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Abstract  

We wish sometimes to approximate a function f defined 

on a finite interval say [-1, 1], while preserving Certain intrinsic 

shape properties.To be specific, we demand that the 

approximation process preserves some properties this what we 

called monotone approximation.  

In order to draw a meaningful picture in our minds for 

the approximation theory and prepare the background for our 

work and motivate our results. We understand the need to 

know the point of the origin for the theory of approximation by 

following most prominent scientists and the geometric view of 

best approximation for an element in a normed linear spase , 

recall definitions, examples, applications and some results 

related to the basic concepts for constrained approximation by 

algebric polynomials. 

Our first achievement in this work is that  for the function 

in  1,1PL , 10  P , We obtain a result  for the rate of monotone 

approximation of function in terms of the second Ditzian 

.Totike modulus of smoothness 
2 . Also a converse theorem for 

this direct theorem were obtained, and we characterize the 

monotone function in the generalized Lipschitz  space through-

their approximation properties. This constraint restrict very 

much the degree of approximation that the algebric polynomial 

can achieve, namely only
2 . To emphasize that our estimates 



 ix 

are sharp in the sense that 
2  can not replaced by 

3 .We 

introduce a negative theorem to ensure this theorem. 

 In[31] K.A. Kopotun proved that the monotonicity 

requirement in interval of length proportional to 
n

1
 about the 

interior extreme of the function and near the end points, allow 

the polynomial to achieve a pointwise approximation rate of 


3 .  

We show in this work that no relaxing of the 

monotonicity requirement in sets of measure approaching Zero, 

allow 4 estimates .  

In near future we hope to stutdy basic properties for the 

modulus of  continuity and the moduls of smoothness in Lp ,  for 

,1 po  is measurable function.  
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Introduction  

           Our interest in approximation theory stems from its 

beauity, its utility and its rich history .There are also many 

connections that can be drawn to question in both classical and 

modren analysis. 

             In our thesis we introduce estimates for pointwise 

approximation .Our thesis consists of four chapters: 

  In chapter one, we prepare a background for our object and 

introduce some notes on a historical review of approximate 

theory, Approximation in a normed linear space, The space 

10,  pLp , Moduli of Smoothness, Approximation with 

Polynomials and Applications of the theory of best 

Approximation. 

 

In chapter two we prove two theorems; The first theorem  

is a direct inequality for monotone approximation: 

 

Theorem I. If f  is an  increasing function in ]1,1[pL , 

10  p  then for each n=1,2,….., there is an increasing 

polynomial in  ILp  of degree (8n) satisfying  

                              ,
1

,)( 2
p

pn
n

fpcpf 







   

For this direct theorem we prove the following inverse 

theorem  
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Theorem II. Let f  be an increasing function in 

  ,10,  pILP then 

                    .1, 11211
2 fEmnpcfEpcnf p

pn
nm

ppp
pn

p

p  



  

More results in chapter three are: 

In the first theorem we characterize the monotone 

function in the generalized Lipschitz space through their 

approximation properties: 

 

Theorem III. If  ,20   then an increasing function f  is 

in Lip
*


iff for each n=1,2,….., there is an increasing  algebraic 

polynomial np  of degree 8n such that                

    ,
1
n

pcpffE
pnpn   

  Then we prove negative theorem for our direct theorem 

then in chapter two: 

 

Theorem IV. For each n and ,10  p  there is a function 

 ,31 ICf  such that for every polynomial nnp  1  

either 

   
.,supsup

3
1

3

1

Ix
x

pf
or

x

pf
pn

x

pn

x

LimLim 







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In chapter four we strengthen the theorem of Kopotun for 

nearly monotone approximation for increasing function in ,pL   

and we prove  

Theorem V. for each sequence  n n

 1  of non negative 

numbers tending to zero, and each 10  p , there exists an 

increasing function ]1,1[ pLff


such that  

  











p

pnn

n

n
f

fE
Lim

1
,

;
sup

4

1






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List of  definitions of Symbols 

Symbol Definition 

c absolute constant 

C(p)   absolute constant depending on p  

],[ baW K
P  Sobolev space: the set of all functions from Lp[a,b] such 

that  1Kf are absolutely continuous and    .,baLf P

K   

 

C(I) The space of all continuous functions on  1,1I  
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 pn fE1  
pn

p
pn pffE

nn


 1

inf)(1  

 xt v  Chebyshev polynomials for the interval [-2 , 2] , for v > 1 

let    2,2,
2

coscos 1   x
x

vxtv . 

 
 tKn  Jackson kernel  

 

8

2
sin

2
sin




















t

nt

atK nn ,  where na  is a constant depending 

on n 
 pr

r fK  ,~
,  Ditzian-Totik K

~

 functional defined by 

   
 

 






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 JL
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JLn

PP
nn

PPffK
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r
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Symbol Definition 
 ILP  space  ILp consisting of all measurable function on I 

for which    
I

pp

p

dxxff  

. p  
 ILpP

..   quasi-norm where  1,1I  

 
f

ba,
 

 
 

 xff
bax

ba
sup

,
,



  uniform norm 

 baX ,  ,the space of all continuous functions  

  Rbaf ,:  
 pr baf ],[,,   r th  usual modulus of  smoothness of  f LP[a,b] is   

defined by 

    
 

0,,.sup:,,,
,

  
baL

r

hpr
P

fbaf  

 pr baf ],[,,  - mdulus (or Sendov-Popov modulus), an 

averaged modulus of smoothness, defined for 

bounded measurable functions on  [a, b] by 

    
 

,,.,:,,,
,baLrPr

P

fbaf   0  

 pr xf  ,,  
     

















  ba

r
x

r
x

rh
yyfxf

r

hPr ,
2

,
22

:,sup:,,


 ] 

is the r th  local modulus of smoothness of f. 
 pr Jf ,,   Ditzian-Totik   modulus of moothness which is 

defined for such an f as follow      

 
 
 

 

.,.sup:,,
.

JL

r
hPr

P

fJf 
    

n  n the space of all polynomials of degree  not 

exceeding  n. 
 fLn  The set of bounded linear transformations on f  

lip
*


 lip

*


spaces defined as the set of all functions f  such 

 h0

h0
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that   


2
(f)=O( t ), 20    
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 المستخلص    
بتقريب دالة معرفة على الفترة  أحيانانرغب           1,1   بحيث يكون ذلك ,

نحتكا   الأحيكانفي بعكض  أخرىكلية بعبارة لبعض الخواص الش التقريب حافظا  

, كأن تككون رتيبكة واكذا الشكليةا يكون تقريب دالة ما حافظا  لبعض خواصه إن

 .ما نسميه بالتقريب الرتيب 

 إنعكن نظريكة التقريكب . و مكن ا ك   أذااننكالرسم صورة متكاملكة فكي          

وضكوحا  أكثكرالتي نحتا ها حتى يصبح العم   الأساسيةنهيئ بعض المعلومات 

نظريكة  ابكر  علمكا  اثكأراقتفكا   نظريكة التقريكب بواسكطة أص ,استذكرنا نقطة 

 إلككى بالإضككافةالتقريككب و المعنككى الهندسككي لتقريككب عنصككر فككي فضككا  معيككار  

بالتقريب المقيد  أساسيا,التطبيقات ,وبعض النتائج التي ترتبط الأمثلةالتعريفات,

 بواسطة متعددات حدود  برية .

حصكلنا عليهكا فكي اكذا العمك  اكي نظريكة مباشكرة النتائج التكي  أو  إن          

Lفككي الفضككا   القياسككيةب الرتيككب للككدوا  فككي التقريكك p  10عنككدما  p  بدلالككة

لنعومة قياس ام
2 . 

النظرية العكسكية للنظريكة المباشكرة التكي حصكلنا عليهكا   أو دناوكذل            

مكن   Generalized Lipscitz space ومي نا الدوا  الرتيبكة فكي الفضكا 

 . لتل  الدوا  خلا  خواص التقريب

 الأفضككك سكككيحدد در كككة التقريكككب  أعكككلا قيكككد الرتابكككة فكككي النتي كككة  إن          

 قياسبواسطة المتعددات ال برية بدلالة الم
ذل  برانكا انكه لا  ولتأكيد فقط , 2

قيكككاسيمككككن اسكككتبدا  الم
قيكككاس بالم fللدالكككة  2

,لكككذل  قكككدمنا النظريكككة 3

 .المباشرةللنظرية  ةضالنقي

عنكدما ي عك  متعكددة الحكدود انه بران     K.A. Kopotun  العالم           

 الفتكرات ال  ئيكةدالكة الهكدف فكي بعكض  التقريبية تكون غير رتيبة مع ال برية



مككن الفتككرة  1,1 للدالككة  التككي تحتككو  علككى النقككاط الحر ككةf إلككى بالإضككافة 

التككي تحتككو  نهايككات الفتككرة    الفتككرات ال  ئيككة 1,1  أطوالهككاوالتككي تكككون 

النعومة ة مقياسالتقريب بدلاليحص  على  إنالصفر يمكن  إلىمقتربة 
3. 

النعومكة  قيكاسمبرانا انه لا يمكن اسكتبدا  
قيكاسبالم 3

حتكى لكو  4

  ئيكه مكن غيكر رتيبكة مكع دالكة الهكدف فكي م موعكات كانت المتعددة ال بريكة 

الفترة  1,1  الصفر ىإل أطوالهاتقترب. 

 لمقككككاييس الأساسككككيةفككككي المسككككتقب  القريككككب نأمكككك  دراسككككة الخككككواص       

Lp في الفضا   ةوالنعوم الاستمرارية ,  10عندما  p , دالة قياسية .     
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  Chapter One 

 

 Approximation Theory: an Overview 

 

1.1 A Historical review of approximate 

theory 

We can know the history of approximation theory by 

following the most prominent scientists: 

1.1.1 P.L. Chebyshev  

1821-1894 the first of major memories that contain 

chebyshev research on the best approximation function was 

presented to the academy of sciences in January 1853 ,this is 

soon after Chebyshev had returned from a long trip, where he 

visited the most important European scientific and industrial 

centers, and where he paid equal attention to studying 

factories, plants, and different kinds of interesting subjects in 

applied mechanics, as well as making  personal contacts and 

conversing with famous geometric ,mainly French once . 

We can summarize the problem that Chebyshev 

considered as: Given a contain function f   defined on  ba,  and 



 2 

a positive n, can we represent f  by a polynomial   


n

i
iixaxp

0
 

of degree at most n, in such a way that the maximum error at 

any point x  in  ba,  is controlled ? In particular, It is possible to 

construct p in such a way that the error 
 

   xpxf
bax



max

,
 is 

minimized. 

Chebyshev was interested in the exact computation of the 

number  fEn for given n, and also in constructing the 

corresponding uniquely defined polynomial p, the 

trigonometric polynomial, can be first founded in same specific 

problems , in Chebyshev  work of 1881,[10]. 

 

1.1.2  K. Weierstrass 

 The best approximation of a function originated a 

proposition established in 1885 by Weierstrass, head of the 

Berlin school  of mathematics. 

For any continuous function  xf   on a given interval .bxa    

and for any 0   there is a polynomial  xp   such that  

 


ba
pf

,
 

Weierstrass proved that the limit of uniformly converging 

sequences of continuous functions is also continuous functions, 

the property established by Weierstrass is exactly equivalent to 

the continuity of the function in the given interval. In other 

words, the set of polynomials is dense in the set C[a, b]. 
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 Weierstrass theorem was the first stone in fundamental 

of functional analysis and a solid basis for further development 

of this new direction was not yet in place. 

He proved  

                      0


fELim n
n

 

1.1.3 De Ia valle poussion. 

In 1903, the Belgian Academy of sciences following a 

suggestion of its member De Ia vallee poussion , posed the 

following research challenge ."To present new investigations in 

the area of expanding real or analytics function in to series of 

polynomial". They posed the following precise question "Is it 

possible to approximate a polynomial of degree n at a rate of 

higher then 
n

1
 ? " In other words is it possible to replace the 

expression   









n
OxEn

1
by more precise  









n
oxEn

1
? Research 

in this direction was stared by De Ia vallee poussin himself. In a 

work published in 1910, [44]. He demonist rated a trick that 

allows him to get a lower bound on  xEn
, where as any 

approximating polynomial , obviously  
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gives an upper bound and he uses the trick to obtain the 

inequality: 

                                        
 

.0,
3

 k
nLogn

k
xEn   

Approximation of 2

1

x  is also considered there. 

In 1919, there appears a new monograph by De  Ia vallee 

poussin [45], which Synthesized with weierstrass, in functional 

approximation theory. Not one property of this book, it is first 

book that precisely posed and studied (in connection to each 

other ) two analogues problems : 

Approximating a function given on an interval of the real by an 

algebraic polynomial of degree n and approximating a periodic 

function with period 2  by trigonometric polynomial of degree 

n . (De Ia vallee poussin called them trigonometric sums). 

 

1.1.4  S.N.Bernstein  

Let us briefly mention the most significant results of the 

ph.D.Dissertation of S.N.Bernstein, who is an academicia.[4] 

(i) The question posed by De Ia vallee poussin answered 

negatively there are positive numbers A and B such that  

                                         
n

B
x

n

A
E n

     

(ii) If   ,
1











rn n
OfE  then the function f  has a continuous 

derivative of order r . 
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(iii) As a tool in his proof, S.N.Bernstein  used the following 

theorem of great independent interest .If  xpn  is a polynomial 

of degree n ,then the inequality  

                                             1max
11




xpn

x

  

Implies the inequality  

                                             .11,
1 2




 x
x

n
xp

n
 

(iv) An upper bound on  fEn
 is established as a function  of 

the upper bound on  
 f n
x

1  in a given interval . 

S.N.Bernstein returned to the problem of best 

approximation of the simplest functions that are not infinitely 

differentiable, 0, kx k   and proved in[5] an equality ,for n  

of the form  

                                             
.

k
k

n
n

km
xE   

Where  km  is continuous function of the variable k 

.Eestablished in [6] a more general relation  

      
 .11,1

2/2  x
n

km
ccx

k

kk

nE                                  

 And found a method for computing  fEn  for arbitrary 

function f  that has only a finite number of corners on  the basic 

interval. There for S.N.Bernstein found new direction in theory 

of function , which he later named constructive.         
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1.1.5  D.Jakson . 

In 1911 the American mathematician D.Jakson,  [27] 

presented a dissertation ,in which he proved a series of theorem 

that are converses to Bernstein theorems. From the positive a 

assumption on the differential properties of a function being 

approximation conclusions are drawn about the rate  fEn
 of 

best approximation . 

In 1912 a rather complete theory was formed based on the 

result of S.N.Bernstein and D.Jackson that become the main 

part of report presented by S.N.Bernstein at International 

Mathematics congress in Cambridge, [3]  

In [28] ,D.Jackson proved that for r = 1 

   ., 1 nfcfE rn   

This inequality led to beautiful theory due Nikoliskii 

[40]later investigation by Timan[10] ,Freud [26], Dzjadyk[25] 

and Brudny [8] ,established  

(i)There exists polynomial  nnp   

                                          ., xfrcxpxf nrn       

For all     221 1,1,1   nxnxwherex n     

(ii) If there exists for every n .A polynomial , nnp such that  

                                              .xxpxf nn        

For some increasing function  x  .then  

                                          








1

111,

no

rr
r nwncfw ,  
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1.2  Approximation in a normed linear space  

 

1.2.1  The normed linear space  

The norm is a real valued function x  that is defined for 

Xx ,where X is metric space .Its properties are such that the 

function . 

                                    yxyxd , , [43] 

Is suitable as a distance function ,we may deduce the triangle 

inequality 

                                     .yxyx    

Moreover ,the norm must satisfy the homogeneity condition  

                                         xx    

For all Xx  and for scalar   

There are many norms we might consider on nR .Of particular 

interest are the pL - norms in the cases when p=1,2 and   . 

(i) Consider 2RX  under the norm 

    nRXoryxyx  ,,max, the scale of norms  

                   
 































px

px
x

i
ni

pn

i

p
i

L

n
i

P
i

,max

1,

1

1

11  

(ii) consider  baX ,  ,the space of all continuous functions  

  Rbaf ,:  under the uniform norm 
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 

 
 xff

bax
ba

sup
,

,


  

Chebyshev's problem is perhaps best understood by 

rephrasing it in  modern terms. What we have is a problem of 

linear approximation in a normed linear space . 

The abstract version of Chebshe'v problem can be 

restated. Given a subset (or sub space )Y of X and a point Xx , 

is there an element Yy which is nearest to x, that is we can  

fined a vector Yy such that  

                                 
zxyx

Yz




inf
 

If there is such a best approximation YZ   to x  from 

elements of Y.Is  it unique ? 

Collecting the results obtained in [11], one can make the 

following statements: 

If a set Y in a normed linear space X is also linear space and of 

finite dimensional, then for each element Xx , there is an 

element,  y in Y that provides a best approximation :if Y is 

ompact and strictly convex set in a normed linear space X , then 

for all Xx , there is just one best approximation from Y. 

                                                                                   

1.2.2  Examples  

(i) Existence of the best approximation  
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The best approximation for an element is not always 

existingLet Y be the set of all polynomials on 








2

1
,0   of any 

degree, considered as a sub space of 







2

1
,oC then Ydim . 

Let     1
1


 ttx  

Then for every 0  there is  N such that  

  n

n tttY  .............1 , 

We have  

                                     nYx  For all Nn   

Hence   0inf,  nYxYx  . 

However, since x is not a polynomial, we see that there is no 

YY   

Satisfying   0,   YxYx  

But     1
1


 ttx  

   itspanwherettspanY
i






0
2 ,,.......,,1  is the set of all finite 

linear combinations of the elements of the system  it i



0
. 

(ii)Uniqueness of the best approximation 

It is of practical interest, too, since for given x and Y there 

may more than one best approximation. Consider 2RX   and let 

us take the point  1,1x  and the sub space Y that 

is,   realnnnyY ,  

Then for all Yy we clearly have  

                               211
1

 nnyx . 
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The distance from x  to Y is   2,  Yx , and all 1n  are 

best approximation to x  out of Y. This illustrates that even in 

such a simple space for given x  and Y we may have several best 

approximation even infinity many of them. 

1.2.3 The geometric view of best approximation  

In most approximation examples there exists a normed 

linear space X for that contains both f  and the set of 

approximation A, When we require a  best approximation from 

A to f, it is sometimes helpful to think. Of the balls of different 

radii whose centers are at f .The ball of radius r is defined to be 

the set 

                            Xgrfggrf  ,:, , [43]. 

We know that, if A is a finite dimensional linear space, then the 

equation 

                                *inf* afafr   . 

Is obtained for a point *a  in A. 

For example, suppose that X is two-dimensional 

Euclidean space 2R  and that we are using the 2-norm .Let f  be 

the point whose components are (2,1), and let A be the linear 

space of vectors  

                                      ;,A , 

Where  is a real parameter. Figure (1.2.3) shows the set A and 

three   balls centre f , whose radii are 1
2

1
,

2

1
and  ,we see that the 
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best approximation of f  is the point where the ball of radius 

2

1
 touch A.  

 

 

 

 

 

 

 

 

 

 

     

 

 

1.3  The space 1p,0Lp   

We are going to study the degree of constrained 

approximation of function f  in the   10,1,1  pLp  quasi-norm 

.The degree of approximation will be measured by the 

approximation quasi-norm which we denote by 

 ILpP
..  where  1,1I  since we need the pL  quasi-norm on 

other intervals we will in all cases on an interval IJ  , indicate 

 Figure 1.2.3 an approx .problem in R2  

x 
2 

1 
f 

a 

Y

y

Y

Y

Y

Y 

A 

• 

• 

The best approx. 

 of f from A  
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that by writing 
 JLp

. , Also we refer to the uniform norm on I by 

.  and on interval J by . J . . P
is a norm for p1 .   

Characteristic for 1, pLp  are the inequalities of Holder and 

Mkowski. The dual space of  pLp 1, , is spaces qL  with 

conjugate exponent q of p. Thus the spaces pL  with  p1  are 

reflexive. 

 

The different structure of the spaces 10,  pLp  and the 

numerous questions by others lead us to understand the need 

for the following few facts about .10, pforLp  

We consider the space  ILp ,consisting of all measurable 

function on I for which    
I

pp

p

dxxff  

Recall that p
p

p
LListhatff 



11

1
1

2 . 

As we will see shortly ,the pL norm is not actually a norm 

for p<1 nevertheless, it is not hard to see that  ILp  is complete 

metric space . 

It is easy to prove the following theorem . 

theoremA.[7]

     ILgfanyforgfgfgf ppp
ppp

p

p

pp
 ,2

11

 

thus   gf
p

p

gfd ,  defines a translation invariant metric on 

pL .It is a complete metric because convergence (respectively 
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Cauchy)in )(ILp  implies convergence (respectively Cauchy)in 

measure since  

                          


1

1

)()(: dttftftmeas
pp   

What this means to us is that  

(i) A linear map on Lp  is continuous if and only if it is 

bounded (continuous at zero) 

(ii) The open mapping and closed graph theorem still 

apply.[33] 

(iii) The Hahn Banach theorem may fail  

 

Indeed as we will see shortly, Lp  is not locally convex.  In fact 

it is impossible to define a norm on Lp  which gives the same 

topology as the usual metric there are several ways to see that 

)(ILp is not normable for 0<p<1 .Most useful from our point of 

view is  

Theorem B. [15] 10),(  pILP  has a trivial dual 

Proof . Suppose that RLT p :  is continuous linear and non 

zero then we can find  1)()(  fTthatsuchILf p  .Now since 
p

f  is 

intergable so that the map ],1[ xfx    is continuous since. 

 

y

x

p
p

p

dttfyfxf )(],1[],1[   for x <y  

Where 


 


wo

JervalanyforJt
tJ .,0

int,,1
)(  

Thus we may choose 11  x  such that  
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2

1
])1,[(]),1[(  xfTxfT  . 

Next, notice that ]1,[],1[ xfhandxfg    ,satisfy  

         hgdttfdttff p
p

p

p

p

x

pxp

p




1

1

)()(   

Thus at least one of fhg
p

p

p

p

p

p

isor
2

1
  .Let us say that  

fg
p

p

p

p 2

1
  .Then gf 21   satisfies  

                      ff
p

p

pn
p

p
n n

andfT )1(21)(   

Since  ,01p  so that 1)()(0  npn fTwhileILinf .  

 No good! thus T=0 is the only continuous linear 

functional . 

The Hahn Banach theorem allows a much fancier sounding 

version of this result : 

Corollary C. [7] There are no non zero continuous linear may 

from pL  into any normed space. 

In any event ,it should now be clear that there can be no 

norm on pL   which gives the same topology as the usual metric 

and that the Hanach Banach theorem evidently fails in 

10)(  pforILp  .the fact that pL  has a trivial dual with the 

theorem  from, [32] states that "There exists anon zero 

continuous linear function on a linear space X if and only if 

there is at least one convex set that is not all of X.",imply 

another rather strange result that would be hard to believe 

other wise . 
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Corollary D. [7] If U is any neighborhood of zero in )(ILp  

,then  

                          .)( UconvILp   

In particular  

                          








 1:)( f
p

p
p fconvIL , 

Where conv U is a convex neighborhood of zero contained in U.  

Now we will settle the question of which  ILP , 0< P <1 embed 

into Lq for q ≥1. Or which subspaces of )(ILp  on which all of the 

various )(ILq  quasi norms for 0< p < q  are equivalent. the key in 

this article is due to kadec and pelzynyski from [30]:  

For  pand 010   consider the following sub set of 

   
p

fxfxmeasILpfp

ILp

)(::)(),(

)(
,We mean by 

meas the measure of the set. 

Notice that if  

),(),(
0

ILppU 





 since  for any non zero )(ILpf   we have  

    0  asofmeasfmeas . In fact any finite subset 

of )(ILp is contained in an   ,PM  for some 0 . finally note 

that  

 
pp

ffimpliesffmeas  1  almost every where the 

following theorem puts this observation to good use  

 

Alsoppthen .),(),(, 2121  
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Theorem E. [12] For a subset S of ,)(ILp  the following are 

equivalent   

(i) 0),(   someforpS  

(ii)for each 0< p  < q  there exists a constaint )(qc   such that  

        Sfallforfqcff
qpq

 ,)( . 

 

 

1.4  Moduli of Smoothness 

Moduli of smoothness are intended for mathematicians 

working in approximation theory, numerical analysis and real 

analysis.   Measuring the smoothness of a function by 

differentiability is too crude for many purposes in 

approximation theory. More subtle measurement are provided 

by the moduli of smoothness The modulus of a function f can 

be defined when f is a given on any metric space X, but we will 

restrict ourselves to X:=[a,b]. We will use moduli of smoothness 

which are connected with difference of higher orders .  

The r th  symmetric difference of f is given by 

        

























 




r

i

irr

h

r

h
ba

rh
xih

rh
xf

i

r
xfbaxf

0

,
2

,
2

1:,:,,,

,

0

,[7] 

Then  the r th  usual modulus of  smoothness of  f LP[a,b] is    

defined by 

    
 

0,,.sup:,,,
,

  
baL

r

hpr
P

fbaf ,[7] 
 h0

o.w 
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The so called - mdulus (or Sendov-Popov modulus), an 

averaged modulus of smoothness, defined for bounded 

measurable functions on  [a, b] by 

    
 

,,.,:,,,
,baLrPr

P

fbaf   0 ,[7] 

where  

     
















  ba

r
x

r
x

rh
yyfxf

r

hPr ,
2

,
22

:,sup:,,


 ,[7] 

is the r th  local modulus of smoothness of f. From the definition 

one can easily see  

     
  bafbaf rr ,,,:,,,  ;[7] 

The following relationship between the  and   moduli holds 

for any   baWf p ,1  and   p1   

                           prpr bafrcbaf ,,,,,, 1           

where    baW
K

P
, the set of all functions from Lp[a,b] such that  

 1Kf are absolutely continuous and      .,baLf P

K   If the 

interval  1,1: I  is used in any of the above notations, it will 

be omitted for the sake of simplicity, for example  

     ,1,1,.:, PrPr ff    

          

and we will also denote 

     .1,1,.:,   ff rr  

A new way of measuring smoothness was introduced by 

Ditzian and Totik in [20]. The need for this new concepts arises 

from the failure of the classical moduli of smoothness to solve 

some basic problems, such as the inquality 
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    1,  rpr cf ( f  , ) p not satisfies, the relation between 

 nf
pr

1,  and
r ( nf 1,  ) p not known, the estimate       

   
prn fcf nE  ,1   is not true in general for any rN {0}, And 

there are several possible definition of Sobolev space which are 

all equivalent if 1p   and if 0<p<1 they need not by 

equivalent any more, and these are no good news. 

characterizing the behavior of the best polynomial 

approximation in  ILp . 

 The Ditzian-Totik   modulus of moothness which is 

defined for such an f as follow      

 
 
 

 

.,.sup:,,
.

JL

r
hPr

P

fJf 
   [7] 

In the applications the   usually used  

     

          

           ,,0:1,

,1,0:11

,1,1:1

2/1

2/12

2/12







Jforxxandxxxxx

Jforxxxandxxx

Jforxx







 

We have  

       Pfff PrPrPr 1,,,,   

and 

    10,,,  Pff PrPr
 

  

But  Lemma  2.2.5 [7]  shows   that  moduli  


r
 and r

 for  an f 

defined on    ,1,1,:  baJ  are equivalent if  aJ
n   

With    .1 221   nana
n

 Namely we prove the following 

result  

h0
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Theorem 1.[7] Let     ,1,1, ba  be such that  ,1 acab
n  

where c1≥1 is an absolute constant. Then for any nonnegative 

integer r there exists a constant c(r) such that 

          .,,,,,, 1

PnrPr
baafrcbanf 




 

 

Now let us compare between the classical modulus of 

smoothness and its extension to 


r
 by the following basic 

properties: The following most basic fact about   ,,, Pr
Jf   

satisfied for the two moduli 

(a) lim   0,, Pr
Jf   for all   .0,  PJLf P  

The second property of   
Pr

Jf ,,  is  

(b)   isJf pr ,, nondecreasing function of  . 

Examining the definition , we have 

(b')  
Pr

Jf ,,
  is non decreasing function of  . 

Another, important property of  
Pr

Jf ,,  is the inequality 

(c)     1,,,,   forJfCJf Pr
r

Pr   

It turns out (c) caries over to  
Pr

Jf ,,
 . While the 

combinatorial proof that is used in most texts to prove (c). via 

   
Pr

r

Pr
JfJnf n ,,,,     is not valid for  

Pr
Jf ,,

 .  

 

The difficulty is that for r=2 the identity     xfxf
hhh

,,
112

   

does not generalize as  

 

0
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          ,2,
2

xxforxhxfxfxhxfxf
xh

  and 

 

  





















































































x
h

x
h

x
h

xfx
h

x
h

x
h

xf

x
h

x
h

x
h

xfx
h

x
h

x
h

xf

x
h

xfx
h

xfxf

x
h

xf
h

xf

hhh

hh

222222

222222

22
,

2
2

2

111

11





 

 

Where      
















 z

h
zfz

h
zfzf

h


 22

1  are different and the 

second expression is quite complicated. However, we do have 

the analog of (c) using the following lemma from [20] and [21].  

Lemma F. [7] For a function   ,0,  PJLf P  we have  

   
P

r
r fK

Pr Jf ,, ,
~

,,     

 

where 
,

~

rK  is the Ditzian-Totik K
~

 functional defined by 

   
 

 








JL

r
n

rr
JLn

PP
PPffK P

r
r  inf:,,

~
,[7] 

 

 













1
n

IIP nn
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 where [a] denote the largest integer not exceeding a . So we can 

generalize (c) by the following theorem  

Theorem 2. [7]For   P0  we have for 1  

   
Pr

r

Pr
JfcJf ,,,,  


 . 

Proof. In view of Lemma F we have  

    

 
 Pr

r

r

P
r

Pr

Jfc

Kc

fKcJf

P
rfr

r

,,

,,,

,,
~

,
~





















 

Another basic property of the classical modulus of smoothness 

is 

(d)    
PrPr JfJf ,,2,,1    

which is generalized, in the inequality from [20]  

(d')     .,,,,
1 PrPr

JfcJf  





 

Another inequality about the classical moduli of smoothness is   

(e)      1,,,,,  PJfcJf P
r

k
r

Prk   

 

which is valid if  f r
LP(J)  and  f r 1  is absolutely  continuous 

in every closed interval J= [a, b]. The inequality (e)  

is not true if 0 < p < 1. But the inequality [20] 

    ,,,,, )(
P

r
K

r
PrK JfcJf   

  

Where c depends on P if 0<P < 1 , is true if  baWf r
P ,  . 
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1.5  Approximation with Polynomials 

In many applications of mathematics, we face functions 

which are far more complicated than the standard functions 

from classical analysis. Some of these functions can not be 

expressed in closed form via the standard functions, and some 

are only known implicitly or via their graph. Think, for 

example, of an electric circuit, where we are measuring the 

current at a certain point as a function of time: the outcome 

might be quite complicated, and best described via a graph .   

An engineer measuring the current in an electric circuit will 

speak about having a signal ; for a mathematician , this just 

means that the output of the measurement is a function, to be 

called f , for which f(x) equals the current at the time x. We will 

not give an .exact definition of what is meant by a signal: for 

our purpose, it is sufficient to think about a signal as a 

manifestation of a physical "event in terms of a function, or, in 

cases to be a sequence of numbers. 

Signals are usually not given directly in terms of a 

function; for example , they often appear via a measurement . 

This makes it difficult or impossible to extract exact information 

on the signal from the function f describing it, especially if we 

need to perform some calculations on f . In such cases, it is 

important to be able to approximate f with a simpler function . 
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1.1.5. Approximation of a function on an 

interval    

Our starting point must be a precise definition of what it 

means that a function is approximated by another function. As 

we will see soon , there are in. fact several different ways of 

defining this, and the correct definition depends on the 

situation at hand. Let us give a concrete example where 

approximation theory is needed:  

Example 5.1.1 Assume that we want to calculate the integral 

 
1

0 1.1
2
dxe x  

It is well known that there does not exist a formula for the 

integral dxe x2

   in terms of the elementary functions; that is, 

we can not find (1.1) simply by integrating the function 
2xe   

and then inserting the limits x = 0, x = 1 . 

Thus, we have to find another way to estimate (1.1). This is the 

point where approximation theory enters the picture: in this 

concrete case, our program suggests that we search for a 

function g  for which 

 dxxg
1
0  can be calculated, and g (x) is close to

2xe  for x  [0,1], 

in the sense that we can control how much  dxxg
1
0  deviates 

from dxe x21
0


 , 
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One way of doing so is to find a positive function g which 

we can integrate, and for which, for some  > 0,  

   ,1,0,
2

  xxge x   

or 

     ,1,0,
2

  xxgexg x   

This, in turn, implies that 

      ,1
0

1
0

1
0

2
dxxgdxedxxg x 

   

and therefore 

    ,1
0

1
0

1
0

2
dxxgdxedxxg x

    

Thus,  dxxg
1
0  gives us an approximate value for the 

desired integral. 

 Now we come back to the question about how to chose g 

in example 5.1.1 

 In Taylor's theorem we will approximate the function 

e x
2

via polynomial p
n
, nN, Of the from  

   
 

 
 

 
  

 

  
  ]13.[

!

!
............

!2!1

0
0

0

020
0

0
0 00

n
N

n

n

n
n

n

xx
n

xf

xx
n

xf
xx

xf
xx

xf
xfxP













 

We return to the question of estimation of 
1

0

2

dxe x  

When x  [0,1], we have that –x2  [-1,0]; thus, we get 

 
015.0

!

8

0

22









n

n
x

n

x
e for all x  [0,1]  
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   
   







 

1
0

8

0

1
0

8

0

2
1
0

2

!
015.0

!
015.0

2

n n

n
x

n

dx
n

x
dxedx

n

x
 

Now, 

 
  















 

 


 !12

1
!

)( 128

0

1

0

1
0

8

0

2

nn

x
dx

n

x nn

nn

n

  

 

                  
!)12(

1
)1(

8

0 nnn

n


 


 

                   747.0  

Then 

015.0747.0
21

0 
 dxe x  

The obtained result is actually much closer to the exact value of 

the integral than the above tolerance indicates. For N = 8,  

 

1.6 Applications of the theory of best 

Approximation  

It is necessary to note applications are understood by 

Chebshev. They are not limited to the area of technical  sciences 

, but are rather related to very different forms of human activity 

or serve the internal needs of mathematics it self . Let us new 

consider the applications that Chebyshev mention .  

(i) Kinematics of mechanisms .  

(ii) Solving algebraic equations .  

(iii) Interpolation (Remainder estimate) .  
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(iv) A rule for finding approximately distance on the 

surface of the Earth .  

(v) Approximate quadratures .  

(vi) Constructing geographic maps .  

Recently  approximation theory have also many application 

both numerical and analytical the most prominent of these have 

been to  

(i) Image processing [39] .  

(ii) Statistical estimation [22] , [23] .  

(iii) Numerical and analytic treatment of differential 

equations [14],[15] . 
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Chapter Two 
 

Inverse and direct theorems for 
monotone approximation 

 

 
Abstract 

 
We  prove that if f  is increasing function on  1,1 then for 

each ,...2,1n , there is an increasing algebraic polynomial np  of 

degree n8  such that  
p

pn
n

fpcpf 









1
,2

 , 

Where 2  is the second order Ditizian – Totik modulus of 

smoothness. Also a converse theorem for this direct theorem 

were obtained. These results complement the classical 

pointwise estimates of the same type for unconstrained 

polynomial approximation. 

 

2.1 Introduction and Main Results 

Several results show that in some sense monotone 

approximation by algebraic polynomials performs as well as 

unconstrained approximation. For example Lorentz and Zeller, 

[36] have shown that for each increasing function f  in  IC  ( the 

space of all continuous functions on  1,1I  ) there is an 

increasing polynomial np  of degree n that satisfies  
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                       ,...2,1,
1

, 







 n

n
fcpf n            (2.1.1) 

where   is the modulus of continuity of f .  

A general result for (2.1.1) for any ,1,0k  there are 

increasing np  that satisfies 

            ,...2,1,
1

, 










n

n
fcpf kk

n n                    (2.1.2) 

this result of Lorentz [38], where as the general case was proved 

by DeVore [18], the cases  1,0k  are much easier to prove than 

the general cases. Since they can be proved using linear 

method, in contrast, the proof in [18] uses rather involved non 

linear techniques. It is well known that for unconstrained 

approximation much improvement can be made in estimates of 

the form (2.1.1) where x  is near the end points of I .  

In this thesis, we are interested in pointwise estimates for 

monotone approximation, the only result of this type that we 

know of is by Beatson [2]. He proved that the estimate 

 

                            ,...2,1,,,  nIxxfcxpxf nn   

 
2

2 11

nn

x
xn 


 , holds for suitable increasing polynomials np  

whenever f  is increasing. Devore and Yn have shown that if f  

is increasing function on  1,1I , then for each ,...2,1n  there is 

an increasing polynomial np  of degree n such that  
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    ,
1

,
2

2 











 


n

x
fcxpxf n   

where 2  is the second order moduli of smoothness. Among 

other things, we shall show that this can be improved to allow 

second order modulus of smoothness for the spaces 

10,  pLp . 

 

Theorem I: If f  is an increasing function in   10,  pILp  

then for each ,...2,1n  there is an increasing polynomial in 

 ,ILp of degree (8n) satisfying 

                                      .
1

,)( 2
p

pn
n

fpcpf 









                   (2.1.3) 

Using this theorem we can obtain our second Inverse 

inequality: 

 

Theorem II: Let f  be an increasing function in 

  10,  pILp , then 

            




nm

p
pn

ppp
pn

p

p fEmnpcfEpcnf 11211
2 1, . 
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2. 2 Auxiliary Lemmas 

Before we prove our theorems we need the following 

notions and lemmas. Our proof is based on a two stage 

approximation. We first approximate f  by an increasing 

piecewise linear function nS . We then approximate nS  by an 

increasing algebraic polynomial . nS  is the piecewise linear 

function that interpolates f  at nnkk ,...,,  , if we let js be the 

slops                 

                       
   

1,...,,
1

1










nnj

ff
s

jj

jj

j



    .                    (2.2.1) 

Then nS  can be represented by using the function 

    0,max jj xx  as 

 

                xssxsfxS j

n

nj

jjnn  






1

1

111 , [20]        (2.2.2) 

It is clear that nS  is increasing if f  is also. 

We shall now contract a polynomial jR , 1,...,  nnj , as in [20] 

that approximate the function  xj . The construction of jR  

begins with trigonometric polynomial njT j 2,...,1,  with 

nj
n

j
t j 2,...,1,0,

2



. Let nK  denote the Jackson kernel                          

 

8

2
sin

2
sin




















t

nt

atK nn ,                                     (2.2.3) 

 where na  is a constant depending on n chosen so that    
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                                      






1dttKn . 

  

         Here and throughout   cpc , , denote absolute constants 

depending on p  and   cpc , 's,  values may vary with each 

occurrence on the same line. 

Define  

    njduuKtT j

j

tt
tt nj 2,...,1,0, 

 ,[20] 

and define 

                                1,,,max jjj tttdistntd  ,[20]     (2.2.4)                        

Now let 

    txtTxr jmj cos,   . 

And for  1,1x  define  

                                  nnjduurxR
x

jj ,...,,
1




,[20]               (2.2.5) 

In particular    xxxR n  1  and   0xRn , the points j are 

defined by the equations 

  nnjR jj ,...,,11  . If  ILf p  we define  

                                  
j

n

n

jjnnn RssRsffL 




 
1

1

11 .               (2.2.6) 

with js  defined by (2.2.1) if f is increasing, the 

0js , 1,...,  nnj and since we can also write 

     
1

1

1 





  jj

n

n

jn RRsffL . 
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Now from the definition of the polynomials jT  we have 

  01   jnjn TT , hence 01  jj rr , and therefore 1 jj RR  is 

increasing , it follows that  fLn  is increasing. 

We now estimate 

                               xRxssxfLxSxE jj

j

jjnn   1, .         (2.2.7) 

Now for txnnj cos,1,...,   with  t0 , we have 

                             51 sin




  tdtttcnxRx jnjnjnjj  ,[20]       (2.2.8) 

   

Lemma 2.2.9.    
ppn fpcfL   

Proof: We have 

          xRxssxfLxS jj

n

nj

jjnn  






1

1

1, . 

Then 

          xRxssxSxfL jj

n

nj

jjnn  






1

1

1,  

                   xRxssxS jj

n

nj

jjn  






1

1

1 . 

Definition of nS  implies 

       xssxsfxS j

n

nj
jjnn  






1

1
111 . 

Thus 

 xfcSn  . 

And 

    jj

n

nj
jjn RssxfcxfL  






1

1
1, . 
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Then (2.2.1) implies 

   

1


jj

j
xfcxfc

s


   where jjj   1 . 

Then  

      jj

n

nj
jn RxfcxfcxfL 






1

1

1,  , 

and by 
n

c
jjj    1 , we have cnj 1 . 

So  

           5
1

1
1, 






  tdttnxfcxfcxfL jn

n

nj
jnn  

                




1

1
4

1n

nj n
xfcxfc  

Then by the following [20] 

Lemma 2.2.10  If g   is absolutely continuous and Mg   

almost every where on I. Then for each ,..2,1n  and each Ix , 

we have 

                                 
2

21
,













 


n

x
cMxgLxg n .  

We can prove  

Lemma 2.2.11 If g  is absolutely continuous and Mg   

almost every where on I, then for each ,..2,1n , and each 

Ix we have 

 
 
2n

pc
gLg

pn  . 
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2.3 proof of theorem I 

Firstly let us introduce the so called Ditzian Totik functional 

definition as 



















ppgp

g
n

gf
n

fK 2
22,2

1
inf

1
,

~
 , 

for    pILf p 0. . 

We have 

  

pnf 1

2 ,
pn

fK 







2,2

1
,

~
 [7]. 

Given Ix , then from the result above there is a g satisfies 

   
pp

nfpcgf 1

2 ,    

and  

                                
pnfpcg

n

1

2

2

2
,

1                 ( 2.3.1)      

        p

pnn
p

pn
p

p

p

pn fLgLgLggffLf  . 

Then by the linearity, and the boundedness  of  fLn  , we obtain 

    p

p
p
pn

p

pn
p

p

p

pn gfLgLggffLf   

                        
p

p
p
pn gfL1   p

pn gLg  . 

Lemma (2.2.11)  implies  
 
2n

pc
gLg

p

pn  . 

Using (2.3.1), Lemma(2. 2.11) and the linearity of  fLn , we have 

  
p

pn fLf    pcL
p
pn1    p

pnf 1

2 ,
  p

p
g

n

pc
2

2
  

                       p
pnL 1      p

pnfpc 1
2 ,    ppnfpc 1

2 ,  . 
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By virtue of Lemma (2. 2.9) we have 

  p

pn fLf      p

p
fpc  1    p

pnf 1

2 ,   p

pnf 1

2 ,  . 

                          p
pnfpc 1

2 ,     

Since  fLn  is an  increasing polynomial of degree   8n we 

have proved theorem   ♣   

2.4 proof of Theorem II 

For   given by   nni i   2,2:max , we expand  xpn  by 

                  xpxpxpxpxpxpxpxp nn 012220 1    . 

We recall that for    p

pm

p

pmn fEpcppnm 1  

   p

pnf 1

2 ,     pp

pn npcpfpc   p

pn np 1

1 ,   

                 p

pn
pp

pn pnpcfEpc  21      

                
p

pi

pp
pn ipnpcfEpc  






1
2

21 , 

where ip
2

is an algebraic polynomial of best monotone 

approximation of degree not greater than or equal 2  it mean 

                  
p

p
ipf

2
 p

p
fE i

1

2
 .                                  (2.4.1) 

Then 

   p

pnf 1

2 ,      
p

pi

pp
pn ii ppnpcfEpc  








1
22

21
1  

                      







1
22

21
1

i

p

p

pp
pn ii ppnpcfEpc . 

Then by Bernstein inequality we have 
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   p

pnf 1

2 ,        






1

21 2
i

pipp
pn nnpcfEpc  p

pn
fE i

1

2
. 

Applying the inequality 

             Nvmvpc
im

vpivp  






,1,2
12

1

1

   [24] 

We get 

             p

pnf 1

2 ,          p

pm

nm

ppp

pn fEmnpcfEpc 1121 1




    ♣   
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Chapter Three 

A Saturation theorem and negative 

theorem for monotone 

approximation 

Abstract.  

 In chapter two we introduce inverse and direct theorems 

for monotone approximation in 1, pLp , spaces. To complete 

the idea and characterize the monotone function in the 

generalized Lipschitz space through their approximation 

properties we introduce a theorem concerning the saturation of 

the increasing polynomial for this monotone approximation. 

One may hope that for a continuous increasing target function 

it would be possible to obtain estimate involving higher moduli 

of smoothness of this target function and this give better rate of 

monotone approximation. In our second result of this chapter 

we show that it is not possible to obtain direct theorem with 

higher moduli of smoothness when we assume the target 

function increasing with three continuous derivatives. 
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3.1 Introduction and main results 

A major problem of the theory of approximation of 

function is concerned with the connection between the 

structural properties of a function and its degree of the 

approximation. The objective is to relate the smoothness of the 

function to the rate of decrease of the degree of approximation 

to zero .We are interested in our paper in examining these 

questions for algebraic polynomial approximation . these are 

then the most classical settings where the results are the most 

penetrating and satisfying. 

   In many applications, it is desirable that the 

mathematical model preserves certain geometric properties of 

the data such as monotionicity .This is the subject that the so 

called monotone approximation. 

    Recently there have been more attention given to 

approximation with constrains. The appearance of constraints 

can make if more difficult to obtain direct estimates. still the 

general lines of attack developed for the non constrained 

problem can be very useful. We want to indicate what 

modifications are necessary push the approach through. We do 

this for monotone approximation. 

   In monotone approximation. We are given a monotone 

function f  and we wish to approximate f  by a monotone 

polynomials. The question then is: does the monotonic cost us 

any thing or can we achieve the same degree of approximation   
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as in the non constrained case ? The main purpose of this 

chapter is to provide answer to this question . 

   Interest in the subject began in the 1960's with work on 

monotone approximation by shishe [42] and by Lorentz and 

Zeller [36] , [37]. It gained momentum in the 197'0s and 1980's  

with work on monotone approximation of Devore, Beatson, 

Leviatan, Yu, Kopotun, Shevchuk and 

others[17],[18],[1],[20],[34],[35],[41], 

[29],and  1990's and 2000's with works on coapproximation in 

[7]. 

  Let us recall  the Ditzan –Totik modulus of smoothness which 

defined for such an f  as follows 

     r ( f , ,I)=
h0

sup  
p

r

h
f ,.)(

(.) 
,  0 [20]  

    In the applications the   usually used  

    (x)=   2/12
1 x  for x I=[-1,1] 

    Where the r th  symmetric difference of  f  is given by 
























wo

ba
rh

xih
rh

xf
i

r

xfxf

r

i

ir

r
h

r
h

.0

],[
2

,]
2

[)1(
),(])1,1[,,( 0                
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   In our work  the approximation will be carried out by 

polynomial p
n
n ,the space of polynomials of degree  not 

exceeding  n. Note that 1-monotone functions are just 

nondecreasing functions, respectively . we denote the class of 

all 1-monotone functions by 1 . 

 Now for 
)(

1

IpLf  , we denote by  

pn
p

pn pffE
nn


 1

inf)(1  ,     

where the infimum is taken over all polynomials p
n
n .  

Firstly in our negative theorem ,we show that 


2
 can  not 

replaced by 


3
,we may hope that for continuous function f , it 

would be possible to obtain estimates  involving  higher  

moduli of  smoothness of f   and  this way have better rate of  

monotone approximation.     

     In this theorem we show that it is  not possible to obtain a 

direct estimate with higher moduli  of  smoothness  when we 

assume that         

f  
1
C

3
(I). Namely, We prove :-  

Theorem I: If  20   , then an increasing function f  is in 

*

Lip  iff for each n=1,2,…, there is an increasing algebraic 

polynomial np of degree 8n such that  

   
n

pcpffE
pnpn

11   . 
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Theorem II: For each n and0< p  <1, there is a function f  

 
1  C

3 (I), such that for every polynomial p
n


1  n , 

either lim
1x

sup
 x

pf
pn


3


= (3.1.1) 

or lim
1x

sup
 x

pf
pn


3


=  , x I . 

    Now with inverse and direct theorems for approximation by 

algebraic polynomials .We have the following  result, which 

characterizes the lip
*


spaces, which are defined as the set of all 

f  such that 

   


2
(f)=O( t ), 20    .   

3.2 Proof of theorem I   

       let f increasing function in *

lip  from the direct theorem we 

have  

  





















n

pc
n

fpf
p

pn

11
,2    

Inverse theorem implies 

       fEnpcfEnf p

n

i
ipnp 






1
1

211
2 ,  

                   
 








n

i i
npc

n
pc

2

2

1

11


   

                    


1
2

111

i in
pc

n
pc


  (conversing series) 

                 
n

pc
1

   ♣ 
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3.3 Proof of theorem II  

let 





































2

3

26

26

1
11,1

11

!3

1

1
1

1,
!3

1)(
n

xx
nn

x
nn

xf   , f is non decreasing function in 

Lp  1,1 . In fact : 

 

























2

2

2

2

1
11,

2

1
1

1
1

1,0

n
x

x
n

x
n

xf  ,   

when  
4

1
1

n
x   

02
11

21
1

1
11

1
2

42

2

424






































nnnnn
f .  

suppose that there is a non decreasing polynomial p
n
for which  

(3.1.1) fails . 

Then for that polynomial and some constant B, we have 

ppn Bpf 3  and     xn
x

n pxfpf 



]1,1[

sup   

Then by using the inequality: )(xpn )(pc
pn

p

pn 2 [7] 

           
p

n
ppnn nBpcpfnBpcpfnpcxpxf

ppp

111,)()( 33 222  

 

so     011  npf  and     011  npf    (3.3.1)  

  0
11

!3

1
1

66











nn
f    (3.3.2)  

 and  

   
2

1
22   xnxf ,   

2

1
11

n
x   
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 
2

1

4

nf



  

 thus by (3.3.2) we have  

   
2

11

4n

npf



 . 

Then applying the inequality   
pn

p
n pnpcp

2
2

 ,[17 ] 

      pnpnpcpn

n
f nn ppn

p 4
4

6

2
2

1
2!3

1
1 



 

Now 
pp

npn pnpn

1
1

1

44











 

                      pp
npn

1
4 12  

                     12

1

4
n

p pn  

                     15
npn . 

And   ,12/!3/ 546
npnnn      and      1!3/1 56

npnnf   . 

Thus    11 npf    and (3.1.1)satisfied  ♣  
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` 

Chapter Four 

Negative theorem of nearly monotone 

approximation in 1po,Lp   

 

Abstract  

 In our direct theorem we see that , when we approximate 

an increasing function  1,1Linf  , we wish sometimes that 

the approximating polynomials be increasing also. However, 

this constraint, restricts very much the degree of 

approximation, that the polynomials can achieve, namely ; only 

the rate of 
2 .  

In[31] Kopotun, Leviatan and Prymak proved that 

relaxing the monotonicity requirement in intervals of measure 

zero near the end points allows the polynomials to achieve the 

rate of
3 .  

On the other hand we show in this chapter , that even 

when we relax the requirement of monotinicity of the 

polynomials on sets of measure  approachg zero, 
4   is not 

reachable .  
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4.1 Introduction and Main result 

Let 10,  Lf  be increasing function on 

  inI 1,1 chapter two we proved that there exists an 

increasing polynomials such that  

 
   1.1.4,

1
,2




  










n
fCf

ILn
 

Where  C  is an absolute constant depending on   , and 

 of ;2
  denote the Ditzain Totik modulus of smoothness of 

order two of f , In [17] Devore proved that if  1,1Cf  be non 

decreasing  on  1,1I  there exist non decreasing  polynomials 

such that  

 2.1.4.
1

,2)(


 









n
fCf

Icn
 

However , even this improvement comes to ahalt; it can not be 

extended to w
4  ; and thus not tok  for any K > 3 .  

In order to state our theorem we need some notation .  

Given   > 0 and a increasing function 10,  Lf  ,We 

denote  

  
 

 
.inf,

1

1
ILn

I
n ffE

nn
p


 

 

  

Where the infimum is taken over all polynomials n  of degree 

not exceeding n satisfing  

      20: Ixxmeas n     
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Then our main result in this chapter is :  

Theorem I:  for each sequence   1nn  , of non 

negative numbers tending to Zero , and each 10    , there 

exists an increasing function  ILff  
 such that  

  
 3.1.4

1
,

;
sup

4

1






















n
f

fE
Lim

nn

n
 

 

4.2 A counter example (proof of theorem I) 

In this article we have used C as an absolute constant 

which may differ on different occurrences , in this section we 

will have to keep track of the constants , there fore we denote 

them by C1, C2 , …… ., We begin by recalling some simple 

properties of the Chebyshev polynomials for the interval [-2 , 2] 

, for v > 1 let    2,2,
2

coscos 1   x
x

vxtv . 

Denote to the Chebyshev polynomial and let 

,,....,0,cos2 vj
v

i
Zj 


 be its extrema  , In fact :  
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 

 

 

,.......2,1,0,cos2

cos
2

,
2

cos

,......3,2,1,0,
2

cos

0sin
2

cos

0
2

cossin

0
2

cossin

0

2
12

2
cossin

2

1

2
1

1

2
cossin

2
coscos

1

1

11

1

1

2

1

2

1

1


































































































































j
v

j
Zj

v

jx

v

jx

jj
x

v

x
v

x
v

x
vv

xt

x

x
vv

x
v

x
vxt

x
vxt

v

v

v






 

 Given ,
2

1
0  b  we take two points on both sides of 

,1,......,1,  vjZj  namely ,we set  

   
,cos2cos2 ,, 






 








 


v

bj
Zand

v

bj
Z rjlj


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   

v

b

v

j

v

b

v

j

v

b

v

j
ZZ

and

bZtZt

ljrj

rjvljv







sinsin4

cos2cos2

.cos

,,

,,
























  

Then since   ,,0,sin  uuu so that 

 1.2.44,,
v

b
ZZ ljrj   

 

We truncate the Chebyshev polynomial by setting 

   

 

 

 

 2.2.45
2

sin2cos1sin

.

coscos

coscos

22

*
,

*

b
b

bce

WOxt

bxtb

bxtb

xtxt

v

v

v

bvv
























 

 

For any Ix ,it follows by the monotonicity of the areas as we 

go away from the origin , and the alternation in sign of these 

areas ,that 
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        

   

    

 

 3.2.4,

54

cos14

4

sup

3

1

2

*

*

,
2

,
2

**

,
2

,
2

,
2

,
2

v

b
c

b
v

b

b
v

b

utut
v

b

ututZZ

duututduutut

vv

vv
l

v
r

v

Z

Z
vv

Z

Z
vv

r
v

l
v

r
v

l
v











  
















































 

   

           4.2.454

1,1,,0sin

3

1
2*

0

*

,
2

,
2

,
2

,
2

v

b
cb

v

b
duututduutut

Then

IZZxceNow

r
v

l
v

Z

Z
vv

x

vv

r
v

l
v

  















































  

Where we applied  1.2.4 . 

Now , given  awherebvletbandn n ,2,
2

1
01 4

3









  

denotes the largest integer not exceeding a .put 
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       

       .

,

.cos,cos

2

0

,

0

,,1,

21

0

~

,,

0

,,

*

,

~

,

1 2

xfduutduutxf

xxlet

IxduutxfandduutxT

Finally

bttandbtt

x

bn

x

bvbvbn

x

bvbn

x

bvbv

bvvvbv

 









 

 

 

 

Obviously bnf , is a increasing function on I and it readily by 

 4.2.4 that 

   
px

bv

x

bvpbvbn duduutduutTf

p
1

1

1 0
,

0

~
,,, 














 


 

Now  

    

    

    

,

2

coscos

4

9

1

4

3

3

1

4

3

3
1

3

1

0
,

*
,

0
,

*
,

0
,

~
,,,

n

b
C

b

b
C

b

bC

v

b
C

duutut

dubutbut

duututTf

nn

x

bvbv

x

bvbv

x

bvbvbvbn
































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And 

    

,2
4

9
1

1

1

1

4

9

1

1

1

4

9

1,,

1

1

n

b
Cdu

n

b
C

du
n

b
CTf

p

pbvbn

p

pp










































 

Then 

 5.2.42

2

22
4

9
1

1

4

3

3
1

1

3
1

1,,
n

b
C

nb

b
C

v

b
CTf ppp

pbvbn 

















 

Where we denote by 
 JLp

. the quas – norm taken on the interval 

J , and when the norm is on J . We suppress the subscript , 

If we set ,
2

cos2
,

~





























v

b
j

LjZ


and 

,
2

cos2
,

~





























v

b
j

rjZ


 

 

Then we have for all j for which IZ j  
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v

b

v

b
j

v

b

v

b
j

v

b

v

b
j

v

b

v

b

v

j

v

b

v

b

v

j

v

j

v

b

v

j

v

j

v

b
j

jrj ZZ

4
sin

4
sin4

4

4
cos2

4

4
cos2

44
cos2

44
cos2

cos2
2

cos2

cos2
2

cos2
,

~










































































































































































 

 

Then since  4/34/sin bb  for b satisfying 

 6.2.4
4

6

4

342
4

4
sin

4
sin4

2
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2

1
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,

~

v
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v

b
b

j
b

v

b
j

v

b

v

b
j
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












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




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



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




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

















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 And  

 6.2.4
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 Let j be odd and since 4/34/sin bb   
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For example 
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In fact, 
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Then since  ,2,2I it follows by the Bernstein inequality 
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Hence by (4.2.5) 
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Next we need a simple lemma  



 44 

Lemma (4.2.9) there exists a constant  C4 such that  

For any interval ,IJ  We have the following . 

For any measurable sets ,IE if  

   10.2.4,\,0 EJxxpn   
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    (4.2.11) 

Proof : let J  denote the middle third of J . We consider two 

cases . First we assume that J  contains at most one of the 

sZ j

, .Then by the definition of v we get  
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Then by (4.2.11) we have  

   13.2.4,0
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4
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,
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b
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Jb
pf Jlpnbn   

On the other hand , if J  contains at least two extremes of jZ  , 

then it contains at least JvC62  extrema , for some constant 6C  

,these extremes satisfy  6.2.4  and  /6.2.4  and about half of 
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them (and at least one ) have odd indices , then together with 

 6.2.4  we conclude that  
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Other wise , .6 EJbC   

Then by  14.2.4  there is a point ,\EJx   for which  
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Where we used the Bernstein inequality 
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Now  
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combining  

     16.2.415.2.4,13.2.4 and  ♣ 

We are now in a position to define ,ff   for a given sequence 
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Where the sequence  vn  is defined by induction as follows 

.First ,we choose 1n  so large that 
12

18

1

1

bn
 (as needed in  18.2.4    

below ) and .IJ   suppose that  121 .,..........,, nnn  and 
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,2,.......... 032    JJJ  have been defined 

Then put 
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Finally ,we take 

                             ,2,11 ,,max NNnn   

So big that the function 
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f
n

,
  Oscillates a few times inside the 

interval ( 1J ) and since it vanishes on some interval in each  

 

 

Oscillation , that is , inside 1J  , there exists an interval 

1  JJ  as required in (4.2.17)  
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Where the convergence of the series is justified by the definition 

of the d j 's and  
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In fact  
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And we prove  

Lemma(4.2.21) For each 1  we have  

   22.2.4
1

, 24 dC
n

f 



  







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(4.2.25) 

 

By virtue of (4.2.19) and the definition of  ddn , and n  .  

 

Now  

 

Then Lemma (4.2.21) follows by combining (4.2.23) , (4.2.24) 

and (4.2.25) ♣ 
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The last Lemma that we need is  

Lemma (4.2.26) There is an absolute constant C7 such that 

whenever IE  is a measurable set satisfying  

 27.2.4,nE    

And 


n is a polynomial satisfying  

   28.2.4,\,0 EIxxn 


   

Then  
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On the other hand , (4.2.24) and the definition  

Of 
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In view of (4.2.30) , follows from (4.2.20) that   
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And Lemma (4.2.26) is proved with 83 47  CC   

The proof of (4.1.3) now follows from Lemmas 

(4.2.21)and(4.2.26) since 
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Future works 
 

 

 

 In a paper introduced to Almustansyria Magazin for Scienses, 

entited  

Moduls of continuity and the Moduls of smoothness. 

S. K. Jassim and  E. H. Muhamed,  introduced basic properties for the 

modulus of  continuity and the moduls of smoothness in Lp ,  for 1p  

.  

 We can improve these properties for the spase Lp , , .10  p  

Where Lp , [a,b]=  
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: , where   is measurable 

function. 


