM =IMNEM = (INE)M S Rad,(R)M =

Rad,(M). Hence, M is PG-Rad,-lifting.
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Theorem 5.6.2. Let M be an R-module and S € R a multiplicative closed
such that L(T)NnS =@ for each T < M. Then M is a PG-Rad,-lifting as
R-module if and only if S™'M is a PG-Rad,-lifting as S~'R-module.
Proof. Suppose M is a PG-Rad,-lifting as R-module and let S~1E be a cyclic
submodule of S™'M as S™'R-module such that Rad,(S™*M) € ST'E. From
Lemma 2.3.2, we have that S™'(Rad,(M)) € S™'E, so E is cyclic in M such
that Rad,(M) € E, see Lemma 1.2.66. Then there exists a decomposition
M = H@®W such that H < E and ENW < Rad,(W) for some W < M.
From Lemmas 1.2.71, 1.2.65 and 2.3.2, we get (S"'H)DS W) =S"1m
with ST'H < S7'E and (S7'E) N (S™'W) € Rad,(S™'W). Hence, S™'M is
a PG-Rad,-lifting as S™*R-module.

Conversely, suppose S™*M isa PG-Rad,-lifting as S~1R-module, and let
E be a cyclic submodule of M such that Rad,(M) < E. Lemma 1.2.66 and
2.3.2 implies ST'E is a cyclic submodule of S™'M and Rad,(S™'M) =
S™'(Rad,(M)) € ST'E. Then there is a decomposition (ST'C)@®(S™'W) =
S™'M suchthat S™'C < ST'E and (S7'E) n (§™'W) S Rad,(S™'W) where
S™w < S7IM. By Lemmas 1.2.71, 1.2.65 and 2.3.2, we have that COW =
M such that C < E and ENW S Rad,(W) for a W < M, that means M is
a PG-Rad,-lifting as R-module. [

Theorem 5.6.3. Suppose that M be an R-module and S € R a multiplicative
closed set such that forany W c M, (W:,s) =W, forall s € S. Then M is
a PG-Rad,-lifting as R-module if and only if S™IM is a PG-Rad,-lifting as
S~1R-module.

Proof. Let M be a PG-Rad,-lifting as R-module and let S™*E be a cyclic
submodule of S™'M as S™'R-module such that Rad,(S™*M) € S™'E. From
Lemma 2.3.5, As a result of this, S™'(Rad,(M)) € S™'E and hence E is
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a cyclic submodule of M with Rad,(M) € E by Lemmas 1.2.67 and 1.2.68.
Then there is a decomposition M = H@W such that H < E and ENW <
Rad,(W) for some W < M. By Lemmas 1.2.71, 1.2.67 and 2.3.5, we deduce
STIM = (STTH)D(S W) such that S™'H < S71E and (STE)n (S7W) c
Rad,(S~*W). Hence, S™'M is a PG-Rad,-lifting as S~* R-module.

Conversely, suppose that S™'M is a PG-Rad,-lifting as S~"R-module,
and let U be a cyclic submodule of M such that Rad,(M) € U. From Lemma
2.35, 1.2.67 and 1.2.68, S71U is a cyclic submodule of S™*M and
Rad,(S7'M) = S™*(Rad,(M)) € S™'U. Then there exists a decomposition
(STIDY®(S W) =S'M such that S™ID <S7IU and (S"'U) N (S~'W) <
Rad,(S~'W) where S™'W < S™'M. By Lemmas 1.2.71, 1.2.67 and 2.3.5, we
deduce that M = D@W such that D <U and UNnW < Rad,(W) where
W < M. Therefore, M is a PG-Rad,-lifting as R-module. [
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Symbol Condition Related results
(1) If M is indecomposable Proposition 4.2.6
2] If Rad,(M) <, M or finitely generated Proposition 5.2.2
3] If M be a cyclic module over a PID R with Rad,(M) = 0 Corollary 5.5.16
(4 If M is indecomposable (or finitely generated) & Rad,(M) | Proposition 5.2.9

is proper g-small in M &5.2.10
5 If M is uniserial module and Rad, (M) a minimal and g- Corollary 5.2.7
small submodule of M
(6 If M be a refinable and cyclic module over a PID R. Corollary 5.5.18
(7 If M is indecomposable Lemma 1.2.34
(8] If M is indecomposable with Rad, (M) + M Corollary 4.2.32
[9) If Rad,(M) = 0 or, M is e-noncosingular. Corollary 5.5.15
(10} If M is an indecomposable cyclic over a PID ring Corollary 4.5.21
(11 If M is a nonzero indecomposable R-module with Corollary 4.5.22
Rady,(M) = 0
® If M is an indecomposable & Rad (M) a proper g-small Proposition 5.2.9
submodule of M
® If M be a cyclic module over a PID R Lemma 1.2.54
(14) If M is indecomposable with Rad;(M) # M Corollary 4.2.33
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Diagram.......... . weweeeeeee. General Digram

Symbols The conditions Related results
1) If M is R-module with Rad,(M) = 0 Proposition 5.5.15
2] M is indecomposable Lemma 1.2.11
3 If Rad,(M) <, M [ 15, Proposition 3.6]
(4] Corollary 5.5.15

If M is cyclic over a PID ring & Rad,(M) = 0.
(5 If Rad;(M) = 0 Corollary 5.2.5
8 If M is uniserial & Rad (M) is minimal Proposition 5.5.6
9 Rad,(M) = 0 or, R is g-V-ring or, M is g- Proposition 5.5.15
noncosingular
[10) If Rad;(M) = 0. Lemma 1.2.61 & 1.2.52
&1.2.58
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Conclusion and Future Works

Conclusion

In this work, we presented seven different concepts, they are: principally
(Pg)-modules, PG-radical supplemented modules, @-PG-radical supplemented

modules, Rad,-lifting modules, P-Rad,-lifting modules, G-Rad,-lifting modules
and PG-Rad,-lifting modules. As seen, the first three ideas was a generalizations
of (Pg)-module, g-radical supplemented andé-g-radical supplemented

respectively. And the second four concepts was a generalizations of g-lifting
and principally g-lifting modules.

It was obvious that every (Py)-module is principally (P;)-module and every
g-radical supplemented module is PG-radical supplemented, every @-g-radical
supplemented module is @-PG-radical supplemented, every g-lifting module is
Rad,-lifting, every principally g-lifting module is P-Rad,-lifting and every PG-
Rad,-lifting module is G-Rad,-lifting but the converse is not true in general.

We found some counter examples to show that the converse is not true and we
faced some difficulties to find other couture examples.

So that we found that these notions, (principally (Py)-module with (Py)-
module), (g-radical supplemented module with PG-radical supplemented
module), (p-g-radical supplemented module with @-PG-radical supplemented
module), (Rad-lifting module with P-Rad,-lifting module) and (G-Rad,-lifting
module with PG-Rad,-lifting module) were all equivalents if, the module is
cyclic over PID rings.

Finally, we found that, there is an equivalency among our seven concepts
with each other under special conditions as you can see that in sections of
connections that we added in all chapters of this dissertation.

Future Works

As a future plane we may give the idea of strongly G-Rad,-supplemented
and principally strongly G-Radg-supplemented modules and find the relations

between these two definitions and our seven definitions, so that with many
different other concepts.
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