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Abstract

In this thesis, we will rely on the definition given by George and
Veeramani in 1994, which is a modification of the concept of fuzzy metric

space introduced by Kramosil and Michalek in 1975.

This thesis involves the study of some chaotic properties in fuzzy
dynamical systems and introduced new definitions (fuzzy positive
expansive, fuzzy Lipschitz, fuzzy stable topology, fuzzy L-shadowing
property, fuzzy two-sided limit shadowing property, fuzzy negative limit

shadowing, fuzzy h-shadow).

Through this study, we prove the properties (fuzzy L-shadowing
property, fuzzy two —sided limit shadowing) are invariant under fuzzy

topological conjugacy.

Our result indicates that two fuzzy dynamical systems on two fuzzy
metric spaces achieve the properties (fuzzy expansive, fuzzy Lipschitz,
fuzzy L-shadowing property, fuzzy two-sided limit shadowing property,
fuzzy positive expansive, fuzzy h-shadow) if and only if the product up to a

special t-norm achieves the above mentioned properties.
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Introduction

In 1965, Zadeh introduced the theory of fuzzy sets. Later, in 1975,
Kramosil defined fuzzy metric spaces, and Grabiecin 1988 studied fixed
points in the fuzzy metric space [10]. In 1994, Greori and Veeramani
modification of the concept of Kramosil and studied some results in the
fuzzy metric space [8]. Roman-Flores and Chalca-Cano in 2008 studied it
Some properties of chaos in the fuzzy dynamical systems [23]. In 2011,
Kupka expanded the conjugacy between fuzzy dynamical systems [18]. In
2014 he studied some chaotic and mixing properties of fuzzy dynamical

systems [19].

In 2012 Ahmedi Seyyed and Molaei Mohammad defined shadowing
property, limit shadowing property for fuzzy dynamical systems and prove
that this property is invariant under fuzzy topological conjugacy, by using
of dynamical systems with the shadowing property they presented a
method to construct fuzzy dynamical systems with the fuzzy shadowing
property [1]. Mehdi Fatehi Nia defined topological transitivity on fuzzy
dynamical systems in 2018 [22]. Taixiang Sun a, Caihong Han and etc

defined periodic points in fuzzy metric in 2021 [26].

Some implementations of fuzzy metric spaces a fast impulsive noise
color image filter using fuzzy metrics [21]. Colour image smoothing

through a soft-switching mechanism using a graph model [15].

This work is divided into two chapters. Chapter one consists of two
sections. Some basic definitions and some concepts of chaos in fuzzy
dynamical systems in section one. We have demonstrated some

fundamental dynamical properties in the fuzzy systems in section two.
1



Chapter two consists two sections, we have demonstrated some
properties under fuzzy topological conjugation and some shadowing
properties in fuzzy dynamical systems in section one. We studied
properties (fuzzy expansive, fuzzy positive expansive, fuzzy Lipschitz, fuzzy
L-shadowing property, fuzzy two-sided limit-shadowing) for the product of

fuzzy dynamical systems in section two.
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1.1.Basic Definitions

In this section we recall some fundamental definitions. We introduce
the notions( fuzzy positive expansive , fuzzy Lipschitz , fuzzy L-shadowing
property, fuzzy h-shadow , fuzzy two-sided limit shadowing property,
fuzzy simple two-sided limit shadowing property , fuzzy negative limit

shadowing , fuzzy topological stability) for fuzzy dynamical systems.

For this purpose we assume that (X, M, f ,*) a fuzzy dynamical
system, i.e.,(X,M ,*) is a fuzzy metric space and f : X — X is fuzzy

homeomorphism, X is a non-empty set and * is a continuous t — norm.
Definition 1.1.1: [26]

A binary operation *: [0,1] X [0,1] — [0, 1] is called a continuous
triangular norm (t — norm) if (J0,1],*) topological monoid with unit 1
suchisathata * b < ¢ * d whenever a < candb < d (a,b,c,d €

[0,1]).
Definition 1.1.2:[8]

The 3-tuple (X, M,) is said to be a fuzzy metric space if X is an arbitrary
set, = is a continuous t-norm and M is a fuzzy set on X% x (0, )

satisfying the following conditions:
1. M(x,y,t) > 0,
2.M(x,y,t) = 1lifandonlyif x = y,
3. M(x,y,t) = M(y,x,t),
4. M(x,y,t)* M(y,z,5) < M(x,z,t + s),

5 M(x,y,”) : (0,00) — [0,1] isa continuous,



x,y,Z € Xand £,s > 0.
Example 1.1.3:[8]

Let X = R.Definea * b = ab and

()

for all x,y € Xand# € (0,00). Then (X, M,*) is a fuzzy metric

M(x,y,t) =

space.
Proof. (1) Clearly M(x,y,%#) = 1ifandonly if x = y.
) M(x,y,t) = M(y,x,t).
(3) Toprove M(x,y,t)M(y,z,5) < M(x,z, £+ s),

we know that

i.e.
Ix—ZISIx—yIJrIy—ZI_
t+s T S
Therefor
ox |x — z| < ox |x — v ox ly — 2]
p t+s )~ p t p s '
Thus

M(x,y,t )M(y,z,s) < M(x,z, £t + s).
(4) M(x,y,): (0,00) — [0,1] isa continuous.

Hence (X, M,*) is fuzzy metric space.
6



Definition 1.1.4: [8]
Let (X, M,*) be a fuzzy metric space. We define fuzzy open ball
B(x,r,%) with center x € X and radius, 0 <r < 1as
B(x,r,t) = {y€X; M(x,y,t) >1—r}.
Result 1.1.5:]8]
Every open ball is an open set.
Definition 1.1.6:[10]

A sequence (xj) in a fuzzy metric space (X, M,*) is Cauchy
if limy_c M(Xgip, Xk, %) =1 foreach £>0andp > 0. A sequence

(x;) in X is convergentto x € X iflimy_, M(xy, x,%) =1 for
each ¢+ > 0. Notation :lim_. x; = x (Since * is continuous, it follows

M(x,y,t) * M(y,z,s) < M(x,z,t + s) the limit is uniquely

determined).

A fuzzy metric space in which every Cauchy sequence is convergent
is complete. It is called compact if every sequence contains a convergent

subsequence.
Definition 1.1.7:[9]

A fuzzy map f:X - X is fuzzy continuous at x,, for each

O0<e<landt >0thereis0 <6 < 1so that for each x € X with
M(xo,y,£) > 1- 6, wededuce M(f(xy), f(y),t) > 1 — &.



Definition 1.1.8:[1]

We say that two fuzzy maps f: X - Xand g: Y — Y on fuzzy
metric spaces (X, M,*) and (Y, M',x") are topologically conjugate if there
Is a fuzzy homeomorphism h: X — Y (a fuzzy continuous bijection map

with fuzzy continuous inverse) so that hef = goh.
Definition 1.1.9:[3]

Let (X,d) be compact metric space, and f:X - X a
homeomorphism . We say that f has L-shadowing property, if for every
g€ > 0, there exists § > 0, such that for every sequence (xy)xez € X
satisfying d(f (xi), xx+1) < 6, for every k € Z and d(f (xi), Xx4+1) = O
when |k| — oo, there is p € X satisfying d(f*(p), x,) < & for every

ke€Z,and d(f*(p),x,) —» 0, when |k| - oo.
Definition1.1.10:[21]

Let (X,d) be compact metric space and f:X — X be continuous
\We say that f has h-shadow if and only if for everye >0 , there
is6 > 0 such that for every finite § — pseudo orbit {xy, xq, ..., X} € X

there is p € X such that d(f*(p), x;) < ¢ for every k,m € Z, k < m and
f () = xpm.

Definition 1.1.11:[5]

Let (X,d) be compact metric space and f:X - X a
homeomorphism. The limit shadowing property for f~! means the

following: for every sequence
(Xx)ken, C X satisfying

d(f_l(xk)' (xk+1)) - Ork — 0.
8



There exists p € X satisfying

d(f (), (xx)) > 0,k > oo.

During the text we will need the following property: for every
sequence(x,)ke—n, © X (—Nodenotes the set of non-positive integers)

satisfying

d(f 7 (k) (xg-1)) = 0,k — oo

There exists p € X

d(f*(p), (x)) = 0,k — co.
Definition 1.1.12:[6]

This property will be called negative limit shadowing and the

sequence (xx)xe-n, Will be called a negative limit pseudo-orbit for f. We
will say that p limit shadows (x;)ke-n,in the past and that (x)xe—n, IS

limit shadowed in the past by p.
Definition 1.1.13:[3]

Let(X,d) be compact metric space and f:X — X be a
homeomorphism. We say that f has the two-sided limit shadowing
property if every two-sided limit pseudo-orbit is two-sided limit

shadowed.

A sequence (xj)xez 1S two-sided limit pseudo-orbit if it satisfies
d(f (k) Xk41) = 0, ]k| — oo.

The sequence(xy)kez, 1S two-sided limit shadowed if there exists
p € X satisfying d(f*(p),x;) = 0, |k| > oo.



Definition 1.1.14:[5]

Forp,z € X and we consider the sequence(xy)xez defined by

_ {fk(z), k = 0;
), k<o,

This sequence consists of the past orbit of x and the future orbit of
z. Sequence of this type will be called simple two-sided limit pseudo-
orbits. We say that f has the simple two-sided limit shadowing property
when every simple two-sided limit pseudo-orbit is two-sided limit

shadowed.

Definition 1.1.15:[1]

Let (X, M,*) be a fuzzy metric space. Let f: X — X be a
fuzzy homeomorphism on X.We say that f has the fuzzy pseudo-orbit
tracing property on X, if for each 0 < e <1landt > 0, there exists
0<6<1 so that for a given sequence (xp)rez € X With
M(f (x), x,+1,%) > 1— 6 forevery k € Z (called §-pseudo orbit) there
exists apointp € X such that M(f*(p),x,,t) > 1 — & forevery k € Z.

Definition 1.1.16:[1]

Let(X, M,x)be a fuzzy metric space. Let f: X — X be a fuzzy
homeomorphism on X.We say that f has the fuzzy limit shadowing
property on X, if for each £ > 0 and each sequence (xy)rez S X with
limy_ e M(f(xy), x41,%) =1 there exists a point p € X so
that limy_ M(f*(p), x4, £) = 1.

Definition 1.1.17:[4]

Let (X,M,x)be a fuzzy compact metric space. A fuzzy

homeomorphism f : X — X is £ — fuzzy expansive, if thereis 0 <e <1
10



such that for given x #yand # > 0,there existsk € Z such that
MO, f*),8) < 1—e.

We will define some definitions in the fuzzy dynamical systems
according to the concept of George and VVeeramani, which is a modification
of the concept of fuzzy metric space introduced by Kramosil and Michalek.
Let (X, M,x) be a fuzzy compact metric space and let f: X — X fuzzy

map.
Definition 1.1.18

Let (X, M,x) be a fuzzy compact metric space and let f: X — X be
a fuzzy homeomorphism on X. We say that f is fuzzy topological stable if
for every 0 < e < 1 thereexists 0 < < 1 such that for every fuzzy

homeomorphism g & — fuzzy close to f there is a conjugation

h: X - X between f and g, suchthat M(h,Iy) = 1 - . We denote by Iy
the identity map on X.

Definition 1.1.19

Let (X,M,x)be a fuzzy compact metric space. A fuzzy
continuous f:X — X is fuzzy positive expansive if there is0 <c <1

such that for given x = y and £ > 0, there exists k € Z such that

M(f* @), ff ). 8) = 1-c.
Definition 1.1.20

Let (X, M,x) be fuzzy compact metric space. A fuzzy continuous
f + X - X has fuzzy Lipschitz if there exists a constant 0 < £ < 1 and
t>0suchthat M(f(x),f(y),t) >1—L M(x,y,t) forall x,y € X.

11



Definitionl1.1.21

Let (X, M,*) be a fuzzy compact metric space and f:X — X be

continuous map. We say that f has fuzzy h-shadow if and only if every

0<e<1,thereis 0<d<land t >0 such that for every finite
& —pseudo orbit {x0, X1, e, X} € X there IS peEX
such that M(f*(p),x,,t) >1—¢ for everyk,meZk<m and
fM(p) = xm.

Definition 1.1.22

Let (X, M,*)be a fuzzy compact metric space. Let f: X - X a
fuzzy homeomorphism map. We say that f has fuzzy L-shadowing
property if for every 0 < € < 1, there exists 0 < § < 1, such that for
every sequence(xy)xez Ssatisfying M(f(xy),Xx+1,t) > 1—08 for every
keZ and limy_ o, M (f(x), xk+1,£) =1, there is p € X satisfying
M(f*(p),x,t) > 1 —cforeveryk € Z , limy_ 0o M (f*(p), x4, 1) = 1.

Definition 1.1.23

We say that f has the fuzzy negative limit shadowing property on
X, if for each #> 0 and each sequence (xi)re—y € X With
limy__o M(f(x), xr+1,£) =1 there exists a point p € X so
that limy_,_o, M(f*(p), x4, %) = 1.

Definition 1.1.24

Let (X, M,*) be a fuzzy compact metric space and f: X — X a fuzzy
homeomorphism. The fuzzy limit shadowing property for f~1 means the

following: for every sequence (x;)rey € X Satisfying

Ili_)n;M(f_l(xk)r (xk+1)rt) =1

12



There exists p € X satisfying
lirnk—>oo M(f_k(p): (xk):t) =1.
Definition 1.1.25

Let (X,M,x) be a fuzzy compact metric space. Let f: X — X a
homeomorphism. We say that f has the fuzzy two-sided limit shadowing
property if every fuzzy two-sided limit pseudo-orbit is fuzzy two-sided

limit shadow.

A sequence (xy)gen Of point in X is fuzzy two-sided limit pseudo-
orbit if it satisfies lim_, o, M (f (xy), xx+1, %) =1

A fuzzy two-sided limit pseudo-orbit is fuzzy two-sided limit

shadowed if there is a point p € X such that limy_. M(f*(p), xx, 1) = 1.
Definition 1.1.26

Let (X, M,*) be a fuzzy compact metric space and f: X — X a fuzzy
homeomorphism map. For p,z € X and we consider the sequence(xy)kez
defined by

k=), k =0;
X = k
f), k<0,
This sequence consists of the past orbit of p and the future orbit of
z. Sequence of this type will be called f fuzzy simple one — sided limit
pseudo-orbits. We say that f has the fuzzy simple
one — sided limit shadowing property = when every fuzzy simple

one — sided limit pseudo-orbit is fuzzy one-sided limit shadowed.

13



1.2.General Properties in Fuzzy Metric Space

In this section we will study the properties in [4] when the parameter
tis constant. We prove that fuzzy expansive is invariant under fuzzy

topological conjugation and fuzzy expansive is invariant under invers.
Proposition 1.2.1

Let (X, M,x) and (Y, M',«") be two fuzzy compact metric spaces and
h:X — Y be a fuzzy homeomorphism. For each 0 < € < 1 there exists

0 < 6 < 1with the property M(x,y,%t) > 1—6,
then

M'(h(x),h(y),t) > 1 —¢.
Proof:

Suppose that there is a pair of sequence (xi),(y,) in X with
property that M (xy, vy, ) > 1 — % and a sequence (%) in (0,4o0) such

that M,(h(xk); h(yk),’tk) <1-—e=c.

M M
By fuzzy compact we can assume that x;, - x and y, = y

[x € B(x,n, %),y € B(yi,n,1t)] therefor M(x, x4, ) > (1 — 1),
My, yi,t) > (1 — n) with x,y € X. Since given £ > 0 and each
0 <n < 1fork € Nwehave

1 T T
M(x:y”t) = M<xka'§) *M<xk7yk7§> *M<yk'y’§)

1
> -mx(1-7)ca-m.
Then x = y. Let m € N such that

14



(1 — l) *' (1 — i) > 1 — & and then by continuity of h in x holds

m

1 T
M’ (hGed, h, 40 = M (e, ), =) + M (R, A, o),

1 1
>(1-5) = (1-5)
m m
>1—=¢.
This is contradiction. O

Proposition 1.2.2

Let (X, M,*) be a fuzzy compact metric space and f:X — X be a
fuzzy expansive homeomorphism with expansive constant 0 <e <1 .

Given 0 < ¢ < 1, there exists N > 1 such that if
M(f*(x), f¥(y),t) = 1- e, for every |k| < N, then
M(x,y,£) > 1 — ¢
Proof :

Let 0 <& <1 be given then to each N > 1 there exists two sequences
(xy ), (yy ) inXsuchthatforall |j| < N

M(f7 ey ), ff (), 8) = 1-e

and there is a sequence(ty) in (0,4+o0) with the property that

M(xy,yy,ty) < 1 — €. By fuzzy compactness we can assume that

M M
Xy = x and yy = y withx,y € X. Let n € Zand t > 0. For every

N € Nsuch that [n|] < N we have

M (), f*(¥), %)

15



> M (f”(X),fn(xN )%) * M (f"(xN ) [ )»g) *
M (£ om0, 205

= M (F1CO, "), 5) * (1 = )+ MO ), f2 ). 2)
By continuity we obtain that
M), fr(y),4) = 1 — e then x = y. ©
Proposition 1.2.3

Let (X,M,x) be a fuzzy metric space and f: X - X a fuzzy
expansive homeomorphism with the fuzzy shadowing property. There are
0<e<1and 0<6< 1 with the following property every 6§-fuzzy

pseudo orbit (x;) ez Can be e-fuzzy traced in f by a unique point in X.
Proof:

Let 0 < e < 1 be a fuzzy expansive constant of f .Take 0 < e <1
satisfying (1 — &)* (1 —¢) = (1 —e) and choose 0<6 <1
corresponding to € from the fuzzy shadowing property. Suppose that there
exists a 6-fuzzy pseudo orbit (x;)xez for f that can be e-fuzzy traced by x

andy.Givenk € Zand £ > 0

We have

M(F*(), f*(y),£) > M (fk(x),xk,g) * M (xk,fk(y)é)

> 1 -8*xQ—-—¢ =21-ce.

Since f is a fuzzy expansive we havex = y. O

16



Proposition.1.2.4

If f:X — X is a fuzzy homeomorphism map then f has a fuzzy

expansive if and only if f~1 has a fuzzy expansive.
Proof:

Let f be a fuzzy expansive then there exists 0 < e < 1 so that for
each + > 0, M(f*(x), f*(y),2) > 1—e.

Forall k €Z, x; =y, € X. We choose 0 < e <1 and £ > 0 so that the
inequality M(x,y,t) > 1 —¢ impliesM(f(x), f(y),t) > 1 —e.

Letg=f~1 forallk € Z, x,, y, € X satisfies the inequality

M( g*(x;), g*(v,),t) > 1 — ¢ then

MUF ), f 75 ), 8) = M (F (F7% () f (F 7 () £)
>1—e
f~1is - fuzzy expansive .

Conversely, let f~1 is a fuzzy expansive, then there exists 0 < e < 150

that foreach # > 0then

M(f_k (Xz),f_k(yz),t) >1-—e.

Forall k € Z,x, = y, € X.We choose 0 < e < 1and # > 0 so that the
inequality M(f (x,), f(y1),£) > 1 — & implies
M(f_l(xl)lf_l(yl)it) >1—e.

Let g=f,forallk € Z, x; =y, € X satisfies the inequality
M(g"(x1), g"(y), ) >1—¢

then M( f*(xy), f¥(y1), %) =
17



M(F(Fe) f (Fr o) £) > 1—e.
f is t- fuzzy expansive . O
Proposition 1.2.5

Let (X, M,*) and (Y, M',+") be two fuzzy compact metric spaces. Let

f:X—>Xandg: Y - Y betwo fuzzy homeomorphisms and

h: X - Y be a conjugation between f and g. Then g is fuzzy

expansive if and only if f is fuzzy expansive.
Proof:

We suppose that 0 <e <1 is an expansive constant of f .Let

x,y€EX,x =y.
M(fk(x)ifk(y)lt) >1-—e.

Let 0<e <1 and £ >0 so that the inequality M(x,y,z) >1—e
implies M'(h(x),h(y),t) >1—¢c. Given w,q€Y, x=h"1(q),y =
h~1(w), then for every k € Z it follows that

M(FE@), FE ), £) = M(FE(R (@), (R (W), £)
= M'(h(f* (@), h (f* (T W), £)
=M’ (g* (h(h"'(@))), g* (R(A"*W)))  £)
=M'(g"(@), g*W),£) > 1 -«
We conclude that g is fuzzy expansive map.
Conversely, we suppose that 0 < &€ < 1 is expansive constant of g
M'(g"(q), g w),£) > 1 —&.

18



Let 0<e<1 and # >0 so that the inequality M'(x,y,t) >1—¢
implies M(h™1(x),h"1(y),t) >1—e. Given q,w€Y,q = h(x),w =
h(y), then for every k € Z it follows that

M'(g" (@), g*w),£) = M (k7 (g*(h())), h7* (g*(r()) %)

M(n (k74 @) h7 (r (FF))  £)
=M 0, fo. ) >1-e.

We conclude that f is fuzzy expansive map. o

Before we prove Walter's theorem according to the definition of the
expansive homeomorphism in [4], we need to define the following

functions

Let(X,M,x) be a fuzzymetric space and f,g: X — X Dbe fuzzy
continuous maps, we define M'( f,g) = M(f (x), g(x), 1).

Given a fuzzy continuous map g : X — X defined on the fuzzy metric
space (X,M,x) and 0 <8 < 1 we say that g is §-fuzzy close to
f whenever M'(f,g) > 1 — 6.

Theorem 1.2.6 (Walters — Fuzzy version)

Every fuzzy expansive homeomorphism with the fuzzy shadowing property

and fuzzy compact metric space is fuzzy topological stable.

Proof:

Let 0 < e < 1 be an expansivity constant of f.Take 0 < & < 1 and
0 <6 < 1 from proposition1.2.3. We can suppose that

Q-+« (1—-8)*x1—-¢)> (1—e).
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Let g:X — X be an homeomorphism such that M(f,g) > 1-6
andx € X. We claim that the orbit (g%(x)kez is a §6-
fuzzy pseudo orbit for f.Indeed, by definition of M'(f,g), for every
k € Zandt > 0

We have
M(f(g"), 8 . t) = M(f(g").9 (9" ). %)
> M(f,g)> 1-26.

By proposition 1.2.3, there is a unique h(x) € X such that (g*(x))ez can
be € — fuzzy traced by h(x) for f .This definesamap h: X — X that

satisfies
M(f*(h(x)), g*(x),t) > 1- & Vk € Z.
Next, we show that h is a semi-conjugation between f and g.
M(f*(h(g(x))), g** ' (x),£) > 1 — & Vk € Z,

and forevery k € Z,

M (F*(F (h()), 810D, £) = M(FE1(R(0)), 9" (), %)
> 1 — ¢

We have that h(g(x)) and f (h(x)) are points in X that e-fuzzy trace the
5-fuzzy pseudo orbit(g**1(x;))ez. BY proposition 1.2.2, it holds that

goh=hof.
Lastly, we show that h is fuzzy continuous.
Furthermore, by proposition 1.2.1 we choose n > 0, such that

M(x,y,t) > 1 — n implies that
20



M(g*(x),g*(y),t) = 1 — & V]|k| < N.
Forx, y € Xsuchthat M(x,y,£) > 1 —nandé > 0

We have

M(f*(h()), f¥(R()),§) = M(h(g* (), h(g* 1)), )

=M (n(0"00). 6. 5) M (05" 0. 5)
M (801 (g ®).5 )

= M 1)« M (950, 60,5 )+ M Iy)
>1 -8+« —-—e)=*1—-¢
> 1-e
Forall |k| < N.Therefore M(x,y,£) > 1- n implies that
M(h(x),h(y),t) > 1 -0,

Thus the continuity of h is proved. O
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Chapter Two
Some Chaotic Properties of Product in
Fuzzy Dynamical Systems and

Topological Conjugacy
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2.1. Shadowing in Fuzzy Dynamical Systems

In this is section we prove that properties (fuzzy L-shadowing
property, fuzzy two — sided limit shadowing) are invariant under fuzzy
topological conjugation and some shadowing properties in fuzzy dynamical

systems.
Proposition 2.1.1

A fuzzy homeomorphism f on a fuzzy compact metric space X has
the fuzzy negative limit shadowing property if and only if f~! has the

fuzzy limit shadowing property.
Proof:
Suppose that f has the fuzzy negative limit shadowing property.

Let (xi)ren De a fuzzy negative limit pseudo-orbit for f satisfying
Jim M(f (20, e, £) = 1

There exists p € X such that

Jim M(F*(p), %, 1) = 1
Let (vi)ken b€ afuzzy limit pseudo-orbit for f~1, (x;) = y_, such that

Jim M(f7 (00, %esn, #) = im MO (Yo, Yo, ) = 1

Which implies that

lim M(f™(p), ye, £) = 1

It follows that (y,)ken is fuzzy limit shadowed for f~* and f~! that has

the fuzzy limit shadowing property.
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Conversely, let f~1 has the fuzzy limit shadowing property. Let (v)ke—n

be a fuzzy negative limit pseudo-orbit for f satisfying
lim M(f7(yi), Yier, £) = 1
There exists p € X such that
lim M(f(P), yi ) = 1
The sequence (xy)xey IS a fuzzy limit pseudo-orbit for f |, y;,, = x_
lim M(F (310, Viesn, #) = lim MOFTH(X 0, X, 8) = 1,
Which implies that
Jim M(F*(p),xi, 1) = 1
Hence f has the fuzzy negative limit shadowing property. ©

Proposition 2.1.2

Let (X,M,x) and (Y, M',x") be two fuzzy compact metric spaces. Let
f:X->Xand g:Y — Y be two fuzzy homeomorphismsand h: X - Y
be a conjugation between f and g. Then f is fuzzy L-shadowing property

if and only if g is fuzzy L-shadowing property
Proof:

Let f be a fuzzy L-shadowing property. If 0 < e < 1 and £ > 0 there is
0<ée& <1 so that the inequality M(x,y,£)>1—¢ implies
M'(h(x),h(y),t) > 1 — €. From the fuzzy L-shadowing property, if every
0<ég <1,thereis0 < §; < 1 such that for every sequence(xy) ez € X

M(f(xk)ixk+1't) >1- 61

and
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,}1_{{)10 M(f (xi), X410, £) = 1
There exists p € X
M(f* (), x, £) > 1— &
and
lim M(f*(p), %, ) = 1
holds.

We choose 0 < § <1 so that the inequality M'(x,y,%) > 1 — § implies
M(h 1(x),h t(y),t) >1—6,. Given (yi)rez €Y. To do this put

x, = h™1(y) for k € Z ,we have

M(f (), X1, ) = M(F (R (i), B keaa), £)
= M(h_l(g(yk))l h_l(yk+1)r/t) >1- 51'

Thus (x;) satisfies the relation
M(f (x), Xpey1,2) > 1 — 65
Hence

M,(g(yk);Yk+1;t) >1-6

and
Ill—{g M’ (g(yk)r YVk+1 t) =1
There existp € X

M(fk(p)ixkrt) >1- &

therefore it follows that
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M(F@), i t) = M (R(FEP)), h(xi), £)
=M'(g"(h(p),yr,t) > 1—¢
and
lim M" (¢ (¢), yi, 1) = 1
Hence g has the fuzzy L-shadowing property.

Conversely, let g be a fuzzy L-shadowing property. If 0 <& <1 and
£ > 0 there is 0 < € < 1 so that the inequality M(x,y,t) > 1 — ¢ implies
M'(h(x),h(y),t) > 1 —¢;.

From the fuzzy L-shadowing property ifevery 0 < § < 1thereis 0 < ¢ <

1 such that for every sequence(yy)xez € Y

M,(g(yk)JYR+1't) >1-46

and
;11_{130 M (gi), Y+, ) = 1.
Thereexistsq € Y
M'(g“(@), Yy t) > 1—¢
and
lim M (¢"(9), yi, 1) =1
holds.

We choose 0 < §, < 1 so that the inequality M'(x,y, %) > 1 — §, implies
M(h 1(x),h Y(y),t) >1—6. Given (x3)xez € X . To do this put
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We have

M' (g, Yies1, 1) = M'(g(h(xi)), R(xg41), £)
= M(h(f(x)), h(xp41),£) > 1 6.

Thus (y,) satisfies the relation

M,(g(yk)'yk+1r t) >1-24.

Hence

M(f(xk)ixk+1't) >1- 51

and
lll_)n.}o M(f (xp), Xp41,2) = 1.
Thereexistsq € Y

M'(g*(q), yx, %) > 1 —¢.

Therefore it follows that
M'(g*(@), yk, £) = M'(g* (@), h(x}), £)
=M (k7 (g*(@)), A7 (h(x0)). £)
=M N @D xt) >1—g

and
Illm M(fk(p)rxk't) =1L

Hence f has fuzzy L —shadowing property. o
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Proposition 2.1.3

Let (X, M,*) and (Y,M',*") be two fuzzy compact metric spaces. Let
f:X—>Xand g:Y - Y be two fuzzy homeomorphisms and h: X — Y
be a conjugation between f and g. Then f is fuzzy two —sided limit

shadowing property if and only if g is fuzzy two —sided limit shadowing

property.
Proof:

Let f be a fuzzy two —sided limit shadowing property. If 0 < € < 1 there is
0<eg <1 so that the inequality M(x,y,t) >1—¢; implies
M'(h(x),h(y),£) > 1 —«.

Since f has fuzzy two —sided limit shadowing property. The sequence

(X3 )kez € X such that

,ll_)n(}o M(f (x), X 41, ) = 1
There exists a point p € X such that

lim M(f*(p), 2, £) = 1.

We choose 0 < § <1 so that the inequality M'(x,y,%) > 1 — § implies
M7 (x), A (), £) > 1 =65,

To do this put x;, = h™1(y,) for k > k,

We have

M(f (xi), xpes1,£) = M(F (R ), A (Vier1), £)
= MR (gi)), A Gier1), 1)

=M’(g(yk)ryk+1it) = 1_67 kaO .
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Hence thereisk, € N
Thus
Jim M'(g(Yi), Yrs1,t) = 1.
Therefore there is k; € N so that for
M), xp,t) = 1—¢ ,k = k.

Thus

M(f*), %1, ) = M' (h (f*()), h(x), )
=M'(g*(h(p), v, t) =1 —¢ fork = k.
Hence
lim M'(g* (h(P)), yi ) = 1.
So g has fuzzy two —sided limit shadowing property.

Conversely, let g be a fuzzy two -sided limit shadowing property. If
0<ég <1thereis0 < e <1 such that the inequality M(x,y,£) >1—¢
implies M'(h(x),h(y),t) >1—¢, .

Since g has fuzzy two —sided limit shadowing property .The sequence

(Vi) kez € Y such that

imM* (g (i), Yicsr,£) = 1
there exists g € Y such that

limM’(g"(q), yi, £) = 1.

We choose 0 < §, < 1 so that the inequality M'(x,y,£) > 1 — §, implies

M(h™*(x),h"(yy), %) > 1 6.
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To do this put y,, = h(x;) for k > k,, the sequence (V) kez-

We have

M' (G, Vi1, ) = M'(g(h(xi)), h(xg41), 1)
= M'(h(f (xx), h(xk41), %)

= M(f (x), X1, ) 2 1 = 81,k = ko
Thereis ky € N,
Thus
,ll_)n(}o M(f (x), X 41, ) = 1
Therefore there is k; € N so that
M (g"(q@),yi,t) 21—k = k.

Thus
M'(g"(@), v ) = M (h7* (9*(9)), k72 a0, £)
=M (f*(h"%(q)), xx,t) =1 —¢, fork > k.
Hence
lim M(f*(h™ (@), xi, £) = 1
So f has fuzzy two —sided limit shadowing property. o

Proposition 2.1.4

Let (X, M,*) be a fuzzy compact metric space and f: X — X be
continuous. If f is positively expansive with shadowing, then f has h-

shadowing.
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Proof:

Llet0<e<1,0<c<],1—es<1—-—cand 0<é6<1,£>0Dbe
provided by shadowing for ¢ .let § —pseudo orbit {x, x4, ..., x,,,} and

extend it to the finite § —pseudo orbit

X0 X1y oo Xy [ (), 2 (1), ..
If p is a point with e —shadow the above pseudo orbit, then
M(f7*™(p), f/(xm), £) <1 —cforallj =0
Which implies that f™(p) = x,,. O
Proposition 2.1.5

Every fuzzy expansive homeomorphism f: X — X with fuzzy shadowing

property has the fuzzy limit shadowing property.
Proof:
Since f is expansive there exists 0 < e < 1 such that

M(f*x), fX(y),t) <1 —e.

For all x # y. Choose 0 < § < 1 such that every § —pseudo orbit is &-

shadowed.

Let (x,)xen be limit pseudo orbit such that
M(f (i), X1, 8) < 1= 6.

The shadowing property assure the existence of points p € X such that
M(f*(p),x,, t) <1-34.

We claim that (x;)xey IS limit shadowed by y, .Indeed
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M(FEOn), F@), £) < M (FEOa) 0 2) * M (3, £X (). 2)
<(1-6€)*x1-6)<1l-—¢.
By choice of & we obtain
lim M(f (), f* (), £) = 1.
This imply that limy_c M( f*(y1), x4, 1) = 1.

Thus every fuzzy limit pseudo-orbit is fuzzy limit shadow and f has the

fuzzy limit shadowing property. O
Proposition 2.1.6

A fuzzy homeomorphism on a fuzzy compact metric space has the
fuzzy two-sided limit shadowing property if and only if it has the fuzzy
limit shadowing property, the fuzzy negative limit shadowing property and

the fuzzy simple one-sided limit shadowing property.
Proof:

It is obvious that the fuzzy two-sided limit shadowing property
implies the fuzzy limit shadowing property, the fuzzy negative limit
shadowing property and the fuzzy simple one-sided limit shadowing
property. It suffices to prove the converse statement. The fuzzy limit
shadowing property and the fuzzy negative limit shadowing property assure

the existence of points p;,p, € X, (x;)xez Satisfying
lim M(F* (p1), i) = 1
and

lim M(f*(p2), x, 1) = 1.

k—oo
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Thus the sequence

yk — {fk(pZ)Jk = 0;

fk(pl)ik < 0,
iIsa fuzzy simple one-sided limit pseudo-orbit. The fuzzy simple one-sided
limit shadowing property assures the existence of a point p € X that fuzzy
two- sided limit shadows(yy)kez. This point also fuzzy one-sided limit

shadowing (xy)kez. O
Remark 2.1.7

e From Definition (1.1.21), Definition (1.1.22) and Definition(1.1.15)
and from Proposition 1.2.6 find that Figure(2.1)

e From the Definition(1.1.25) and Definition (1.1.26)we find Figure
(2.2)

e From Proposition 2.1.2 Figure(2.3)

e From Proposition2.1.5 Figure(2.4)

f Fuzzy WM( f Fuzzy h-

shadow < L shadow
f Fuzzy L-

shadow

Figure (2.1): The relation fuzzy shadow, fuzzy h-shadow and fuzzy L-shadow.
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f Fuzzy two- sided
limit shadowing

property

f Fuzzy simple two-
sided limit
shadowing property

Figure (2.2): The relation between fuzzy two- sided limit shadowing property and fuzzy

simple two-sided limit shadowing property.

f Fuzzy negative limit
shadowing property

f~1 Fuzzy limit
shadowing property

Figure (2.3): The relation between fuzzy negative limit shadowing property and fuzzy

limit shadowing property.
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f Fuzzy expansive
and fuzzy shadowing

property

f Fuzzy limit
shadowing property

Figure (2.4): The relation between fuzzy expansive and fuzzy shadowing property and

fuzzy limit shadowing property.
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2.2.Product Some Properties of Chaos in Fuzzy

Dynamical Systems.

In this section we prove that two fuzzy dynamical systems on two
fuzzy metric spaces achieve the properties (fuzzy expansive, fuzzy
Lipschitz, fuzzy L-shadowing property, fuzzy two-sided limit shadowing
property, fuzzy positive expansive, fuzzy h-shadow) if and only if the
product up to a special t —norm achieves the above mentioned

properties.

For this purpose we assume that (X, M, f,*) and (Y,M’, g,x") be fuzzy
dynamical systems, i.e.,(X, M ,*) and (Y, M',«") two fuzzy compact metric

spacesandlet f: X — X andg:Y — Y be fuzzy continuous.

To prove the propositions, we first recall the following Theorems.

Theorem 2.2.1:[25]

If (X, M,*) is a fuzzy metric space then:

i) Forgivena,b € [0,1],a* b = 1impliesa =b =1;

i) The inequality t < s impliesM (x,y,%2) < M (x,y,s),

Where x ,y € X.

From the proof of this Theory it is found that when

s=414+r,thenM (x,y,s) = M (x,y,t+1r)= M (x,y,£)*M (y,y,1)
=M (x,y,%t) *1

=M (x,y,1).
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Theorem?2.2.2:[25]

If «,+" aretwot —norms,thenx,,:[0,1] x [0,1] - [0,1], such that
(a,b) — min{a * b,a ' b}isa t-norm.

Theorem 2.2.3:[25]

Let(X,M,x) and (Y,M',+") be two fuzzy metric spaces. Assume that the

t — norm = has the following additional property:
A:axa> 0 forall0 < a.

Then X x Ywith the mapping

M (X X Y)x (X xY)x(0,0) - [0,1], such that
(Cx1,91), (%2, ¥2),8) V> M(x1,%5,2) % M' (y1,¥2,%)
Is a fuzzy metric space.

Remark 2.2.4

If (X, M, f,*)and (Y,M’, g,x") are two fuzzy dynamical systems,

then (X X Y, M*, T,*,,) is a fuzzy dynamical system, where
T=fxgXxY > XxY
is the map defined
fxgxy)= (fG),g()for (x,y) € X x Y.
Proposition 2.2.5

If (X,M,f,x) and (Y,M’,g,*") are two fuzzy dynamical systems then
(X,M, f,*) and (Y,M’', g,*") are £- expansive fuzzy dynamical systems if

and only if (X X Y,M*,T,*,,) is a £- expansive fuzzy dynamical system.
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Proof:

Let (X, M, f,*) and (Y,M’', g,*") be £- expansive fuzzy dynamical systems

and x,x, € X y;, 7, €Yand0<e,<1,0<e;<1,0<e<1,t>

0, suchthat x; # x,,1—e; *1—e, < 1—e.
Then by Definition 1.1.17
M (fk(x1)'fk(x2)»’t) <l-¢ (2.1)
M (g*(31), 9*(2). 1) S 1 —e,. (2.2)
Let (x;,y1) €EX XY ,(x,,y,) €X X Y, we need to prove that
M*(T*(x1,y1), T*(x2,¥2),8) < 1 —e.
Now

M*(Tk(xl')ﬁ)'Tk(xz,yz),t) _
M <(fk(x1),gk(y1)) , (fk(xz),gk(yz)),t) =

M (fk(xl)lfk(xz):t) *m M’(gk(yl)rgk(yZ)it) =

min{M (F e, 4G, ) M'(gk(yl),gk@z),t),}
M (fk(xl)lfk(xz):t) *! M,(gk(yl)rgk(yZ)rt) .

By (2.1), (2.2) we have

M (f Qo) fX(2), ) * M' (g (1), g (1), £) S 1 —e; x 1 — ey

<1-e.
Hence

M*(Tk(xl Jyl)'Tk(xZ 'yZ)'t) < 1-—e.

Thus, (X X Y,M*, T,*,,) is %- expansive fuzzy dynamical system .
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Conversely, let (X x Y,M*,T,*,,)be a t —expansive fuzzy dynamical

system. If x;,x, € X,y;,y, € Yand x; # x, satisfying

M (f*(x), fe(x),8) <1 —¢eg (2.3)
M' ("), 9% (2), £) < 1 —e,. (2.4)
Then
M*(T*(xy,y1), T*(x5,y,),8) < 1 —e.
Hence
M (F¥(x), fo(x),8) <1 —e; (2.5)
M' (g“1), 9% (2), 1) < 1 —e,. (2.6)

So(X,M,f,x) and (Y,M',g,*") are a ¢ —expansive fuzzy dynamical

systems. O
Proposition 2.2.6

If (X,M, f,x) and (Y,M’, g,") are two fuzzy dynamical systems, then
(X,M, f,*) and (Y,M’, g,*") be L- shadowing fuzzy dynamical systems if
and only if (X X Y,M*,T,*,,,) isL-shadowing fuzzy dynamical system.

Proof:

Let (X,M,f,x) and (Y,M’',g,x") be fuzzy L-shadowing property,
let(x) ) kez € X and (Vi )kez € Y . Given 0 < g4,6, < 1,0 < 64,6, < 1,

’t>0,1_51* 1_62 >1_6.
Then by Definition 1.1.22
M(f (x), Xp41,£) >1—06;, for kEL (2.7)

and
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’ll_}rg)M (f(xk);xk+1;t) = 1. (28)

There is p € X such that

M), x, t) > 1— & (2.9)
and
lim M(F“(p), i, ) = 1 (210)
M' (g, Vi1, t) > 1 =6, , for k€Z (2.11)
and
Jm M (g (Vi) Yierr, ) = 1. (2.12)

There is g € Y such that

M,(.gk(q)'yk't) >1- &2 (213)

and

lim M"(g*(9), yi, ¥) = 1. (2.14)
We want to prove that (X x Y, M*,T,*,,) has fuzzy L-shadowing property.
Let (xp, ) CXXY,0<e<1,0<6<1.

M* (T (X, Y ) Xpes1, Y1), ) > 1 =6

and

Jim M* (T (i, Yi)) (Kger 1, Yiew1), ) = 1.

M* (T O, Vi) » (K Yiew, ) = M ((F (i), 90) ), (i1, Vier1), £))
= M(f(xk)'xk+1't) *m M’(g(yk)r yk+1't)
M(f(xk)'xk+1't) * M,(g(yk)' yk+1rt)r}.

M(f(xk)'xk+1lt) *! M,(g(yk)ryk+1't)
40
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By (2.7), (2.9)
we have
M(f (xi), X 41, 8) ¥ M'(GVi) Yy, 8) =1 =6, 1 =6, >1-6.
Hence
M*(T (xi, Yie)) (K41, Yir1), £) > 1= 8

and

Jim M* (T Cx, Y1)y (1, Vi) »£) = 1.
Thus there exists (p,q) € X X Y.

M*(T*(p, @), (X, 7). £) > 1 — &
and
lim M*(T* (p, @), (xie, y1), £) = 1.

Thus, (X X Y, M*,T,*,,) has fuzzy L-shadowing property.

Conversely, let(X x Y,M*,T,x,,) be L-shadowing fuzzy dynamical
system. If(x;)kez € X, (Vx)rez € Ysatisfying

M(f (x), Xg41, ) > 1 =67, for k € Z. (2.15)
And
Jim M (£ (o) 2p,8) = 1 (2.16)
M (gWi), Vs, t) >1—6,, for keZ. (2.17)
And

111—>n;) M, (g(yk);yk+1;t) = 1. (218)
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Then

M*(T (X, Vi )» (X1, Yie+1),£) > 1 =6

and
]ll_)r{)lo M* (T (xk, Y1), i+ 1) Yier1), £) = 1.
Thus there exists (p,q) € X X Y, so that

M*(T*(p,q), (xp, yi), ) > 1 —¢

and
]li_)n(}oM*(Tk(P; q), (X, yi), t) = 1.
So
lim M(FA@)x0t) = 1. (219)
And

limM'(g"(q), ¥, £) = 1. (2.20)

So (X,M,f*x) and (Y,M’', g,+") are L—shadowing fuzzy dynamical

systems. O
Proposition 2.2.7

If (X,M,f,*) and (Y,M’', g,*") are two fuzzy dynamical systems,
then(X, M, f,*) and (Y, M’, g,+") be the two-sided limit shadowing property
fuzzy dynamical systems if and only if (X X Y, M*, T,*,,,) is the two-sided

limit shadowing property fuzzy dynamical system.

Proof:

Let (X, M, f,x) and (Y,M’, g,+") be fuzzy two-sided-limit shadowing

property. Let (x;)iken € X s Vi)keny € Y.
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Then by Definition 1.1.25
lll_)f{)lo M(f (%), X1, %) = 1 (2.21)
,li_{gM'(g()’k)»Ykﬂ"f) = 1. (2.22)
Thus there is a pointp € X,q € Y, such that
lim M(F*(p) % £) =1 (2.23)
limM'(g*(@),yt) =1 (2.24)

We want to prove that (X X Y,M*T,*,) is fuzzy two-sided limit
shadowing property. If (xi,y,) € (X xY) satisfying the relation

Ill_)n.}o M* (T (xk, Y1), ka1, Yier1), £) = 1.
Hence
lim M(f(xo), X, £) =1 (2.25)
Ili_{gM,(g(yk)JYR+1:t) =1. (2.26)
Hence there existp € X and g € Y so that
lim M(F* @) xe ) =1 (2:27)
limM'(g"(q), y, ) = 1. (2.28)
Thus there exists (p, q) € X X Y so that
lim M* (T*(p, q), (xy, y1), £) = 1.

Thus, (X X Y,M*,T,*,,) is the two-sided limit shadowing property fuzzy
dynamical system.
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Conversely, let (X x Y,M*,T,*,,) be the two-sided limit shadowing
property fuzzy dynamical system. If (x;)reny € X, (Vi) ey € Y Satisfying

,lim M(f (i), Xpep1,2) = 1 (2.29)
lilgr_l)]o‘g'(g(Yk)»}’k+1;’f) =1 (2.30)

Then
likm_)%*(T(xk, Vi) (v Yir1), £) = 1.

Thus there exists (p,q) € X X Y so that
lim M* (T*(p, @), (%, yi), £) = 1.
So
lim M(F*P)x ) =1 (231)
lim M'(g*(9),ye8) = 1. (2.32)

So(X,M, f,x) and (Y,M’, g,x") are the two—sided limit shadowing

property fuzzy dynamical systems. O
Proposition 2.2.8

If (X,M,f,*) and (Y,M’, gx") are two fuzzy dynamical systems,
then (X, M, f,x) and (Y,M’, g,*") be positive expansive fuzzy dynamical
systems if and only if (X x Y,M*, T,*,,)is a positive expansive fuzzy

dynamical system.

Proof:

Let(X,M,f,x) and (Y,M' g,*") are positive expansive fuzzy
dynamical systems, and x;,x, € X ,y;,7, € Yand0<c <1, >0,
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X1 Fx3,1—c1x1—c,>1—c.
Then by Definition 1.1.19
M (f% () f¥ (), 8) >1—¢; (233)
M'(g*(x2), g% (), ) > 1 —c,. (2.34)
Let (x1,y,) EXXY,(xp,7,) EXX Y.
We need to prove that.
M*(T* (x1,y1), T* (x2,¥2),8) > 1 —c.

M*(T* (x,¥1), T* (x5, y2),%) =
M ((fk (1), g*m)), ( F*Ce), 8y )),t) _

M (f*Cxy), f¥(x2), £) % M' (g% (11), g*(12), %) =

mll’l{M (fk(xl)ifk(xz):t) * M’(.gk(}ﬁ)»gk(h);’f);}
M (fk(xl)ifk(xZ)lt) *' M,(.gk(yl)'.gk(yz),’t) .

By (2.33), (2.34) we have
M(f* (1), f4Cx0), £) * M' (g4 (1), g (72), £)
>1—c¢c*x1—¢c, > 1-—c.
Hence
M*(T* (x4, %), T*(y1,7,), %) > 1 —c.
Thus, (X X Y,M*,T,,,) isapositive expansive fuzzy dynamical system.

Conversely, let (X x Y,M*,T,x,,) be a positive expansive fuzzy

dynamical system. If x;,x, € X , y4,y, € Y satisfying
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M (f* (x), f¥ (x), ) >1—¢, (2.35)
M'(g*(x2), g*(2), ) > 1—¢;.  (2.36)
Then
M* (T*(xy,y1), T*(x5,5,),2) > 1 —c.
Hence
M (f* (x), f¥ (x),8) >1—¢;  (2.37)
M'(g*(x2), g*(2), ) > 1—¢c,.  (2.38)

So (X,M,f,*) and (Y,M',g,*") are a positive expansive fuzzy

dynamical systems. O
Proposition 2.2.9

If (X,M,f,*) and (Y,M’, g,x")are two fuzzy dynamical system, then
(X,M, f,*)and (Y,M', g,x") be Lipschitz fuzzy dynamical systems if and
only if (X X Y,M*,T,*,,) is Lipschitz fuzzy dynamical system.

Proof:

Let (X,M, f,*) and (Y,M’, g,+") be Lipschitz fuzzy dynamical system, let
X,% € X ,y1,7, € Y,0< L,L, <10<L<L,%t>0,x1 # x5,

Then by Definition 1.1.20
M(f(xl),f(xz),t) > 1 - Ll M(xlixbt) (239)
M'(g(y1), g2), 1) > 1= LM (yy,y2,%) . (2.40)

We need to prove that

M*(T(Xl, }’1)'T(x2' yZ)rt) >1-L M*((Xl, yl)' (x2; yz);t)
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Where
1—L; M(x1,x5,2) 1 = L,M' (y1,¥,%)

>1-L M*((x1')’1)' ()’2')’2)»’5)
M*(T(Xl, yl)iT(xZJ yz),t) = M" ((f(xl)l g(yl)): (f(XZ)l g(yZ))rt)

= M(f(xl),f(xz),’f) *m M,(g()ﬁ);g(yZ);t)

M(f(xl),f(xz),t) * M,(g(yl)' g()’z)""):}
M(f(xl),f(xz),t) *! M,(g()ﬁ)» g(yZ)»t)

- min
Since
M(f(x)), f(x2),£) > 1 — Ly M(xq,%,, %)
M (g1, 9(¥2),£) > 1 = LM (y1,¥2,%)
M(f (x1), f (x2),£) * M'(g(v1), 9(¥2), 1)
>1—Ly M(xq,%5,8) ¥ 1= L,M' (1,75, 1)
> 1—LM*((x1,¥1), (x2,¥2), %)
Hence
M*(T (21, y1), T (x2,¥2), £) > 1= L M*(Cx1, ¥), (2, ¥2), £)

Thus, (X X Y,M*,T,*,,) is Lipschitz fuzzy dynamical system.

Conversely, let (X x Y,M*,T,*,)be a Lipschitz fuzzy dynamical
system. If x,,x, € X , y;,y, € Y satisfying

M(f(xl)if(xZ)lt) > 1 - [’1 M(xl'xZIt) (241)
M (g(y1),9(2), ) > 1= LM’ (yy,y,,1). (2.42)
Then
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M*(T(xl' yl)'T(er yZ)rt) >1-L M*((xl' yl)' (xZ' yZ)it)'

Hence
M(f(xl)Jf(XZ)Jt) > 1 - Ll M(xl'xZJt) (243)

M' (g1, 92),t) > 1= LM (yy,y2,£). (2.44)

So(X,M,f,x) and (Y,M’', g,x") are Lipschitz fuzzy dynamical systems.

O
Proposition 2.2.10

If (X,M,f*) and (Y,M',g*') are two fuzzy dynamical systems,
then(X, M, f,*) and (Y, M’, g,*") be h- shadowing fuzzy dynamical systems
ifand only if (X X Y, M*,T,*,,,) is h-shadowing fuzzy dynamical system.

Proof:

Let (X,M,f,x) and (Y,M',g,*') be fuzzy h-shadowing property,
let(x,))ken € X, Umdiken €Y .Given 0 < g1,6, < 1,0< 61,6, < 1,

t>01—¢g*x1—¢g>1—c¢

Then by Definition 1.1.21

M(f*(p),x,t) > 1 — ¢ foreveryk <mand f™(p) = x,,,.  (2.45)
M'(g*(q), vy, t) > 1 — &, forevery k < m and g™(q) = y,p,. (2.46)
Let forevery k <m, T™(p,q) = (X, Yim)-

We need to prove that

Thereis (p,q) EX XY

M*(T*(p, @), (X Ym), £) > 1 — ¢
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M* (T*(p, @), (Y, 1)) =

M ((F4 @), 65@), G 7). ) =

M), X, £) *m M'(g%(q), Y, £) =

= min {M(fk(p)'xm’ )« M'(g"(@), Y, t)'}
M(f ), Xm, t) ¥ M'(g*(@), ym, 1))

M(f*(p),x,,t) > 1 — &, foreveryk < m and f™(p) = x,,.
M'(g%(q), vy, t) > 1 — &, foreveryk < m and g™(q) = y,,.
M@ % £) * M' (@@, v ) > 1— gy x1—g, > 1—¢
forevery k <mand T™(p,q) = (X, Vin)-

Thus, (X X Y, M*,T,*,,) is h—shadowing fuzzy dynamical system.

Conversely, let (X x Y,M*, T,*,,)be h—shadowing fuzzy dynamical

system.
If (X)) men € X, Wm)men € Y satisfying
M(f*(p),x,t) > 1 — g forevery k <mand f™(p) = x,p,. (2.47)
M'(g*%(q), v, t) > 1 — &, forevery k < m and g™(q) = y,»,. (2.48)
Then
M*(T*(, @), tmYm) ) > 1—¢€
forevery k <m,T™(p,q) = (%, Yim)-
Hence

M(f*(p),x,t) > 1 — g forevery k <mand f™(p) = x,y,. (2.49)
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M'(g%(q), vy, t) > 1 — &, for every k < m and g™(q) = y,»,. (2.50)

So (X,M,f,*) and (Y,M', g,x") be h—shadowing fuzzy dynamical

systems. O
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Conclusions and Future Works

Conclusions

e We introduced the new (the L-shadowing property, two-sided limit
shadowing property, negative limit shadowing, positive expansive,
h-shadow and Lipschitz) in fuzzy dynamical systems.

e We found that properties (fuzzy L-shadowing property, fuzzy two
—sided limit shadowing) are invariant under fuzzy topological
conjugacy.

e We studied the product of the (expansive, positive expansive, L-
shadowing property, two-sided limit shadowing property, h-shadow

and Lipschitz) of fuzzy dynamical systems.

Future Works

The following one suggestions in 2-fuzzy metric space for further studied
1. Define the properties (the L-shadowing property, two-sided limit
shadowing property, negative limit shadowing, positive expansive, h-
shadow and Lipschitz.
2. Study the topological conjugacy for the above mentioned properties.

3. Product study for the above mentioned properties.
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