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Abstract

The electron scattering transverse form factors for some selected
states of 51V,59Co,93Nb, and 115In nuclei with electron scattering lon-
gitudinal form factors for some selected states of 42,44,48Ca, 58,60,62Ni
nuclei lie in the fp-shell region have been investigated. The shell model
calculations have been performed using the recent version of the shell
model code NushellX@MSU.

The effective interactions employed for nuclei to calculate the eigen-
value and eigenvectors that are used to calculate the one body transi-
tion densities (OBTD) to be used in the calculations of the inelastic
electron scattering form factors.

Tassie and Bohr-Mottelson models are employed to calculate the
inelastic electron scattering form factors with harmonic oscillator (HO)
as residual effective interaction.The proton and neutron effective charges
are used to account for the core polarization effects.

The Skyrme effective interaction with (Sk35)parametrization was
used in the calculation of the form factors using the model space wave
function generated from the overlapping of all the wavefunctions re-
sulted from configuration mixing of all the states of the adopted model
space with and without restrictions imposed on the model space. The
calculated inelastic electron scattering form factors for the studied nu-
clei were compared with the available experimental data. The effect
of core polarization by means of effective proton and neutron charges
is found very essential to be considered that improves the agreement
with the experimental data very well, especially for the Coulomb C2
and C4 form factors. The magnetic form factors are less or not affected
by the change of the effective proton and neutron charges.
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Chapter one General Introduction

1.1 Introduction

The aim of nuclear physics is to understand the nuclear structure and

the nature of interactions between nucleons, which are strong interac-

tions that have a significant impact on determining the characteristics

of nuclei[1].For simulations of nuclear structure using nucleons, the shell

model serves as the fundamental framework. More than fifty years ago,

when this concept first appeared in nuclear physics,[2, 3].The shell model

is considered of as one of the most significant nuclear models utilized to

comprehend the fundamental characteristics of the structure According

to the nuclear model, the nucleus is made up of nucleons that are placed

in certain shells, much like how electrons are grouped in atomic shells.

Each nucleon moves independently of the others, but they all move in the

nuclear field (potential) that is created by all of them[4]. Nuclear shell

model calculations are a key theoretical tool for studying nuclei char-

acteristics. It may be employed in its most basic single-particle version

to provide a qualitative insight, but it can also serve as the founda-

tion for far more complicated and comprehensive computations[5].The

shell model has a significant position due to the fact that it is a more

fundamental framework with fewer assumptions and that it has been

incredibly successful in representing the nuclei at low excitation ener-

gies[6].

The first step in any shell-model computation is to define the ”model

space,” or the collection of active single-particle (SP) orbits. The Hamil-

tonian matrix must be built up and diagonalized in this condensed

Hilbert space. The residual contact between valence nucleons is a funda-

mental input, as was previously indicated. In actuality, this is a ”model-

space effective interaction,” which varies in a number of ways from the

contact between free nucleons. In reality, it must take into account

the configurations omitted from the model space in addition to being

residual in the sense indicated above. Unsurprisingly, one of the main

objectives of nuclear physics is to comprehend the characteristics of nu-

clei by beginning with the interactions between nucleons. The nucleons

in a nucleus are now thought of as non-relativistic particles that interact

via a Hamiltonian made up of two-body, three-body, and higher body

1



Chapter one General Introduction

potentials, with the nucleon-nucleon (NN) term being the dominating

one[7].

Both quantum mechanics and the Pauli exclusion principle are com-

patible with the shell model. The nuclear shell model may be applied

to a wide range of potentials, including the infinite dimension potential,

the Harmoic oscillator (HO) potential, the Wood-Saxons (WS) poten-

tial, the Skyrme-Hartree (SKX) potential, and many more [8].

The nuclear structure may be well understood by the high-energy

electron scattering from the nucleus[9].Form Factors make electron nu-

cleus scattering a very effective tool for understanding the nuclear struc-

ture. As the contact between the electron and the target nucleus is

quite mild, measurements may be made on the target nucleus without

significantly altering its structure[10].In contrast, in the case of heavily

interacting projectiles, it is difficult to distinguish between the struc-

tural effects on the target and the scattering process. Using electron

scattering, it is simple to connect the cross section to the local charge

and current density operators’ transition matrix components and, con-

sequently, to the target’s actual structure.The use of photon excitation

is another method for studying the nuclear structure via electromag-

netic interaction. The three-momentum sent (q) to the nucleus can be

changed for a given energy loss of the electron, but electrons have a

significant advantage over other particles in that the four-momentum

transferred (q2µ) in the scattering must have a space-like distribution.

Nevertheless, compared to electron scattering, photon scattering has a

significant disadvantage in that it cannot detect the ground state of

the nucleus; instead, it can only detect excited states, with momentum

transfer( q) equal to nuclear excitation energy [11].

Mott conducted the first investigation into electron scattering in

1929, when he estimated the cross section for such scattering from a

point nucleus of charge called Ze[12].Using a factor that is dependent

on the distributions of charge, current, and magnetization in the tar-

get nucleus, known as the nuclear form factor, the Mott’s cross section

may be multiplied to account for the nuclear size. The incident and

2



Chapter one General Introduction

scattered electron energies as well as the scattering angle may be used

to compute the form factor empirically as a function of the nucleus’s

momentum transfer(q), There are two ways that the target nucleus’s

electrons might scatter:

The first is, if the scattered electron’s energy does not change and it

leaves the nucleus in its ground state after scattering. It is known as

elastic scattering.

The second is, if the electron is in an excited state when it leaves the

nucleus and scatters with a final energy that is less than its beginning

energy by a portion of the energy that was transferred to the nucleus to

be in the excited state. It is known as inelastic scattering[11].

Theoretically, the calculation of electron scattering cross section,

multipole form factor, multipole transition probability, binding energies,

separation energies, displacement energies, intruder states, proton and

neutron halos, diproton decay, spectroscopic factors, interaction cross

sections, E1 and E2 transitions, beta decay, quadrupole moments and

magnetic moments. . . .etc need the modification of theoritical model,

computer ability and computer programes so that different theoreti-

cal models have been suggested in order to make a best theoretical

framework for these nuclear properties calculation and the nuclear shell

model is one of the most important model used to calculate the proper-

ties of nuclei and nuclear phenomena and the nuclear shell model codes

like OXBASH[13], MSHELL[14], ANTOINE[5], RETSSCHIL[15], VEC-

SSE[16],NATHAN[17], and NuShellX@MSU[18].are widly used. In ad-

dition to the single particle wave function, the two-body matrix element

(TBME) plays a crucial role in the calculation of the aforementioned nu-

clear properties, leading to the suggestion of various shell model spaces

for effective interactions based on the strength of the two-body inter-

actions, a variable obtained from actual nuclear interactions, and the

fitting process[19].

Important knowledge and data on the nucleus are obtained as a re-

sult of the high-energy electron scattering. The amount of information

gained from high energy electron scattering by nuclei depends on the

electron’s associated de Broglie wavelength’s magnitude in relation to

3



Chapter one General Introduction

the variety of nuclear forces. The de Broglie wavelength corresponds to

the nucleus spatial expansion when the energy of the entering electron

is 100 MeV or higher. The electron is thus a perfect probe for studying

nuclear structures with this energy[9].

Both the longitudinal (Coulomb) form factor (F co), which is the

Fourier transform of the charge density ρ(r), and the transverse form

factor (F T ), which is the Fourier transform of the current density J(T ),

are components of the form factor. Electric (E) and magnetic (M) trans-

verse form factors are distinguished (M). Only electric multipoles can

have longitudinal components, but both electric and magnetic multi-

poles can have transverse components, according to the parity and an-

gular momentum selection rules[11, 20].

Theoretical computation of the electron scattering cross section

for different form factors, multi-pole transition probability, etc. elec-

tron scattering may be used to find all of them. In order to calculate

the wave functions for the nuclear shell model, wave functions derived

from Schrodinger’s differential equation, such as the HO potential en-

ergy functions, WS potential, and SKX potential, are employed[21].

It is possible to account for Core-Polarization (CP) effects by spec-

ifying effective operators in the MS that may be calculated using per-

turbation theory. When it was initially discovered that there were

differences between experimental values for nuclear magnetic moment,

quadruple moments, gamma-transition rates, etc. and the predictions

of the basic shell model, this hypothesis first surfaced in the literature

around a century ago[22]. Several attempts were made to find reasonable

model for the calculation of the CP effects . Some of these attempts in-

clude the Bohr-Mottelson model(BM) [23], the Valence model(VM)[24],

and the Tassie Model (TM)[25]. Moreover, some groups employed the

first and second orders perturbation theory to explain the CP effec

4



Chapter one General Introduction

1.2 Literature Survey

The following are some of the themes that are pertinent to the cur-

rent study and have been widely explored in relation to (even-even)

and(Odd-even or even-Odd ) nucleus structure ,and one may evaluate

these studies about the current work:

Jassim (2012) [26]. studied the longitudinal and transverse electron

scattering form factors and transition probabilities for various states in

the nuclei of 10B, 32S, and 48Ca. A microscopic theory was used to

account for the core-polarization (CP) effect, which is the result of high

configuration occurring outside of the model space.

Jassim and Kassim (2013)[27].studied inelastic electron scattering

form factors in several odd-A sd-shell nuclei 17O,27Al, and 39K to ac-

count for higher energy combinations outside the sd-shell model uni-

verse. Utilizing the Wildenthal contact between two entities, the sd-

shell describe space. Researchers have investigated the OBDM elements

for the longitudinal C2 and C4 transition for the 27Al nucleus, and the

interaction between the CP matrix elements and first order perturbation

theory is taken into consideration via the (M3Y) interaction. The form

factor is drastically changed when CP effects are taken into account,

and the experimental data can be accurately described in terms of both

the absolute strength and the dependence on the q. Sd-shell model cal-

culations are unable to adequately describe both the transition strength

and the form factor.

Salman et al. (2013) [28]. studied the form factors for the inelastic

electron scattering to 2+, 4+ states in 46,48,50Ti, in the framework of shell

model. The calculation is performed in (0f7/2, 1p3/2, 0f5/2, 1p1/2) model

space as well as extended 6 model space.

Jassim et al.(2014)[29].studied that Nuclear structure (energy levels,

elastic and inelastic electron-nucleus scattering, and transition proba-

bility) of 23Na,25Mg,27Al, and 41Ca nuclei have been studied using

shell-model calculations. Set of two-body interactions are used in this

5



Chapter one General Introduction

paper. The universal sd of the Wildenthal interaction in the proton-

neutron formalism, universal sd-shell interaction A (USDA) universal

sd-shell interaction B (USDB) and GXFP1 interaction for the fp-shell is

used with the nucleon-nucleon realistic interaction Michigan three-range

Yukawa (M3Y) as a two-body interaction for core-polarization calcula-

tions.

Jassim and Abdul-Hamza(2014)[30].studied some fp-shell nuclei. For

the computations of the Core-Polarization effects for the atoms 42,44,48Ca,
46,48,50Th, and 50,52Cr, used the GXPF1interaction Tassie model, and for

the two-body interactions, they used the NN realistic interaction Michi-

gan three range Yukawa (M3Y). For some fp-shell atoms, the probability

transition density B (C2) was determined. When using the Tassie model

to include the CP effects, particularly at the first and second maximum

momentum transfer regions, form factors were computed using the HO

potential and then compared with actual results for all three maximum

momentum transfer areas.

Allmond et al. (2014) [31]. used single step Coulomb activation of

semi-magic 58,60,62,64Ni (Z =28) beams at 1.8 MeV per nucleon on a

natural carbon target to quantify with high-precision decreased electric-

quadrupole transition probabilities B (E2; 0+1 2+1). The energy loss of

the nickel beams through the carbon target was immediately measured

with a zero-degree Bragg detector, and the exact B(E2) values were ad-

justed by Rutherford scattering. The B(E2) numbers don’t accord with

recent longevity studies that used the Doppler-shift attenuation tech-

nique.

Al-Sammarraie, et al.(2015)[32].studied The electron nucleus dis-

persion form factors for the 25Mg nucleus were determined With the aid

of the Woods-Saxon, harmonic oscillator, and Skyrme (Sk42) potentials,

the wave functions of radial single-particle matrix elements have been

computed. They discovered that the results of the inelastic transverse

form factors when using the Sk42 potential agree well with the experi-

mental data, whereas the results of the elastic magnetic scattering show

a significant difference in the values when compared to the experimental

6



Chapter one General Introduction

data, but the overall shape and other features of the form factors are

satisfactory when using the harmonic oscillator potential.

Oleiwi and Jassim (2016)[33].studied The form factors for the in-

elastic electron scattering to 2+, 4+ states in 58,60,62Ni are within the

context of the shell model.The computation is done in expanded 6ℏω
model space as well as (0f7/2, 1p3/2, 0f5/2, 1p1/2) model space.

Jassim and Faris (2017) [34]. studied The nuclear structure of 60Ni

was examined in terms of its energy levels, transverse form factors,

charge density distribution, and transition probabilities. They used

the Tassie model to compute the single particle wave function along

with the Skyrme-Hartree Fock (SKX), Harmonic Oscillator (HO), and

Woods-Saxon (WS) potentials.

Alzubadi (2018)[35]. studiad the nuclear structure for some odd-A

nuclei 17O,27Al,39K, and 51V by using Shell model and Hartree–Fock

(HF) calculations with the sd and d3f7 shell model spaces

Sarriguren et al. (2019)[36].studied Elastic magnetic electron scat-

tering from distorted nuclei for 17O,39K, 25Mg,29 Si41Ca,51 V,59Co,93Nb,

and 115In was studied The computations are done using the Born esti-

mate for planar waves.

Salman et al. (2019)[37].used the (HO) and (WS) potentials to com-

pute the wave functions of radial single-particle matrix components in

order to determine the inelastic longitudinal electron scattering form

factors for 64,66,68Zn nuclei. Results were found using the CP and

NUSHELL codes with M3Y and MSDI acting as a residual interaction

in order to draw theoretical inferences. They found that form factors

using F5PVH interactions with WS potential are superior to those using

HO Potential in all areas of momentum transmission when compared to

experimental data..

Sarah J. et al.(2020)[38].studied investigated Using Tassie and Bohr-

Mottelson, inelastic electron scattering form factors for the nuclei of

7



Chapter one General Introduction

44Ca,48Ca,46 Ti, and 60Ni reside in the fp-shell region. While core po-

larization is determined using harmonic oscillator (HO) as a leftover

interaction, model computations are carried out in the fp model space

using GXPF1A effective interaction.

Murshedi and Salman (2021)[39].Inelastic Longitudinal Electron Scat-

tering Form Factors in 58,60Ni Nuclei were investigated Murshedi and

Salman using the ATBASH Code. The nucleon-nucleon realistic inter-

action, the Michigan three-range Yukawa interaction, and the modified

surface delta interaction are used as the two-body interactions along

with the F5PVH effective interaction for the fp-shell. The 60Ni nuclei

ultimately tend to have a greater accord than the 58Ni nuclei when com-

pared to two shell model codes for Windows, CP and OXBASH.

Jassim and Mohamed (2022)[40].studied The longitudinal Coulomb

C0, C2 and C4 form factors with core-polarization effects for 27Al and
31p nuclei were investigated Calculations of the Core-polarization effects

were done using the Coulomb Valance Tassie Model (CVTM) and the

Bohr-Mottelson (BM) collective model. The wave functions of radial

single particle matrix components were computed using three poten-

tials: the Harmonic Oscillator (HO) potential, the Wood-Saxon (WS),

and the SKX potential.

Majeed and sheehab (2022)[41]. studied the inelastic electron scat-

tering form factors for several chosen states of the 58Ni and 70,72Ge

nuclei that reside in the fp-shell region were examined in this research.

NushellX@MSU, a recent version of the shell model code The jun45

interaction has been used to give the 1f5/22p1/21g9/2 shell model wave

functions .

Obaid and Majeed(2023)[42].studied The Longitudinal and Trans-

verse form Factors from 65Cu and 71Ga Nuclei, which reside in the

fp-shell region, were investigated .Using jun45 effective interaction, the

computation is carried out in the (1f5/2, 2p3/2, 2p1/2, 1g9/2) model space.In

order to account for the input of the core-polarization effects, the Tassie

and Bohr -Mottelson models is used, along with the proper proton and

8



Chapter one General Introduction

neutron effective charges.

Alzubadi and Harby (2023)[43]. studied Calculations have been

made for 10B and 11B for the elastic and inelastic longitudinal and trans-

verse electron scattering form factors. To calculate the OBDM elements

for low-lying positive parity states, the p-shell model space was used in

the study. However, no core-shell model space with the limitation (0+1)

has been employed for negative parity states according to the SPSDPF.

To produce the single-particle matrix elements with the Hartree-Fock

approximation and compare them to those of harmonic-oscillator and

Wood-Saxon potentials, the NuShellX@MSU code was used for all com-

putations.

Bodek and Christy(2023)[44]. studied the contribution of nuclear

excitations to the Normalized Inelastic Coulomb Sum Rule SL(q) as

a function of momentum transfer q and found that it is significant

(0.29 ± 0.030 at q= 0.22 GeV) in Contribution of Nuclear Excitation

Electromagnetic Form Factors in 12C and 16O to the Coulomb Sum

Rule Within the uncertainty, it is discovered that the overall nuclear

excitation contributions to SL(q) in
12C and 16O are equal.

9



Chapter one General Introduction

1.3 Aim of the Present Work

In this research, the shell model calculations will be applied by using

the recent version of the shell model code NushellX@MSU to calculate

the electron scattering transverse form factors for some selected states

of 51V,59Co,93Nb, and 115In nuclei with electron scattering longitudinal

form factors for some selected states of 40,42,44,48Ca, 58,60,62Ni nuclei lie in

the fp-shell region have been investigated and comparison of theoretical

calculations with available experimental data for each selected nucleus.
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Chapter two Shell Model Formalism

2.1 Background for Shell Model

Almost every quantummechanical problem involves Schrodinger’s equa-

tion. A correct Hamiltonian is one of the most critical phases in this

process. In order to write the Hamiltonian as the total of distinct com-

ponents from each particle in the nucleus, it is helpful to start with the

premise of independent particle motion when working with a multi-body

issue like the one in nuclear physics[45].

H(0) =
A∑
i=1

[Ti + U(ri)] (2.1)

Where H(0) is the unperturbed Hamiltonian, Ti and U(ri) are the Ki-

netic energy and the potential energy, respectively.Since the Pauli Ex-

clusion Principle mandates that the wave functions for identical particles

be anti-symmetric, the eigenfunctions to the above equation are given

by the Slater determinant, which, for a two-particle system, is written

as[45],

ϕα1α2
=

1√
2!

∣∣∣∣ φα1
(1) φα1

(2)

φα2
(1) φα2

(2)

∣∣∣∣ = 1√
2!
[φα1

(1)φα2
(2)− φα1

(2)φα2
(1)]

(2.2)

Where φα1
,φα2

are the single-particle wave-functions, given the product

of radial and angular components. The radial part,Rnl(r), is the only

component of this equation that is not specifically specified(r). The

shape of the potentialU(r) of the eq.(2.1). determines the specifics of

this function It turns out that selecting this possibility is not an easy

decision.The mean-field potential, which is the center average potential

in the shell model, is assumed to be able to approach the core. The

harmonic oscillator (HO) potential with size value b, the Woods-Saxon

(WS), and the Skyrme (SKX) potentials are used to generate the pe-

ripheral components of the single-nucleon wave functions used in this

study. itcan be expressed as effective two-body potential[46].

Since the eigenfunctions ϕai are well-known and integrable, choosing a

HO potential is advantageous. On the other hand, a more plausible

potential suggested by Woods-Saxon (WS) is not integrable, disappears

at big r, and has a flat bottom.

11



Chapter two Shell Model Formalism

U(r) =
1

2
mω2r2(HarmonicOscillato) (2.3)

where m is the nucleon mass, ω is the angular frequency of the oscillator

and r is the radius parameter[47].

U(r) =
U0

1 + exp(r−R0

a )
(Woods− Saxon) (2.4)

where U0 is the potential depth, a is the diffuseness parameter and

R0 = r0A
1
3 The Schrödinger equation cannot replicate the shell gaps

seen in nuclear data by using either of these models.A robust spin-orbit

component must be added in order to correctly account for these ”magic

numbers.” Spin-orbit interaction is a somewhat esoteric idea. It re-

sults from the inherent nucleon spin, which appears to move the nucleus

around the nucleon when viewed from the viewpoint of a single nucleon

traveling around the nucleus. The magnetic field created by this visible

motion reacts with the nucleon’s magnetic moment. The dot product

of a magnetic moment and a magnetic field yields the contact energy

of the two. The spin-orbit interaction energy must be proportionate

to the dot product
−→
ℓ .
−→
S because the magnetic moment of the nucleon

is proportional to its spin and the magnetic field resulting from the

apparent motion of the nucleus is proportional to the orbital angular

momentum[48].

Uso = f(r)
−→
ℓ .
−→
S (2.5)

Where the function f(r) contains the dependence on the radial co-

ordinate r and can be related to the central potential[23].

It is simple to see that as a system’s particle count rises, so does the

wave function’s intricacy. Calculating the Slater determinant of equation

(2.2) for three-particle, four-particle, etc. The feasibility of performing

shell model computations for anything but the smallest atoms is soon

put to the test by this complexity’s rapid increase. Any middle or large

nucleus is usually regarded in relation to the closest double-closed shell

to solve this issue. The neutral nucleons are then handled separately

12



Chapter two Shell Model Formalism

while the appropriately named core is assumed to be an inactive sys-

tem[47].

ΦJ,τ ∼ Φcore
0,τ × ΦJ,τ (α1, α2, .....) (2.6)

It is now feasible to select a potential U(r) in order to fix the is-

sue, returning to the independent-particle Hamiltonian provided by eq.

(2.1) since the orbiting particles must inevitably interact with one an-

other, the premise of independent-particle motion is incorrect in this

case. Consequently, the two-particle interactions of the independent-

particle Hamiltonian of an A-particle system are expressed as[47].

H =
∑A

k=1 TK +
∑A

k=ℓ

∑n
ℓ=k+1W (r⃗k, r⃗ℓ). (2.7)

Where W (r⃗k, r⃗ℓ) is the two-body interaction between the kth and th nu-

cleons. Choosing an average potential U(rk) , the Hamiltonian becomes,

H =
∑A

k=1[TK + U(rk)] +
∑A

k=ℓ

∑n
ℓ=k+1W (r⃗k, r⃗ℓ)−

∑A
k=1 U(rk), (2.8)

The first component in the equation above is the same as the indepen-

dent particle Hamiltonian provided by equation (2.1), and the second

and third terms account for the residual interaction, or departure from

independent particle motion. Equation (2.8) can be recast by dividing

the summations in to core and valence contributions[47].

H = Hcore +H1 +H2 + V (r⃗1, r⃗2) (2.9)

In this case, Hcore contains all interactions between the core nucleons,

H1 and H2 are single-particle contributions from particles 1 and 2, and

V (r⃗1, r⃗2) is the residual interaction describing all interactions between

particles 1 and 2 as well as any interactions with core nucleons. An

similar formula for the energy results from using this version of the

Hamiltonian in the Schrodinger equation[47].

E = Ecore + E1 + E2 + ⟨ΦJ , τ |V (r⃗1, r⃗2)|ΦJ , τ⟩ (2.10)

Ecore is the binding energy of the core nucleus, E1 and E2 are the single-

particle energies of orbitals outside the core, and ⟨ΦJ , τ |V (r⃗1, r⃗2)|ΦJ , τ⟩

13



Chapter two Shell Model Formalism

, is the leftover interaction in the equation above. It is crucial to under-

stand that the energy provided by equation (2.10) only applies to pure

arrangements. Any close-lying condition with the same total isospin and

total rotational momentum J will combine, in theory. By combining the

unperturbed wavefunctions linearly, the mixed eigenstates are obtained

[47].

(ψJ,τ )P =
∑g

k=1 akp(ΦJ,τ )k, (2.11)

where g is the number of configurations that mix

p=1,2,...,g.

The coefficients akp provide the condition,∑g
k=1 |akp|2 = 1 (2.12)

Adding equation (2.11) to the Schrodinger equation results in,

H(ψJ,τ )p = Ep(ψJ,τ )p, (2.13)

resulting in a system of linear equations[49],
H11 H12 · · · H1g

H21 H22 · · · H2g
...

... . . . ...

Hg1 Hg2 · · · Hgg



a1p
a2p
...

agp

 = Ep


a1p
a2p
...

agp

 (2.14)

A common eigenvalue issue, represented by equation (2.14), is re-

solved by setting the determinant equal to zero[49].∣∣∣∣∣∣∣∣∣
H11 − Ep H12 · · · H1g

H21 H22 − Ep · · · H2g
...

... . . . ...

Hg1 Hg2 · · · Hgg − Ep

∣∣∣∣∣∣∣∣∣ = 0 (2.15)

The end outcome is an order g polynomial in Ep with g solutions that

correspond to the disturbed energies of each state that participated in

the mixture. For each of the g solutions to Ep, eq.(2.14) must be solved

in order to obtain the coefficients akp and subsequently the perturbed

wave functions ψJ,τ as each state has a distinct collection of coefficients

that must be found in order to obtain the wave functions ψJ,τ [50].
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Chapter two Shell Model Formalism

2.1.1 Harmonic Oscillator (HO) Potential

Nuclear potential with light nuclei can be approximated by the three-

dimensional oscillator potential, which is able to easily control the wave

functions of individual particles. Each nucleon of mass (m) , moves

separately in a potential that simulates the typical interaction with the

other nucleons in a nucleus, according to the mean-field estimate. For

each particle moving in a spherically symmetric harmonic oscillator po-

tential with angular frequency (ω), assuming that the potential depth

at the center of the nucleus is Uo, the Hamiltonian becomes[46]:

Ho =
−h2

2m
∇2 +

mω2r2

2
− Uo (2.16)

Where Uo =
mω2R2

2 and R = R0A
1/3 fm.

The eigenvalue (Schrodinger’s) equation for the wave function ⟨r, θ, φ|nlml⟩
is given by[51]:

Ho|nlml⟩ = ϵnl|nlml⟩ = ϵnl|nl⟩|lml⟩ (2.17)

where the main, orbital, and magnetic quantum numbers are n, l, and

ml, respectively. The corresponding wave functions are represented by:

⟨r, θ, φ|nlml⟩ = Rnl(r)Ylml
(θ, φ)

⟨r|nl⟩ = Rnl(r)

⟨θ, φ|lml⟩ = Ylml
(θ, φ)

(2.18)

Where Ylml
(θ, φ) and Rnl(r) it indicates the spherical harmonics and the

radial wave functions, respectively. For the (HO) potential, the radial

wave function is given by [45]:

Rnl(r) =

√
2l−n+3(2l + 2n− 1)!!

[(2l + 1)!!]2(n− 1)! b3
√
π
e−r2/2b2

n−1∑
k=0

(−1)k 2k (2l + 1)!!

(n− k − 1)! k! (2l + 2k + 1)!!
(r/b)2k+1

(2.19)

The HO size parameter b which relates to the mass of nucleon (m) and

frequency (ω) as associated with the (HO) potential[52]:

b =

√
h/2π

mω
(2.20)
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The strong spin-orbit interaction component Vls must be included in

the single-particle Hamiltonian in order to reproduce the magic numbers

[45]:

Vls = f(r)⃗l.s⃗ (2.21)

Where f(r) is a radial function, the single-particle Hamiltonian be-

comes:

Ho =
−h2

2m
∇2 +

mω2r2

2
− Uo + f(r)⃗l.s⃗ (2.22)

The spinor state function |Sms⟩ and the angular component of the spa-

tial state function |lml⟩ are coupled together in the jj coupling scheme.

[53]:

|nljmj⟩ =
∑
mlms

|Sms⟩|nlml⟩⟨lmlSms|nljmj⟩ (2.23)

As a result, the Single-Particle Energy (SPE) depends on the total nu-

cleon quantum number (j), and the⃗l.s⃗ potential separates the (j=l+1/2)

and (j=l-1/2) levels:

⟨nljmj|Vls|nljmj⟩ = ⟨f(r)⟩nl

{
−(l + 1)/2 for j = l − 1/2

l/2 for j = l + 1/2
(2.24)

For the HO potential, the value of ⟨f(r)⟩nl, depends on the mass number

of the nucleus that is evaluated from [54]. and ⟨f(r)⟩nl given by:

⟨f(r)⟩nl = ⟨nl|f(r)|nl⟩ ≈ −20A−2/3 MeV (2.25)

Nℏω configurations, so named because the Pauli exclusion principle

permits a minimum of N oscillator quanta to be present in a shell model

configuration, are possible. It is preferable to treat the proton and neu-

tron as two charge states of a single particle known as the nucleon, dis-

regarding their different masses. The isospin quantum number, t = 1/2,

has been added in analogy with the spin quantum number,t = ±1/2,

with two possible projections, t = 1/2, to differentiate the two charge

states of the nucleon.As a result, the state of each nucleon defined by

the quantum numbers n, l, j,ml, t [55].
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2.1.2 Woods-Saxon Potential (WS)

The (WS) potential is a fantastic choice in terms of the one-body po-

tential. Since WS (or any other one-body potential) does not take into

consideration specific two-body interactions, it cannot be used to deter-

mine the total binding energy. [52]. The (WS) parameters are used to

get the optimum fit between nuclear single-particle energy and nuclear

radii. The single-nucleon wave functions of the (WS) potential are given

by solving the equation their radial components.[56]:

[−ℏ2

2µ

d2

dr2
+

ℏ2 l(l + 1)

2µr2
+ U(r)]R(j, r) = ϵR(j, r) (2.26)

Where µ = m(p/n)(A− 1)/A is the reduced mass. The potential U(r)

include central, spin-orbital and coulomb parts and given by[57]:

U(r) = Vo(r) + Vls(r)l.s+ δpnV
c(r) (2.27)

Where Vo(r) is the nuclear potential depth,Vls(r) spin-orbit potential

δpn is equal to 1 for protons and 0 for neutrons, V c(r) is the Coulomb

potential. The central Woods-Saxon potential is:

Vo(r) = Vo[1 + exp(r −Ro)/ao]
−1 (2.28)

The Coulomb potential for protons are based upon the Coulomb po-

tential for a sphere of radius Rc given by [55]:

V c(r) =

{
ze2

2Rc
[3− (r/Rc)

2], r ≤ Rc

ze2

r , r ≥ Rc

(2.29)

The spin-orbit potential Vls(r) is based on the usual derivative of a

Fermi shape[55]:

Vls(r) = Vls
1

r

d

dr
[1 + exp(r +Rls/als)]

−1 (2.30)

Where R and a are the nuclear radius, and the surface diffuseness,

respectively. The radii Ro, Rls, and Rc are usually expressed as:

Ri = riA
1/3, i = 0, ls or C (2.31)
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A typical set of parameters for the WS potential are Vo = −53Mev,

Vls = 22Mev, ro = rls = 1.25fm, rc = 1.20fm and ao = als =

0.65fm.One can find in the literature many other sets of parameters

which are better for specific nuclei or mass regions[55].

2.1.3 Skyrme Interaction (SK)

In 1958, Skyrme created the Skyrme interaction[58], which can be ex-

pressed as the sum of two- and three-body parts[59]. The SK forces

with the three-body term replaced by a density-dependent two-body

term. The SK force can be decomposed into a central V c, spin-orbit Vls
and tensor contribution V t. V t is usually neglected[60]. The two body

term of SK force is written as a short range expansion in the form[61].

V SK = V c + Vls + V t (2.32)

V SK =to(1 + χop̂σ)δ(r⃗) +
1

2
t1(1 + χ1p̂σ)(k̂′

2
δ(r⃗) + δ(r⃗)k̂2) + t2(1 + χ2p̂σ)

k̂′δ(r⃗)k⃗ +
1

6
t3(1 + χ3p̂σ)ρ

α(R)δ(r⃗) + it4k̂′δ(r⃗)(σ⃗i + σ⃗j)

(2.33)

Where k⃗ = (∇1−∇2)/2i and k⃗′ = (∇′
1−∇′

2)/2i are relative momentum

operators. δ(r⃗) is the delta function. p̂σ is the spin-exchange operator,

σ the vector of Pauli spin matrices, and the SKyrme force parameters

are to, t1, t2, t3, t4, χo, χ1, χ2, χ3.

2.2 Tassie Collective Model(TM)

The gamma-transition and the electron excitation of nuclei have both

been explained using this model. It is an inelastic scattering multiple

analysis. This model is simplified to the typical liquid drop model for

a uniform charge distribution. A non-uniform charge and mass density

distribution is allowed by the TM model, an effort to create a model

with greater flexibility and adaptation. This model states that the

nucleus’s ground state density affects the CP transition density. The

single-particle charge density for all occupied shells, including the core,

is used to construct the ground state density. The Tassie shape as shown
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in eq.(2.34) [62]. provides the CP transition density in accordance with

the collective modes of nuclei. For this model, the Coulomb form factor

is as follows:

FL
J (q) =

√
4π

2Ji + 1

1

Z


+∞∫
0

r2jJ(qr)ρ
ms
J (i, f, r)dr

+N
+∞∫
0

drr2jJ(qr)r
J−1 dρ0(i,f,r)

dr

Ff.s(q)Fc.m(q)

(2.34)

The radial integral
+∞∫
0

drrJ−1jJ(qr)
dρ0(i,f,r)

dr can be written as:

+∞∫
0

d

dr
{rJ−1jJ(qr)ρ0(i, f, r)}dr

-
+∞∫
0

dr(J + 1)rJjJ(qr)ρ0(i, f, r)−
+∞∫
0

drrJ+1 d
drjJ(qr)ρ0(i, f, r)(2.35)

where the first term gives zero contribution, the second and the third

term can be combined together as[11]:

−q
+∞∫
0

drrJ+1ρ0(i, f, r)

[
d

d(qr)
+
J + 1

qr

]
jJ(qr) (2.36)

From the recursion of spherical Bessel function[11].[
d

d(qr)
+
J + 1

qr

]
jJ(qr) = jJ−1(qr) (2.37)

∵

+∞∫
0

drrJ−1jJ(qr)
dρ0(i, f, r)

dr
= −q

+∞∫
0

drrJ−1jJ−1ρ0(i, f, r) (2.38)

Hence, the form factor takes the form

FL
J (q) =

(
4π

2Ji + 1

) 1
2
1

Z


+∞∫
0

r2jJ(qr)ρ
ms
Jtz
dr

−Nq
+∞∫
0

drrJ+1ρ0jJ−1(qr)

×Ff.s(q)×Fc.m(q)

(2.39)
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The proportionality constant N can be determined from the form

factor at q=k

N =

+∞∫
0

drr2jJ(kr)ρ
ms
JtZ(i, f, r)− FL

J Z
√

2ji+1
4π

k
+∞∫
0

drrJ+1ρ0(i, f, r)jJ−1(kr)

(2.40)

The form factor at the photon point q=k, is related to the transition

strength B(C J) by equation (2.40), it can be shown as[11].

N =

+∞∫
0

drr2jJ(kr)ρ
ms
JtZ(i, f, r)− FL

J Z
√

(2ji+1)B(CJ)
(2J+1)!! kJ

k
+∞∫
0

drrJ+1ρ0(i, f, r)jJ−1(kr)

N =

+∞∫
0

drrJ+2ρms
JtZ

(i, f, r)−
√
(2Ji + 1)B(CJ)

(2J + 1)
+∞∫
0

drr2Jρ0(i, f, r)

(2.41)

with (2J + 1)!! = (2J + 1)(2J − 1)!!

The proportionality constant N can be determined by adjusting the

reduced transition probability B(CJ) using eq. (2.41) with the experi-

mental value of B(CJ).

2.3 Bohr-Mottelson (BM) Collective Model

It has been shown that the nucleus’s ground state and several stim-

ulated states can be accurately described by the shell model in many

ways. However, it glaringly fails to account for the observed large elec-

tric quadrupole moments (Q), which are often found in the nucleus,

as well as the quadrupole transition rates B(E2). The first person to

attempt to explain these failings of the shall model was J. Rainwater

(1950)[63]. who proposed that the mobility of the odd loose nucleon

outside the core in odd A nuclei causes distortion in the shape of the
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nuclear core. The even-even core becomes polarized as a result of the

motion, taking on a spheroidal form. The quadrupole moment would be

greater than the single-particle value as a result of this distortion. The

concept was further developed by A. Bohr and B. Mottelson in (1953),

who combined the single-particle and collective movements into a single

model that provided a thorough explanation of the deformed nuclei [23].

Bohr and Mottelson introduced the five-dimensional (5D) quadrupole

collective Hamiltonian describing the quadrupole vibrations and rota-

tions in a unified manner. It is written as[[23],[64]]:

Hcoll = Tvib + Trot + V (β, γ) (2.42)

Tvib =
1

2
Dβ,β(β, γ)β

·2 +Dβ,γ(β, γ)β
·γ· +

1

2
Dγ,γ(β, γ)γ

·2 (2.43)

Trot =
1

2

3∑
k=1

Jk(β, γ)φ
·2
k (2.44)

Where φ·
k are the components of the rotational angle on the three

intrinsic axes. The quadrupole deformation (β, γ) and the rotation an-

gles φk are treated as dynamical variables, and (β·, γ·) represent their

time-derivatives. The φk is called angular velocities. The quantities

(Dβ,β, Dβ,γ, andDγ,γ) represent inertial masses of the vibrational motion

and Tvib represent the kinetic energies of vibrational motion.

The quantities Jk(β, γ) in the rotational energy Trot represent the

moments of inertia with respect to the intrinsic (body-fixed) axes. This

body-fixed frame, coupled with a time-dependent mean-field in real-

time, can serve as a reference for defining the intrinsic axes.The term

V (β, γ) represent the potential energy as a function of β and γ.

The equation of the Bohr-Mottelson collective Hamiltonian from eq.(2.42)

is often referred to as the liquid drop model.However, what should em-

phasize is that the analogy with the classical liquid drop is irrelevant to

low-frequency quadrupole collective motions. Already in 1950’s, it was

recognized that the nucleus is ”an unusual idealized quantum fluid and

one is dealing with a most interesting new form of matter”[65].

Since , the vast majority of nuclei can be thought of as tiny superfluids
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Chapter two Shell Model Formalism

(with a radius of just a few femtometers), the nature of nuclear defor-

mation is fundamentally distinct from that of surface shape oscillations

in a classical liquid drop; that is, the nuclear deformation is associated

with quantum shell structure and spontaneous breaking of the spherical

symmetry in the self-consistent mean filed.

The form of collective Hamiltonian from eq.(2.42) is quite general

and applicable to the various finite many-body systems, but values re-

veal the specific dynamical properties of the system of interest and the

(β, γ) dependence of the collective inertia masses (Dββ, Dβγ, Dγγ, Jk) as

well as the potential energy V (β, γ).It is thus essential to extract these

variables microscopically and compare them with what experimental

data reveal to comprehend the dynamic features of the nucleus.

The Hamiltonian from eq.(2.42) is given in terms of the five curvilinear

coordinates (β, γ and the three Euler angles which are connected with

φ by a linear transformation) and their time derivatives. For quanti-

zation in curvilinear coordinates, we can adopt the so-called Pauli pre-

scription[66].The microscopic derivation of the Bohr-Mottelson collec-

tive Hamiltonian. The quantized 5D quadrupole collective Hamiltonian

takes the following form[64]:

Ĥcoll = T̂vib + T̂rot + V (β, γ) (2.45)

Here, the vibrational Kinetic energy term T̂vib is given by:

T̂vib =− 1

2
√
WR

{ 1

β4
[
∂

∂β
(β2

√
R

W
Dγγ

∂

∂β
)− ∂

∂β
(β2 R

W
Dβγ

∂

∂γ
]

+
1

β2 sin (3γ)
(− ∂

∂γ
(

√
R

W
sin (3γ)Dβγ

∂

∂β
))

+
∂

∂γ
(

√
R

W
sin (3γ)Dββ

∂

∂β
)}

(2.46)

Where the rotation energy term T̂rot is given by:

T̂rot =
3∑

k=1

Î2k
2JK(β, γ)

(2.47)

With Î2k denoting three components of the angular-momentum operator

with respect to the intrinsic axis. In this study, we use the unit with
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Chapter two Shell Model Formalism

ℏ = 1.

In the above equation[41]:

β2W (β, γ) = Dββ(β, γ)Dγγ(β, γ)−D2
βγ(β, γ) (2.48)

R(β, γ) = D1(β, γ)D2(β, γ)D3(β, γ) (2.49)

and Dk(β, γ) (k = 1, 2, 3) are the rotational inertial functions related

to the moments of inertia by[64]:

Jk(β, γ) = 4β2Dk(β, γ) sin
2(γ − 2πk/3) (2.50)

If all inertial masses (Dββ, Dγγβ
−2, D1, D2, D3) are replaced by a com-

mon constant:

D and Dβγ is ignored, the above T̂vib is reduced to:

T̂vib = − 1

2D
(
1

β4

∂

∂β
β4 ∂

∂β
+

1

β2 sin(3γ)

∂

∂γ
sin(3γ)

∂

∂γ
) (2.51)

Only small-amplitude vibrations around a spherical Hartree-Fock Bo-

goliubov (HFB) equilibrium may be valid for such a drastic approxima-

tion in this context. The need to go beyond this simplest approximation

for the inertia masses has been pointed out[23].For recent experimental

data and phenomenological analyses of this problem[66].

The collective Schrodinger equation is[41][23]:

(T̂vib + T̂rot + V (β, γ)) ψαIM(β, γ,Ω) = EαI ψαIM(β, γ,Ω) (2.52)

The collective wave function in the laboratory frame, ψαIM(β, γ,Ω) is

the function of β, γ and Ω set of three Euler angles Ω. It is specified

by the total angular momentum I, its projection onto the z-axis in the

laboratory frame M, and α the distinguishes the eigenstates possessing

the same value of I and M. With the rotational wave function DI
MK ,

they are written as[64]:

ψαIM(β, γ,Ω) =
∑

k=even

ϕαIk(β, γ)⟨Ω|IMK⟩ (2.53)

Where

⟨Ω|IMK⟩ =

√
2I + 1

161π2(1 + δk0
[DI

MK(Ω) + (−1)IDI
M,−k(Ω)] (2.54)
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The vibration wave functions in the body-fixed frame,ϕαIK(β, γ), are

normalized as: ∫
dβ dγ

√
G(β, γ) |ϕαI(β, γ)|2 = 1 (2.55)

Where

|ϕαI(β, γ)|2 =
∑

k=even

|ϕαIk(β, γ)|2 (2.56)

and the volume element is given by
√
G(β, γ) dβ dγ with:

G(β, γ) = 4β8W (β, γ)R(β, γ) sin2(3γ) (2.57)

Thorough discussions of symmetries of the collective wave functions and

the boundary condition for solving the collective Schrodinger equation

are given in Refs[67][68].

Inserting (2.53) into the collective Schrodinger equation (2.52), we ob-

tain the egenvalue equation for vibrational wave functions[69].

[T̂vib + V (β, γ)]ϕαIK(β, γ)+
∑

k′=even

⟨IMK|T̂rot|IMK ′⟩ϕαIK ′(β, γ)

= EαI ϕαIK(β, γ)

(2.58)

Solving this equation, we obtain quantum spectra and collective wave

functions.
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Chapter three General Theory

3.1 General Theory

According to the Plane-Wave Born Approximation (PWBA), the cross

section for unpolarized electron scattering from initial nuclear state i to

final nuclear state f is given by[11][70][71]:

dσ

dΩ
= σM η−1

{(
qµ
q

)4

F 2
L(q) +

[
1

2

(
qµ
q

)2

+ tan2
(
θ

2

)]
F 2
T (q)

}
, (3.1)

Where σM is the Mott cross-section for scattering from a point like

nuclear charge Ze and is defined as[12]:

σM =

[
Zα cos (θ/2)

2Eisin2(θ/2)

]2
, (3.2)

Where Z is the atomic number of the target nucleus,Ei is the energy of

the input electron, and θ is the angle of scattering. α = e2/hc = 1/137

is the fine structure constant. The nucleus’s recoil factor is determined

by [11]:

frec = [1 +
2Ei

M
sin2(θ/2)]−1 (3.3)

Where Ei is the incident electron energy, E ′ is the scattering electron

energy, q is the three-momentum transfer, and qµ is the four-momentum

transfer, which together make up the energy transfer ω = Ei −E ′, [11]:

q2µ = q2 − ω2 = 4EE ′sin2(θ/2) (3.4)

The form factor is given by the well-known multi-pole as a function of

momentum transfer q, [72]:

|F η
J (q)|

2 =
4π

Z2(2Ji + 1)
|⟨Jf∥T̂ η

J (q)∥Ji⟩|
2 (3.5)

In the electron scattering multi-pole operator T η
J (q), the superscripts T

and L stand for transverse (T) and longitudinal (L), respectively. Ji
and Jf stand for the total angular momentum of the initial and final

states. The form factor can be expressed in terms of a matrix element
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Chapter three General Theory

that is reduced to contain both the angular momentum (J) and isospin

(T) when the Wigner-Eckert theory is applied in the isospin space. :

|F η
J (q)|

2 =
4π

Z2(2Ji + 1)
|
∑
T=0,1

(−1)Tf−Tzf

(
Tf T Ti

−TZf MT TZi

)
⟨JfTf |∥T̂ η

JT (q)|∥JiTi⟩|
2

(3.6)

Where TZ = |Z−N
2 |

The rule of angular momentum and isospin can be written as:

|Ji − Jf | ≤ J ≤ Ji + Jf (3.7)

|Ti − Tf | ≤ T ≤ Ti + Tf (3.8)

And the parity selection rules:

πiπf = (−1)J for CJ and EJ multi-poles

πiπf = (−1)J+1 for MJ multi-poles

where CJ, EJ, and MJ stand for Coulomb, electric, and magnetic

multi-poles, respectively.

3.2 The Reduced Single-Particle Matrix Elements

The reduced matrix element of the necessary operator T η
Λ is defined as

the product of the elements of the One Body Density Matrix (OBDM)

times the elements of the single particle-matrix. [73]:

⟨Jf∥T̂ η
J,tZ

∥Ji⟩ =
∑
a,b

OBDMJ,tZ(Ji, Jf , a, b)⟨a∥T̂ η
J,tZ

∥b⟩ (3.9)

where tz = 1
2 for proton and −1

2 for neutron. The initial and final

states of the nucleus are statesJi and Jf, respectively, where J denotes

multi-polarity. The decreased matrix element in spin space is shown

by the double bar ⟨∥⟩. determines whether to use the longitudinal or

Coulomb (Col.), transverse electric(el..), or magnetic(mag) operators,

accordingly.The end and starting states are represented by the single-

particle states a and b, respectively. [73]:

|a⟩ = |nala⟩|jama⟩|ttz⟩ (3.10)
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Chapter three General Theory

|b⟩ = |nblb⟩|jbmb⟩|ttz⟩ (3.11)

The total single-particle angular momentum quantum numbers are

(ja,jb), the principle quantum numbers are (na,nb), the orbital angu-

lar momentum numbers are la, lb), the projection of (ja,jb) is (ma,mb) ,

and the single-particle isospin state is |ttz⟩.

3.3 The One Body Density Matrix Elements (OBDM)

The work of Lee and Kurath is where the OBDM components come from

[74]: The transition amplitudes are connected to the OBDM components

employed in this study By AJ,tz(ja, jb),

OBDMJ,tz(i, f, ja, jb) =
√

2Jf + 1
AJ,tz(ja, jb)√

2J + 1
(3.12)

The transformation from L-S coupling basis to J-J coupling is given

by[74]:

AJ,tz(ja, jb) =
∑
LS

(ĵaĵbL̂Ŝ)
1/2


lb 1/2 jb
la 1/2 ja
L S J

AJ,tz(LS) (3.13)

Where the bracket


....

....

....

 is the 9j-symbols and Ĵ = 2J+1. In isospin

representation, the value of the OBDMJ,T is obtained from the value of

OBDMJ,tz as[62]:

OBDMJ,tz =(−1)Tf−Tz

{
√
2

(
Tf 0 Ti
−TZ 0 TZ

)
OBDM(∆T = 0)

2
+ 2tz

√
6

(
Tf 0 Ti
−TZ 0 TZ

)
OBDM(∆T = 1)

2

}
(3.14)

With tz =
1
2 for a proton and −1

2 for a neutron. The bracket

(
....

....

)
is

3j-symbol.
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Chapter three General Theory

3.4 The Longitudinal Operator’s Reduced Single-

Particle Matrix Elements

The only nucleon that is thought to interact with the electron in the

single-particle model is one that is in a state with a well defined shell

model. The longitudinal scattering results from the interaction of elec-

trons with the charge distribution of the nucleus, as described by the

longitudinal (Coulomb) form factors. In the nuclear Hilbert space, the

longitudinal operator, an irreducible operator of rank J, is defined as[11]:

T̂L
J,M(q, tz) =

∫
dr⃗ jJ(qr) YJM(Ωr) ρ̂(r⃗, tz) (3.15)

Where jJ(qr) is the spherical Bessal function, YJM(r) is the spherical

harmonic and ρ̂(r⃗, tz) is the single nucleon charge density operator is

given by[49]:

ρ̂(r⃗, tz) = e(tz)δ(r⃗ − r⃗i) (3.16)

Where δ(r⃗ − r⃗i) is Dirac deita function and e(tz) = 1+2tz
2 . From the

equations (3.15) and (3.16), then equation (3.15) becomes:

T̂J,M(q, tz) = e(tz) jJ(qr) YJM(Ωr) (3.17)

Between the initial |nb, lb, jb⟩ and final |na, la, ja⟩ states, the reduced

single-particle matrix element’s longitudinal operator may be written

as[11]:

⟨na, la, ja∥T̂J,tz∥na, la, ja⟩ =e(tz)⟨na, la|jJ(qr)|na, la⟩〈
la
1

2
ja∥YJ(Ωr)∥lb

1

2
jb

〉
(3.18)

The reduced matrix elements of the spherical harmonic are [71]:

⟨la
1

2
ja∥YJ(Ωr)∥lb

1

2
jb⟩ =

1

2
(−1)ja+1/2[1 + (−1)la+lb+J ]√
(2ja + 1)(2jb + 1)(2J + 1)

4π

[
ja J jb
1/2 0 −1/2

]
(3.19)
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The single-particle matrix element of the spherical Bessel’s function

is[75]:

⟨nala|jJ(qr)|nblb⟩ =
∫ ∞

0

drr2jJ(qr)Rna,la(r)Rnb,lb(r) (3.20)

the radial component of the single-particle wave function are Rna,la(r)

and Rnb,lb(r). The size parameter b of the Harmonic Oscillator (HO)

potential, which is used, allows for the analysis of the radial matrix

elements of the Bessel function as [73]:

⟨nala|jJ(qr)|nblb⟩ =
2J

(2J + 1)!!
Y J/2exp(−Y )[(nb − 1)!(na − 1)!]1/2

[Γ(nb + lb + 1/2)Γ(na + la + 1/2)]1/2
nb−1∑
mb=0

na−1∑
ma=0

(−1)(mb+ma)

ma!mb!

1

(nb−mb
− 1)!(na −ma − 1)!

Γ(1/2(lb + la+ 2mb + 2ma + J + 3)

Γ(mb + lb + 3/2)Γ(ma + la + 3/2)

F (1/2(J − la − la − 2mb − 2ma); J + 3/2;Y )

(3.21)

Where Y = (bq/2)2., Γ is gamma function and F is the confluent hyper-

geometric function, which may be evaluated by using[73]:

F (α; β; γ) = 1 +
α

β
γ +

α(α + 1)

β(β + 1)

γ2

2!
+ ... (3.22)

It is possible to express the longitudinal form factor in terms of the

reduced many-particles matrix element of the transition operator as[45]:

|FL
J,tz

(q)|2 = 1

z2
4π

2Ji + 1
⟨Jf∥T̂L

Jtz
∥Ji⟩ (3.23)

The reduced many-partical matrix element with spin-space is given

by[73]:

⟨Jf∥T̂L
Jtz

∥Ji⟩ =
∑
a,b

OBDM(Jf , Ji, a, b, J, tz)⟨a∥T̂L
Jtz

∥b⟩ (3.24)
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Also, it may be expressed as[73]:

⟨Jf∥T̂L
Jtz

∥Ji⟩ = e(tz)

∫ ∞

0

drr2jJ(qr)ρJtz(i, f, r) (3.25)

Where ρJtz is the transition charge density and given by.[73]:

ρJtz(r) =
∑
a,b

OBDMJtz(i, f, a, b)⟨nalaja∥YJ∥nblbjb⟩Rnala(r)Rnblb(r),

(3.26)

Two adjustments are made to the nuclear form factors, both of which

are reflected in eq. (3.25). The finite nucleon size (f.s) correction and

the center-of-mass (c.m) correction are calculated as [76]:

Ff.s(q) = e
−0.43q2

4 (3.27)

Fc.m(q) = e
q2b2

4A (3.28)

Where b is the Harmonic-Oscillator size parameter and A is the nu-

clear mass number. The center of mass is corrected to remove the false

states that appear when applying a shell model wave function. Cal-

culating the form factor requires taking into account the effects of a

restricted nucleus size, center of mass motion, and Coulomb distortion

of electron waves.Consequently, utilizing Wigner-Eckart theory and the

multi-polarity J’s form factor as reduced matrix components in the an-

gular momentum and isospin spaces[24]:

|F η
J (q)|

2 =
4π

Z2(2Ji + 1)
|
∑
T=0,1

(−1)Tf−Tzf

(
Tf T Ti

−TZf MT TZi

)
⟨Γf∥|T̂ η

J,T (q)∥|Γi⟩|Ff.s(q)|2|Fc.m(q)|2
(3.29)

Where Tz =
Z−N
2 .

The single-particle energies are given by[45]:

enlj = (2n+l−1/2)ℏω+

{
−1/2(l + 1)⟨f(r)⟩nl for j = l − 1/2

1/2l⟨f(r)⟩nl for j = l + 1/2
(3.30)

With

⟨f(r)⟩nl ≈20A−2/3Mev,

ℏω = 45A−1/3 − 25A−2/3
(3.31)
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Electron Coulomb distortions increase the momentum transfer to first

order, producing an efficient transfer qeff f that is given by[70] [77]:

qeff = q[1 +
3

2

Ze2

ERc
] (3.32)

Where Rc =
√

5
3Rrms is the root mean square (rms) charge radius.

3.5 The Electromagnetic Transition Probability

At the photon point, when the momentum transfer q = k = Ex/ℏc,
occurs, the electromagnetic transition probability is determined.where

Ex is the excitation energy.The form factor at (q=k) is [24]:

|FL
J (k)|2 =

4π

(2Ji + 1)Z2

∣∣∣∣ ∫ ∞

0

dr r2jJ(kr)ρJ(i, f, r)

∣∣∣∣2, (3.33)

Hence, for this value of q, the center of mass and finite nucleon size

correction factors are roughly equal to one. At q = k = Ex/ℏc

jJ(kr) =
(kr)J

(2J + 1)!!
(1− 1

2

(kr)J

(2J + 3)
+ ...) (3.34)

Retaining only the leading term in the series expansion of jJ(kr), one

obtains:

jJ(kr) ≈
(kr)J

(2J + 1)!!
(3.35)

Then equation (3.33) becomes:

|FL
J (k)|2 =

4π

(2Ji + 1)Z2

[
(k)J

(2J + 1)!!

]2 ∣∣∣∣∣
∫ ∞

0

dr rJ+2ρJ(i, f, r)

∣∣∣∣∣
2

(3.36)

The definition of the multi-pole matrix element is[78]

QJ
fi
=

∫ ∞

0

dr rJ+2ρJ(i, f, r) (3.37)
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Hence the reduced transition probability is described as follows:

B(CJ) =
|QJ

fi
|2

2Ji + 1
(3.38)

Afterward, the diminished transition probability B(CJ) is expressed as

follows using the form factor at the photon point[24]:

B(CJ) =
[(2J + 1)!!]2Z2e2

4πk2J
|FL

J (k)|2 (3.39)

In the PWBA, the longitudinal form factor is given by Fourier transfor-

mation of the transition density ρfi(r)[11]:

|Fc(q)|2 =
1

Z2

∑
Mi,Mf

|ρ(q)|2, (3.40)

Where

ρ(q) =

∫
eiq.r⟨JfMf |ρ̂(r)|JiMi⟩dq (3.41)

The Dirac delta function and the one-body density operator ρ̂(1)(r⃗) may

be used to represent the density distribution of an A-point nucleon sys-

tem as [79]:

ρ̂(1)(r⃗) =
A∑
i=1

δ(r⃗ − r⃗i)ei. (3.42)

The many-particle wave function ψ may be used to define the expected

value for the one-body density operator and is written as [72]:

⟨ψ(r⃗1, r⃗2, ...r⃗A)|ρ̂(1)(r⃗)|ψ(r⃗1, r⃗2, ...r⃗A)⟩ =
A∑
i=1

∫ ∞

0

ψ∗(r⃗1, r⃗2, ...r⃗A)δ(r⃗ − r⃗i)

ψ(r⃗1, r⃗2, ...r⃗A)dr⃗1dr⃗2...dr⃗A
(3.43)

In terms of Slater determinants and as shown by, the single-particle wave

function ϕi(r⃗j) may be used to represent the nuclear many-particle wave

function ψ . [72]:

ψ(r⃗1, r⃗2, ...r⃗A) =
1√
A!
detϕi(r⃗j) (3.44)
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The integration over the coordinates then results in [72]

ρo(r) = ⟨ψ(r⃗1, r⃗2, ...r⃗A)|ρ̂(1)(r⃗)|ψ(r⃗1, r⃗2, ...r⃗A)⟩ (3.45)

As a result, the single-particle wave function may be used to calculate

the density distribution of a system containing A nucleons as[80]:

ρo(r) =
A∑
i=1

|ϕi(r⃗)|2 (3.46)

We will operate with a Harmonic Oscillator basis and define our single

particle states as follows in order to derive an explicit formula for the

one body density matrix elements: :

ϕi(r⃗) = ψnlm(r⃗)χsiχti, (3.47)

Where i = n, l,m, si, ti while ψnlm(r⃗), χsi, and χti are space, spin, and

isospin wave functions, respectively. The space wave function of (HO)

is given by:

ψnlm(r⃗) = Rnl(r)Ylm(θi, ϕi) (3.48)

The equation (3.46) can be written as,[72]:

ρo(r) =
∑
nlm

|ψ(r⃗)|2.
∑
si,ti

|χsiχti|2 (3.49)

ρo(r) =
∑
nlm

|Rnl(r)Ylm(θi, ϕi)|2.
∑
si,ti

|χsiχti|2 (3.50)

ρo(r) = 4
∑
nl

|Rnl(r)|2.
∑
m

|Ylm(θi, ϕi)|2 (3.51)

where the factor 4 in equation (3.51) takes into account the spin-isospin

degeneracy i.e.., The charge density distribution does not depend on the

si and ti, therefore these indices have been neglected by summing over

the projections ms and mt to obtain the factor 4. The second factor of

equation (3.51) can be written as,[72]:∑
m

|Ylm(θi, ϕi)|2 =
2l + 1

4π
(3.52)
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The density of the system (A) nucleons written as[72]:

ρo(r) = 4
∑
nl

|Rnl(r)|2 .
2l + 1

4π
(3.53)

As a result, for closed shell nuclei with Z=N, the ground charge density

distribution is given by[72]:

ρo(r) = 2
∑
nl

(
2l + 1

4π

)
|Rnl(r)|2 (3.54)

The charge density at ground state may be written as for open shell

nuclei.:

ρo(r) =
1

4π

∑
nl∈I

2(2l + 1)|Rnl(r)|2 +
1

4π

∑
nl ̸∈I

Np|Rnl(r)|2 (3.55)

Where I: closed shell Np , number of protons in the unfilled orbit’s and

Rnl(r) is given by:

Rnl(r) =
1

(2l + 1)!!
[
2l−n+3(2n+ 2l − 1)!!

b3
√
π(n− 1)!

]1/2 (r/b)l e−r2/b2

1F1(1− n, l +
3

2
;
r2

b2
)

(3.56)

1F1(1− n, l+ 3
2 ;

r2

b2 ) is the confluent hyper-geometric series and is given

by[72]:

1F1(1− n, l +
3

2
;
r2

b2
) =

n−1∑
k=1

(−1)k
(n− 1)!2k

(n− k − 1)!k!

(2l + 1)!!

(2l + 2k + 1)!!
(r/b)2k

(3.57)

With n!!=n(n-1)(n-4)....(2 or 1),

n!=n(n-1)(n-2)....1

b is the harmonic oscillator size parameter is given by[72]:

b = 1.005A1/6 fm (3.58)

Size parameter b is dependent on the nuclear mass number A, which is

the case for HO wells...

34



 

Chapter Four 

 

 

Results 

,Discussion and 

Conclusions 

 

 



Chapter four Results,Discussion and Conclusions

4.1 Introduction

Calculations need the use of mathematics, quantum mechanical theo-

ries, and nuclear shell model theories and formulas. To carry out such

extensive calculations. These many issues must be programmed into

a computer program to perform such a massive computations[81].The

nuclear shell model has shown to be a highly useful tool for studying

the nuclear structure because it can precisely and systematically ac-

count for a variety of observables by selecting an appropriate residual

effective interaction. The nuclear shell model was created as the un-

derstanding of nuclear structure advanced. The shell model, although

being essentially straightforward, explains a number of nuclear phenom-

ena, including spin, magnetic moment, and nuclear spectra. The shell

model is made up of two key types of models that are connected to its

foundation: the models of the mean field and they configuration mixing

models[9].

To compare the theoretical results with experimental data In this

work, large-scale(and restriction) shell-model calculations were performed.

The shell model code NuShellX@MSU [16] was used, with the d3f7, ho,

jj44, glekpn model space was utilised,including d3/2 , f7/2, p3/2, f5/2, p1/2
,g9/2 for protons and neutrons.The core polarization effects (CP) are cal-

culated with (ho, w0, jj44b and glekpn) as effective residual interactions.

The HO, WS and SKX potential have been used to calculate the wave

functions of the single-particle matrix elements, ten nuclei (58,60,62Ni,
42,44,48Ca, 51V,59Co, 93Nb and 115In) were considered in this work .The

calculations presented here were performed using Bohr-Mottelson ,va-

lence and Tassie models .

35



Chapter four Results,Discussion and Conclusions

4.2 The Transverse Form Factors Calculations

4.2.1 The nucleus 51V

The vanadium (51V ) nucleus contains 23 protons and 28 neutrons.Thus,

it contains 3 protons outside the core 48Ca distributed over the f-shell

space, To describe the experimental data [82, 83, 84], we need to con-

sider the total contribution of M1, M3, M5, and M7 multi-poles. The

shell model calculations are performed using d3f7 model space whit (w0)

effective interaction. Figure (4.1) shows The total magnetic form fac-

tor that the total contribution of M1(whit WS3 potential) , M3(whit

WS3 potential),M5(whit WS3 potential),and M7(whit SK35 potential)

for 51V (Jπ = 7
2

−
) is shown in red, blue, green, and yellow, respectively

by using the valence with (b)and without(a) core polarization effects

models . In the first peak between (0 ≤ q ≤ 1.5)fm−1 , the dominant

component is M1 where the maximum values are 10−3 and 0.6fm−1 for

form factors and momentum transfer values respectively.At the second

peak between (1.5 ≤ q ≤ 3)fm−1, the dominant component is M7 where

the maximum values are 10−4 and 3fm−1 for form factors and momen-

tum transfer values respectively ,there is no rapprochement between the

experiment’s and the theoretical data for the final peak.

Figure (4.1) section (c) shows the total magnetic form factor for

The nucleus 51V , as it appears with polarization in red and without

polarization in blue, respectively. From the figure, we conclude that the

polarization is minimal or almost non-existent.
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Figure 4.1: The total transverse magnetic form factor for the transi-
tion to the (72

−
) state in the 51V nucleus, without(a),with (b) core-

polarization effects and (c)the relation between momentum transfer q
and total magnetic form factor, as it appears with polarization in red
and without polarization in blue, respectively. The experimental data
are taken from ref.[82, 83, 84].
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4.2.2 The nucleus 59Co

The 59Co nucleus has 27 protons and 32 neutrons. The 59Co nucleus has

11 nucleons outside the core.48Ca The experiment data for 59Co nucleus

taken from the ref[82, 85, 86].To describe the experimental data, we

need to consider the total contribution of M1, M3, M5, and M7 multi-

poles. The shell model calculations are performed using (ho) model

space wiht (ho) effective interaction. Figure (4.2) shows The total mag-

netic form factor that the total contribution of M1(wiht WS3 potential)

, M3(wiht sk33 potential) , M5(wiht Ho potential) , and M7(wiht Ho

potential) . It was applied to the fp-shell model space wave function.

for 59Co(Jπ = 7
2 ) is shown in red, blue, green, and yellow, respectively

by using the Valence With (b)and Without(a) core polarization effects

models .In the first peak between (0 ≤ q ≤ 1.3)fm−1, the dominant

component is M1 where the maximum values are 10−3 and (0.7)fm−1

for form factors and momentum transfer values respectively ,At the sec-

ond peak between (1.5 ≤ q ≤ 3.4)fm−1, the dominant component is M7

where the maximum values is 10−4 and (2.3)fm−1 for form factors and

momentum transfer values respectively.

Figure (4.2) section (c) shows the total magnetic form factor for The

nucleus 59Co , as it appears with polarization in red and without po-

larization in blue, respectively. From the figure, we conclude that the

polarization is minimal or almost non-existent.
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Figure 4.2: The total transverse magnetic form factor for the transi-
tion to the (72

−
) state in the 59Co nucleus, without(a),with (b) core-

polarization effects and,(c) the relation between momentum transfer q
and total magnetic form factor, as it appears with polarization in blue
and without polarization in red, respectively. The experimental data
are taken from ref. [82, 85, 86].
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4.2.3 The nucleus 93Nb

The transverse form factor calculations have been performed in the

(glekpn with restriction) model space with the shell-model code NUSHELL

X@MUS since we are interested in the positive-parity states of 93Nb for

the valance particles states (1g 9/2) outside the core 56Ni, The Vm(a)

and the Vm with CP model(b) are compared as the total magnetic form

factor, which symbolizes the sum. The contribution of M1, M3, M5, and

M7 for 93Nb (Jπ = 9
2

+
) is shown in red, blue, green, and yellow, respec-

tively. Effective interaction glekpn. It was applied to the g-shell model

space wave function. In the first peak between (0 ≤ q ≤ 1.1)fm−1, the

dominant component is M1 where the maximum values are 10−3 and

(0.6)fm−1 for form factors and momentum transfer values respectively

,At the second peak between (1.4 ≤ q ≤ 3)fm−1, the dominant compo-

nent is M3 where the maximum values are 10−3 and (1.7)fm−1 for form

factors and momentum transfer values respectively.

Figure (4.3) section (c) compares the total magnetic form factor

between the Valence model(Vm),shown in blue line ,and the Valence

model with core polarization(Vm+Cp), shown in red line.It is clear from

the peaks in the figure that the core effect is very small, because the form

factor in our work is transverse
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Figure 4.3: The total transverse magnetic form factor for the transi-
tion to the (92

+
) state in the 93Nb nucleus, without(a),with (b) core-

polarization effects and,(c) the relation between momentum transfer q
and total magnetic form factor, as it appears with polarization in red
and without polarization in blue, respectively. The experimental data
are taken from ref. [82, 87, 85].
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4.2.4 The nucleus 115In

The transverse form factor calculations have been performed in the

(glekpn whit restriction) model space since we are interested in the

positive-parity states of 115In for the valance particles states (1g 9/2)

outside the core 56Ni,The Vm(a) and the Vm with CP model(b) are

compared as the total magnetic form factor, which symbolizes the sum.

The contribution of M1, M3, M5,M7 and M9 for 115In (Jπ = 9
2

+
) is

shown in red, blue, green, and yellow, respectively. Effective interaction

glekpn. It was applied to the g-shell model space wave function. In

the first peak between (0 ≤ q ≤ 1)fm−1, the dominant component is

M1 where the maximum values are 10−3 and 0.5fm−1 for form factors

and momentum transfer values respectively ,At the second peak between

(1.6 ≤ q ≤ 2.8)fm−1, the dominant component is M9 where the max-

imum values is 10−4 and (1.9)fm−1 for form factors and momentum

transfer values respectively.

Figure (4.4) section (c) compares the total magnetic form factor

between the Valence model(Vm),shown in blue line ,and the Valence

model with core polarization(Vm+Cp), shown in red line. It is clear

from the peaks in the figure that the core effect is very small, because

the form factor in our work is transverse.

.
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Figure 4.4: The total transverse magnetic form factor for the transi-
tion to the (92

+
) state in the 115In nucleus, without(a),with (b) core-

polarization effects and,(c) the relation between momentum transfer q
and total magnetic form factor, as it appears with polarization in red
and without polarization in blue, respectively. The experimental data
are taken from ref.[82]
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4.3 The Longitudinal C2 and C4 Form Factors

4.3.1 The nucleus 42Ca

The nuclear form factor C2 calculation for the 42Ca nucleus using the

Tassie(the blue line) and Bohr-Motelsen (the intermittent red) models

with core-polarization is shown in Figure (4.5). The calculations were

carried out in the region of the model d3f7 by using the effective inter-

action W0 and using The 40Ca nucleus is closed as the core and thus

has 42Ca two nucleons outside the core, where there are two regions for

matching the theoretical with the exp. When the nuclear form factor’s

highest value equals 10−4 in the first area (0 ≤ q ≤ 1.6), fm−1, there is

a good match. Regarding the second area, there is a near-strong match

there and it is situated in the momentum range of (1.8 ≤ q ≤ 2.4), fm−1.

Approximately at a nuclear form factor maximum of 10−6 .
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Figure 4.5: The longitudinal form factor C2 in the 42Ca nucleus. The
experimental data are taken from ref[88] .

45



Chapter four Results,Discussion and Conclusions

4.3.2 The nucleus 44Ca

The Bohr-Motelsen (The dashed line is red) and Tassie (blue line)

models with core-polarization were used to calculate the C2 nuclear

form factor of the 44Ca nucleus in Figure (4.6). With a closed core of

a 40Ca nucleus and the residual interaction W0, calculations were car-

ried out in the area of the d3f7 pattern, where there are three peaks.

When the highest value of the nuclear form factor is 10−6 the first peak

in the momentum transfer area (0 ≤ q ≤ 1.5) ,fm−1 has a decent

convergence compared to the second peak in the momentum transfer

region(1.5 ≤ q ≤ 2.5), fm−1 with 10−8 . There is no relationship be-

tween the theoretical and the practical for the third peak, which lies

between (2.5 ≤ q ≤ 3) ,fm−1.
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Figure 4.6: The longitudinal form factor C2 in the 44Ca nucleus. The
experimental data are taken from ref[88] .
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4.3.3 The nucleus 48Ca

The Tassie(blue line) and Bohr-Mottelson (The dashed line is red) mod-

els with CP were employed to calculations form factors C2 and C4 of

the 48Ca nucleus .The 40Ca core was used as a closed core with 8 parti-

cles outside the core40Ca The residual interaction W0, and the potential

WS1 and SK35 were used in calculations in the d3f7 model space.

Figure 4.7(a) depicts the data as having two peaks, as indicated in

the image below.When the maximum value of the nuclear form factor

is 10−3, the first peak in the momentum transfer area (0 ≤ q ≤ 1.5)

fm−1 exhibits better convergence than the second peak in the momen-

tum transfer region (1 ≤ q ≤ 2.2) fm−1 with 10−5 , since there is no

convergence of the theoretical and actual results at this peak.

The longitudinal C4 form factor for the 4+ state with the inclusion

of the CP effect is plotted in figure 4.7(b) . The results likewise has two

peaks, the first peak, which is in the momentum area and has the nuclear

form factor (0.4 ≤ q ≤ 2.1)fm−1 with 10−5, exhibits extremely excellent

convergence. As for the second peak, there is no correspondence between

the exp and the theoretical.
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Figure 4.7: The longitudinal form factor C2 and C4 in the 48Ca nucleus.
The experimental data are taken from ref[89, 90] .

4.3.4 The nucleus 58Ni

The Tassie(blue line) and Bohr-Mottelson (The dashed line is red)

models with CP were employed to calculations form factors C2 and C4

of the 58Ni nucleus .The 56Ni core was used as a closed core with 2

particles outside the core56Ni The residual interaction jj44b, , and the

potential WS1 and HO were used in calculations in the jj44 model space.

Figure (4.8) (a), compare the exp. and theoretical longitudinal form

factors for 58Ni for the C2 transition. The region of momentum transfer

the smaller than 1 fm−1 is a good agreement between the experimental

date and BM within CP, Tassie within CP, but when the momentum

transfer is 1 fm−1 the CP is better than BM or Tassie model within CP.

In the end of second peak at q= 2 fm−1 the BM within CP approxi-

mately agreement with the experimental data. The third peak it differs

in correspondence between BM and then Tassie models within CP.

In Figure (4.8) (b) the results of C4 form factors for 58Ni nucleus with

BM and Tassie model within CP and the jj44b is residual interaction.

The calculations of form factor is approximately agreement with ex-

perimental data but the CP is better than other when the momentum

transfer in region 1.5 fm−1.
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Figure 4.8: The longitudinal form factor C2 and C4 in the 58Ni nucleus.
The experimental data are taken from ref[91] .

4.3.5 The nucleus 60Ni

The model space jj44, which includes a core of 56Ni and 4 valence neu-

trons for 60Ni, was used in the calculations for the shell model.The state

longitudinal form factor is C2. (JπT =2+1 1)of
60Ni

In Figure (4.9), the practical results for electron scattering form

factor were compared with the theoretical results. The calculations per-

formed with HO as potential and jj44b as residual interaction. We

observe three peaks, the first peak occur at q = 0.7fm−1 the second at

q=1.9 fm−1 and the third peak at q=2.6fm−1. All momentum transfer

is enhanced by the C2 form factors due to the CP effects, and we see

that the findings show excellent agreement with exp. data especially for

the first peak up to q=0.8 fm−1 with 10−3.
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Figure 4.9: The longitudinal form factor C2 in the 60Ni nucleus. The
experimental data are taken from ref[91] .
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4.3.6 The nucleus 62Ni

The calculations for 62Ni were done using a 56Ni nucleus as a closed

core and the residual interaction, jj44b, in the space of the jj44 model.

As a result, there are 6 neutrons outside the core 56Ni.

Figure 4.10 (a) shown the C2 form factor for 62Ni nucleus. In the

first peak the BM and Tassie models with CP shows better affinities at

Momentum transfer is equal to 0.9fm−1 with 10−3 form factor value .

But not good agreement in the second and third peak beteewn Theo-

retical and practical data.

In figure 4.10 (b) has been calculated the C4 form factor for 62Ni

nucleus and the calculation of Tassie model(blue line) with CP is closest

to practical results in end of first peak. In the second peak the result is

not good agreement with the exp. .
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Figure 4.10: The longitudinal form factor C2 and,C4 in the 62Ni nucleus.
The experimental data are taken from ref[91] .

4.4 Conclusions

The present study focused on using Tassie and Bohr-Mottelson models

to calculate the inelastic electron scattering form factors for some se-

lected states of fp-shell nuclei,therfore we had concluded the following;

1. The transverse magnetic form factors are not sensitive to the change

of the effective charge and are well reproduced by both Tassie and

Boh-Mottelson models.

2. The harmonic oscillator (HO) is an adequate choice as residual ef-

fective interaction for the form factors calculations with specific ef-

fective proton and neutron effective charges.

3. The core polarization by means of effective charges of proton and

neutron is able to reproduce the form factors for all the studied

states of the selected nuclei understudy.
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4.5 Suggestions of Future Work

We suggest the following:

1. Extending this work in an attempt using some other residual effec-

tive interaction such a slgm, slgtpn, and snt.

2. Extending this work in an attempt to include the other nuclei in the

W0, ho, glekpn, and jj44b.
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 الخلاصة

 لنوىا لبعض الحالات المختارة من يةالإلكترون للأستطارةشكل العرضية تعوامل التمت دراسة 

In 115Nb, 93Co, 59V, 51 ةلبعض الحالات المختار يةترونشكل الطولية للأستطارة الإلكتمع عوامل ال 

نموذج القشرة أتم إجراء حسابات .  fpي منطقةتقع فحيث  Ni58,60,62Ca, 40,42,44,48 من النوى

 .NushellX @ MSU البرنامج الحاسوبيباستخدام الإصدار الأخير من 

في النوى لحساب القيمة الذاتية والمتجهات الذاتية المستخدمة لحساب  المؤثرةالتفاعلات تم أستخدام 

لكترو  يير لاستخدامها في حسابات عوامل شكل تشتت الإ (OBTD) كثافات انتقال الجسم الواحد

 .المر 

للأستطارة  النووي شكلالتلحساب عوامل  Bohr-Mottelson و Tassie تم استخدام نماذج

كتفاعل فعال متبقي. تسُتخدم الشحنات الفعالة  (HO) باستخدام مذبذب توافقي ةيير المرنالإلكترونية 

 .القلبستقطاب أوتو  والنيوترو  لحساب تأثيرات للبر

شكل باستخدام دالة تفي حساب عوامل ال (Sk35) معاملات الفعال مع  Skyrme يتم استخدام تفاعل

 اءفضجميع حالات خلط  دالموجة الناتجة عن الدوالموجة الفضاء النموذجية الناتجة عن تداخل جميع 

 .نموذجالأ فضاءنموذج المعتمدة دو  أي القيود المفروضة على الأ

يير المرنة المحسوبة للنواة المدروسة مع البيانات لكترونية للأستطارة الإشكل التتمت مقارنة عوامل 

تونات عن طريق الشحنات الفعالة للبرو القلبستقطاب أتأثير  الوصول الى أ التجريبية المتوفرة. تم 

 ةوالنيوترونات أمرًا ضرورياً للغاية ليتم أخذه في الاعتبار والذي يحسن التوافق مع البيانات التجريبي

. تتأثر عوامل الشكل المغناطيسي بدرجة C4و  C2 الكولومية شكلالتصة بالنسبة لعوامل جيداً ، خا

 أقل أو لا تتأثر بتغير شحنة البروتو  والنيوترو  الفعالة.
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