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Abstract

In the current work, calculations have been carried out for the cross-section,
total fusion o rus, fusion barrier distribution Dr.s, and fusion probability Pr.s by
using both the quantum mechanical and semi-classical approaches for the
systems 28Si+%0Zr, 28Si+927r, 28Si+947r, 28Sj+%7r, 3254907y 32549671 3BC|+97r,
MK+ 28Gj, PK+ 28Sj, “Ar+28Sj, 4K+10 that involving one neutron or one proton

transfer reactions.

The quantum mechanical and semi-classical approaches involved the use of
the Brillouin, Kramers, and Wenzel (WKB) approximation to describe the
relative motion between the projectile and target nuclei, and the Continuum
Discretized Coupled Channel (CDCC) method of Alder-Winther (AW) to
describe the intrinsic motion of the nuclei. For the semi-classical approach,
calculations were made by using the computer program SCF (Sequential
Complete Fusion), while for the quantum mechanical approach, calculations
were made by using the computer program CC (Coupled-Channels) , and both

programs are written by the programing language (Fortran 90).

The same Wood Saxon parameters for Akyliz Winter potential have been set
for both approaches, and the results for both approaches have been compared
with the measured experimental data, when adding the effect of coupling

between the elastic and break-up channel.

The semi-classical approach calculations well described all the measured
systems above the Coulomb barrier and the results below and around the
Coulomb barrier have been improved when the coupling has been considered,
while for the quantum mechanical approach, the coupling enhance the
calculations above the “Coulomb barrier” and below the “Coulomb barrier” is

very far and could not describe the data in most of the studied systems.

1
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1.1 Introduction

Understanding the dynamic processes involved in fusion reactions on
extremely short timescales, approximately ~10%'s or shorter, is a significant
challenge in nuclear physics. These processes heavily rely on the interaction
barrier formed by the combination of Coulomb force, nuclear force, and
centrifugal force between the nuclei. Describing these processes is complex due
to the intricate nature of the interaction when the projectile undergoes tunneling
or overcomes the internuclear barrier. In the energy range well above the fusion
barrier, the quantum mechanical effects of tunneling are negligible, and a
classical description of overcoming a single “fusion barrier” is sufficient.
However, at bombarding energies around and below the fusion barrier, quantum
mechanical tunneling plays a crucial role and becomes the primary process

contributing to fusion.[1]

The Hill-Wheeler formula for barrier penetration [2] is commonly
employed to calculate fusion at energies around the barrier. Stokstad et al
conducted systematic measurements of “fusion cross-sections” for the reactions
involving %O on Sm isotopes targets [3, 4] at energies near the conventional
Coulomb barrier. Surprisingly, they discovered that the fusion cross-sections
were significantly higher, by several orders of magnitude, than expected based
on a simple barrier penetration model. Subsequently, numerous other research
groups also observed this enhancement in fusion cross-sections at energies near

the Coulomb barrier [5, 6, 7,], indicating that it is a widespread phenomenon.

To explain this enhancement, it was proposed that fusion encounters a
distribution of barriers rather than a single conventional Coulomb barrier [8-
14]. This distribution of barriers could arise from various factors, such as the
permanent deformation of the target and/or the projectile in a classical sense as

well as quantum effects resulting from coupling the fusion channel with other
1
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channels, including inelastic scattering, proton, or neutron transfer, and breakup
channel [5], [15-22].

1.2 Fusion: The Key to Life on Earth

Fusion is a process in which a heavier nucleus is formed from the
combination of two lighter nuclei through a nuclear reaction. When the lighter
nuclei are lighter than °°Fe, the reaction releases energy (exothermal), whereas
if they are heavier than °®Fe, the reaction requires energy (endothermic). The
primary mechanism that powers stars for approximately 90% of their lifespan

Is the fusion of hydrogen nuclei into helium, as illustrated in Figure 1.1[23].
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Fig.1.1 Shows the proton-proton chain fusion reaction is produced at
26.7MeV [23]

This occurs naturally within the stellar core, where the immense

gravitational pressure facilitates such reactions. Fortunately, the fusion process

2
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Is extremely slow due to the minute cross-section of the proton-proton fusion
reaction, enabling small stars like the Sun to exist for billions of years. Nuclear
fusion also plays a fundamental role in the synthesis of chemical elements

throughout the Universe's history.

The abundance of certain elements and isotopes, such as ?H (D), 3He, *He,
®Li, and "Li, observed in the Universe can be explained by the Primordial or Big
Bang Nucleosynthesis theory. This theory, first introduced in [24,25], describes
the generation of heavier elements from protons and neutrons through nuclear
reactions that occurred during the initial 1000 seconds after the Big Bang. The
production of deuterium (D) from a proton (p) and a neutron (n) was the
fundamental process, followed by reactions involving proton-deuterium fusion
(p + D) and deuterium-deuterium fusion (D + D or DD), as well as neutron
captures and other fusion reactions. However, the expansion of the Universe
caused a decrease in density and temperature, halting the synthesis of nuclei
heavier than "Be. [26] in our Universe, including Earth, various elements and
isotopes such as 2C, N, %0, 28Si, %°Fe, and ¥"Au up to *8U exist, among

numerous others, owing to the processes mentioned above.

All sources of energy available on Earth, whether directly or indirectly, are
derived from nuclear fusion. These sources include solar energy, wind
(resulting from temperature and illuminance variations caused by the Sun),
waves (related to wind patterns), hydroelectric power (dependent on the water
cycle powered by solar energy), biomass and fossil fuels (originating from
photosynthesis in plants or the decomposition of organic matter derived from
photosynthesis), geothermal energy (stemming from the decay of radionuclides
in the Earth's mantle, synthesized through Stellar or Supernovae
Nucleosynthesis), and nuclear fission (arising from the induced disintegration

of heavy nuclides like 2®U, which were synthesized through Supernovae

3
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Nucleosynthesis). or Generating electrical energy through fusion nuclear
reactors involves harnessing the power of nuclear fusion reactions to produce
electricity and all of this is to reduce global warming phenomena which caught
the attention of the world in the last decade. Fusion reactors aim to replicate the
same process that powers the stars, such as the Sun, by fusing light atomic nuclei
together to form heavier nuclei. This reaction releases an enormous amount of
energy.[27,26] The power generated by the Sun, coupled with the specific
Earth-Sun distance, creates favorable conditions for life and sustains all forms
of life on Earth, including humans. In summary, the existence of the Universe,

Earth, and life as we know it heavily relies on nuclear fusion.

1.3 Fusion reaction mechanisms
1.3.1 Direct Complete Fusion (DCF)

Is a process where two atomic nuclei merge together to form a single
compound nucleus. This process leads to the complete fusion of the two nuclei
without any other reaction channels. The compound nucleus formed in DCF is
excited and it relaxes by emitting one or more particles or gamma rays. DCF is
the dominant process for heavy-ion fusion reactions at low energies. The
mechanism of DCF involves the projectile and the target nucleus approaching
each other and overcoming the Coulomb barrier through tunneling. Once the
nuclei are close enough, the strong nuclear force takes over and binds the nuclei
together to form a compound nucleus. The compound nucleus formed in DCF
Is excited and it relaxes by emitting one or more particles or gamma rays , as

explained in Figure 1.2-a [28, 29].

1.3.2 Sequential Complete Fusion (SCF)

Is a process where the incoming projectile fuses with the target nucleus
through a series of two or more compound nuclei . The compound nuclei formed

in each step of the process gradually approach the final state through successive
4
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Direct Complete Fusion (DCF) reactions. SCF is the dominant process at high
energies where DCF and Non-Capture Breakup (NCBU) cross-sections are
negligible. The mechanism of SCF involves the target and the projectile nucleus
approaching each other and overcoming the Coulomb barrier through tunneling
to form a compound nucleus. The compound nucleus formed in the first step of
the process can undergo a second fusion reaction with the remaining part of the
projectile to form a heavier compound nucleus. This process can be repeated
several times until the final compound nucleus is formed. The compound nuclei
formed in each step of the process gradually approach the final state through

successive DCF reactions , as explained in Figure 1.2-b [28, 29].

1.3.3 Incomplete Fusion (ICF):

Incomplete fusion refers to a nuclear reaction in which only a fraction of the
colliding nuclei merge together to form a compound nucleus, while some
nucleons are not fully captured. In ICF, the interacting nuclei approach each
other and experience nuclear forces but fail to overcome the entire Coulomb
barrier and fully merge. Instead of complete fusion, some nucleons from the
colliding nuclei are left behind, leading to the formation of intermediate reaction
products. ICF is influenced by various factors, including the incident energy,
the structure and stability of the colliding nuclei, and the reaction dynamics. It
can result in the production of exotic nuclei and can significantly affect the
properties of the compound nucleus formed in the reaction, as explained in
Figure 1.2-b.[30]

1.3.4 Non-Capture Breakup (NCBU)

Is a process in which the incoming projectile breaks up into two or more
fragments before reaching the target nuclei. This process occurs when the

energy of the projectile is insufficient to overcome the Coulomb barrier of the
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target nucleus, but is sufficient to break it up. NCBU is a significant reaction
channel at intermediate energies. The mechanism of NCBU involves the
projectile and the target nucleus approaching each other and interacting through
the Coulomb and nuclear forces. If the projectile energy is not sufficient to
overcome the Coulomb barrier of the target nuclei but is sufficient to break it
up, the projectile breaks up into two or more fragments before reaching the
target nucleus. The fragments then interact with the target nucleus separately,

leading to a more complex reaction product, as explained in Figure 1.2-b.[31]

PROJECTILE TARGET PROCESS

(a) Direct
Q= - o Complete Fusion
O — - — Transfer Reaction

Inelastic Excitation

(b) .
¥ Noncapture
0 = ‘ \ Breakup
0 = 0 - “-\\ g_o Incomplete Fusion
o — Sequential
- Complete Fusion

Fig.1.2 lllustrative diagrams of reaction mechanisms (a) any kind of nuclei are
included (b) only weakly bound nuclei are included [32]
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1.4 Literature Review

In 1980, Beckerman et al. [33] during the investigation of the fusion of
Ni + %Ni at Q+2n = 3.9MeV, the impact of positive Q-value neutron transfer
(PQNT) channels was first noticed on near-barrier fusion cross sections. They
directly compared the fusion excitation functions of °®®*Ni + 8®Ni in an
experiment, with the symbol “+” notation representing the absorption of

neutrons from the target nuclei.

In 1983, Broglia et al. [34] they did a vital study to check the results of
Beckerman's studies on the system *®Ni + %Ni and find out that the sub-barrier
enhancement of fusion observed in *®Ni + ®Ni is due to a kinematic effect
caused by the transfer of two neutrons during the fusion process, which reduces

the neutron transfer cross-section.

In 1992 N. Rowley et al. [35] they found an important result that the broad
distributions of experimental fusion cross-sections are produced by sequential
neutron transfers. Neutron flow may result from the development of a neck

between the projectile and target as a result of a collision with a finite Q-value.

In 1998 H. Timmers et al. [36] they studied two systems “°Ca+%°Zr and
40Ca+%Zr and found that the distributions barrier of the two systems, are
distinctively different. Below 95 MeV, no additional barriers are present in the
reaction “°Ca + %Zr, whereas, for °Ca + %Zr, three additional barriers exist.
This marks an important difference between the two systems. the lighter system
Is well described by coupled-channels calculations including multi-phonon
excitations, this coupling scheme fails completely for the heavier system. The
possible reason for these differences in the barrier distributions between the
lighter and heavier systems is attributed to the strong coupling to multi-neutron

transfer in the 4°Ca + %Zr system. The simplified coupled-channels calculations

7
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suggest that the neutron transfer proceeds sequentially and forms a neck
between the projectile and the target. this could act as fusion's “doorway state”.
This intermediate state lowers the barrier and makes the fusion process easier

at energies below the barrier, significantly increasing fusion cross-sections.

In 2000, V.Yu. Denisov. [37] Conducted a study on a number of different
systems using the CCFUS code and concluded that it is noteworthy that the
fusion cross sections for the 2*0+°Ni and “°Ca+%Zr systems display different
patterns in the vicinity of the barrier due to the contribution of the one-neutron
transfer channel. While this channel has negligible impact on the “°Ca+%Zr
reaction, it plays a significant role in the 2*O+°8Ni reaction. This discrepancy
can be attributed to the distinct one-neutron transfer channel's Q-values, which
are Q1ln = 5.29 MeV and Q1n = 0.508 MeV for *O+°8Ni and “°Ca+%Zr,

respectively.

In 2003, V. I. Zagrebaev. [38] Conducted an analytical study of many
systems: “°Ca+*Ca, “Ca+%Ca, *°Ca+%Zr, *Ca+%Ca, *Ca+*Ca, BO0+°Ni,
180+50Ni, ®He+2Bi, *He+?Bi, and °He+*8U, It was found that neutron
transfer with negative Q values does not lead to an increase in combinatorial
energy at energies near or below the slit based on the analysis of fusion cross-
sections.in reactions with negative values of all Q-value, there is no additional
enhancement of the total penetration probability of the Coulomb barrier due to
neutron transfer in the entrance channel. This is because the “partial”

penetration probability becomes smaller for negative Q values.

In 2004, Angela Bonaccorso et al.[39] they highlighted the possibility of
forming strongly bound nuclei through The transfer or pick-up of neutron or
proton can have a significant effect on the fusion reaction cross-section. In

particular, the transfer of nucleons can lead to the formation of a compound
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nucleus that is more strongly bound than the original target and projectile nuclei,
which can enhance the probability of fusion. This effect is known as the
"compound nucleus" mechanism. in the case of the °0 + 208pPp system, it has
been shown that the transfer of up to four neutrons can significantly enhance
the fusion cross-section at energies near and below the Coulomb barrier
Similarly, in the case of the *Ni + 2%8Pb system, the transfer of up to six neutrons

and four protons has been observed.

In 2006, C. Simenel et al.[40] did a study and found that the different
orientations of the deformed nucleus during the fusion process can affect the
reaction paths and fusion probability around the barrier. A study using the Time-
Dependent Hartree-Fock theory with a full Skyrme force investigated the role
of deformation on fusion probability. The study found that considering all
possible orientations leads to a distribution of fusion probabilities due to the
coupling between static deformation and relative motion. Long-range Coulomb
coupling was shown to reduce fusion probability, and the study was used to
interpret the hindrance of near-barrier fusion in coupling channel calculations
with the code CCFULL.

In 2007, B. K. Nayak et al. [41] they did a study and found that the
experimental barrier distributions for 2Si+°In and 3°Si+!'°In systems can
affect the fusion process in two ways due to the oblate and prolate deformed
nuclei of 28Si and *°Si, and those two ways are : (i) The fusion barrier height
depends on the orientation of the deformation axis of the projectile with the
collision axis, thereby giving rise to a distribution of barriers rather than a single
barrier as in the case of a spherical target and projectile, (ii) The barrier
distribution is also affected due to reorientation of the deformed 28Si and *°Si
projectiles before fusion in the Coulomb field of the target nuclei similar to that

predicted for 2Mg+2%Pb system as reported From the quantum mechanical

9
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point of view, the reorientation is a consequence of the excitation of rotational
states. In the case of coupling of rotational states of the target/projectile to the
fusion channel, the coupling matrix elements consist of both nuclear and

Coulomb parts.

In 2011, V. V. Sargsyan et al.[42] did a study by using the quantum
diffusion approach which was applied to study the capture process in the
reactions with deformed and spherical nuclei at sub-barrier energies. The
available experimental data at energies above and below the V, are well
described. As shown, the experimentally observed sub-barrier fusion
enhancement is mainly related to the quadrupole deformation of the colliding
nuclei and neutron transfer with the positive Q value. The change of the
magnitude of the capture cross-section after the neutron transfer occurs because
of the change of the deformations of nuclei, when after the neutron transfer the
deformations of nuclei do not change or decrease, the neutron transfer weakly

influences or suppresses the capture process.

In 2012, V. V. Sargsyan et al [43].they studied the role of neutron transfer
with positive Q-value in sub-barrier capture reactions *2Sn,**Te+°%Ni, and
Ni+1%Mo. It is shown that the transfer of two neutrons influences the sub-
barrier capture through the change of the deformations of the colliding nuclei.
Based on our analysis, one can understand why the influence of neutron transfer

IS strong in some capture reactions but weak in others.

In 2014, G. L. Zhang et al [44]. they did a study by using a universal fusion
function approach to analyze the effects of (PQNT) on the fusion process in
various systems. They found that significant deformation of the interacting
nuclei following neutron transfer is crucial for strong sub-barrier fusion

enhancement due to the (PQNT). In contrast, if the deformation of the nuclei is

10
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minimal or decreases after neutron transfer, these channels have little effect on

the fusion cross-sections.

In 2015, Falah K. Ahmed et al. [45] they did a study investigating the
effect of breakup on the or.s 0f weakly bound nuclei. The study focuses on the
fusion of °Be with 2°®Pb. The researchers employ a Coupled-Channel approach
to accurately calculate orus, taking into account the coupling to the breakup
channel .to perform the calculations, utilizing a program called "CCFULL".
The results obtained from the study reveal the significance of including the
breakup channel in calculations of fusion cross sections for weakly bound
nuclei. The experimental data are compared to the calculated results. It is
observed that the inclusion of the breakup channel in the calculations leads to a
better agreement between the theoretical predictions and the experimental data.
This highlights the importance of considering the breakup channel in order to

accurately describe the fusion process for weakly bound nuclei.

In 2016, Fouad A. Majeed et al. [46] they did a study focusing on the semi-
classical treatment of fusion and breakup processes of %8 He halo nuclei on
target 28U. The study aims to investigate the effect of channel coupling on
fusion reaction cross-sections and fusion barrier distributions for these systems.
to achieve this, a semi-classical approach is employed. the calculations are
performed using the program SCF code for semi-classical calculation and
CCFULL code for quantum mechanical calculation It is observed that the
inclusion of breakup states channels significantly affects the fusion reaction
cross-sections and fusion barrier distributions. The coupling between these
channels and the fusion process leads to enhanced fusion probabilities and

modifies the shape of the fusion barrier distribution.

In 2017, F.A. Majeed et al .[47] they did investigate the impact of coupled-

11
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channel calculations on (o fus) and (Dsys) for the *°Ti+Ti and *®Ni+°8Ni systems
using a semi-classical method. They compared the results of the semi-classical
approach to those of the full quantum mechanical calculations made with the
"CCFULL code" which included all order coupling, and also to available
experimental data. Their findings indicated that the semi-classical calculations
were more consistent with the experimental data than the calculations of the full
guantum mechanical when both the cases of no coupling and coupling effects

were considered.

In 2017, F.A. Majeed et al .[48] They conducted a study to investigate the
couple channel effect, in which they utilized both semi-classical and quantum
mechanical methods to examine the probability of reaction, as well as the o fus
and Dy, for the systems 'He+233U, BC+%Ti. To carry out their investigation,
they employed SCF and CC codes for the semi-classical and quantum
approaches, respectively. The outcomes of their calculations revealed a high
level of consistency between their findings and the experimental data that was

available for these systems.

In 2019, Fatima M. Hussian et al.[49] a study in which they employed
both semi-classical and quantum mechanical methods to compute the o fus ,Drus
and Psys for the systems 40 Ar+1441481545m_ To perform their calculations, they
used SCF and CCFULL computer codes for the semi-classical and quantum
approaches, respectively. In the semi-classical calculations, they employed the
(CDCC). For the first two systems, they adopted coupling with vibrational
excitation using (1 and 2) phonons and 1 phonon for (Ar and #4148Sm),
respectively. Meanwhile, for the Ar+>*Sm system, they considered coupling to
rotational levels for Sm, and they treated the projectile as inert in the quantum
calculations. The results of their investigation demonstrated the compatibility

of the semi-classical model with the available data.

12
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In 2020, Fatima M. Hussian et al. [50] they did a study on the fusion
reactions of systems that involve halo nuclei, such as 8B+°®Ni, !Be+2%Bi, and
15C+22Th, which were investigated using two- and multi-coupled channel
calculations. The (CDCC) method was used to account for the coupling between
the breakup and elastic channels in both the full quantum and semi-classical
approaches. The calculations of (o), (Dfus), and (Psys) closely reproduced the
measured data for the studied systems above and below V. However, when it
comes to two-channel coupling in both semi-classical and quantum mechanical

approaches, the measured data above V1, were overestimated.

In 2020, Malik S. Mehemed et al. [51] they did a study that aims to explore
the application of the semi-classical and quantum mechanical approach, based
on the Winther and Alder theory that describes Coulomb excitation. The study
utilized (CCCD) approach, which enabled the examination of the channel
coupling effects on the determination of (ofs) and (Dss) for the systems
14N+>°Co, 180+%4Ni, and 8 0+54Ni. Both the semi-classical and quantum models
were employed in the investigation. A comparison between the results of the
two models, as well as the corresponding experimental data, revealed that the
adopted semi-classical model was highly competitive with the quantum
mechanical model. Overall, this approach was found to be an efficient and

effective means of studying the properties of fusion reactions.

In 2021, Maryam H. Abd Madhi et al .[52] they did a study that states that
a semi-classical approach was utilized to compute (ofys), (D), and (Prs) for
systems that involve halo nuclei, specifically °®He+%Zn, ®B+°Ni, and
8He+197Au. The semi-classical and quantum mechanics treatments involved the
use of the WKB approximation, and (CDCC) method to. The findings of the
semi-classical calculations were compared to available experimental data, as

well as quantum mechanics calculations. The results indicated that the quantum
13
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mechanics coupled channels were very similar for ofs below and above the

(Vb), in accordance with the experimental results.

In 2022, Shaimaa A. Abbas et al. [53] they did a study on the fusion
reactions that involve neutron or proton-rich halo nuclei, and the coupling
mechanism between the elastic and breakup channels poses a significant
challenge. The objective of this study was to estimate the best coupling
parameter for introducing the effect of coupled-channels into the calculations
of (ons), (Dws), and the average angular momentum ({L)) for the following
systems: ®He+2%°Pb, 8B+28Si, 11Be+2Bi, 1'F+2%8Ph, ®He+238U, 8He+1%"Au, and
15C+232Th, using a quantum mechanical approach. To carry out this
investigation, quantum Coupled-Channel Calculations were conducted using
CC code. The predictions of the quantum mechanical approach were found to
be comparable to the available measured data. Furthermore, a comparison of
the theoretical calculations of quantum mechanics with the relevant measured

data demonstrated good agreement both above and below the Vb.

In 2023, Wendi Chen et al [54]. Did a research that investigates the
behavior of weakly bound nucleus °Li in fusion reactions with various targets
28Gi, ®Ni, 44Sm, and 2%°Bi at energies around the V. They used the (CDCC)
method which takes into account the coupling between the projectile, target,
and relative motion. They demonstrate the importance of including closed
channels, which have negative energies, for accurate calculations. They found
that the CDCC method provides a good description of the experimental data for
ofus, and that closed channels play a crucial role in improving the description of
partial wave fusion cross sections. They also compare their results to those

obtained with the sum-rule model and find good agreement.

14
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1.5Aim of the study

This study aims to show the impact of adding the channel coupling between
the elastic channel and the breakup channel to study the fusion reaction
properties, and its effect on calculations of the cross-section, total fusion ofus,
fusion barrier distribution Drus, and fusion probability Prus by using both the
semi-classical and quantum mechanical approach for the systems 2Si+%Zr,
285i+922r’ 288i+94zr’ 288i+96zr’ 328+9OZT, 328_'_962[-’ 35c|+922r1 41K+ 288i, 45K+
28Gj, “Ar+28Si, 4K+1%0 that involving one neutron or one proton transfer

reactions. And comparing the results with the measured experimental data.
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2.1 Introduction

The fusion of light-stable nuclei can be adequately described by simple
barrier penetration models. However, for heavier and more exotic systems,
especially at energies below the barrier, these models consistently
underestimate the fusion cross-section. This is due to the fact that these models
assume that the fusing nuclei are rigid objects that interact only elastically, with
the only variable being the nuclear separation distance. In reality, the fusing
nuclei are complex objects that can follow non-elastic channels such as breakup
and transfer during the fusion process. In a static fusion model, the fusing nuclei
are considered to be frozen in their ground state configurations. However, at
energies near the barrier, when the two nuclei approach each other adiabatically,
single-particle excitations and particle transfers can play a significant role prior
to fusion [55,56]. In this section, we introduce a formulation for the theory and
equations that are used in the calculations and their effect on the fusion reaction.
Specifically, we investigate the collision of two nuclei in the presence of
coupling between the relative motion of the colliding nuclei's centers of mass

and a nuclear intrinsic motion.

2.2 Semi-classical treatment

Quantum mechanics employs three approximate methods, namely
perturbation theory, variational method, and semi-classical approximation.
Perturbation theory produces a series expansion for quantities of interest, while
the variational method allows the best estimate from a trial solution. On the
other hand, the semi-classical approximation supposes that h is small compared
to the action function in the corresponding classical problem. One of the most
commonly used approximations is the Wentzel-Kramers-Brillouin
(WKB)[57,58,59] method, which was independently introduced by Wentzel,

Kramers, and Brillouin at the advent of quantum mechanics. In the UK, the
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same approximation is known as the Jeffreys-Wentzel-Kramers-Brillouin
(JWKB), where the "J" stands for Jeffreys [60]. The JWKB is a semi-classical
approximation invented in the 19th century and applied to the Schrodinger
equation. Despite being an age-old approximation, the WKB method still

remains an area of interest, both conceptually and practically.

In the Schrddinger equation [60],

d*y(r)
( FRE kZ(T')IIJ(T')) =0 2.1
Where,
k() = 7 [20(E V)] 22

According to [59], the phase-amplitude form can be used to express the wave
function ¥ (r).

Y(r) = A(r)ei% 2.3

If the potential is considered a constant, the wave function can be denoted as a
plane wave, Q(r) = ak(r), where A(r) is the amplitude of the wave function.
When the potential varies slowly in space, the action Q(r) is expected to increase
at a rate of §Q(r) = ak(r)dr, while the amplitude A(r) varies more slowly than
Q(r). The amplitude A(r) can be incorporated into the exponent as the imaginary
part of Q(r). In the classical limit where A — 0, Dunham's work [61] is
followed, and it can be assumed that Q(r) can be expressed as a convergent (or

at least asymptotic) series in powers of A as shown below [62].

" h?
Q) = D —0u(1) = Qo) +hQy (1) + = Q) + -~ 2.4
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By inserting equations 2.3 and 2.4 into the Schrédinger equation (2.1) and
rearranging it in powers of A, one can obtain the following expression (up to
second order in &) [63].

1 /dQo\’ A (dQydQ, id?Q
271(?) +(E_V(r))+u<dr dr 2 dr?
h? (dQ,dQ, (d*Q,\° d%Q,

—_ — i e = 2.

* 2u<dr dr * dr Yar? * 0 >

In order for the wave equation to hold true regardless of the value of #, the
coefficient of each power of 2 must be zero. As a result, a series of equations
can be obtained [64].

1 /dQy\° B

zI(W) +(E-V(E)) =0 2.6
dQodQ, 1d*Qo\ _

(dr dr _Edrz)_o 2.7
dQodQ, (d?Q\" d%Q;\

(dr dr+<dr>_ldr2>_0 2.8

By solving equations above we get [61],

Qo = J?f\/zu(E —V(r))dr = ¥F [ ak(r)dr 2.9
And,

i, 1dQo
o =5in| 5 210
Also,

w1 dv ptr o1 (dv)z
= r

e — [ ——(=— 2.11
23 dr T4 ) ks \ar

Q>
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In general, Q1 cannot be considered negligible compared to Q,, but Q- can

be assumed to be small if % is small and E-V/(r) is non-zero, that is, not in the
vicinity of a classical turning point.
The lowest order WKB approximation (LO-WKB) disregards the terms that

contain Qn with n > 2 in the phase of the wave function. Thus, the validity of

the lowest-order WKB can be determined using the following criterion [61].

“_ AV 2.12
h2k3(r) dr '

Thus, the WKB method is suitable for slowly changing potentials in regions
that are far from classical turning points. By retaining only Q, and Q; in
Equation 2.4, the approximate wave function for the lowest order WKB (L.0-
WKB) is obtained [63].

4 ('jrk()d>+ 5 ( bk()d) 213
mexplb r)dr mexplj; r)dr :

Here, “b” represents an arbitrary point that solely influences the normalization

YWEE(r) =

factors A and B. Within the classically forbidden region, where V(r) > E, the
wave number K(r) — ik(r) is imaginary, and the yw"XB (r) varies
exponentially. Conversely, within the classically allowed region, the WKB

wave function oscillates.

Fig. 2.1 and Eqgn. 2.13 demonstrate that the WKB approximation is not suitable
in the vicinity of a turning point, where r = b and V(b) = E, since the condition
for WKB applicability (Eqn. 2.12) breaks down in this region, causing the
amplitude of the WKB wave function to diverge. Consequently, the primary

challenge in WKB is to connect the sinusoidal solution in the allowed zone to
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the exponential-type solution in the adjacent, classically forbidden zone across

a classical turning point.

Figure 2.1 depicts a schematic representation of the WKB wave function,
which is sinusoidal in the allowed zone and decays in the forbidden zone.

However, near the turning point, b [65], the WKB wave function diverges.

In most cases, when the potential is sufficiently close to a turning point, it
can be approximated as a straight line. In such scenarios, the Schrddinger
equation has a solution represented by the Airy function, which can be
expressed in terms of Bessel functions with order 1/3 [63]. When the WKB
approximation is valid, and the Airy function's form is asymptotic, a smooth
connection between the two can be established. This allows the constants A and
B in Equation 2.13 on the classically allowed side to be related to the
coefficients of the two exponentially varying waves on the forbidden side.
Figure 2.2 illustrates how four connection formulae can be utilized to connect

sinusoidal wave functions to exponential ones and vice versa.
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J%sin (frak(r)dr - —) = Wcos (f k(r)dr + ) - eJWf k(r)dr

Wcos(f k(rydr — —)= Gl Sln(f k(r)dr + )‘—ezﬁi‘lk(r)dr

Case 2: the turning point on the right of the barrier

f k(r)dr

ZJW :Wcos(f k(r)dr——)—msm(f k(r)dr + )

Fig.2.2 explaining the formulae of the two connection in two cases [65]
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2.3 Quantum mechanical treatment

One conventional method of reducing the impact of coupling between
intrinsic degrees of freedom and relative motion in fusion is to solve coupled
channel equations that consider all related channels. In the past, coupled-
channel calculations commonly used the linear coupling approximation, which
involved expanding the coupling potential in deformation parameter powers
and retaining only the linear expression. However, it has been shown that non-
linear couplings have a significant impact on the shapes of fusion barrier
distributions, and the linear coupling approximation is not as accurate as new
high-quality fusion cross-section results [66,67]. To analyze direct nuclear
interactions, the CDCC approach, which includes the breakup of roughly bound
particles such as deuterons, %’Li, and *C, was used. CDCC is an extension of
the conventional CC approach for bound clusters, and its goal and principal
assumptions are similar to those of conventional Coupled Channels. CDCC
calculates experimentally observable quantities such as analyzing powers and
cross-sections to compare with experimental data. A CDCC calculation
typically starts by adopting models of the multi-step direct process and
identifying how channels are coupled to each other. In this work, we assume
that the model includes only two channels, either a bound or an unbound state,
and that only one channel may be in an unbound state that can be well
approximated by a state of interacting two nucleons or two fragments each in a
definite bound state [67].

2.3.1 No-coupling or one-channel description

The simplest quantum mechanical method for evaluating elastic and cross-
section reactions is single-channel calculations. The total angular momentum J

can be used to replace the angular momentum of the relative motion in each
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channel [68,69]. to a good approximation. This approximation is also known as

the iso-centrifugal or no-Coriolis approximation, and it is used in this software.

The equations used for single-channel (no-coupling) are denoted as Eqgs. [70].

< 2 42 R +1)

S — + V) +£Te2 W) = E p(r) 2.14
2y dr? 2ur? N r '

In this context, the radial component of the relative motion coordinate is
represented by r, and the reduced mass is p. The bombarding energy in the

center of the mass frame is denoted as E. The nuclear potential in entrance

channels is represented by VN(O) In this software, the Woods-Saxon

parametrization is used to represent the nuclear potential, [70, 71].

_VO
Vy(r) = 2.15

1+ exp [r ZOR"]

The depth of the potential is represented by V,, while ap represents the potential
diffuseness. The nuclear potential's radius, denoted by Ry, is determined using

the equation provided [70].
Ry =10 (437 +47°) 2.16
In this context, the radius parameter is represented by ro.

To solve the equations of single-channel, boundary conditions were
Imposed such that incoming waves were present only at r = rpin, and outgoing
waves were present at infinity for each channel except for entrance channels (n
= 0), which had incoming waves with amplitude one. This boundary condition
Is referred to as the incoming wave boundary condition (IWBC) [72], and is
suitable for medium-light interactions where strong absorption occurs within

the Coulomb barrier. The software CC uses the Coulomb pocket's minimum
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location within the barrier as rim. At a finite distance rmax, Where both the
Coulomb coupling and the nuclear potential were sufficiently weak, the
numerical solution was matched to a linear combination of outgoing and
incoming functions of Coulomb wave. The boundary conditions are expressed
as below [70,71].

r
Y(r) - Texp [—i f k(@) dr| ,r £ rmin 2.17
Tmin
The formula of k(r) is
/2
21 R2J(J + 1) ZpZre?\]'
O T 218

To ensure that only incoming waves were present at r — rmin, the software CC

solved the single-channel equations outward from rpmin.

Our focus is primarily on the comprehensive process, where the inherent
degree of freedom appears in every last state. The inclusive penetrability is
obtained by adding all possible intrinsic states together, as described below
[70,71].

P/(E) = |T|? 2.19

The average angular momentum of the compound nucleus and the fusion cross-

section are computed using the equations provided below [70].

Opus(E) = Z o, (E) = klﬂ Z(Zj +1)P,(E) 2.20

J

24



Chapter TWO......oovvviiiiiiiiiiie e, Theoretical Background...................coooiiiiinnnin,

2.3.2 Couple channel description:

In addition to considering the relative motion between colliding nuclei, a
common theoretical method explicitly deals with the nuclear intrinsic degrees
of freedom [66]. In this approach, the reaction is described using the total wave
function y (7, &), where & represents the set of intrinsic coordinates of the
projectile and target nuclei, and 7 represents the separation vector of the
colliding nuclei. The dynamics of this reaction are determined using the

Hamiltonian equation, as explained [73],
H=Hy+T+U 2.21

In this context, Hy = Ho (&, P¢) represents the intrinsic Hamiltonian, while T =

_ thZ

Is the kinetic energy operator used to calculate the relative motion

between the target and projectile nuclei.
U =U(r,&) represents the interaction potential between the nuclei. The
eigenstates of the intrinsic Hamiltonian are denoted by|f) and correspond to the

solutions of the Schrddinger equation, as explained below [73].

(eg —Ho)IB)Y =0 2.22

the orthonormality is,
(Bl6) = [} © ws(6) ds = 5y 223

In this context, the wave function (&) (‘/’E@) correspond to the case

|B)(|B)) in the & representation. The interaction potential can be split as
described below [73]

U=U +U" 2.24
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The diagonal in channel space is U’

U= 1B) U (B 2.25
B

Where

U= Y 1B Ug g (B 2.26
B

U ) = | de | U'ED 2.27

Up ) = | 6 W) U T @) 2.28

The potential U' is an estimate, except for the channel space where it is
diagonal. Once U' is selected, U" can be determined using the relation U" =
U—-U'. It is often preferred to choose U' such that U" is completely off-
diagonal. In such cases, the components of U" can be described, as stated in
below [73].

Up @) = [ d w3 U@ OsE) — 85 UG 2.29

The equations of a coupled channel can be derived from the Schrddinger

equation, as explained [73].

(E—H) [Yp(Bo ko)) =0 2.30

And the channel expansion would be :

W (Bo ko) ) = z 1Y (Bo ko)) 18) 231
7
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In this context, the notation |1 (,80 kT,) yrefers to a collision that begins in
channel 8, with kT, as the wave vector, and the energy scale is chosen such that
(eg, =0). Due to the off-diagonal part of the reaction, the solution of the
Schrddinger equation has components |1/J3(ﬁ0 kT,) ) for both § = B, and B #
B ,- The infinite expansion of Equation 2.24 is truncated to include only the

most relevant channels, or closed coupling approximation. To account for the
loss of flux through the neglected channels, one may include the imaginary part

in channel potentials Ué (7). To determine the wave function, the Hamiltonian

equation must be written as below [73].

H=Hy+ H +U" 2.32
where
H =T+ U’ 2.33

By substituting equations 2.31 and 2.32 into equation 2.30 and taking the
numeric product with all intrinsic states |£)), one can obtain the equations of

coupled channels, as decsribed below [74].

(Bp — H5) s (Bo ko) ) = " Up e D1t (Bo o)) 234
-
o,
Eg + hzz—j - U,;(f)] Y (D =) Upp @y (P 2.35
<
Where
Eg=E —eg 2.36
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For example, the total energy of the relative motion in channel f can be

expressed as follows:
Hp =T+ Up 2.37
Equation 2.36 was converted to a more compact notation |z,bﬂ(ﬁo kT)) ) —

Yp (7) , and the channel potentials were included by following the procedure
as below [74].

Up =V + iWg 2.38

The imaginary part Wy accounts for the flux in channel g that is lost to other

channels not included in the coupled channel equations. The non-Hermitian
nature of H leads to a breakdown of the continuity equation. In cases where the

channel coupling interaction Uy’ is Hermitian, the continuity equation can be

expressed using the relation provided below [74].

N — 2 — 2

V) Jp =2 ) W@ [s(P|° # 0 2.39
B B

In this context, fﬁrepresents the probability of current density in channel g. By
integrating the above equation over a large sphere with a radius greater than the
interaction range and applying the definition of absorption cross-section oz as

described below [75,76], we can obtain the desired result.
k
o =% ) (WslWplws) 240
B

The absorptive potential can be completed as below [69,65].

Wp = W5 + Wy 2.41
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The flux lost to other direct reaction channels is accounted for by WﬂD, while
WﬁF Is used to account for fusion absorption. The cross-section of the fusion

reaction can be expressed as follows, using the equations provided below [75,
77]:

k
o =% ) (sl W5 ) 242
B

Coupling among multiple channels can lead to an increase in the number of hard

impacts in fusion interactions.

2.4 Fusion Barrier Distribution

Nuclear fusion occurs when waves transmit through a potential barrier and
nuclear attraction overcomes Coulomb repulsion. The fusion barrier depends on
the way the collision is described. Calculations of coupled channels involve
static barriers that correspond to the frozen densities of the target and projectile.
One of the most significant consequences of this approach is the enhancement
of the total fusion reaction cross-section, oy, at energies close to the Coulomb
barrier Vy, with several orders of magnitude observed in various cases. The
impact of coupling channels can be described by dividing the fusion barrier into
multiple orders, which is known as the distribution of fusion barrier, Dss, and
can be obtained using the equations provided below [73, 78].

d?F(E)

Dpys(E) = TR 2.43

The function denoted as F(E) represents the distribution of fusion barriers and
Is defined as follows:[78]
F(E) = Eogy(E) 2.44
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The experimental determination of the distribution of fusion reaction barrier
has been crucial in improving our understanding of fusion reactions. As
previously mentioned, the distribution of fusion barrier provides information
about the coupling channels involved in the collision. However, it is important
to note that, as per equation 2.43, the distribution must be obtained from the
values of the total fusion reaction cross-section, which are subject to both
experimental and numerical uncertainties. Typically, the second derivative
appearing in equation 2.43 is estimated using a three-point difference method,
as described below [79, 80].

F(E + AE) + F(E — AE) — 2F(E)

Dsys(E) = = 2.45

In this case, the cross-sectional data were measured at various excitation
energy points, with an interval of AE. To determine the statistical error, the
relation [79, 80] was utilized.
1
[ [8F(E + AE)]2 + [8F(E — AE)]2 + 4[8FE]2 ]2

tat ~
SDELAt (E) ~ N 2.46

The uncertainty in the product of (Eoy) for each collision energy, denoted
by SF(E), is given as [79].

SDStat (E) =~ — 2.47
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3.1 Introduction

The phenomenon of couple channels is widespread in nature and plays a
critical part in nuclear reactions occurring at energies near the Coulomb barrier
[81]. Numerous researchers have studied the impact of channel coupling on
fusion reactions, and their findings suggest that coupling leads to a significant
enhancement in the merger cross-section at sub-barrier energies during the
collision of nuclei [82,83,84]. To describe the effect of breakup on fusion, the
most appropriate theoretical approach is “the continuum discretized coupled-
channel (CDCC) method”. However, this technique falls short of giving an
adequate depiction of some weakly correlated nucleus collisions, but it is an
excellent model in most cases. Nevertheless, it is not feasible to account for the
bound and continuum states of the projectile at the same time as nucleon transfer
or inelastic channels in the target. As a result, many studies compare fusion data
with calculations that disregard the effects of breakup and transfer channels.
Any differences between the theoretical cross-sections and data are then
attributed to processes such as breakup and transfer, which were not included
in the calculations. In general, couple channel calculations are utilized to

investigate fusion reactions theoretically [85].

Has been expanded “The continuum discretized coupled-channel (CDCC)
method” procedure to investigate the effect of coupling between the elastic
channel and the breakup channel by calculating the values of the cross-section,
total fusion ofus, fusion barrier distribution D rus, and fusion probability Pr.s and
comparing these values with the measured experimental data of the selected
systems, which include tightly bound nuclei and involve the probability of

transfer of one proton or one neutron.
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3.2 Results and Discussion:

In this chapter, the calculations are performed by using two approaches, the
guantum mechanics approach and the semi-classical approach using (CC code)
and (SCF code) respectively for the two approaches, Table 3.1 shows “the
Woods-Saxon parameters for the Akyiiz-Winther potentials™ that were used in
the approaches: Vo, o, ao, Vb, i Wo, @i, Lmin, and Lmax With a coulomb barrier
height Vb.

The distribution of the fusion barrier is determined using the three-point
difference method, which is described in Appendix A.1 and A.2. Where we will
review our results obtained using the quantum mechanical approaches and the
semi-classical approach, for a group of selected systems 28Si+%Zr, 28Si+%27r,
28Gj+947y 28Gj+967y 3254907 3254967y 35C|+927y 41K+ 28Sj 45K+ 28Sj 44 Ar+28Sj.
4K +%0 that include the probability of transferring one proton or one neutron
to investigate the effect of coupling between the elastic channel and the breakup
channel on the cross-section calculations Total fusion orus, fusion barrier

distribution Dfys and fusion probability P fus.

For all figures in this chapter, the blue curves correspond to the quantum
mechanical calculations with coupling and no-coupling, respectively. The blue
curve with the spaces shows the results obtained with no-coupling. Similarly,
the red curves, correspond to the semi-classical calculations with and no-
coupling, respectively. The dashed red curve shows the results obtained no-
coupling. The system's data regarding the position of the Coulomb sub-barrier
V, are sourced from the black arrow. The solid green balls represent

experimental data.
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Table 3.1: The Coulomb barrier height Vy, and The Akylz-Winther potential

parameters.

Reactions Vy(MeV) ry(fm) ag(fm) Wy(MeV) rj(fm) a;(fm) Lyax Lnin Vo(MeV)

28Si+%zr | -146.1 1.055  0.800 -27.7 1.007 0.736 63 0 73.66

28Gi+927r | -60.10 1.210  0.850 -14.4 1.007 0.736 31 0 72.15

28Gj+%7r | -140.0 1.100 0.800 -27.0 1.008 0.735 57 0 71.44

28Si+%zr | -161.0 1.100  0.700 -28.3 1.008 0.735 61 0 70.80

825+%97r | -100.9 1.240  0.600 cihe 1.018 0729 142 0 82.28

325+%7y -101.0 1.240  0.600 -34.3 1.020 0.728 83 0 81.25
$CI+%2zr | -170.9 1.140  0.700 -40.6 1.027 0.724 86 0 82.88
4K + 28 -46.00 1.212  0.655 -15.3 0.983 0.750 46 0 37.48
PR+ 285 -46.90 1.198  0.705 -15.6 0.986  0.748 45 0 36.86
MAr+8si | -72.90 1.180  0.602 -24.3 0.986  0.749 68 0 34.90
MK +160 -712.20 1.070  0.750 -24.4 0.958 0.765 37 0 22.64

33




Chapter Three..........cccvvvvvinninnnnn.

3.2.1 (Si+%Zr) reaction :

Figure 1 depicts the theoretical and experimental o fus, Drus and Prus for the

system 28Si+%Zr, obtained through a combination of quantum mechanical

calculations and semi-classical methods. The semi-classical calculations, no-

coupling, and coupling have a great concurrence with experimental data after

exceeding Vy, and for below Vy, there is no concurrence with experimental data.

For no-coupling and coupling quantum mechanical

calculations,

exceeding Vythere is a special concurrence.
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Figure 3.1: Displays the results of quantum mechanical and semi-classical

calculations for the o fus (A), Drus (B), and Pyus (C), alongside experimental data

[86] for the system 28Si+%°Zr,
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3.2.2 (®Si+%Zr) reaction :

The calculation of ofus, Dfus and Py for the system 28Si+%2Zr is shown in

Fig.2. The calculations of the quantum mechanical and semi-classical methods

Is shown for both non-coupling and coupling. The semi-classical calculations,

no-coupling, and coupling have a special concurrence with experimental data

after exceeding V, and below V.

For no-coupling and coupling quantum

mechanical calculations, after exceeding Vy there is a special concurrence.
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Figure 3.2: Displays the results of quantum mechanical and semi-classical
calculations for the g fus (A), Drus (B), and Prus (C), alongside experimental data
[87] for the system 28Si+%2Zr,
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3.2.3 (BSi+%Zr) reaction :

Figure 2 depicts the computation of ofus, Drus and P for the system
28Gj+%Zr. The computations of the quantum mechanical and semi-classical
approaches for non-coupling and coupling are shown. The data used in this
study are taken from Ref. [88]. The semi-classical calculations, no-coupling,
and coupling have a good concurrence with experimental data after exceeding
Vy, and for below Vy, there is a special concurrence. For no-coupling and

coupling quantum mechanical calculations, there is no concurrence.
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Figure 3.3: Displays the results of quantum mechanical and semi-classical
calculations for the afus (A), Drus (B), and Pyus (C), alongside experimental data
[86] for the system 28Si+%4Zr.
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3.2.4 (BSi+%Zr) system :

The theoretical and experimental ofus, Dsus, and Psys for the system 28Si+%zr
are shown in Fig.4. Above V,: the semi-classical computations without
coupling and coupling show excellent agreement with the experimental data,
whereas, for quantum mechanical calculation, there is good agreement with the
data. below Vy: below Coulomb's barrier, results improved in couple channel
calculation for semi-classical approaches, for guantum mechanical calculations

the results of couple channel calculation and without coupling exaggerated the
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Figure 3.4: Displays the results of quantum mechanical and semi-classical

calculations for the afus (A), Drus (B), and Prus(C), alongside experimental data
[89] for the system 28Si+%Zr,
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3.2.5 (325+%Zr) system :

The theoretical and experimental ofus, Dsus, and Py for the system 32S+%07r
are shown in Fig.5. Above Vy: the semi-classical computations with no coupling
and coupling show very good agreement with the experimental data, whereas,
for quantum mechanical calculation, there is good agreement Behavioral aspect,
but it is more exaggerated than the available experimental data. below Vy: the
results improved in couple channel calculation for semi-classical approaches,

for quantum mechanical calculations it exaggerated the results
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Figure 3.5: Displays the results of quantum mechanical and semi-classical
calculations for the o rus (A), Drus (B), and Prus (C), alongside experimental data
[89] for the system 32S5+%0Zr,
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3.2.6 (32S+%Zr) system :

The theoretical and experimental ofus, Dsus, and Py for the system 32S+%zy

are shown in Fig.6. Above Vy: the semi-classical computations with no coupling

and coupling show excellent agreement with the experimental data, whereas,

for quantum mechanical calculation, there is good agreement Behavioral aspect,

but it is more exaggerated than the available experimental data. below Vy: the

results improved in couple channel calculation for semi-classical approaches,

for quantum mechanical calculations the results of couple channel calculation

and without coupling exaggerated the results.
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Figure 3.6: Displays the results of quantum mechanical and semi-classical

calculations for the g rus (A), Drus (B), and Prus (C), alongside experimental data

[90] for the system 32S+%Zr,
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3.2.7 (*Cl+%Zr) system :

The theoretical and experimental o, Drus, and Prus for the system **Ci+%Zr

are shown in Fig.7. Above Vy: the semi-classical computations with no coupling

and coupling show excellent agreement with the experimental data, whereas,

for quantum mechanical calculation, there is good agreement Behavioral aspect,

but it is more exaggerated than the available experimental data. below Vy: the

results improved in couple channel calculation for semi-classical approaches,

for quantum mechanical calculations the results of couple channel calculation

and without coupling were very exaggerated the results.
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Figure 3.7: Displays the results of quantum mechanical and semi-classical

calculations for the g rus (A), Drus (B), and Prus (C), alongside experimental data
[87] for the system 3CI+%Zr.
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3.2.8 (*K+2Si) reaction :

The theoretical and experimental o fus, Dfus and Prus for the system #K+2Si
are shown in Fig.8, and are obtained through the calculations of the quantum
mechanical calculations and semi-classical methods. The semi-classical
calculations, no-coupling have a special concurrence with experimental data
after exceeding Vy, and for below V, there is no concurrence, and for coupling,
there is a great concurrence. For quantum mechanical calculations, there is a

great concurrence after exceeding Vb.
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Figure 3.8: Displays the results of quantum mechanical and semi-classical
calculations for the o rus (A), Drus (B), and Prus (C), alongside experimental data
[88] for the system “'K+28S;,
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3.2.9 (*K+2Sij) reaction :

Fig.9 depicts the theoretical and experimental ofus, Dfus and Prys for the
system “K+2Si, and are obtained through a combination of quantum
mechanical calculations and semi-classical methods. The semi-classical
calculations, no-coupling, and coupling have a good concurrence with
experimental data after exceeding Vp. For no-coupling and coupling quantum

mechanical calculations, below Vythere is a great concurrence.
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Figure 3.9: Displays the results of quantum mechanical and semi-classical
calculations for the o rus (A), Drus (B), and Prus (C), alongside experimental data
[88] for the system °K+28S;,
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3.2.10 (**Ar+2Si) reaction :

Fig.10 depicts the theoretical and experimental o fus, Dfus and Prys for the
system *Ar+2Si, and are obtained through a combination of quantum
mechanical calculations and semi-classical methods. The semi-classical
calculations, no-coupling, and coupling have a good Behavioral aspect with
experimental data and special concurrence. For no-coupling and coupling

guantum mechanical calculations, below and above Vythere is no concurrence.
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Figure 3.10: Displays the results of quantum mechanical and semi-classical
calculations for the g rus (A), Drus (B), and Prus (C), alongside experimental data
[88] for the system **Ar+28Si.
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3.2.11 (“K+1Q) reaction :

Fig.11 depicts the theoretical and experimental orus, Dfus and Prys for the
system “K+1°0, and are obtained through a combination of quantum
mechanical calculations and semi-classical methods. The semi-classical
calculations, for the no-coupling, have a good concurrence with experimental
data. For no-coupling and coupling guantum mechanical calculations, there is

NOo concurrence.
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Figure 3.11: Displays the results of quantum mechanical and semi-classical
calculations for the g rus (A), Drus (B), and Prus (C), alongside experimental data
[88] for the system #K+1€Q.
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3.3 conclusion:

The conclusions derived from this study highlight the importance of

including the following key points as integral findings:

1. The semi-classical calculations succeeded in describing experimental data in

most of the studied systems above Coulomb barrier V.

2. The quantum mechanical calculations and semi-classical calculations have a
shortfall in describing the experimental data for most of the studied systems

below the Coulomb barrier V,.

3. Adding the effect of coupling between the elastic and the breakup channels
is found to be very essential that improving the fusion cross-section calculations

below the Coulomb barrier V,.

4. When the coupling instrument was included in the calculations of the semi-
classical and quantum mechanics approaches, it was found to have a clear effect
on the calculations of Dyrus and Prus where the results improved below V. The
reason for this improvement is that the coupling effects are more significant at
lower energies, leading to a more complex interaction between the elastic
channels and the breakup channels. Introducing coupling conditions into the
calculations takes into account the exchange of flow between these channels,
and the slight overestimation of the results above Vy can be attributed to the fact
that the fusion process becomes more controlled by the elastic channel at higher

energies, and the coupling effects become less significant.

6. The stripping of the neutron or proton or its pickup by the interacting nuclei
before the nuclear fusion process occurs improves the nuclear structure of the
colliding nuclei, and this leads to improving the dynamics of the interaction, the

coupling between the elastic channel and the breakup channel is more effective.
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3.4 The Future Works

1. Using other models to perform the calculations and compare them with the
extracted results to verify and compare the results, for example, the Optical

Model and the Yakawa potential.

2. Developing the CC code and adding multi-channels that may improve the
results, especially below the Coulomb barrier Vy, such as adding the effects of

deformation nuclei to the calculations.

3. Studying systems in which the projectile and target nuclei contain an unpaired
neutron or proton, to achieve a greater understanding of this effect on

calculations.
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Appendix
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