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Abstract 

In this thesis, we will rely on the definition given by George and 

Veeramani in 1994, which is a modification of the concept of fuzzy metric 

space introduced by Kramosil and Michalek in 1975. 

This thesis involves the study of some chaotic properties in fuzzy 

dynamical systems and introduced new definitions (fuzzy positive 

expansive, fuzzy Lipschitz, fuzzy stable topology, fuzzy L-shadowing 

property, fuzzy two-sided limit shadowing property, fuzzy negative limit 

shadowing, fuzzy h-shadow).  

Through this study, we prove the properties (fuzzy L-shadowing 

property, fuzzy two –sided limit shadowing) are invariant under fuzzy 

topological conjugacy.  

Our result indicates that two fuzzy dynamical systems on two fuzzy 

metric spaces achieve the properties (fuzzy expansive, fuzzy Lipschitz, 

fuzzy L-shadowing property, fuzzy two-sided limit shadowing property, 

fuzzy positive expansive, fuzzy h-shadow) if and only if the product up to a 

special t-norm achieves the above mentioned properties.  
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Introduction 

In 1965, Zadeh introduced the theory of fuzzy sets. Later, in 1975, 

Kramosil defined fuzzy metric spaces, and Grabiecin 1988 studied fixed 

points in the fuzzy metric space [10]. In 1994, Greori and Veeramani 

modification of the concept of Kramosil and studied some results in the 

fuzzy metric space [8]. Roman-Flores and Chalca-Cano in 2008 studied it 

Some properties of chaos in the fuzzy dynamical systems [23]. In 2011, 

Kupka expanded the conjugacy between fuzzy dynamical systems [18]. In 

2014 he studied some chaotic and mixing properties of fuzzy dynamical 

systems [19].  

In 2012 Ahmedi Seyyed and Molaei Mohammad defined shadowing 

property, limit shadowing property for fuzzy dynamical systems and prove 

that this property is invariant under fuzzy topological conjugacy, by using 

of dynamical systems with the shadowing property they presented a 

method to construct fuzzy dynamical systems with the fuzzy shadowing 

property [1]. Mehdi Fatehi Nia defined topological transitivity on fuzzy 

dynamical systems in 2018 [22]. Taixiang Sun a, Caihong Han and etc 

defined periodic points in fuzzy metric in 2021 [26]. 

Some implementations of fuzzy metric spaces a fast impulsive noise 

color image filter using fuzzy metrics [21]. Colour image smoothing 

through a soft-switching mechanism using a graph model [15]. 

This work is divided into two chapters. Chapter one consists of two 

sections. Some basic definitions and some concepts of chaos in fuzzy 

dynamical systems in section one. We have demonstrated some 

fundamental dynamical properties in the fuzzy systems in section two. 



 
 

2 
 

Chapter two consists two sections, we have demonstrated some 

properties under fuzzy topological conjugation and some shadowing 

properties in fuzzy dynamical systems in section one. We studied 

properties (fuzzy expansive, fuzzy positive expansive, fuzzy Lipschitz, fuzzy 

L-shadowing property, fuzzy two-sided limit-shadowing) for the product of 

fuzzy dynamical systems in section two. 
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1.1.Basic Definitions  

In this section we recall some fundamental definitions. We introduce 

the notions( fuzzy positive expansive , fuzzy Lipschitz , fuzzy L-shadowing 

property, fuzzy h-shadow , fuzzy two-sided limit shadowing  property,  

fuzzy simple two-sided limit shadowing  property , fuzzy negative limit 

shadowing , fuzzy topological stability) for fuzzy dynamical systems. 

For this purpose we assume that               a fuzzy dynamical 

system, i.e.,         is a fuzzy metric space and           is fuzzy 

homeomorphism,   is a non-empty set and     is a continuous       . 

Definition 1.1.1: [26] 

 A binary operation    [   ]  [   ]  [   ] is called a continuous 

triangular norm          if   [   ]    topological monoid with unit 1 

such is a that                whenever                            

[   ]   

Definition 1.1.2:[8]  

The 3-tuple          is said to be a fuzzy metric space if   is an arbitrary 

set,   is a continuous t-norm and   is a fuzzy set on            

satisfying the following conditions:  

1.               

2              if and only if        , 

3.                     

4.                                  

5.                   [   ]  is a continuous,  
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                      . 

Example 1.1.3:[8] 

Let        Define            and  

         *     (
|   |

 
)+  

for all         and        . Then         is a fuzzy metric 

space. 

 Proof. (1) Clearly             if and only if    .  

(2)                       

(3) To prove                                ,  

we know that  

|   |  (
   

 
) |   |  (

   

 
) |   |  

i.e. 

|   |

   
 

|   |

 
 

|   |

 
  

Therefor  

   (
|   |

   
)     (

|   |

 
)    (

|   |

 
)  

Thus 

                               . 

(4)                   [   ]  is a continuous.  

Hence         is fuzzy metric space. 
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Definition 1.1.4: [8] 

 Let         be a fuzzy metric space. We define fuzzy open ball  

                                    ,          

            {                  }  

Result 1.1.5:[8] 

  Every open ball is an open set. 

Definition 1.1.6:[10] 

  A sequence      in a       metric space         is Cauchy 

if                                           . A sequence 

     in   is convergent to       if                   for 

 each      . Notation             (Since    is continuous, it follows  

                                  the limit is uniquely 

determined).  

A fuzzy metric space in which every Cauchy sequence is convergent 

is complete. It is called compact if every sequence contains a convergent 

subsequence. 

Definition 1.1.7:[9] 

A fuzzy map         is fuzzy continuous at    , for each 

              there is         so that  for each         with  

             –   , we deduce                          
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Definition 1.1.8:[1]  

We say that two fuzzy maps          and          on fuzzy 

metric spaces         and           are topologically conjugate if there 

is a fuzzy homeomorphism          (a fuzzy continuous bijection map 

with fuzzy continuous inverse) so that               

Definition 1.1.9:[3]  

Let         be compact metric space, and         a 

homeomorphism   We say that        L-shadowing property, if for every 

       there exists      , such that for every sequence       ℤ      

satisfying                  , for every   ℤ and                   

when | |   , there is       satisfying                for every  

   ℤ , and                     | |   . 

Definition1.1.10:[21] 

Let       be compact metric space and         be continuous 

.We say that     has h-shadow if and only if for every     , there 

is       such that for every finite                {          }    

there is     such that               for every     ℤ     and 

          

Definition 1.1.11:[5] 

Let        be compact metric space and        a 

homeomorphism. The limit shadowing property for     means the 

following: for every sequence  

      ℕ 
   satisfying 

 (              )         
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There exists     satisfying 

                      

During the text we will need the following property: for every 

sequence       ℕ 
     ( ℕ denotes the set of non-positive integers) 

satisfying 

                          

There exists     

                    . 

Definition 1.1.12:[6] 

This property will be called negative limit shadowing and the 

sequence        ℕ 
 will be called a negative limit pseudo-orbit for    We 

will say that   limit shadows        ℕ 
in the past and that        ℕ 

 is 

limit shadowed in the past by  . 

Definition 1.1.13:[3] 

Let      be compact metric space and         be a 

homeomorphism. We say that    has the two-sided limit shadowing 

property if every two-sided limit pseudo-orbit is two-sided limit 

shadowed. 

A sequence       ℤ is two-sided limit pseudo-orbit if it satisfies 

                    | |     

The sequence      ℤ, is two-sided limit shadowed if there exists 

      satisfying                 | |      
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Definition 1.1.14:[5] 

For          and we consider the sequence      ℤ defined by 

    ,
           

             
    

This sequence consists of the past orbit of    and the future orbit of 

 . Sequence of this type will be called simple two-sided limit pseudo-

orbits. We say that    has the simple two-sided limit shadowing property 

when every simple two-sided limit pseudo-orbit is two-sided limit 

shadowed. 

Definition 1.1.15:[1] 

  Let         be a fuzzy metric space. Let           be a 

fuzzy homeomorphism on  .We say that    has the fuzzy pseudo-orbit 

tracing property on  , if for each                , there exists 

      so that for a given sequence       ℤ      with 

                     for every   ℤ (called  -            ) there 

exists a point                                   for every   ℤ. 

Definition 1.1.16:[1] 

Let       be a fuzzy metric space. Let           be a fuzzy 

homeomorphism on  .We say that    has the fuzzy limit shadowing 

property on  , if for each      and each sequence       ℤ      with 

                        there exists a point       so 

that                       . 

Definition 1.1.17:[4] 

Let         be a fuzzy compact metric space   A fuzzy 

homeomorphism   :     is    fuzzy expansive, if there is       
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such that for given     and        there exists    ℤ such that 

                        

 

We will define some definitions in the fuzzy dynamical systems 

according to the concept of George and Veeramani, which is a modification 

of the concept of fuzzy metric space introduced by Kramosil and Michalek. 

Let         be a fuzzy compact metric space and let            fuzzy 

map. 

Definition 1.1.18  

Let         be a fuzzy compact metric space and let            be 

a fuzzy homeomorphism on  . We say that    is fuzzy topological stable if 

for every                              such that for every fuzzy 

homeomorphism                    to    there is a conjugation  

                 and  , such that            –     We denote by    

                      .  

Definition 1.1.19 

Let         be a fuzzy compact metric space. A fuzzy  

continuous        is fuzzy  positive expansive if there is       

such that for given     and      , there exists    ℤ such that  

                         

Definition 1.1.20 

Let            fuzzy compact metric space. A fuzzy continuous  

       has fuzzy Lipschitz if there exists a constant       and 

    such that                               for all      . 



 

 12  
 

Definition1.1.21 

Let         be a fuzzy compact metric space and         be 

continuous map. We say that    has fuzzy h-shadow if and only if  every 

       , there is      and       such that for every finite 

  pseudo orbit {          }    there is     

                            for every     ℤ     and 

          

Definition 1.1.22 

Let         be a fuzzy compact metric space. Let        a 

fuzzy homeomorphism map. We say that     has fuzzy L-shadowing 

property if for every      , there exists      , such that for 

every sequence      ℤ satisfying                               

  ℤ and                         , there is      satisfying 

                  for every   ℤ ,                      . 

Definition 1.1.23 

We say that    has the fuzzy negative limit shadowing property on 

 , if for each      and each sequence        ℕ      with 

                         there exists a point       so 

that                         

Definition 1.1.24 

Let         be a fuzzy compact metric space and        a fuzzy 

homeomorphism. The fuzzy limit shadowing property for     means the 

following: for every sequence       ℕ      satisfying 
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There exists     satisfying 

                        . 

Definition 1.1.25 

Let          be a fuzzy compact metric space. Let       a 

homeomorphism. We say that     has the fuzzy two-sided limit shadowing 

property if every fuzzy two-sided limit pseudo-orbit is fuzzy two-sided 

limit shadow. 

A sequence       ℕ of point in   is fuzzy two-sided limit pseudo-

orbit if it satisfies                         

A fuzzy two-sided limit pseudo-orbit is fuzzy two-sided limit 

shadowed if there is a point      such that                         

Definition 1.1.26 

Let         be a fuzzy compact metric space and        a fuzzy 

homeomorphism map. For         and we consider the sequence      ℤ 

defined by 

    ,
           

             
    

This sequence consists of the past orbit of    and the future orbit of 

  . Sequence of this type will be called     fuzzy simple                 

pseudo-orbits. We say that   has the fuzzy simple 

                                    when every fuzzy simple 

                pseudo-orbit is fuzzy one-sided limit shadowed. 
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1.2.General Properties in Fuzzy Metric Space 

In this section we will study the properties in [4] when the parameter 

  is constant. We prove that fuzzy expansive is invariant under fuzzy 

topological conjugation and fuzzy expansive is invariant under invers. 

 Proposition 1.2.1 

Let         and           be two fuzzy compact metric spaces and 

       be a fuzzy homeomorphism. For each       there exists  

     with the property                 

then 

                     

Proof: 

Suppose that there is a pair of sequence            in   with 

property that               
 

 
 and a sequence      in        such 

that                         

 By fuzzy compact we can assume that   

 
    and   

 
     

[                       ] therefor                   

                  with        Since given      and each 

        for   ℕ we have  

           (     
 

 
)   (      

 

 
)   (     

 

 
) 

         (    
 

 
 )           

Then    . Let     ℕ such that 
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 (  
 

 
 )   (  

 

 
)        and then by continuity of           holds 

                     (           
  

 
)     (           

  

 
)  

 (  
 

 
)   (  

 

 
)  

      

This is contradiction.   □ 

 Proposition 1.2.2  

Let         be a fuzzy compact metric space and        be a 

fuzzy expansive homeomorphism with expansive constant          

Given      , there exists     such that if 

                   –              | |         

                 

Proof : 

Let        be given then to each       there exists two sequences 

             in  such that for all |  |       

 (                   )     –    

and there is a sequence   ) in        with the property that 

                    . By fuzzy compactness we can assume that 

   
 
    and   

 
    with        . Let     ℤ          . For every 

  ℕsuch that | |      we have 
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  (              
 

 
 )   (                

 

 
 )   

 (             
 

 
) 

  (             
 

 
)                          

 

 
    

By continuity we obtain that 

                         , then           □ 

 Proposition 1.2.3 

Let         be a fuzzy metric space and           a fuzzy 

expansive homeomorphism with the fuzzy shadowing property. There are 

      and        with the following property every  -fuzzy 

pseudo orbit       ℤ can be  -fuzzy traced in    by a unique point in    

Proof: 

Let       be a fuzzy expansive constant of    .Take        

satisfying                            and choose        

corresponding to    from the fuzzy shadowing property. Suppose that there 

exists a  -fuzzy pseudo orbit       ℤ for    that can be  -fuzzy traced by   

and  . Given     ℤ and         

We have  

                   (         
 

 
 )    (    

     
 

 
)  

                             

Since    is a fuzzy expansive we have      .   □  
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Proposition.1.2.4 

If         is a fuzzy homeomorphism map then   has a fuzzy 

expansive if and only if       has a fuzzy expansive. 

Proof: 

Let     be a fuzzy expansive then there exists        so that for 

each         ,            
                        

For all   ℤ,        . We choose       and      so that the 

inequality               implies                   . 

Let      , for all   ℤ ,         satisfies the inequality 

             
             then  

            
            ( (        )   (        )  ) 

     

    is   - fuzzy expansive .  

Conversely, let     is a fuzzy expansive, then there exists       so 

that for each         then 

            
                    

For all   ℤ          We choose       and      so that the 

inequality                       implies 

            
                

Let      , for all   ℤ ,         satisfies the inequality 

           
             

then            
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 (    (      )     (      )   )        

   is  - fuzzy expansive .   □ 

Proposition 1.2.5 

Let         and           be two fuzzy compact metric spaces. Let 

                   be two fuzzy homeomorphisms and   

         be a conjugation between    and    . Then   is fuzzy 

expansive if and only if    is fuzzy expansive. 

Proof: 

We suppose that       is an expansive constant of   .Let 

           

                      

Let        and     so that the inequality               

implies                     . Given                     

        then for every    ℤ  it follows that  

                  (  (      )   (      )  ) 

     (  (      )  (         )   ) 

   (  ( (      ))    ( (      ))   ) 

                        

We conclude that   is fuzzy expansive map. 

Conversely, we suppose that       is expansive constant of    
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Let       and     so that the inequality                

implies                       . Given                

      then for every    ℤ  it follows that 

                   (   (  (    ))     (  (    ))   ) 

 (   ( (     ))     ( (     ))   ) 

                       

We conclude that    is fuzzy expansive map.    □ 

Before we prove Walter's theorem according to the definition of the 

expansive homeomorphism in [4], we need to define the following 

functions 

Let      ) be a              space and             be fuzzy 

continuous maps, we define         =                  

Given a fuzzy continuous map          defined on the fuzzy metric 

space         and         we say that   is  -            to 

  whenever                 

Theorem 1.2.6 (                     )  

Every fuzzy expansive homeomorphism with the fuzzy shadowing property 

and               metric space is fuzzy topological stable. 

Proof: 

Let        be an expansivity constant of  .Take         and 

        from proposition     . We can suppose that  
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Let          be an homeomorphism such that             

and      . We claim that the orbit          ℤ is a  -

                   for  .Indeed, by definition of       , for every 

    ℤ and       

We have 

  (  (     )           )    (  (     )   (     )   ) 

            –     

By proposition 1.2.3, there is a unique         such that          ℤ can 

be                by      for    .This defines a map         that 

satisfies 

 (  (    )        )     –         ℤ  

Next, we show that   is a semi-conjugation between    and    

                                      ℤ, 

and for every     ℤ   

  (  (  (    ))           )    (    (    )          ) 

         

We have that         and          are points in   that  -fuzzy trace the 

 -fuzzy pseudo orbit            ℤ. By proposition 1.2.2, it holds that  

         

Lastly, we show that    is fuzzy continuous.  

Furthermore, by proposition 1.2.1 we choose       , such that 

                   implies that 
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                         | |      

For         such that                   and       

We have  

                                                  

   ( (     )        
  

 
)    (            

  

 
)   

  (       (     )  
  

 
 ) 

           (            
 

 
 )          

                           

    –    

For all | |     . Therefore               –     implies that  

                        

Thus the continuity of   is proved.   □ 
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2.1. Shadowing in Fuzzy Dynamical Systems 

In this is section we prove that properties (fuzzy L-shadowing 

property, fuzzy two – sided limit shadowing) are invariant under fuzzy 

topological conjugation and some shadowing properties in fuzzy dynamical 

systems. 

Proposition 2.1.1 

A fuzzy homeomorphism     on a fuzzy compact metric space   has 

the fuzzy negative limit shadowing property if and only if     has the 

fuzzy limit shadowing property. 

Proof: 

Suppose that    has the fuzzy negative                         . 

 Let        ℕ be a fuzzy negative limit pseudo-orbit for    satisfying 

   
    

                  

There exists     such that 

   
    

                

Let        ℕ  be a fuzzy limit pseudo-orbit for      ,          such that 

   
    

                     
    

                      

Which implies that 

   
   

                 

It follows that       ℕ is fuzzy limit shadowed for     and     that has 

the fuzzy limit shadowing property. 
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Conversely, let     has the fuzzy limit shadowing property. Let         ℕ 

be a fuzzy negative limit pseudo-orbit for   satisfying 

   
   

                    

There exists     such that 

   
   

                 

The sequence       ℕ is a fuzzy limit pseudo-orbit for    ,        

   
   

                     
   

                       

Which implies that  

   
    

                

Hence    has the fuzzy negative limit shadowing property.   □ 

Proposition 2.1.2 

Let         and            be two fuzzy compact metric spaces. Let 

                   be two fuzzy homeomorphisms and          

be a conjugation between   and  . Then    is fuzzy L-shadowing property 

if and only if   is fuzzy L-shadowing property 

Proof: 

Let     be a fuzzy L-shadowing property. If       and     there is 

       so that the inequality               implies 

                   . From the fuzzy L-shadowing property, if every 

       , there is        such that for every sequence      ℤ     

                     

and 
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There exists      

                   

and 

   
   

                

holds. 

We choose       so that the inequality               implies 

                       . Given       ℤ   . To do this put 

           for   ℤ ,we have  

                 ( (       )  
          )

  (   (     )  
          )        

Thus      satisfies the relation 

                      

Hence 

                     

and  

   
   

                    

There exist     

                   

therefore it follows that 



 

 26  
 

                ( (     )         ) 

                      

and 

   
   

                 

Hence   has the fuzzy L-shadowing property. 

Conversely, let   be a fuzzy L-shadowing property. If        and 

    there is        so that the inequality              implies 

                    . 

 From the fuzzy L-shadowing property if every       there is     

  such that for every sequence      ℤ    

                     

and  

   
   

                    

There exists     

                   

and  

   
   

                 

holds. 

We choose        so that the inequality                implies 

                        Given       ℤ    . To do this put 

         for   ℤ   



 

 27  
 

We have  

                   ( (     )          )

  ( (     )          )       

Thus       satisfies the relation 

                      

Hence 

                     

and  

   
   

                           

There exists     

                    

Therefore it follows that 

                                 

  (   (     )     (     )  ) 

                        

and  

   
   

                 

Hence    has fuzzy   shadowing property      □ 
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 Proposition 2.1.3 

Let         and            be two fuzzy compact metric spaces. Let 

                     be two fuzzy homeomorphisms and          

be a conjugation between   and  . Then   is fuzzy two –sided limit 

shadowing property if and only if    is fuzzy two –sided limit shadowing 

property. 

Proof: 

Let   be a fuzzy two –sided limit shadowing property. If       there is 

        so that the inequality               implies 

                   . 

 Since   has fuzzy two –sided limit shadowing property. The sequence 

      ℤ    such that 

   
   

                  

There exists a point       such that 

   
   

                 

We choose       so that the inequality               implies 

                       . 

To do this put            for       

We have  

                 ( (       )  
          )

  (   (     )  
          ) 
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Hence there is    ℕ 

Thus 

   
   

                    

Therefore there is      ℕ so that for 

                              . 

Thus  

                ( (     )         ) 

                        for         

Hence  

   
   

                     

So     has fuzzy two –sided limit shadowing property. 

Conversely, let   be a fuzzy two –sided limit shadowing property. If 

       there is        such that the inequality              

implies                      . 

 Since   has fuzzy two –sided limit shadowing property .The sequence 

      ℤ    such that 

      

   
                 

there exists     such that 

     

   
                

We choose        so that the inequality                implies 

 (          (  )  )       
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To do this put          for     , the sequence       ℤ. 

 We have  

                   ( (     )          )

                       

                            . 

There is    ℕ. 

Thus  

   
   

                  

Therefore there is      ℕ so that  

                             

Thus  

                (   (     )           ) 

                                       

Hence  

   
   

                    

So     has fuzzy two –sided limit shadowing property.   □ 

Proposition 2.1.4 

Let         be a fuzzy compact metric space and         be 

continuous. If    is positively expansive with shadowing, then     has h- 

shadowing. 
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Proof: 

Let                     and       ,     be 

provided by shadowing for    .let   pseudo orbit {          } and 

extend it to the finite   pseudo orbit 

                          

If    is a point with   shadow the above pseudo orbit, then  

 (                )      for all     

Which implies that                □ 

Proposition 2.1.5 

Every fuzzy expansive homeomorphism        with fuzzy shadowing 

property has the fuzzy limit shadowing property. 

Proof: 

Since     is expansive there exists       such that 

                       

For all    . Choose       such that every   pseudo orbit is  -

shadowed. 

Let       ℕ be limit pseudo orbit such that 

                     

The shadowing property assure the existence of points     such that  

                    

We claim that       ℕ is limit shadowed by   .Indeed  
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         (          

 

 
)   (    

     
 

 
) 

                    

By choice of     we obtain  

   
   

          
            

This imply that                         

Thus every fuzzy limit pseudo-orbit is fuzzy limit shadow and   has the 

fuzzy  limit shadowing property.    □ 

Proposition 2.1.6 

A fuzzy homeomorphism on a fuzzy compact metric space has the 

fuzzy two-sided limit shadowing property if and only if it has the fuzzy 

limit shadowing property, the fuzzy negative limit shadowing property and 

the fuzzy simple one-sided limit shadowing property. 

Proof: 

It is obvious that the fuzzy two-sided limit shadowing property 

implies the fuzzy limit shadowing property, the fuzzy negative limit 

shadowing property and the fuzzy simple one-sided limit shadowing 

property. It suffices to prove the converse statement. The fuzzy limit 

shadowing property and the fuzzy negative limit shadowing property assure 

the existence of points                  ℤ satisfying 

   
   

                 

and 
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Thus the sequence 

   ,
            

           
 

is a  fuzzy simple one-sided limit pseudo-orbit. The fuzzy simple one-sided 

limit shadowing property assures the existence of a point       that fuzzy 

two- sided limit shadows      ℤ. This point also fuzzy one-sided limit 

shadowing       ℤ.   □ 

Remark 2.1.7 

 From Definition (1.1.21), Definition (1.1.22) and Definition(1.1.15) 

and from Proposition 1.2.6 find that Figure(2.1)   

 From the Definition(1.1.25)  and Definition (1.1.26)we find Figure 

(2.2) 

 From Proposition 2.1.2 Figure(2.3) 

 From Proposition2.1.5 Figure(2.4) 

 

 

                                      +positive expansive  

 

 

         

 

        Figure (2.1): The relation fuzzy shadow, fuzzy h-shadow and fuzzy L-shadow. 

 

 

𝑓 Fuzzy 

shadow   

𝑓 Fuzzy L- 

shadow 

𝑓 Fuzzy h- 

shadow 
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Figure (2.2): The relation between fuzzy two- sided limit shadowing property and fuzzy 

simple two-sided limit shadowing property. 

 

 

 

 

 

 

 

Figure (2.3): The relation between fuzzy negative limit shadowing property and fuzzy 

limit shadowing property.  
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Figure (2.4): The relation between fuzzy expansive and fuzzy shadowing property and 

fuzzy limit shadowing property.  
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2.2.Product Some Properties of Chaos in Fuzzy 

Dynamical Systems. 

In this section we prove that two fuzzy dynamical systems on two 

fuzzy metric spaces achieve the properties (fuzzy expansive, fuzzy 

Lipschitz, fuzzy L-shadowing property, fuzzy two-sided limit shadowing 

property, fuzzy positive expansive, fuzzy h-shadow) if and only if   the 

product up to a special         achieves the above mentioned 

properties.   

For this purpose we assume that            and              be fuzzy 

dynamical systems, i.e.,         and           two fuzzy compact metric 

spaces and let             and           be fuzzy continuous. 

To prove the propositions, we first recall the following Theorems. 

Theorem 2.2.1:[25] 

 If         is a fuzzy metric space then: 

 i) For given     [   ]         implies        ; 

 ii) The inequality      implies                      , 

Where           

From the proof of this Theory it is found that when 

       , then                                              

               

          . 
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Theorem2.2.2:[25] 

If                        , then    [   ]  [   ]  [   ]  such that 

          {          } is a    –     . 

Theorem 2.2.3:[25]  

 Let        and            be two fuzzy metric spaces. Assume that the 

          has the following additional property: 

                          

Then       with the mapping  

                          [   ]  such that  

                                                    

is a fuzzy metric space. 

Remark 2.2.4 

If           and             are two fuzzy dynamical systems, 

then                is a fuzzy dynamical system, where 

                      

is the map defined  

            (         )                  

Proposition 2.2.5 

If           and             are two fuzzy dynamical systems then 

          and             are  - expansive fuzzy dynamical systems if 

and only if                is a  - expansive fuzzy dynamical system. 
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Proof:  

Let           and             be  - expansive fuzzy dynamical systems 

and            ,          and                       

                                   

Then by Definition 1.1.17 

           
                                            

            
                                             

Let                               we need to prove that 

               
                . 

Now 

              
             

  ((        
     )  (        

     )   )   

           
                     

          

   ,
           

                    
         

           
                     

        
-  

By (2.1), (2.2) we have 

           
                    

                   

     . 

Hence 

                
                  

Thus,                 is    - expansive fuzzy dynamical system . 
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Conversely, let                 be a   expansive fuzzy dynamical 

system. If                     and        satisfying 

           
                                            

            
                                               

Then  

               
                  

Hence 

           
                                                     

            
                                                    

So           and             are a   expansive fuzzy dynamical 

systems.      □ 

Proposition 2.2.6 

If           and             are two fuzzy dynamical systems, then 

          and             be L- shadowing fuzzy dynamical systems if 

and only if                  is L-shadowing fuzzy dynamical system. 

Proof: 

Let           and             be fuzzy L-shadowing property, 

let      ℤ    and       ℤ    . Given                      

                      

Then by Definition 1.1.22 

                               ℤ                    

 and  
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There is     such that 

                                                    

and  

   
   

                                                     

                               ℤ                

 and  

   
   

                                                 

There is     such that 

                                                    

and  

      

   
                                                

We want to prove that                has fuzzy L-shadowing property. 

Let                           

                                                      

and  

   
   

                                                     

                             (            )                 

                                    

   {
                                  

                 
                 

}  
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By              

we have 

                 
                                   

Hence 

                                                

and 

   
   

                                  

Thus there exists             

                           

and  

      

   
                             

Thus,                has fuzzy L-shadowing property. 

 Conversely, let               be L-shadowing fuzzy dynamical 

system. If      ℤ            ℤ   satisfying   

                             ℤ                  

And  

   
   

                                                          

                                    ℤ               

    And  
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Then 

                                     

and  

   
   

                                     

Thus there exists            so that 

                           

and  

   
   

                         

So  

   
   

                                    

And  

     

   
                              

So           and             are L shadowing fuzzy dynamical 

systems.   □ 

Proposition 2.2.7 

If           and              are two fuzzy dynamical systems, 

then          and             be the two-sided limit shadowing property 

fuzzy dynamical systems if and only if                 is the two-sided 

limit shadowing property fuzzy dynamical system. 

Proof: 

Let                           be fuzzy two-sided-limit shadowing 

property. Let        ℕ    ,       ℕ     
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 Then by Definition 1.1.25 

   
   

                                   

   
   

                                   

Thus there is a point          such that  

   
   

                               

     

   
                                

We want to prove that                is fuzzy two-sided limit 

shadowing property. If                 satisfying the relation 

   
   

                                

Hence 

   
   

                                 

   
   

                                   

Hence there exist       and       so that 

   
   

                                

     

   
                                

Thus there exists           so that 

   
   

                         

Thus,                  is the two-sided limit shadowing property fuzzy 

dynamical system. 
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Conversely, let                 be the two-sided limit shadowing 

property fuzzy dynamical system. If       ℕ   ,       ℕ    satisfying 

   
   

                                        

     

   
                                      

Then 

      

   
                            

Thus there exists           so that 

   
   

                         

So 

   
   

                               

      

   
                              

So          and             are the two sided limit shadowing 

property fuzzy dynamical systems.   □ 

Proposition 2.2.8  

If           and              are two fuzzy dynamical systems, 

then           and             be positive expansive fuzzy dynamical 

systems if and only if               is a positive expansive fuzzy 

dynamical system. 

Proof:  

Let           and              are positive expansive fuzzy 

dynamical systems, and                                     
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Then by Definition 1.1.19 

            
                              

            
                             

Let                              

We need to prove that. 

                
                  

                
               

  ((         
     )  (         

      )   )   

            
                     

          

   ,
            

                    
         

            
                      

        
-  

 

By (2.33), (2.34) we have  

            
                    

         

                 

Hence 

               
                 

Thus                 is a positive  expansive fuzzy dynamical system. 

Conversely, let                be a positive expansive fuzzy 

dynamical system. If                      satisfying 
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Then 

                
                 

Hence 

            
                               

            
                               

So           and             are a positive expansive fuzzy 

dynamical systems.   □ 

Proposition 2.2.9 

If           and             are two fuzzy dynamical system, then 

          and             be           fuzzy dynamical systems if and 

only if                is           fuzzy dynamical system. 

Proof: 

Let           and             be           fuzzy dynamical system, let 

                                               

Then by Definition 1.1.20 

                                                 

                       
                          

We need to prove that   

                              (                 ) 
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Where  

                      
            

       (                 ) 

                          ((           ) (           )  ) 

                                      

     {
                                    

                                    
} 

Since 

                                  

                       
              

                                   

                       
             

       (                 )  

Hence 

                              (                ) 

Thus,                is           fuzzy dynamical system. 

Conversely, let                be a            fuzzy dynamical 

system. If                      satisfying 

                                                 

                       
                             

Then 
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                              (                 )  

Hence  

                                                 

                       
                            

So           and              are           fuzzy dynamical systems.   

□ 

Proposition 2.2.10 

If           and             are two fuzzy dynamical systems, 

then          and             be h- shadowing fuzzy dynamical systems 

if and only if                is h-shadowing fuzzy dynamical system. 

Proof: 

Let           and             be fuzzy h-shadowing property, 

let      ℕ          ℕ     . Given                      

                      

Then by Definition 1.1.21 

                   for every     and                         

                    for every     and                          

Let for every                      

We need to prove that  

There is            
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  (                 )   

  ((           )            )   

                                

    ,
                              

                              
-  

                   for every     and           

                    for every     and           

                                           

for every     and                  

Thus,                is h shadowing fuzzy dynamical system. 

Conversely, let               be h shadowing fuzzy dynamical 

system. 

If       ℕ          ℕ     satisfying 

                   for every     and                           

                    for every     and                           

Then 

                         

for every                      

Hence 

                   for every     and                            
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                    for every     and                            

So           and             be h           fuzzy dynamical 

systems.   □ 
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Conclusions 

 We introduced the new (the L-shadowing property, two-sided limit 

shadowing property, negative limit shadowing, positive expansive, 

h-shadow and Lipschitz) in fuzzy dynamical systems. 

  We found that properties (fuzzy L-shadowing property, fuzzy two 

–sided limit shadowing) are invariant under fuzzy topological 

conjugacy.  

 We studied the product of the (expansive, positive expansive, L-

shadowing property, two-sided limit shadowing property, h-shadow 

and Lipschitz) of fuzzy dynamical systems.                                                             

                                                                              

 

 Future Works 

 The following one suggestions in 2-fuzzy metric space for further studied  

1. Define the properties (the L-shadowing property, two-sided limit 

shadowing property, negative limit shadowing, positive expansive, h-

shadow and Lipschitz. 

2. Study the topological conjugacy for the above mentioned properties.  

3. Product study for the above mentioned properties. 
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ًستخهضان  

، ْٕٔ تعذٌم 1994سُعتًذ فً ْزِ الأطشٔحت عهى انتعشٌف انزي لذيّ جٕسج ٔفٍشاياًَ عاو 

 .1975نًفٕٓو انفضاء انًتشي انغايض انزي لذيّ كشايٕسٍم ٔيٍشانٍك عاو 

تتضًٍ ْزِ الأطشٔحت دساست بعض انخظائض انفٕضٌٕت فً الأَظًت انذٌُايٍكٍت انضبابٍت 

ٌجابً انضبابً، نٍبتشٍتض انضبابً، انطٕبٕنٕجٍا انًستمشة ٔإدخال تعشٌفاث جذٌذة )انتًذد الإ

انغايض، خاطٍت انتظهٍم انحذي انضبابً ثُائً انجٕاَب، تظهٍم  -Lانضبابٍت، خاطٍت انتظهٍم 

 .انضبابً-h خاطٍت انتظهٍم انحذ انسهبً انضبابً، 

انحذي انضبابً ، ٔانتظهٍم -Lيٍ خلال ْزِ انذساست، تى إثباث ثباث انخظائض )خاطٍت انتظهٍم 

 عهى انٕجٍٍٓ( فً ظم الالتشاٌ انطٕبٕنٕجً انضبابً.

تشٍش َتائجُا إنى أٌ َظايٍٍ دٌُايٍكٍٍٍ غايضٍٍ عهى يساحتٍٍ يتشٌتٍٍ غايضتٍٍ ٌحمماٌ 

، ٔخاطٍت انتظهٍم -Lانخظائض )انتًذد انضبابً، ٔخاطٍت نٍبشٍتض انضبابٍت، ٔخاطٍت انتظهٍم 

انضبابً( إرا ٔفمظ إرا -h ظم انًٕجب انضبابً انًٕسع، ٔظم انحذي انضبابً عهى انٕجٍٍٓ، ٔان

 خاص ٌحمك انخظائض انًزكٕسة أعلاِ. tانًُتج انزي ٌظم إنى يعٍاس 
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