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In this work, a new class of nano topological spaces is defined. This
class possesses the paracompactness property. This lead to study new classes
that are more general than the nano topological spaces. A new class of
paracompactness is discassed in the nano topological spaces, termed pre-
open sets, that presented and explored in this work. Since nano topology
contains at most five sets this leads us to establish new structures of nano
open sets, nano open covers, and nano locally refinement coves new
requirement concepts are discussed like nano pre-open covers, nano pre-
T,,T,,T,,T; ,T,and countable nano pre-open paracompact. Many new
theorems are stated and proved. So the idea of thesis crystallized in two
paragraphs: In the first paragraph define a new types of paracompactness of
nano topological space modeled by pre-open sets structures are constructed,
investigated and studied, Ny, —Paracompactness of these nano spaces are
defined and studied. In second paragraph, new types of the nano topological
space by using the nano pre-open subsets are constructed, investigated and
studied, such as the countable nano pre-open paracompact and weakly

,strongly Npo —Paracompact, and the relation between them.
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Nano topological spaces, also known as nano-spaces, are concept that
combines the principles of topology and nano science. In traditional
topology, the focus is on the properties of sets and their relationships, while
In nano science, the focus is on the behavior and properties of materials at

the nanoscale [31].

In nano topological spaces, the idea is to study the topological properties of
sets and structures at the nano concept. This involves analyzing the behavior
of objects that exhibit unique properties and phenomena at the nano level,
topological properties are known in nano-topological spaces that involve the
study of topological properties and relationships at the nano concept, this can
include properties such as connectivity, compactness, continuity, and
convergence, but with a focus on nano objects. Nano topological spaces are
also considered the unique phenomena and behaviors that arise at the
nanoscale. This can include quantum effects, surface effects, size-dependent
properties, and other nanoscale-specific phenomena, which may influence

the topological properties of nanostructures [32].

The study of nano topological spaces has potential applications in various
fields, including nanoelectronics, nanophotonics, nanomaterials, and
nanomedicine, [33] understanding the topological properties of
nanostructures can help in designing and optimizing nanoscale devices,
materials, and systems. It is worth noting that the concept of nano-
topological spaces is still relatively new and an ongoing area of research.
Further exploration and development are needed to fully understand and

characterize the topological properties and behaviors of nanostructures.



Introduction J_J

Nano topologies proposed by Lellis Thivagar et al. [26],[27] and they
are introduced in terms of a subset X of the universal set U defined by the
lower and upper approximations of this subset.

The pair (U, R) containing a set U and an equivalence relation R on it is
called the space of approximation. In the same equivalence class, elements

are called indistinguishable from each other.

This setting generates a nano topology 7z (X) on U containing nano open
sets and their complements are called closed nano sets. (U, Tz (X)) called a
nano topological space. Nano pre-neighborhoods defined in [24] nano pre
interior, nano pre closure in nano topological spaces and investigated many

properties related among them.

If A € U, anano interior of A is the largest nano open set contained in A
and is denoted by N Int (A) while its nano closure is the smallest nano
closed set containing A and denoted by N Cl (A) . Since the nano topology
has applications in some medical and physics models used to solve real-
world problems [2] and [5] we tried to modify these topologies by adding a
new class of topologies to these topologies hopping to get new results

capplicable in medicine and life in the future.

Tietze [29] and [1] is credited with the original definition of the term "normal
property™ in topological space. Aarts [7], then focused their attention to this
matter. The expansions of the concepts of pairwise regularity, pairwise
normality, and total normality were recently introduced by Dorsett [9], and
Jasiml [28].
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One of the basic concepts of topology is the paracompact spaces. This
topic generalizes both compact and metrizable spaces [3], [4] , [5], [8] and
[12], they derived their characterization in terms of open cover that is
refinement and locally finite, it is another open cover of the space that
contains the open sets that intersect the neighbourhood of any element in the
space finitely and these sets are contained at the same time any open cover
of the space [11]. Since the nano topology has at most five elements, this
makes the study of paracompactness most difficult in this topology and this
reason leads us to study these spaces via the pre-open sets structures derived

in nano spaces.

Dieudonne, J. [8] introduced the paracompact spaces, that contain the
compact spaces and metric spaces as special cases. Dowker, C. H. [10] and
Katetov, M. [13] generalized the notion of paracompactness to introduce the

countably paracompact spaces.

This work is divided into three main courses : first gives a concise exposition
fundamentals of the nano topological spaces theory, second complemented
by a survey of the concept of nano pre-open sets in nano topological spaces.
It has a property paracompact with the addition of some new concepts, and
the third completes it to prove that these nano topological spaces are also

countable, while mentioning some new concepts.

Chapter one deals with the fundamental and basic definitions and examples
in topological spaces and nano topological spaces. In chapter two, we

defined the nano locally finite and nano pre-open refinement and studied
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many nano topological structures on it, like nano pre-Paracompactness. Also
many relations between these spaces and many important examples are
considered. In third chapter we defined the countable nano pre-
Paracompactness, weak and strong nano pre-Paracompactness. Also many
relations between these spaces and many important examples are considered.

As for chapter four, it includes conclusions and future works.



Chapter One Basic Definition

Introduction

In this chapter, fundamental definitions in topological spaces and nano
topological spaces are given and investigated. Some facts and types of
these spaces are also considered and the relation among them are

explained.

1.1 Basic Definitions

In the section, the fundamentals of the topological spaces are defined
and given some examples of them, and we mention some important

theorems.

Definition 1.1.1J11]

let T be a collection of subsets of a set X, satisfying the following three

conditions:

()@ € TandX € T.

(i) IfA,B € T,thenA N B € T.

(i) VA, € T,thenV Uycs Ay € T,A EA.

Then T is a topology on X, then the pair (X, T ) called a topological space.

Example 1.1.2

LetX ={a,B,6,2}and T =
{0, X, {a}, (B}, (o, B}, {a, 2}, {B, 6}, {a, B, 6}, {a, B, 2}} is a topology on

X,since the conditions are satisfied.

Definition1.1.3[11]

Let (X, T) be any topological space. Then the members of T are said to be

an open sets.
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Examples1.1.4[11]:

1) In all topologies, @, X are open.
2) In the discrete topology, all subsets are open.

Definition1.1.5[11]

A subset S of a topological space X is said to be a closed set in (X, T) if its

complement in X, namely X — S, isopenin (X,T).

Examples 1.2.6:

1) In all topologies, @, X are closed:
since @¢ = X is open, then @ is closed, X¢ = @ is open, then X is closed.
2) In the discrete topology, all subsets are closed.

3)INX ={aB60,T={0X,{ad}{a}{a 2} {02}{a s 0}} we

have

X,0,{B,02},{B,6,02}{B,6}{a,B,6},{B} are closed.

Definition1.1.7[11][15]

Let N € X, Nis called neighborhood (nbd ) of x if there exist
u€eT,stxe u ESN.
The family of all nbd of x denoted by Ny.

Ny ={N S X; Nisnbd of x }

Examplel.1.8:

Let X = {a, 5,8} and let T = {@, X, {a}, {8}, {a, B3}, then
N(a) = {{a}, {a, B}, {a, 6}, X} .
N(B) = {{B},{B, a},{B, 6}, X} .
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N(6) = {X}.

Definition 1.1.9[11]

A family {A}¢cs Of subsets of a set X is called point finite (point

countable) if for every x € X the set {s € S, € x € A} is finite.

Definition1.1.10[11]

Let A € X.We define a closure of A in (X, T) by the set
Cl(A)=N{F S X,FC€Tand A S F}.

Theorem1.1.11]11]:

Let 4, B are a subsets of X, then:

1. A € CI(A).

2. CI(CL(A)) = Cl(A).

3. CI(AUB) = CI(A) U CL(B).
4. If X\ A isopen, then CI(A) = A.
5. Cl(@) =P and CI(X) = X.
Examplel.1.12

(1) Since @ and X are closed sets, then, CI(@) = @, and Cl(X) = X.

(2) LetX = {a,B,6}and A = {a,B}with A € Xand T =
{8, X, {a}, {8}, {a, B3} then

F = {X,0,{B,6},{a, 6},{6}}, and Cl(4) = X.
(3) LetX = {a,b,c,d,e}and T = {X,0,{a},{c,d},{a,c,d},{b,c,d,e}}.
The closed sets are @, X,{b, c,d, e},{a,b,e},{b, e} and {a}.

So the smallest closed set containing {b} is {b, e}; that is, CL({b}) =
{b, e}. Similarly {a,c} = X ,and Cl({b,d}) = {b,c,d,e}.
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Definition 1.1.13[11]

Let A be a subset of a topological space X, then the interior of A denoted

by Int(A) is defined as a set;
Int(A)=U{GESX, GET andG < A}.

Theorem1.1.14]11][20]

Let A, B be two subsets of a topological space X, then,

1) Int(X)=X.

(2) Int(A)cA.

(3) Int(ANB) = Int(A) N Int(B) .
(4) Int(Int(A)) = Int(A).
Examples1.1.15.

M) X = {1,23},T = {X,0,{1,2}, {1}, {2}}.
If A = {1,3} then Int(d) = {1}.
Q)X = {1,2,34,5,6}, T = {X,0,{3}, {4}, {3,4)}}.

If A = {2,3,4}, then Int(A) = {3,4}.
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1.2 Pre-open and Pre--closed sets in a topological space.

Before any thing, by X we mean a topological space X with topology T
Definition 1.2.1[17][18]

Let A asubset of X. Then A is called a Pre-open set if,
A < Int (CL(A)) .The set of all Pre-open sets in X is denoted by PO(X) .

Properties of Pre-open sets [17]:

(1) @, X are Pre-open sets.

(2) Every open set in a topological space is a Pre-open set but a Pre-open

set may not be an open set.
(3) An union of any number of Pre-open sets is Pre-open set.

Definition 1.2.2[171[18]

LetA € X .Then A is called a Pre-closed set if Cl (Int (A)) € A.
The set of all Pre-closed sets in a topological space is denoted by PC(X) .

Properties of Pre-closed sets [17]

(1) @, X are Pre-closed sets.
(2) Every closed set of a topological space is a Pre-closed set.
(3) The intersection of any number of Pre-closed sets is a Pre-closed set.

Remarksl.2.4[29]

(1) The union of any family of Pre-open sets is a Pre-open.
(2) The intersection of two Pre-open sets may not be Pre-open set.
(3) The intersection of any family of Pre-closed sets is Pre-closed .

(4) The union of two Pre-closed sets may not be Pre-open.
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(5) Every open set is Pre-open but the converse in general not true.

(6) Every closed set is Pre-closed but the converse in general not true.

Definition1.2.5 [12]

The union of all Pre-open sets, contained in A called Pre-interior of A and
it is denoted by PInt(A) .

Definition 1.2.6 [12]:

The intersection of all Pre-closed sets containing a set A is called Pre-
closure of A, and is denoted by PCL(A).

Definition 1.2.7 [6]

(1) A subset A of a topological space X is called a Semi Pre-open
(denoted by SP0) open set if there exists a Pre-open set U in X such that
Uc Ac PCL.

(2) Complement of a semi Pre-open set called a semi Pre-closed set.
(3) Family of all semi Pre-open sets of X is denoted by SPO(X).
(4) Family of all semi Pre-closed sets of X is denoted by SPC(X) .

Definition 1.2.8 [6]:

The intersection of all semi Pre-closed sets containing a set A is called the

Semi Pre-closure of A4, and is denoted by SPCL(A) .

Definition 1.2.11

A subset A of a space (X, T) is called:
(1) Semi-open [16] if A < CL (Int(A4)).
(2) Pre-open [17] if A € Int (Cl(A)).

(3) a —open [19] ifA < Int (CL (Int (A))).

10
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(4) Regular open [19] if A = Int (CL(A)).

open set
(closed set)

o-open set

(a-closed set)

e N\ e _ A
Pre-open set semi-open set
(Pre-closed (semi-closed

set
o ) J N set) J

Figure 1.1 : The following diagram show many relations

11
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1.3 Paracompact Topological Spaces

Definition 1.3.1[22]

A collection {k;};c, of subsets of X is called a cover of X iff X = U;¢; K;.

Remarks 1.3.2[22]

(1) If {k;};ca is cover of X and A is finite set ,then {k;};c; is called a finite

cover of X.

(2) If V k; is open or closed in X and {k;};c, is called a open or closed

cover of X.

(3) If M = {k;};c; isacoverof X and {H;}c; be a sub family of M, then

{H;}es is called a sub cover of X.

Definition 1.3.3[14]

An open cover {k; € T};c; a family of subsets of a topological space X is
called a locally finite or (neighbourhood finite) if and only if for each x €
X, there exist a neighbourhood U such that theset{i e A: UNk; # @ }Iis

finite.

Remark 1.3.4[14]: Every locally finite collection is point finite.

Definition 1.3.5[14]

If A and [ are covers of the topological space (X, T) we say that g refines
of A and write § < A if and only if for each U € A is contained in some

B € . Then we say that g is a refinement of A .

Definition 1.3.6[14]

Any sub covering of a given covering is a refinement of that covering.

12
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Definition 1.3.7[4]

A topological space (X, T) is called a paracompact if every open cover of

X has a refinement by a locally finite open cover.

Examplel.3.8

LetU = {a,b,c,d}, T = {®,U,{a},{a,b,d},{b,d}}.
The closed set = (U, @, {b, ¢, d}, {c}, {a, c}}.

A, ={U,{a}}. A, ={U,{a},{a, b,d}}.

A, ={U,{a,b,d}}.As = {U,{a}, {b,d}}.

A; ={U,{b,d}}. A¢=1{U{ab,d}{bd}}.
A, ={U, 0} .

If VBef AAcA > BCA.

Let B, = {{b},{a,c,d}}. Bs = {{a,b,d},{a,c,d}}.
B, = {{b,d},{a,c,d}}.B, = {{b,d},{a, b, c}}.

Bs ={{d}{a,b,c}}. PBs={{a b d}{ab,c}}
Ba = {{a,b}{a,c,d}}. Bo={U,{a}}.

Bs = {{a,d},{a,b,c}}. B1o = {U,0}.

B, is arefinement of A 5, A s and A 4. S Is a refinement of A, , A, .

B is a refinement of A5 , A . B IS a refinement of A, . Sy IS a refinement

of A4, f1o is a refinement of A ;.

~ (X, T) is a Paracompact space.

13
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1.4 Nano Topological Spaces

In this section we will give and investigate some nano topological
structures like nano open set, nano closed set, nano interior and nano

closure.

Definition 1.4.1[271[21]

Let U be a nonempty finite set of objects. The U called the universe and R
be an equivalence relation on U. Then U is divided in to disjoint
equivalence classes. Elements in the same equivalence class are said to be
indiscernible with one an-other. The pair (U, R) is said to be the

approximation space. If X < U, then:

(1) The lower approximation of X with respect to R is the setof all objects,
which can be for certain classified as X with respect to R and is denoted
by Lr(X), Lr(X) = Uxey{R(x): R(x) & X}.

where R(x) denotes the equivalence class determined by x € U.

(2) The upper approximation of X with respect to R is the set of all objects
which can be classified as X with respect to R and is denoted by Uy (X),
Up(X) = Uyey{RX): R(X) N X =0 }.

(3) The boundary region of X with respect to R is the set of all objects
which can be classified neither as X nor as not-X with respect to R and it’s
denoted by Bg(X), Bg(X) = Ug(X) — Lgr(X).

Definition 1.4.2[30]

An equivalence relation on a set X is a binary relation R on X satisfying

the three properties:

(1) a R a for all a € X (reflexivity).

14
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(2)aRb impliesbR a foralla,b € X (symmetry).
(3)ifaRbandbRcthenaRc foralla,b,c € X (transitivity).

The equivalence class of an element a is often denoted [a] or [a ] R, and
is defined astheset { x € X : a R x } of elements that are related to a by
R .

Examplel.4.3

LetU = {a,b,c,d},X = {a,b},U/R = {{a},{b},{c,d}}.
LR(X) = {Cl,b},UR(X) = {a} U {b} = {a'b}'
Br(X) = Up(X) — Lr(X) = {a,b} — {a, b} = 0.

Proposition 1.4.4[26]

If (U, R) is an approximation space and X, Y € U, then
1. Lx(X) € X S Ug(X).

2Lp(@) = Up(®) = @andLy(U) = Up(U) = U.
3.UR(X U Y)= Up(X)U Ug(Y).

4. Up(X N Y) S Upg(X) N Ug(Y).

5.Lp(X U Y) 2 Lp(X) U Lp(Y).

6. Ly(X N Y) = Ly(X) N Lp(Y).

7.Lp(X) € Lr(Y)and Ug (X) € Ug(Y)wheneverX c Y.
8. Up(X®) = [Lr(X0)]°and Lx(X€) = [Ugr (X)]°.
9. UrUr(X) = LrUg(X) = Ur(X).

10. LgLp(X) = UgLg(X) = Lr(X).

11. Ly (X) U Br(X) = Ux(X).

15



Chapter One Basic Definition

Definition 1.4.5[271[21]

Let U be the universe and X < U, R be an equivalence relation on U. Then
Tr(X) = {U, 0, Lr(X), Ur(X), Br(X)}.

Then 7 (X) satisfies the following axioms:
(1) U and @ € 7x(X).
(2) Union of the elements of any sub-collection of 7z (X) is in Tz (X).

(3) Intersection of the elements of any finite sub collection of 7z (X) is in
TR (X).

There for, tz(X) represented a topology named the Nano topology on U
with respect to X and (U, Tz (X)) is a Nano topological space and it’s

denoted by NTS.The elements of 7 (X) are called as Nano-open sets.

Remark 1.4.6[21]

If 7x(X) isthe NTS on U with respect to X, then the set B =
{U, D, Lg(X), Bg (X)} is the basis for 7z (X).

Examplel.4.7

LetU = {a,b,c,d},X = {a,b},U/R = {{a},{c},{b,d}}.
Lr(X) = {a},Ugr X) = {a} U {b,d} = {a,b,d},
Br(X) = Ur(X) — Lg(X) = {a,b,d} — {a}= {b,d}.

TR(X) = {U,9,Lg(X), Ur(X),Br(X)} = {U,0,{a},{a,b,d },{b,d}}.

Note: From now up all (U, tz(X)) isa NTS with respect to X.

16
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Definition 1.4.8[27]

Let (U,tzx(X))isaNTS and if A € U, then the Nano-interior of A will
represented the union of all Nano-open subsets of A and it is denoted by
N Int(A).

The Nano-closure of A will represented the intersection of all Nano-closed

sets containing A and it is denoted by N CI(A).

Example 1.4.9

LetU = {1,2,3,4},X = {1,2},U/R = {{1},{3},{2,4}}.
Le(X) = {1}, Ur(X) = {1} U {2,4} = {1,2,4]},
Br(X) = Ur(X) — Lg(X) = {1,2,4} — {1} = {2,4}.
R(X) = {U,0,Lr(X), Ur(X), Br(X)} = {U,0,{1},{1,2,4},{2,4}}.
Nano open sets = {U,®,{1},{1,2,4},{2,4}},
Nano closed sets= {U,8,{2,3,4},{3},{1,3}}.
LetA={1,2},NInt(4) ={1} U @ = {1},N Cl(A) = U.

Definition 1.4.10

A subset A of a NTS(U, tx(X)) is called:

(1) Nano-regular open if N Int(N CI(A)) = A [24].

(2) Nanoa —openif A € N Int (N Cl (N Int(A))) [24] and [28].

(3) Nano Pre-openif A © N Int(N CI(A)) [24] and [28].

(4) Nano Semi-openif A € N CI(N Int(A)) [24] and [28].

We denote by Nz, (U, X) (resp.tr (X), Npo (U, X) and Ny, (U, X) the
family of Nano-regular open (resp. Nano a —open, Nano Pre-open and

Nano Semi-open) sets in U .

17
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Nano regular open sets

Nano open sets

1

Nano a —open sets

Nano semi-open Nano pre-open
sets sets

Figure 1.2 :The relationships between the other nano near sets.
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Definition 1.4.11[27]

The complement of Nano Pre-open is a Nano Pre-closed, and it is denoted
by Npc(U).

Example 1.4.12

LetU = {a,B,6},X = {a},U/R = {{a},{B},{B 6}}
r(X) = {U,0,{a}}.

The Nano closed sets F = {9, U, {5, 5}}.

Npo(U,X) = {U, 0,{a} ,{a, B} ,{a, 6}}.

Npc(U,X) = {0,U.{B,6},{6},{B}}-

Definition 1.4.13[27]

The complement of Nano is a Nano regular-closed, and it is denoted by
Ngp(U) or Ngc (V).

Definition 1.4.14[24]

The union of all Ny, sets that contained in A is called the Nano Pre-

interior of A and it is denoted by Ny, Int(4) .

Definition 1.4.15[24]

The intersection of Ny, sets containing a set A is called the Nano Pre-
closure of A and is denoted by Np-CL(A) .
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Nano pre open

Pre open

Nano regular

Regular

Figure 1.3 :The relationships between the nano and general sets.
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Definition 1.4.16[24]

The family of all nano pre-neighbourhoods of the point x € U is called

nano pre-neighbourhood of U and denoted by N», — nbd.

Example 1.4.17.

LetU = {ej, ez e3,e,}, U/R = {{e1, €3}, {e2}, {es}}, X = {ez ez} and
Tr(X) = {U,0,{e;},{e1, €2, €3}, {e1, €3}}.
Npo(U,X) = {U,0,{e1},{e;},{es}. {e1, €2}, {e1, €4},
{e2,e4},{e1, €2, €3}, {e1, €2, €4}, {€1, €3, €4}}.
Then Npo —nbd(e;) = {U,0,{e1},{e1, ez}, {€1, €1}, {€1, €2, €3},
{e1,e2,e4},{e1, 3, €41}
Npo —nbd(e;) = {U, 8, {e,}, {e1, €2}, {ez, €4}, {e1, €2, €3}, {e1, €3, €4}}.
Npo —nbd(es) = {U, ®,{ey, e, €3}, {e1, €3, €43}
Npo —nbd(es) = {U, 8, {es}, {e1, €4}, {e, €4}, {e1, €2, €4}, {e1, €3, €43},

Definition 1.4.18[25]

A NTS U is called Nano-T, (or N — T,) space fora,b € Uand a # b,

there exists a Nano-open set G suchthat,a € Gandb ¢ G .

Definition 1.4.19[25]

A NTS U is called a Nano Semi-Tq (or Ny, — T, ) space fora,b € U

and a # b , there exists a Nano Semi-open set Gsuchthat a € Gand b ¢
G .

Definition 1.4.20[25]

A NTS U is called Nano Pre-Ty (or Npp — T,) space fora,b € U and

a # b, there exists a Npp set G suchthat a € Gand b € G .
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Example 1.4.21

Let U ={1,2,3}, wx(X) ={0,U,{1},{1,2},{2}}
Npo(U,X) ={0,U,{1},{2},{1,2}}.

12> 1€{1}A2¢ ({1},

1#3> 1€{1}A3¢({1}.
2#3=2€{2}A3¢({2}.

~ (U,tg(X))isaNpy — T, space.

Theorem 1.4.22[25]

If (U,7x(X)) be N — T, space, then itis Ny, — T.

The following example shows that a converse of theorem (1.5.22) is not

true.

Example 1.4.23

LetU = {a,B,6,2}, U/R = {{a},{B,02},{6}},X =
{a,f}and tx(X) = {U,0 ,{a},{a, B, 02},{B,2}} be a Nano topology
on U. We have

Nso(U,X) = {U,®,{a},{a,6},{B,02},{a,B,02},{B,5,0}},
Npo (U, X)

= {U,0,{a}, {B}, {02}, {a, B}, {a, 2}, {B, 2}, {a, B, 6}, {, B, 2}, {, 6, 2}}.
(1) Leta = {a,6}and b = {N}thenitisa Ng, — T, Space butnot N — T,
space .

(2)Let a = {f}and b = {d}thenitisa Np, — T, space but not N —

T, space.
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Theorem 1.4.24[25]

Every Ny, — T, space is a Npo — T, Space.

Example 1.4.25

From the example 1.4.23, Leta = {f}and b = {6}

then it is Ny, — T, Space but not Ng, — T, Space.

Definition 1.4.26[25]

A NTS U is called Nano-T{ (or N — T, ),iffora,b€ Uanda # b,
there exists a Nano-open sets G and H suchthata € G,b &€ Gand b €
H,a & H.

Definition 1.4.27[25]

A NTS U is called Nano Semi-T4 (orNsy, — T, ), iffora,b € Uanda #
b, there exists a Ng, sets G and H suchthata € G,b € Gand b € H,a ¢
H.

Definition 1.4.28[25]

A NTS U is called Nano Pre-T, (or Npp — T;) space fora, b € U and
a # b, there exists a Np, sets G and H'suchthata € G,b € Gand b €
H,a¢&H.

Theorem 1.4.29[25]

Every N — T, spaceis Npy — T; (resp.Ngo — T, ) space.
Converse of theorem above is not true as the following.
Example 1.4.30

LetU = {a,3,6,2}, U/R, = {{a},{B,02},{6}}, X5 =
{a,pYand tx(Xg) = {(U,0 ,{a},{a,B,2},{B,2}} be a nano topology

on U. We have
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NSO(UI Xg ) = {U' @ ) {a}, {a' 5}1 {ﬁ' .Q}, {a »ﬁ ) ‘Q}: {:8; 6 ) Q}};
Npo (U, X;)
= {U,0 {a},{},{02},{a, f},{a, 2}, {B, 2}, {a, B, 6}, {a, B, 2}, {, 5, 2}}.

U/Ry = {a B} {6}{0)}, Xy = {B,6}and
(X5 ) ={U, 0, {6}, {a 6, 0}, {a, 2}}. we have

Nso(U,X3) = {U,D,{6},{a, 2},{B, 6}, {a, B, 02}, {a,5,02}},
Npo (U, X3c) = {U,0,{a}, {6}, {0}, {a, 6}, {a, 2},{B, 12},
{a,B,6},{a, 6,02}},
(1) Leta = {a,6}and b = {a, B} thenitis Ny, — T, space butnot N — T;
space.
(2) Leta = {B}and b = {6} thenitis Np, — T; Spacebut not N —

T, space.

Definition 1.4.31[25]

A space U is called a Nano-T, (or N — T, ) spaceiffora,b € U and a #
b, there exists disjoint Nano open sets G and H suchthata € Gand b €
H .

Definition 1.4.32[25]

A space U is called a Nano Semi-T, (orNs, — T, ) space fora,b € U and

a # b, there exists disjoint N, sets G and H suchthata € Gand b € H.

Definition 1.4.33[25]

A space U is called a Nano Pre- T, (or Npp — T, ) space if fora,b € U
and a # b, there exists disjoint Ny, sets G and H such thata € G and
b € H.
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Example 1.4.34
LetU ={a,b,c},U/R = {{a}, {b},{b,c}} ,X = {a,c} and

R (X) ={0,U,{a}, {b, c}}.

The nano closed set F = {U, @, {b, c},{a}}.

Npo(U,X) = {®,U,{a},{b},{c}{a,b}.{a,c},{b,c}}.

azb >ac{a}Abe{b} = {a}n{b}=0.

And by the same way the other choices are hold and then,
(U,7x(X)) be a Npy — T, space.

Next, we shall characterize Np, — T, spaces as in the following.

Theorem 1.4.35[25]

Every N — T,spaceisaNpy — T, (resp. Ngo — T, ) Space.

Example 1.4.36

From the example 1.4.30.

(1) Leta = {a,6}and b = {a,2}thenitis Ny, — T, space but not N —
T, space.
(2) Leta = {f}and b = {6} thenitis Np, — T,sSpacebutnot N — T,

space.

Theorem 1.4.37[25]

Every Ngo — T, spaceis Np, — T, Space.

Converse of above theorem is need not be true in general.
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Example 1.4.38

From the example 1.4.34

Nso (U, X) = {U,9,{a}, {b, c}},

a+b =2a€c€f{a}Abe{bcc}{a}n{bc}=0.
axc=>a€{a}Ace{bc}{a}n{bc}=0.
b#c =2be{bc}Nce{bc},{bc}n{bc}+01.

(U, tg(X)) isnot Ngy — Ty,
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1.5 Nano Sub-Space (NSS)

Let (U, (X)) bea NTS and let Z < U. We may construct a nano

topology 1z, (X) for Z which is called the relative nano topology.The nano

topology is defined as follows :

Definition 1.5.1

Let (U,7x(X)) bea NTS and let Z c U .The T (X)-relative nano
topology for Z is the collection 75, (X) given by
Trz(X) ={ENZ: E € 1(X)}.

The Nano topological space ( Z, Tz, (X)) is called is a Nano Sub-Space of
(U, (X)) and denoted by (NSS). The nano topology tzz(X) on Z is said
to be induced by 75 (X) .

In order that the above definition may be consistent ,we must show that
Trz(X) is actually a nano topology for Z .This we prove in the following

theorem .

Theorem 1.5.2

Let (U,7x(X)) bea NTS and let Z c U ,then the collection 7, (X) =
{ENZ:E etz(X)}isaNanotopology on Z .

Proof:
We have by definition of relative Nano topology
Trz(X) ={ENZ:E e€1:(X)}
Now, we shall find the intersection of Z with each member of 75 (X)
TR(X) ={U,0, Lp(X), Ur(X), Br(X)}

and we shall get the member of 75, (X) .
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ONZ=0,UNZ=2, La(X)NZ = Lx(X),
Ur(X) N Z = Ug(X),Br(X) N Z = Br(X)
~trz(X) ={0,Z, Lg(X), Ur(X), BR (XD}

The 14,(X)isa NTS for Z c U and is called tx(X)-relative nano
topology.

Example 1.5.3

LetU = {1,2,3,4}and 7, (X) = {U, 0,{1},{1,24},{24}}and Z c U
such that Z = {1,2,3}.

We have by definition of relative nano topology
Tr;(X) ={ENZ:E e€1x(X)}
Now ,we shall find the intersection of Z with each member of
Tr(X) and we shall get the member of 74, (X) .
UnzZ=2, ¢nZ=0, {UnzZ={1}, {1,24}nZ={1,2},
{24}nZ = {2}
trz(X) ={Z,0,{1},{1,2},{2}} .

The 75,(X) is a nano topology for Z < U and is called 7 (X)-relative

nano topology.

Theorem 1.5.4

Let (Z, E)be a subspace of a NTS (U, tx (X)) and let (W, V)be a NSS of
(Z,E) .Then (W,V) isa NSS of (U,7z(X)).

Also if U bea NTS and Z and W be a NSS of (U, tg(X)) . Then the
Nano topology with Z has a NSS of (U, tx (X)) is the same as that which it
hasasa NSS of W .
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Proof:

Since W c Z c V ,we have W < V .We have to show that 7z, (X) =V .
LetV” eV . Since (W,V)isaNSS of (Z,E), there exists E” € E such

that V" = E’n W . Again since (Z,K) is a NSS of (U, 7z (X)) there exists
G € Tg(X)suchthat E“ = G nZ . Thus

V=EnW=(GnZ)NnW
=GNZNW)
Since W c Z, there fore V=cnW.
Hence by definition of 73,(X), V" € 15,(X) .
sVatg,(X). ... (D)

Conversely, let D € 7z,(X) .Then by definition of 75, (X) ,there exists G €
Trz(X),suchthat D =GN W .

Since (Z,E) is a NSS of (U, 7z (X)) , we have G n Z € E .Again since
(W,V)isaNSSof (Z,E) wehave (GNZ)NW € V.Thatis,

GNZNW)eV
Since W c Z, there fore GNW eV
But D = G n W as proved above. Hence D € V.If the following that
TR, (X)cV ()

From (1) and (2). We have 75, (X) =V .
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Theorem 1.5.5

Let (Z,7rz(X)) be a NSS of (U, 7z (X)), then :

(1) A-ssubset Aof Zis N-closed in Z if and only if there exists a set N-
closed (F) subset U suchthat A =F n Z.

(2) ForeveryAc Z,thenNCl,(A)=NCly,(A)NZ.
Proof:

(1) Ais N-closed in Z.
< Z — Aisnanoopenin Z.
< Z — A = G n Z for some nano open subset G of U [by theorem 1.5.2]
cA=72-GNnZ)=Z-Gu(Z-2) [De-Morgan Law]
©A=7-G [~Z-Z=0]
< A =7 n G° where G°denotes the complement of G in U.
o A=7ZnF where F = G€is N-closed in U since G is nano open in Z.
(2) By definition.
Cl,(A) =n{B:BisN —closed in Zand A c B}
=N{FNZ:FisN —closedinUand A c FnZ} [by (1)]
=N{FNZ:FisN —closedinUand A C F }
=[N{F:FisN —closedinUand Ac F}] nZ
=Cly(A) N Z.

Theorem 1.5.6

Let Zbea NSSofaNTSof U.If A c ZisaN-open (a N- closed) in U,
such that A c Z ,then A is also a N-open (a N- closed) in Z .
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Proof:

Since A c Z , we have A = A N Z so that A is the intersection of Z with a
set N-open ( N-closed) in U , namely A .Hence by theorem 1.5.2 and 1.5.5
,Aisa N-open ( N-closed) in Z .

31



Chapter One Basic Definition

1.6 N, —reqular and N», —nhormal spaces

In this section we introduce a space called Ny, —regular space and we
introduce a space called Ny, —normal space.
Definition 1.6.1[23]

A NTS (U,1x(X)) is said to be Npo —regular space if and only if for
each Np. ,foreachp € Ny there exists G,H € Npo (U,X) ,p €
GandNpe CH ,GNH = @ .
Example 1.6.2
Let U ={a,B,6}and U/R = {{a},{B}.{B,6}} X = {a, 6}

% (X) ={9,U,{a},{B,5}}.
The nano closed setF = {U,®,{B, 6}, {a}} .
Npo (U, X) = {0,U,{a}, {8}, {6}, {a, B}, {a, 6}, (B, 53} .
Npc(U,X) = {U,8,(8, 8}, {a, 8}, {a, B}, {6}, (8}, {3}
a¢{B,o}=>ac{a}N{B6}c{B,6}2{a}n{B,5}=0.
Befa}=>pe{pdiN{a}{a}3{B,6}N{a}=0.
Sef{a}=>6€{B,6}N{a}c{a}a{B,6}N{a}=0 .
~ (U, g (X)) isa Np, —regular space.
Theorem 1.6.3[23]

Every Nano regular space is Ny, — regular.

Proof:

Let F be a Nano closed set and x & F be a point of a Nano regular space
(U, TR(X)) Since U is a Nano regular space there exist two disjoint nano
open sets G and H such thatx € G and F < H. since every Nano open set
IS Npo Set, G and H are Np, Sets, x € Np- suchthat x € G and Np, < H.
Hence (U, 7x(X)) is a Npy — regular space.

Remark 1.6.4[23]

Every Ny, — regular space need not be Nano regular as given in the

following example.
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Example 1.6.5
LetU = {a, 8,8 0} with U/R = {{a,8),{B),{2}} and X = {a, &). Then
the Nano topology is 7x(X) = {U,@,{a, 83} Also (U,7z(X))is Npo-

regular space but not Nano regular space.

r(X) = {U,0,{a,6}}.

The nano closed set F = {@, U, {f, 2}} .
a¢{B,2}=>ac{a,}N{BR}SUS{a,6}NU#0Q.

= (U, 7 (X)) is not nano regular space.

Npo(U,X) = {0,U,{a}, {6}, {2}, {a, B}.{a, 6}, {a, 2}, {B, 6}.{B, 2},
{6,0},{a,B,6},{a, B, 2} {,6,0},{B, 6,02}}.

Npc(U,X) ={U,0,{B, 6,2} {a, B, 2}, {, B, 6}, {6, 2}, {B, 2}, {B, 6},
{a, 0} {a, 6}, {a, B}, {02}, {6}, {B}. {a}}.

a¢{f,2}>ac{a} N{B.2c{B2}3{a}n{B,0}=0.

Be&{a,N}=>Le{B}N{a,2}{a,2}2{B,6}N{a, 2} =0 .

déf{a}=>5€e{B, 0} N{a}c{a}2{B,6}N{a}=0 .

Ne{a,pl=0e{BNa,plc{a,B}32{2}N{a,B}=0.

. (U, (X)) is Npo —regular space.

Definition1.6.6[7]

A NTS (U,7x(X)) is said to be a Npo —normal space if and only if for
each F;,F, € Np. sets of Usuch thatF;, NF, = @ there existsG,H €
Npo.ThenF, € GandF, € H, GNH =0.

Examplel.6.7

Let U = {a, 3,6} and U\R = {{a}, {8},{B,8}}, X = {a, &}.

% (X) ={0,U,{a},{8.53} .

Is (U, Tz (X)) is a Npoy —normal space.

The nano closed sets F = {U, 8, {B, 6}, {a}} .

Npo (U, X) = {0,U,{a}, {8}, {6}, {a, B}, {, 63, {8, 63} .

Npc(U,X) = {U,8,{B, 6} {a, 83, {a, $3,{83, (B}, {a}.
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{a} € {a} and {B,6} < {B,6} . {a} N {B,6} =0
By {B} and{a} c{a},{B}Nn{a}=0.

{6} {6} and {B}<{B} {6}n{B}=0.

~ (U, tx (X)) isa Npp, —normal space.

Examplel.6.8

LetU = {A, 25,45} and == {4}, {42}, {42, 43}, X = (A}, T2 (X) =
{0,U,{1,}}.

The nano closed set F = {U, @ ,{1,,13}} .

Npo (U, X) ={0,U, {1}, {1, A2}, {11, 23}} .

Npc (U, X) = {U,0,{23, 23}, {13}, {1,}} .

A3 € A2} and (A3} € {44, 453, {4 3N {4, A3} # 6.

~ (U, 1g(X)) isnot a Npp —normal space.

Theorem1.6.9[7]

Every Nano normal space is a N, —normal space.

Proof:

Let (U, TR(X)) Is @ Nano normal space and F;, F, are two disjoint pair of
nano closed sets. Since (U, 7z (X)) is a Nano normal there exists disjoint
Npo sets G and H such that F; € G and F, < H since every nano open set is
Npo, G and H are Ny, sets. Hence (U, T (X)) is a Npp —normal space.

The following example shows that in general the converse theorem 1.6.9 is
not true.

Examplel.6.10

LetU = {a,B,8,2}withU/R = {{a,B},{6}.{2}} and X = {a, B}. Then
the Nano topology is 7 (X) = {U,®,{a, B}}.

Then (U, 7z (X)) is Npo —normal space but not Nano normal space.
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Theorem1.6.11[7]

If aNTS U is a Npp —normal space then for every pair of Npp G and H
whose union is U, there exists Ny sets A and 8 such thatand A c G, C
Hand AUL =U.

Proof:

Let G and H be a pair of Ny, sets in a Np, —normal space Usuch that G U
H =U.Then U—-G,U—H are disjoint Nano closed sets. Since U
Is Npp —normal space, there exists two disjoint Ny, sets Gyand H; such
thatU —Gc G;and U —H c H;.

Let A=U—-G,, andf = U — H,. Then A, [ are Np-Sets such
tht AcG,FcHandAUL =U.
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Introduction

In this chapter we define a new types of Paracompactness of Nano
Topological Space Modeled by Pre-open Sets Structures are constructed,
investigated and studied, N», —Paracompactness of these Nano Spaces are
defined and studied. Also a new type of Nano Topological Pre-Open

Paracompactness is define.

2.1 N», —Paracompact spaces.

Definition 2.1.1

Let (U,7z(X))be aNTS. A nano open cover a family {k; € T};¢; of
Nposubsets of a NTSU is called a Nano locally finite or (a Nano
neighbourhood finite) if and only if for each point x € X there exists a Nano
neighbourhood U such that the set { k; ,U Nk; = @; i € A} is a nano finite

sefts.

Theorem 2.1.2

For every nano locally finite family {k;};c; we have the equality

N Cl(Ugea ki) = Uiea N Cl (k;)

Proof:

If k; € U;eak; then N CL (k;) € N Cl (Ujex k;), for every i € A ; therefore
we have N Cl (k;) € N Cl (U;ep k;).To prove the reverse inclusion, let us
note that, by nano local finiteness of {k;};c;, forevery x € N Cl (U;e; k;),

there exists a nano neighbourhood U such that the set Sy = {k; ,U Nk; #
@; i€} isanano finite. From it followes that x & N Cl (U;ens, ki),

since

x eNCl(Uki)zNCl(Uki)UNCl( U kD,

€A i€, iENS,
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We have x € N Cl (Ujes, ki) = Uses, N CL (ki) € Usea N CL (ky) .

Corollary 2.1.3

Let V be a nano locally finite family and V. =u V. If all members V are
Npc, then V is a Ny set and if all members V are Ny and Ny, , then V is

a Npc--and-Nyp,, Set.
Being clear, it does not need proof.

Theorem 2.1.4

If {k;}ica isanano locally finite system of sets in X, then {N CI (k;)}ca
also is a nano locally finite.
Proof:

Given h € X and find an open nano neighbourhood U of h such that U n
k; = @, except for finitely is a many nano locally finite system of sets

many i.

since {k;};c; is a nano locally finite system of sets.
=>UNN Cl (k;) =@ foreveryi.

=>U NN Cl (k;) # @ foreveryi.

{N Cl (k;)};c2is anano locally finite.

Definition 2.1.5

If A is a nano open cover of the NTS (U, 7x(X))and B is a Npgcover of
the NTS (U, tr(X))we say that S refines A and write 8 < A if and only if

foreach U € A is contained in some B € (. Then we say that 8 is a nano

pre-open refinement and denoted by Ny, refinement of A .
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Definition 2.1.6

Let (U, Tg (X)) be a NTS is called a Nano Pre-open Paracompact if X is a

nano Pre-open Hausdorff space (N, — T,Space) and every open cover V
of X has a nano locally finite Np, refinement cover M and it is denoted by

Ny, —Paracompact space.

Example 2.1.7

Let U = {a,b,c,d} with U/R = {{a},{c},{b,d}} and X = {a, b}.
(X) ={0,U,{a},{a,b,d},{b,d}}.

The nano closed set F = {U, ®,{b, c, d},{c},{a, c}}.

Npo(U,X) = {®,U,{a},{b},{d},{a b}, {a,d},{b,d},{a, b, c}a,b,d},

{a,c,d}}.
LetG = {b}and H = {c} thenitis Np, — T, space but not N — T, space.

Let A is a nano open cover and S is a Ny, of U,we say that 5 is a Ny,

refinement of A .

A, ={U,{a}}. A, ={U,{a},{a b,d}}.

A, ={U,{a,b,d}}.As = {U,{a}, {b,d}}.

A; ={U,{b,d}} . A ={U,{a b,d},{bd}}.

A, ={U,0}.

If VBef 3AcA 3 BCA.

Let B, = {{b},{a,c,d}}.Bs = {{a,b,d},{a,c,d}}.
B, = {{b,d},{a,c,d}}.B, = {{b,d},{a,b,c}}.

B3 = {{d}' {Cl, b! C}} ' ﬁS = {{a' br d}r {ar b' C}} .
38



Chapter Two Nano Pre-Open Paracompact Spaces

Ba = {{a, b} {a,c, d}} . PBo= {U, {a}} -
Bs = {{a,d},{a,b,c}}. Bio=1{U,0}.
B, 1s a Ny refinement of A5 , Az and Ag .
Be 1S a Npo refinement of A, , A, .

B 1s a Ny, refinement of A5 , A .

Bg 1S a Ny refinement of A, .

Bo 1S a Ny, refinement of A, .

B1o 1S a Np, refinement of A .

« (U,7x(X)) is a Np, —Paracompact .

Theorem 2.1.8

Every Ny, —Paracompact space is Paracompact.
Proof:

Let U be a Np, —Paracompact space, then U is a Np, Hausdorff (Npp —
T,) and any open cover of V has a nano locally finite Np,refinement, since
any open set is Pre-open then any nano locally finite open refinement is

locally finite Pre-open refinement which means that it is Paracompact U.

Remark 2.1.9

Converse of theorem 2.1.8 is not necessarily true in general.

Example 2.1.10

LetU = {a, 8,6}, T = {®,U,{a}, {B}.{a, B}} .

Let A, B are two open cover of U,we say that S is refinement of A.

Ay = {U,{a}}, A, ={U,{B}}, A3 = (U, {a,B}} and
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pr={a} (B}} © Ay, Az, Bo = {{a, B}} © As

« (X, T) is Paracompact space but not Nyp, —Paracompact space.
LetU ={a,B,6} .U/R = {{a},{B}.{B,6}}and X = {5},

(X)) = {0, U, {B}{B, 6} {63}

The nano closed set F = {U, @, {a, 6}, {a}, {a, B}}

Npo(U,X) = {0, U,{B},{6}}

= Npo (U, X) is not NTS .

«. Paracompact is not N, —Paracompact space.

Lemma2.1.11

Let X be a Np, —Paracompact space and A is an open cover and

IS Np subsets of X . If for every a eA there exist Ny, Sets Uy, V, such that
AclU,, aeVyand U, NV, = @, then there also exist Ny, sets U,V
suchthat Ac U, BcVandUNV =0.

Proof:

The family {{V,},pU {X\ B}} is a cover of X, so that it has a nano locally
finite Np, refinement {W;}, s . Letting S, = {seS : W,N B + 0} we
have A N N CL(Ws) = @ for every seS, and f < U s, W.

By virtue of Theorem 2.1.2. (For every a nano locally finite family
{k;}ic2 We have the equality N Cl (U;ex ki) = Uijea N Cl (k;) ),

theset U = X\ Uses, N CL (W) is Ny, ; one readily seesthat U and V' =

Uses, N W, have all the required properties.
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Theorem 2.1.12

Every closed a nano subspace of a Ny, —Paracompact space is

Paracompact.
Proof:

Let Z be a closed a nano subspace of the Np, —Paracompact space of X, let
A be a covering of Z by sets Ny, in Z. For every a € A , choose a Ny, set
A’ of X such that A'N Z = A. Cover X by the N, sets A’, along with the
Npo set Z¢. Let B be a nano locally finite Ny, refinement of this covering
that covers X. The collection C = {# N Z| b € B} is the required a nano

locally finite Np,refinement of A.

Lemma 2.1.13

If for any open cover of a Ny, —regular space X there is a nano locally

finite Np, refinement, then for every open cover {U,}, . Of the nano
space X there exists a nano closed locally finite cover {V,}, .z of X such

thatV, c U,, foreveryaef .
Proof:

By a Np, —regular space of X, there exists an open cover W of the nano
space X such that {N CL (W): W € W} is a Ny refinement of {Ug}, -

Take a nano locally finite Np, refinement {cA,};cr Of the cover W, for
every t € T choose an a(t) € g suchthat N Cl (A.) € Uy, and letV, =

Uawy=a N Cl (A;). From Theorems 2.1.2 and Corollary 2.1.3 it follows
readily that {V }, s is a nano closed locally finite cover of X and the

definition of the V/,'s implies that V, c U, , foreverya € 5 .
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Remark 2.1.14

Let us note that if the cover {A;}:c rin the last proof is aNp, , then the
sets K, = Ugqt)=q A are Npg setand N Cl (K,) =V, . Hence, for every
open cover {Ug}, g 0f a Npo —Paracompact space there exists a nano
locally finite Np, cover { K,},cp Suchthat N Cl (K,) < Uy, for

everyaef .

Theorem?2.1.15

Every Np, —Paracompact space is Np, —nhormal.
Proof:

Let X be Np, —Paracompact space is a Np, —normal.We shall show first
that a Np, —Paracompact space is Np, —regular space. Suppose F is a
Npc setin a Np, —Paracompact space X and for each x € F,y € F there
exists Np, set G containing y such that x € N Cl (G). Then the Ny, Sets G:
y € F to gether with the set F¢, form an open cover of X. Let «» be a nano

locally finite Np,refinement and
V=Uu{Wew; WnNF + 0}
Then V is a Ny, and contains F, and
Cl(V) =U {Cl(W); W N F + @} [By aresult proved earlier]

But each set W is contained in some G since w is a Npprefinement and
hence, CL(W)is contained in G. hence x & CI(W). (since x & CL(G)). Thus
x & Cl(V).ButV 2 F.Thus x and F are seperated by Np, sets in X.

Hence the nano space is a N, —regular space.
Now we will prove that the nano space is Ny, —normal.

Suppose F; and F, are disjoint, Np. sets of X. Since the nano space
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Is Np, —regular space , then to each y € F, there exists a Ny, set G
containing y and CI(G) n F, = @. Then the Ny, sets G together with F¢

form an open cover of X. Let « be a nano locally finite Np,refinement and
V={Wew;,WnF + @}
Then V is a Ny, and contains F and
Cl(V) =U {CL(W); W N F # @}

But each that W is contained in some G (since w is a Ny, refinement) and
hence each CL(W) is contained inCL(G).Thus there is aNp, Set V such that

F,cVand CI(VNF, =0
Thus X isa Np, —normal.

Lemma?2.1.16

If X isa Npy — T; space and for every No. set Np- € X and every
Npo W c X that contains Np-there exists a sequence W;, W, ...of Ny,
subsets of X Such that Ny € U2, W; and N CL (W;) c W for

i = 1,2,...then the nano space X is Np, —normal.
Proof:

Let A and S be disjoint Ny subsets of X. Letting Npo = A and W =
X \ Bwe obtain a sequence W;, W.,, ... of Np,subsets of X such that

AcCcUZ W, andBnNn NCIL(W)) =0 fori= 1,2,...  ....... (1)

Letting Npo = and W = X \ Awe obtain a sequence V;,V,, ...of

Nppsubsets of X such that
BcUiz,V; and AN NCI(V)=0 for i= 1,2,........ (2)

Let
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Gi=WA\U;;NCL(V;) and H; =V \ U NCL(W;) . .(3)
The sets G;and H; are Np, ; moreover, (1) and (2) imply that
AcU=U2,G; and BcV =U2Z, H;.

To complete the proof we have to show that the Np,sets K and V are
disjoint.

Since (3) implies that G; N V; = @ for j < i, we have G; N H; = @ for

j < i. Similarly, 7; nW; =@ forj <iandg; nH; = @ for. ThusG; n
H; =0 fori,j = 1,2,...and therefore K NV = @.

Theorem?2.1.17

Every countable Ny, —regular space is Np, —normal.
Proof:

Every countable Ny, —regular space X satisfies the condition in Lemma
2.1.16 because for any x € Ny, thereisa NpoK,,suchthatx € ¥, C
N Cl (¥,) € W, the family of X(,'s is countable and Np¢ € Uxe njp -

Lemma 2.1.18.

If any open cover V of a NTS of X has a nano locally finite
a Ny refinement, then it is also a nano locally finite Ny, refinement cover
M.

Proof:

Put U an open cover of the nano space X; take a nano locally finite

Ny refinement M = {M, },cz0f U and for every x € X choose a nano
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neighbourhood V,, of the point x which meets only finitely many members
of M. Let F be a nano locally finite N». refinement of the open cover

{V,},exandforeverya € f let
W, =X\U{F € F:FNM, = 0}.
Clearly, the set W, is a Np, and contains M , furthermore for every a €
and any F € F we have
(DOW,NF =@ ifandonly if M;,N F # @.

Foreverya € § takeaU(a) € V suchthat M, c U(a) + @ and
letV, = W,N U(a) . The family = {V,}4¢p set is aNp, refinement of the

cover U. Since every point x € X has a nano neighbourhood intersect
finitely many members of F and every member of F intersect finitely
many members of M, it follows from (1) that the cover {V,},¢p is a nano

locally finite.

Theorem 2.1.19.

Let (U, tg(X)) be a NTS.If Ny, is PO —Paracompact space, then

(U, 7 (X)) is a Np, —Paracompact space.
Proof:

Let U be an open cover of (U, TR (X)). Then U is an open cover of the

PO —Paracompact space Ny, (U, X) and so it has a nano locally finite Ny,
refinement M in Ny, (U, X) . Now for eachM € M, choose Uy, € U such
that M < U,,. One can easily show that the collection {U,, N

N Int(N Cl (M))} is a nano locally finite Npyrefinement of U
in (U, 7z (X)).
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2.2 N point-finite

Definition 2.2.1

A family {A}ses OF Npgsubsets of a set X is called Ny, point-finite
( Npo point- countable) if for every z € X the Npyset {s € S:z € A} s

finite.

Remark 2.2.2

Clearly every nano locally finite cover is Ny, point-finite.

Theorem?2.2.3

For every Ny, point-finite open cover {U}.cs 0f a Ny, —normal space
X ,there exists an open cover {V,}.cs of X such that N ClL(V,) c U, for
every s € S.

Proof:

Let H be the family of all functions H from Ny, set S to the NT'S 0 of the

nano space X subject to the conditions:
H(s) =U; or NCI(H(s))c Uy, .....(D)
And

UsesH(S) = X. ... (2)

Let us order the family H'by defining that H; < H,whenever H,(s) =
H,(s) foreverys € S 3 H;(s) # U,.We shall show that for each

linearly ordered subfamily #,, ¢ H'the formula

Ho(s) = Nyege, H(s) for s € S defines a member of H. Condition (1) is

clearly satisfied for H = H,,; we shall verify condition (2). Take a point
z € X ; as {Ug}ses 1S Npp point- finite, there exists a finite Ny, Set S, =

{s1,52,...,5¢} © S suchthatz € U, fori = 1,2,...,kand z ¢ Usfors €
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S\ So. If Hy(s;) = U, for some s; € Sy, then z € Hy(s;) € Uges Ho(S) -

Assume now that fori = 1,2,..., k there exists a H; € H,such

that H;(s;) # Us,. The family H, is ordered linearly, there exists j <k 3
H; < H; fori = 1,2,...,k. Applying (2) to H; we findani, < k 5z €

H;(s;,) = Ho(s;,), so that also in this case z € Uses Ho(s). One easily sees

that H < H, forevery H € H, .

From the Kuratowski-Zorn lemma, there exists a maximal element H in H;
to finish the proof it enought to prove that N CI(H(s)) < U, for every

s €S§.Assumethat N CI(H(so)) N (X\U,,) # @. ThesetA = X \U
{H(s):s € S\ {sp}} € H(sp) iS Np.. By the Np, —normality of X there
exists a Np, set U such that A < U < N CL(U) < H(s,). Since from (1) it

follows that H(s,) = Uy, the formula
Hy(s) =<U  for s=3s,,
H(s) for s #s,,

defines a function H, € H such that H < H, and H # H,,. This
contradiction to maximality of Hshows that N CI(H(s)) c Uforevery s €
S.
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2.3 o —nano locally finite

Definition 2.3.1

A collection A of subsets of NT'S is called & —nano locally finite if and
only if A = U;~,;A,, where each A,, is a nano locally finite collection in
X, hence if and only if A is the countable union of nano locally finite

collections family in X.

Definition2.3.2

A collection A of subsets of NTS is called & —nano discrete if and only if

A Is the countable union of nano discrete collections in X.

If Aisa o —nano locally finite cover of X, the subcollections A,,,which are

nano locally finite and make up A will not usually be covers.

Theorem 2.3.3

Every open o —nano locally finite cover # of a NTS X has a nano locally

finite Nporefinement cover .
Proof:

let = U;2, ¥; , Where &; = {V;}qep, is a nano locally finite family of

Nposets and B; N B; = @ whenever i # j .For each 5, € Bi let

Ay =Va\ | | ] Va

w<iacp,

the family S = {S,}qep , Where = U;2, B;, covers X and is a
Nporefinement of . We shall show that S is a nano locally finite. Consider
a point x € X , denote by w the smallest natural number such that x €
Ugep, Va,andtake an a, € B, satisfying x € Vg,; clearly Vy,, is a nano
neighbourhood of x disjoint from all sets S, with a € U,, - ; 5;. Since the

families ¢;are nano locally finite , for every i < w , there exists a nano pre-
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neighbourhood U; of x intersect finitely many member of ;. The nano pre-

neighbourhood U; N U, N ... ... N U, NV, of the point x intersec finitely

many members of & .

Theorem?2.3.4

For every Ny, —regular space X the following conditions are equivalent:
(1) The nano space X is N, —Paracompact space.

(2) Every open cover of the nano space X has an open o —nano locally

finite Np,refinement.

(3) Every open cover of the nano topological space X has a nano locally

finite Np,refinement.

(4) Every open cover of the nano topological space X has a closed nano

locally finite Np,refinement.
Proof:

Suppose X is Np, —Paracompact and V an open cover of X. Let M =

{Mg}qcp be anano locally finite Npqrefinement of V. By virtue of Lemma
2.1.13 there exists a Ny cover {V,}4¢p Of the nano topological space X

such that I, ¢ M, for every a € S, (2), (3), (4) proof of The theorem 2.3.3
and the lemma follows from 2.1.13 and 2.1.18.
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2.4 Theorem on Characterization of N», —Paracompactness

In this section, we define and study the notions of nano—T; spaces , nano
Pre—T; space in nano topological spaces ,Theorem on Characterization of

Ny, —Paracompactness.

Definition2.4.1

A space U is called a nano—T5 (or N — T3) space if and only if nano

regular space and nano—T; space.

Definition2.4.2

A space U is called a nano Pre—T5 (or Ny, — T3) space if and only if

Ny, —regular space and Ny, — T;.

Example2.4.3

LetU = {a,B,6}and U/R = {{a},{6},{B, 63} . X = {a, B}
TR (X) = {0, U,{a},{B,63}.

The nano closed set F = {U,®, {8, 6}, {a}} .

Npo (U, X) = {8, U, {a}, {8}, {83, {a, B}, {a, 6}, {B, 63} .

Npc ={U,9,{B, 6}, {a, 6}, {a, B},{6}, {B}, {a}} .
ag{f8}=>ac{a}A (B {B6}2{a}n{B5}=0.
peéfay=>pe{f 6N {a}c{a}>3{B,6}N{a}=0.
S¢{a}=>86€{B6IN{a}c{a}2{B6N{a} =0 .

= (U, (X)) is Npo —regular space.

a+p=>aef{a}\ B €{a}and B €{BIN a & {B}

a+8=>a€cf{al A §¢{a} and § € {6} A a ¢ (5}
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B#I=>L€{B}N 6¢{B} and § € {6} A B & {5}
~ (U, tg(X)) is Npg — Ty
(U, tr(X)) is Npy — T3.

Theorem 2.4.4

If X isa Np, — T3, the following are equivalent :
(1) X isa Np, —Paracompact.
(2) Each open cover of X has an open o —nano local finite Np, refinement.

(3) Each open cover has a nano locally finite Np, refinement (not

necessarily open).
(4) Each open cover of X has a closed nano locally finite Ny, refinement.

Proof:

B =@
Since X is a Np, —Paracompact, each open cover of X has an open a nano
locally finiteN», refinement. Also, a nano locally finite cover is ¢ —nano
locally finite. It follows therefore that each open cover of X has an open

o —nano locally finite N, refinement.

2 =0
Let V be an open cover of X. By (2), there is a Ny, refinement M of V
such that M = U, -{ M,,,where each M, is a nano locally finite collection

of Ny, sets, say
M, = {Mnﬁ;ﬂ € B} . For each n,

Covers X .Define Ay =W, — Ui Wi
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Then {A,, ;n € N} is anano locally finite Ny, refinement of {W,, ;n € N}.
Now consider {A,, N Mnﬁ}, p € B.

This is a nano locally finite Ny, refinement of M and since M is a
Ny, refinement of V. Thus each open cover of X has a nano locally finite

Ny, refinement.

3) = (4).
Let V be an open cover of X. For each x € X, pick some Uy, in V such that
x € Uy, and [as X isa Npo, — T3 Space] by Np, —regularity, find an open
nano pre-neighbourhood My, of X such that N Cl (My) < Uy, Now
{My; x € X} is an open cover of X and so by part (3) has a nano locally
finite Ny, refinement {cAg, B € B}. Then {N CI (Ag); B € B} is still a nano
locally finite by the (proved earlier) and for each g, if Az © My, then
N Cl(Ap) © N Cl (My) c U, CU for some U € V. It follows that
N Cl (Ag) ; B € B} is aclosed nano locally finite Np, refinement of V.

(4) =(1)

Let V be an open cover of X, M a closed nano locally finite
Ny, refinement. For each x € X, let Wy, be a nano pre- neighbourhood of
x meeting only finitely manyM € M. Now let A be a closed nano locally

finite Np, refinement of {wy; x € X}. Foreach M € M, let
M*=X—-U{AeA; AnM = @}

Then {M*, M € M} is an open cover (The sets M*are open by the result
proved above) and is also nano locally finite. For consider x € X, there is a
nano pre-neighbourhood U of x meeting only A, A,, ..., A,,say from A.
But whenever U n M* = @ ,we have A; N M* # @for some K =

1,2,...,nwhich implies A, N M # @. Since each A, meets only finitely
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many M, we must then haveU n M* = @ for all but finitely many of
the M*. Hence {M*; M € M} is a nano locally finitely.

Now for each M € M, pick U € V such that M < U and form the set U n
M™*The collection of nano sets which results, as M ranges through M,

serves as an open nano locally finite Ny, refinement of V.

Corollary2.4.5

Every Lindelof Np, — T;space X is Np, —Paracompact.
Proof:

Since X is Lindelof, every open covering of X has a countable subcovery
and A countable mas a subcover is a ¢ —nano locally finite

Ny, refinement. Thus each open cover of X has an open ¢ —nano locally
finite Np, refinement. Then by the above theorem, X is

Np, —Paracompact.

53



Chapter Two Nano Pre-Open Paracompact Spaces

2.5 Nano Pre-open Star

Definition2.5.1

Let (U,7g(X)) bea NTSandV = {V,}, s be acoverof a (U, 7z (X)),such
that U =UV ,we say that is Npgstar of a set M' c U with respectto V is
the union of all the set I/, € V that intersect M, that is

NpoSt (M, V)=U {V,: M NV, # @}.

Given a one-point z € X,we write Ny, St (z,V) instead of
Npo St ({2}, V) .

Definition2.5.2

Let we say that a cover W = {W,}¢ y,,,0f aset X isa Npgstar Npg
refinement of another cover V = {V,}, ¢p of the same set X if for every

t € Npg there exists an a € S such that Np,St (W, W) c V.

Definition2.5.3

If for each x € X there exists ana € Bsuch that Ny, St (x, W) c V,, then
we say that W is a barycentric N porefinement of V. Clearly, every
Npostar Npgrefinement is a barycentric Nporefinement and every

barycentric Npyrefinement isa Np,refinement.

Properties of N, star

(1) M S NpoSt(M, V).
(2) If M € K, then NpoSt(M, V) € NpySt(H, V).

(3) For any cover Vof X, the sets V* = {St(V,, V)|V, € V}and V? =
{St(z,V) | z € X} are both covers of X .

(4)V is Np,refinement of V2and V?is Ny, refinement of V*.
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Example2.5.4

LetU = {a,B,6}and U/R = {{a},{B},{B,83} X = {a, 8}
= (X) ={0,U,{a},{B,63}}.

The nano closed set F = {U, 8, {3, 6}, {a}} .

Npo (U, X) = {8, U, {a}, {83}, {8}, {a, B}, {a, 6}, {B, 53}.

{a}cU = {a}n{a} ={a}.

Byc U= {B} n{B,6} = {B}.

{6}c U= {8}n{B,6}=1{5}.

{a,p}c U= {a,p}n{B, 6} = {B}.

{a,6} c U= {a,d}n{a} ={a}.

{B,63cU={B,}n{B 6} =1{B,6}.

NpoSt(M, V) = U ,

V {a} € {a} Fa € {a} 3 NpySt(a, W)V, .

{a} c U= {a}n{a} ={a} c {a}.

> Npo St(a, W) c V.

« (U, 7r(X)) is Npo Star Ny, refinement.

VaeX 3{a} € {a} 3 Npy,St(a, W) CV, .

{a} c U= {a}n{a} ={a} c {a}.

= (U, 7 (X)) is barycentric Ny, refinement.
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Theorem 2.5.5

A barycentric Ny, refinement z of a barycentric Np,, refinement v of u.
Proof:

Suppose Z, € z. Choose a fixed y, € Z,. For each Z € z such that Z n
Z, # @chooseaw € ZNZ,.

= St (w,z) csomeV €v

because z is a barycentric Np,refinement ofv . Now since each such V

containsy,, we conclude that
NpoSt (Zy,7) = U (ZE€z; Z,NZ + @)

NppSt(Z,,v) some U € p,

since v is a barycentric Ny, refinement of u . Thus for each Z, € z, there is
some U € usuch that Ny, St (Z,,2) . Hence z is astar Np, refinement of

u. This completes the proof.

Theorem 2.5.6

A barycentric Ny, refinement of any Ny, refinement of M is a

berycentric Nporefinement of M.
Infact, let
z={Z,;aeA}
be barycentric Ny, refinement of a family
v={V,;a € A}

where v isa Npprefinement of M. Let x € X, then
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NpoSt(x,z) =U{Z, ;x€Z,: Z,€2}
cV,{V, ev}

since z is a barycentric Npyrefinement of v, Butsince visa Ny
refinement of i , to each V, € v, there issome U € usuch thatV, € U.
Thus

St(x,z) € Uforsome U € pu.
z is a barycentric Ny, refinement of u .

Lemma2.5.7

If an open cover U of a NTS X has a closed nano locally

finite Nporefinement, then U has also an open barycentric Ny, refinement.
Proof:

Let F = {F¢}re -, e aclosed nano locally finite Ny, refinement of U =

{Ua}aep-Forevery a € g choose an a(t) € B suchthat F, € Ugy.

It follows from nano local finiteness of F that the Np,set

Tr(x) = {t € 75 : x € F,} is nano finite for every x € X, and this implies
that the set

Ve = Ute 7)) Uay N (X \U¢e TR(X) Fr)eeorons (D)

iIsaNpy foreveryx € X . Asx € V., the family V = {V, },ex iISanano
open cover of X. Let x,be a point of X and to an element of (x,); it follows

from (1) that if x, € Vy, thento ¢, € Tx(x), and thus V, c U,ep. Hence
we have NpoSt (xo,V ) < Uge,) Which shows that V is a barycentric

Ny, refinement of 1.
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Chapter Two Nano Pre-Open Paracompact Spaces

Remark 2.5.8

The same proof shows that if a nano locally finite open cover of a NTS has
aclosed nano locally finite Np,refinement then it has also a nano locally
finite barycentric Np, refinement; indeed, if the cover U is a nano locally
finite, since all Ny, sets of the form (1) is a nano locally finite

barycentric Np, refinement of 1l .

Lemma 2.5.9

If acover V = {V,},¢p Of aset X is a barycentric Ny, refinement of a

cover M = {M,};cr Of X, and Mis a barycentric Np,refinement of a cover

C = {Cp}pep Of the same set, then V is a star Np, refinement of C.
Proof:

Let us take an a, € B and for every x € V,,, let us choose a t(x) € T such
that

N?OSt(X, V) C Mt(x) cer ree eea s (2)

Thus we have

NPOSt(VaO;V) - U proSt (x,V) (@ U Mt(x) (3)

xEVaO eraO

Let x, be a fixed element of V,; from (2) it follows that x, € M, for

every x € My, o that

U M) € NpoSt(xo,V) .

eraO

Since NppSt (xy,V) € C, foraw € W, the last inclusion, along with

(3),implies that V is Npgstar Ny, refinement of C.
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Lemma 2.5.10.

If every open cover of a NTS X has a Ny, star Ny, refinement, we get any

open cover of X has also an open o — nano discrete Ny, refinement.
Proof:

Consider an open cover U = {U, }qe p Of the nano space X. Let U, = Uand

denoted by U, U, ...a sequence of open cover of X such that
U;,, isa Ny, star Npgrefinement U; fori = 0,1, ... ... (1)
Foreverya € fandi = 1,2,... take the nano open set

Uy; = {x € X: x =~ has anano pre-neighbourhood V such
that Ng)ost (V, lll) C Ua}
The family {Ug ;}qe p is @ Npg star Np, refinementof U fori = 1,2,...

Let us observe that

ifx € Ug;and gy & Uy ;41 thenthereisno U € U, such that x, ¢ €
U...(2)

Indeed, it follows from (1) that for every U € U, , there existsa W € U;;

such that Npp St (U, U;1) © W, thereforeif x U N Uy, i, then W c
NpoSt (x,U;) < U,, which implie Ny, St (U,U;,,) c U,,and U C

Ug,i+1-

Take a well-ordering relation < on the Ny, set M and let

Vi = Uy \CI( U Usist) o (3)

a<ay

For every pair a4, a, of distinct elements of M we have either a; < a, or
a, < aq; depending on which part of the alternative holds , by virtue of (3)

we have
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Chapter Two Nano Pre-Open Paracompact Spaces
elther vaz,i cX \Ual,i+1 or val,,i cX \Uaz,i+1 .

Hence, it follows from (2) thatif x €V, ; and 4 € V,,;, where a; #
a, ,then there is U € U, such that x, ¢ € U. Thus the family of nano open

sets (Vg i}ae p is discrete for i = 1,2, ...
To conclude the proof it enought to prove that {V,;};2; 4e gis a cover of X.

Let x a point of X; denote by a(x) the smallest element in 8 such that x €

Ua(x),; for somepositive integer i — the existence of a(x) follows from the
fact thatfori = 1,2,...the family {U,;}4c 5 is a cover of X. Since x ¢
Ugi+2 fora < a(x), it follows from (3) that

NppSt(x, 1s,5) N U Upgis1 =0,

a<a(x)

and this show that x € Vyy),; -

The next theorem contains yet three characterizations
of Ny, —Paracompactness ; it will be deduced directly from Lemmas 2.5.7,
2.5.9, and 2.5.10 that are stated and proved below.

Theorem 2.5.11

For every Ny, — Ty space X the following conditions are equivalent:
(1) The nano topological space X is Np, —Paracompact space.

(2) Every open cover PV of the nano space X has a barycentric

Nporefinement.
(3) Every open cover V of the nano space X has a NpyStar Nporefinement.

(4) The nano space X is a Npo, —regular space and every open cover V of X

has a ¢ —nano discrete Ny, refinement.
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Proof:

By virtue of the last three lemmas and by Theorem 2.3.4, is suffices to
show that every nano T; —space X satisfying (3) is Np, —regular. Consider
a point x € X and a closed set F c X such that x & F and take a Ny, star

Nporefinement U of the open cover {X\F, X\{x}} of the space X.

Let U be a member of U that contains x . As Np,St (U, W) € X\F, we
have N Cl(U) N F = @, so that the nano space X is Ny, —regular.
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2.6 Collectionwise No», —normal

Definition 2.6.1

Let (U,7z(X)) be a NTS is called a collectionwise Npy —normal if it is

Npo — Ty space and for every discrete family {F;}scs 0f Ny subset of X
there exists a discrete family {V,};cs 0f Np, Subset of X such that F;, c

PV, foreverys € S.

Remark 2.6.2

Clearly, every collectionwise Np, —normal spaceis Np, —normal.

Theorem 2.6.3

Every Np, —Paracompact spaceis a collectionwise Np, —normal.
Proof:

Let {F;};esbe a discrete family of Ny subsets of a Np, —Paracompact
space.For every x € X choose a nano pre-neighbourhood . of the point
x whose closure meets at most one set F;, consider an open nano locally
finite Ny, refinement W of the cover {#,},cx, and for every s € §,let
Us=X\U{NCI(W): W eWand N ClL (W) nF, = 0}. Clearly F; c
U,, so that to conclude the proof it suffices to show that every W e W
meets at most one element of the family {U,};cs . This, however, follows
from the fact that N Cl (W) meets at most one set F;.

Definition2.6.4

Let (U,7z(X)) be a NTS is called a Ny —Lindelof space, if every open

cover V of X hasa Np, —countable subcover .
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Lemma 2.6.5

Every nano locally finite family of non-empty Nop,Ssubsets of a

Npo —Lindel6f space is Npo —countable.
Proof:

Let A be a nano locally finite family of non-empty Ny, subsets of a

Npo —Lindelof space X.

For every x € X choose a nano pre-neighbourhood V, of the point x which

meets only finitely many or members of A and

take a Np, —countable subcover U of the cover {V, },,ex Of X. Since every

member of A meetsaV € U, it follows that |4]| < ).
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Introduction

In this chapter, new types of the Nano topological space by using the Nano
pre-open subsets are constructed, investigated and studied, such as the
countable Nano pre-open paracompact and weakly ,strongly

Npo —Paracompact, and the relation between them.

3.1 Countable N5, —Paracompact.

Definition 3.1.1

Let (U,7x(X)) be a NTS is called countable N, —Paracompact
(C Npo —Paracompact) if itis Np, — T, and any countable open cover of

P has a nano local finite Np,refinement cover M.

Remark3.1.2

Any Ny, —Paracompact space is countably N,o —Paracompact.

Theorem3.1.3

For every Np, — T,Space, the following equivalent:

(i) U isC Np, —Paracompact.

(i)  For every countable open cover {A;};=, of the nano topological
space U there exists a nano local finite Npgcover {8;}2,of
Usuchthat §; c A; fori = 1,2,..

(ili)  For every increasing sequence W; c W, c.... in Np, subset of
U satisfying U;2; W; = U there exists a sequence F; ,F, ,.... in
Usuchthat F; c W; fori = 1,2,...and U2, N Int (F;)) =U

(iv) For every decreasing sequence F; D F,.... in Npc with N2, F; =
@,there exists a sequence W,, W,, .... in Np, such that F; c
w,fori = 1,2,...and Nj2; N Cl (W;) = 0.
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Proof:
To show that (i) = (ii)

It suffices to take a nano locally finite Ny, refinement M of the

cover {A;};=, for every g € M choose a natural number g; such that
'B (- dql(ﬁ) ,and Ietﬂ] =U {,8 : :Bi = l}

We shall show that (ii) => (iii).

Put {W,};2, be an open cover which is a countable open cover of X,
there exists a Np, locally finite cover {B;};2, of X, such that 8; ¢ W;;
fori = 1,2,.. Thesets F; = X\ Ujs; B © Uj<; B, are Np¢ and since
Uj<iBj € Ujsi W, = W;we have F; ¢ W; fori = 1,2,... The family
{B;};=1, being a nano locally finite, every point x € X has a nano pre-

neighbourhood that contained in some F;, hence U;2, N Int (F;) = X.

It follows easily that (iii) and (iv) be equivalent (From De Morgan's
laws); hence, it suffices prove that (iii)=(i). Let {A;};2, be countable

open cover of X.

Let W, € W, c ---in Np,be increasing sequence where W; =
Uj<iA;j,as U2, W; = X, there exists a sequence

Fi1,Fy ...in Np- (U, X) such that F; € W;and U2, N Int (F;) = X.
ThesetB; = A\Uj<; Fj € A;isa Npgfori =

1,2,...;since Uj;Fj € Uj; W; € Ujc; A;j We have A;\ Uje; A; C©
B; which implies C that the family {§;};2,is a cover of X.

Every point x € X has a nano pre-neighbourhood of the form
N Int (F;); this nano pre-neighbourhood is disjoint from all sets g; for

i > j, so that the cover {$;};2,is a nano locally finite.
To show that (i) = (iv)
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Suppose that X is countably Np, —Paracompact. Suppose that

{F;, :i =1,2,...} decreasing sequence of Np. subsets of X as in the
condition in the theorem. Then M = {X — F;:i = 1,2, ... } is an open
cover of X. Let V be a nano locally finite Np,refinement of M. For

eachi = 1,2, ..., define the following:
W, =u{V eV:VNF; + 0}.

It is clear that F; < W; for each i. The Np,Sets W; are decreasing,
hence W, o W, o --- since the Ny sets F; are decreasing. To show
that N2, N CL (W;) = @, letz € X . The goal is to find W; such that

z & N CL (W;). Once W; is found, we will obtain a Np,set V such that

z € V and V contains no points of W;.

Since V is nano locally finite, there exists a Np, set V such that z €

IV and V meets only finitely many sets in V . Suppose that these finitely
many Ny, setsin Vare V;,V,, ..., V,, . Observe that for each i =
1,2,...,m, there is some j(i) such that V; n F;;) = @ (Hence, V; € X —
Fjw)- This follows from the fact that V is a Ny refinement M. Let j be
the maximum of all j(i) wherei = 1,2,...,m. Then V; n F; = @ for all
i =1,2,..,m. It follows that the Nppset IV contains no points of F;.

Thus z € N CL (W).

For the other direction, suppose that the nano topological space
X satisfies the condition given in the theorem. Let I = {U; : i =

1,2, ...} be a Np, cover of X. For each i, define W; as follows:
:F'i=X_U1UU2U...UUi.

Then the Ny sets F; form a decreasing sequence of Ny sets with

empty intersection. Let W; be decreasing Ny, such that

N2, NCI(W;,) =0 andF; c W, foreachi.LetC;, = X — W, for
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eachi. Then C; c U§:1 U;. Define V; = U,. For each i > 2, define V; =
U; — Uj'-;l1 C;. Clearly each V; is Nppand V; c U;. It s straightforward to
verifythatV = {V; : i = 1,2, ... }is a cover of X.

We claim that V is nano locally finite in X. Let z € X. Choose the least
isuchthatz & N Cl (W;). Choose aNp, set 6 suchthatz € § and § n
NCI(W;)=0.Thend nW; =@ and § < C;. This means that § N

Vi =@ forall k =i+ 1. Thus the Np, cover V is a nano locally

finite Np, refinement of 2L,

Corollary3.1.4

A Ny, —normal space X is countably Ny, —Paracompact if and only if
for every decreasing sequence F; D F, D...in Npo (U, X)with N2, F; = 0
, there exists a sequence W,, W,, ... in Np, (U, X) such that F; c

w;fori = 1,2, ... and N2, W; =0.

It is very clear and does not require proof.

Theorem3.1.5

For every Np, — T4 space X the following be equivalent:
(i) X is Npo —normal and countably N», —Paracompact.

(ii) For every countable open cover {A;};=, of the nano space X there
exists a nano locally finite Ny, cover {8;};2, of X such that N CL (8;) c
A;fori = 1,2,...

(iii) For every countable open cover {A;};=, of the nano space X there

exists a Np. cover {F;};2, such that F; c A;fori = 1,2,...
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Proof:
To prove that (i) = (ii)

It suffices to observe that, by virtue of Theorem 3.1.3, there exists a nano
locally finite Np, cover {W;};2, of X such that W, c A;;fori = 1,2,...

(it) = (iii) is obvious; (iii)= (i). Consider a Ny, — T; space X which

satisfies condition ( iii).

Let us observe first that X is Np, —normal; indeed, if for a pair A, €
Npo(U,X)suchthat AUL = XweletAy =A, A, =0,Az =A, =
--- = @ then (iii) yields closed subsets F;, F,, ...in No- (U, X) such that
FicA,F,cBand F, UF, = X.Now, it follows from De Morgan's
laws that, for every sequence F;, F,, ...in Np- (U, X) satisfying

N;2, F; = @, there exists a sequence W1, W5, ...in Ny (U, X) such that
F,cW;; fori = 1,2,...and N;j=, W; = @; hence, X is countably

Npo —Paracompact by Corollary 3.1.4.

Theorem 3.1.6

A NTS is Npy —normal and C Np, —Paracompactif and only if the

Cartesian product X x I of X and the Ny, unit interval I is Np, —normal.
Proof:

The above lemma implies that for every C Np, —Paracompact— normal
space X the Cartesian product X X I is Ny, — normal consider now a
NTS X suchthat X X Iisa Np, — normal space. Since X is
homeomorphic to the nano closed subspace X x {0} of X X I, the nano

space X is Npy — normal. Now we show that X satisfies (iv) in Theorem
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3.1.3. Let F; © F, D -«in NPCL (U, X) such that N2, F; = @. The
Nopg Sets.
A =UR(F; x{1/i}) and B = X x {0}
are disjoint andNyp. in X X Y. Therefore, there exists /£, G in Ny, (U, X)
XxYsuchthat AcH,FcGandH NG = @. Thesets W, =
{x € X: (x {%}) € 7—[} are Npo for i = 1,2,...,and N2, N CL(W,) =

@ because N ClL (H) n B = @. To conclude the proof, it suffices to note
that F; c W;fori = 1,2,.....
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Nano regular
space

Nano normal
space

Npo
— regular space

Npo —

Pre-Paracompact
normal space

space

Paracompact
space

Npo —

Paracompact space

Collectionwise
Npo —normal
space

Paracompact space

Figure 3.1 : The relation of Ny — Paracompact space.
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3.2 Weakly and Strongly N, — Paracompact spaces. (W No, —

Paracompact space, S Np, — Paracompact space)

Definition 3.2.1

A NTS is called weakly Ny, — Paracompact spaces(W Npy —
Paracompactspace) if X isa Np,Hausdorff ( Ny, — T,) and any open

cover of X has a point- finite Ny, refinement.

Remark 3.2.2

1.Every Ny, — Paracompacts pace is (W Np, — Paracompact spaces).

2. Every weakly Ny, —Paracompact Ny, normal space is

countable Ny, — Paracompact.

Theorem 3.2.3

Every W Np, — Paracompact space collectionwise Ny, —normal space is

Ny, —Paracompact.
Proof:

By theorem 2.3.4 (part 2), it enought to show that every point-finit nano
open cover of a collectionwise Np, —normal space X has a ¢ —nano

locally finite Np,refinement.

We shall define inductively for i = 0,1,2, ...a discrete family y; =
{M_}; e r,, Of Nposubsets of X such that every member of y; is contained

inaV;, and the Npysets W; = U y;satisfy the condition
if[seS:x eV} <i, then x e U, W;. oo (D)

Let u, = {@} u; satisfies (1) are already defined for i < K.
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Denote by Ty, the family of all Np,subsets of S that have exactly K +

1 elements, and for every 1 € Ty, let

= (X \UTZoW) 0 (X \ Usge Vs)- - (2)
Note that
A, C Nger Vs forevery t € Tyrpq..... (3)

Indeed, if we had x & V_ foranx € A; and an s, € 1, then by virtue of

(2) the point x would belong to at most X members of U and this would
contradict (1).

We shall now show that every point x € X has a hano pre-neighbourhood
U (x) which meets at most one member of {A.}; ¢, ,. If x belongs to

K + 2 members of U, say Vs,V , ... then letting U (x) =

Veserar
N7*2 Vs, we have, by virtue of (2), U (x) N A, = @ for every 7 € Tyc44.
If x belongsonlytoi < K members of U, then by virtue of (1) the set
U((x)= U?‘:O W; is a nano pre-neighbourhood of x disjoint from all

sets A,. Finally, if x belongs to A exactly K + 1 members of U, say

Vs, Vs,s oon then the nano pre-neighbourhood U (x) = N4V, of

57(+2'

the point x intersect at most one member of {A.}; ¢ 1, ,, Viz., the set A, ,

Where T = {Sl, So, ...,S:K‘+1}.

Hence {A;};cr,,,Is adiscrete family of Nyp-subsets of X; let
{G:}: e 1, , € @ discrete family of Ny, subsets of X such that A, < G, for

everyt € Ty,,. We shall show that the family pyc,q = {M;}; e, Where

M, =G, 0 Noer Vs oo, (4)

has all the required properties.
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Clearly the family u4,41s discrete, consists of Ny, subsets of X and every
member of u4, 4 is contained in a V,,. Consider a point X which belongs
to at most K + 1 members of U; there exists then a t € Ty, Such that x €
X \ Use: Vs, and by (2) we have

vex\[J w= [(X\Qm) U Dom] nenJ v

x
CCATUUMJJ-
j=0

The last formula, along with (3), (4) and the inclusion A, c G, implies

K+1
that x € UTh' w;.
Since the cover U is point-finite, it follows from (1) that U2, U; is a
o —nano locally finite Np,refinement of U.

Lemma 3.2.4

For every open cover {A};es0f W Np, — Paracompact space X point-
finite Npo cover {Bs}sesof X suchthat B, € A fors € S.

Proof:

Suffices to take point finite Np, refinement M of the cover {A}¢cs fOr

every f € M choose a natural number s (8) such that § c A4y, and let
Bs =U{B :s(B) = s}
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Definition 3.2.5

A NTS is called a strong Ny, —Parecompact (S Ny, —Parecompact) if it
IS Npo — T, (or Np, —Hausdroff) space and each open cover V of X has

a star- finite Np,refinement.

Remark 3.2.6

Every S Ny, —Paracompact space is N», —Paracompact.

Theorem 3.2.7

For every Ny, — regular space the following conditions are equivalent:
0] The nano space X is S Ny, —Parecompact.

(i) Every open cover of the nano space X hasa Ny, refineme

which is both a nano locally finite and star- finite.
Proof:

We shall show that (i) = (ii). Let U be an open cover of the nano space
X and V = {V};}4cs a star- finite Np, refinement of U .Since the nano
space X is Npo — normal and the cover V is a nano locally finite, by
virtue of Theorem 2.2.2, there exists a Np- cover F = {F,};cs Of the

nano space X such that F, c I, foreverys € S.

Clearly, F Ny, refines U and is both a nano locally finiteandas € S

star- finite.

74



Chapter Three Countable Ny, —Paracompact

3.3 Point No», —reqular (PNo, —reqular)

Definition 3.3.1

We say that a nano base g fora NTS X is a point Ny, —regular
(PNpo —regular) if for every point x € X and any nano pre-neighbourhood
U of x the Ny, set of all members of £ that contain x and meet X\ is

finite.

Lemma 3.3.2

If pisa PNy, —regular nano base for a nano space X, then the family

p™ c p is a point-finite (a nano locally finite) cover of X.
Proof:

First, we show U p™ = X. For each x € X there exists a U, € p that
contains x; assuming that x is not contained in any member of p™, we can
define an infinite sequence U, c U; c U, c...of members of p,2 U, +#
U, fori = 1,2,..., hence, an infinite subfamily {11;};2,, of p whose
members contain x and meet X \ U,, which is impossible. Hence, x € U

p™and Up™ = X.

Now, we shall show that if the nano base p is PNy, —regular, then the
cover p™is a point-finite (nano locally finite). Take a point x € X and a set
U € p™ which containsx. The Ny, set of all members of p that meet both
X\U and {x} (and a nano pre-neighbourhood V of x) is finite. However,
every U’ € p™\{U} that contains x (meets V) also meets X\, so that only
finitely many members of p™ contain x (meet V), which shows that p™is a

point-finite (a nano locally finite) cover of X.
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Lemma3.3.3

If p is a nano base for a Np, — T; space, then for every point-finite cover
p' € pthe family p” = (p\ p') U I(X) is a nano base for X.Morcover, if
the nano base pis PNy, —regular,then the nano base p'’also is a

PNy, —regular.
Proof:

Let z € X, U a nano pre-neighbourhood of z. If z is an isolated point, then
{z} € I(X)and z € {z} c U, ifthe point z is not isolated, then the
intersection N {W € p': z € W} contains a point k # z, and any nano pre-
neighbourhood V € p of the point z satisfying V < U \ {k} belongs to

p\ p'. The second part of the lemma is obvious.

Theorem3.3.4

Every Np, — T,space of X has a PNy, —regular nano base.
Proof:

Let U be an open cover of a Ny, — T, spac X which has a PNy, —regular
nano base p. The family p, of all members of p that are contained in a

member of U clearly form a PNy, —regular nano base for the nano space
X, so that by Lemma 3.3.2, the family p{* is a point-finite N, refinement

of U. Hence X is a WNp, — Paracompact space.
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3.4 Perfectly Noo —normal space

Definition3.4.1

A NTS (U,7x(X)) is said to be a Npo — T4 space if and only if

U is Npp, —normal space and Np, — T; space.

Example 3.4.2

LetU = {a,B,6} and U\R = {{a},{B}.{B,6}}, X = {a, 6}
r(X) ={0,U,{a},{B, 63}

The nano closed sets F = {U, @, {8, 6}, {a}} .

Npo (U, X) = {8, U, {a}, {83, {83, {a, B3, {a, 6}, {B, 63} .
Npc(U,X) = {U,8,{B, 6} {a, 83, {a, 83,8}, (B}, {a}.
{a} S {a} and {B,6} < {B,6} {a}n{B, 6} =0.
{pr<{p} and{a} c{a},{B}N{a}=0.

{6} {6} and {B3c{B}.{6}n{p}=0.

s (U,7g(X)) isa Npo — normal space .

a*xf > ac{a} Ape{a}anda ¢ {} A B €{B}.
a+8 = a€c{a} A6 &¢{a}anda & {6} A& € {5}.
f+6 = Le{f}Nde{p} andp & {5} NS € {6}.
s (U,1g(X)) isa Npo — T; space.

~ (U, tg(X)) isa Npy — T,Space.
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Definition 3.4.3

Let (U, tz(X)) be a NTS is a perfectly Npo —normal space if for each
Ny, subset C, there is a continuous nonnegative real valued function on X

for which C is the set of its zeros.

Lemma 3.4.4

Every Ny, —regular space which has a o —nano locally finite base is

perfectly Ny, —normal.
Proof:

Let 8 = U2, B , where the families 3; are nano locally finite, be a nano
base fora Ny, —regular space X.Consider an arbitrary Np,set W c X.
For every x € W there exists a natural number i(x) and a Ny, Set U(x) €
Bi(x)suchthatx € U(x) c NCl(U(x)) c W.

Letting W; = U {U(x): i(x) = i} we obtain a sequence W,;, W,,... of
Npo subsets of X such that W = U;2; W; and — by Theorem 2.2.2
Cl(W;) cw fori = 1,2,...Normality of X now follows i from Lemma

2.2.17;since W = U;2; W, the nano space X is perfectly Np, —normal.

Corollary 3.4.5

Every perfectly Np, —normal space X is C Np, —Paracompact.
Proof:

Let {U;| i = 1,2, ...} be an increasing Ny, covering of X. Since X is

perfectly Ny, —normal, for each i there are Np.sets Fie, C = 1,2,..., 3
U; = Ul Fieand Fie € Fieyq.

Put
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i
Gi = Fji -

j=1

Then g, c U;and { G;| i = 1,2,...}isa Ny, covering of X. Hence by (iv)

of the theorem, X is C Np, —Paracompact.

Without assuming normality, we can characterize countably

Npo —Paracompact spaces as follows.
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Nano normal space

J

N o —normal space

¢

Ny — Paracompact
space

J

W Ny —Paracompact
space

)

C Npo —Paracompact
space

Figures 3.2 : The relation of C Ny, —Paracompact space.
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4.1 Conclusions :

In the present thesis, we constructed and defined a new class of Nano
topological spaces and we proved that this class possesses the property of
Paracompact, which is a very important property as a property of nano

topological spaces using Pre-open sets.

This work has many new result that can be summarized in the following

facts :

1. Every Np, — Paracompact space is Paracompact.

2. Every closed nano subspace of a Ny, —Paracompact space is a
nano Paracompact.

3. Every Ny, — Paracompact space is Npy, —normal.

4. Let (U, tx(X))be a NTS.If Npy (U, X)is PO —Paracompact space,
then (U, 7z (X))is a Npo, —Paracompact space.

5. Every open o —nano locally finite cover ¥ of a NTS X has a nano
locally finite Nprefinement cover 4.

6. For everyNy, —regular spaceX the following conditions are
equivalent:
(1) The nano space X is Np, —Paracompactspace.
(2) Every open cover of the nano space X has an open ¢ —nano
locally finiteNp,refinement.
(3) Every open cover of the nano space X has a nano locally finite
Nporefinement.
(4) Every open cover of the nano space X has a closed nano locally
finite Np,refinement.

7. If X isa Np, — T3, the following are equivalent

(1) X isa Np, —Paracompact.
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(2) Each open cover of X has an open o —nano locally
finiteNp refinement.
(3) Each open cover has a nano locally finite Ny, refinement (not
necessarily open).
(4) Each open cover of X has a closed nano locally finite
Ny, refinement.
8. A barycentric Ny, refinement z of a barycentric Np, refinement v of
U.
9. Forevery Npy — T, space X the following conditions are
equivalent:
(1) The nano space X is Np, —Paracompact space.
(2) Every open cover V of the nano space X has a barycentric
Nporefinement.
(3) Every open cover V of the nano space X has a Ny star
refinement.
(4) The nano space X is aNp, —regular space and every open
cover V of X has a 0 —nano discrete Ny, refinement.
10.1f an open cover U of a NTSX has a closed nano locally
finite Nporefinement, then U has also an open barycentric
Ny, refinement.
11.Every Np, —Paracompact space is a collectionwise Np, —normal.
12.Every W Ny, — Paracompact space collectionwise Ny, —normal
space is Np, —Paracompact.
13.Every S Np, —Parecompactspace is Np, —Parecompact.
14.Every Np, —regular space which has a ¢ —nano locally finite base
Is perfectly Np, —normal.

15.Every perfectly Np, —normal space X is C Np, —Paracompact.
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4.2 Future works:

1. One can define new classes of paracompactness in nano topological

spaces for example,

The class of countable N, -Paracompact spaces and Ny, -normal spaces

using the following facts>

(i) Every countable open cover of the nano space X has a nano locally finite

closed Ny, refinement.

(ih)Every countable open cover of the nano space X has ac —nano locally

finite closed Ny, refinement.

(i) Every countable open cover of the nano space X has a ¢ —nano

discrete closed Ny, refinement.

(x) Every countable open cover of the nano space X has a countable

Npo star Ny, refinement.

(ix) Every countable open cover of the nano space X has a Np, star

Ny, refinement.

2. One can study the Cartesian product U; x U, of a
Npo, —ParacompactspaceU,and U, to prove that the following conditions

are equivalent:

(1) The Cartesian product U, X U, is Np, —Paracompact.

(2) The Cartesian product U; x U, is collectionwise Ny, —normal.
(3) The Cartesian product U; X U, is Npo, —normal.

(4) The Cartesian product U; X U, is C Np, —Paracompact.
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3. In the end, this work is merely the start of many structures, and we have
only looked at a few concepts. Further theoretical study in the practical area
will therefore need to be done as a crucial first step happing to get new

results caapplicable in medicine and life in the future.
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