ol 32

Rlell =2l Rl ) i
L e
adl 42,
& N |
i) —soad] R e
Al debaa
I a0/ el ) ta / gl 229
—ilﬂluln[t 3‘ ,mz.l,]l Jzuh le -1|i"=ﬂ¢ 3a 422'1
18, —tabaii
Rilecadl M Jisie 2.
)il
3!@ ?‘L Lo gioat aLil kg

22008 21429



Republic of Irag
Ministry of Higher Education
And Scientific Research
University of Babylon
College of Education
Department of Mathematic

ESTIMATIONS FOR
MONOTONE
APPROXIMATION

A thesis submitted to the Department of Mathematics
College of Education Babylon University as a partial in partial
fulfillment of the requirement for the degree of the Master of
Science in Mathematics.

By
Sukeina _Abdulla A[-Bermani

Supervised by
Dr.Eman Samir Bhayh

2008



DR

&l ¥ &4l vz C al

2 EAIBR SHATITO

MBI SIS 8
64 FRIIRS

s TEDS DS S



SUPERVISOR CERTIFICATION

I certify that this thesis was prepared under our
supervision at the Babylon university, College of Education as a

partial fulfillment of the requirements of degree Master of

Science in Mathematics.

Signature:

Name: Dr. Eman Samir Bhaya
Scientific Grade: Asistant
professor

Date:

In view of the available recommendation, We forward
this thesis for debate by the examining committee.

Signature:

Name: Dr.Iftichar M. Al Shara' a

Chairwoman of the Departmental committee of
Graduate Studies in Mathematics

Scientific Grade: Asistant professor

Date:



EXAMINING COMMITTEE CERIIFICATION

We certify that we have read this thesis as
examining committee examined the student in its
contents and that in our opinion it is adequate for the
partial fulfillment of the requirements for the degree of

Master of of Science in Mathematics.

Signature: Signature:
Name: Dr. Saheb K. Name: Dr. Radi A.
Jassim Zboon
Date: Date:

Chairman Member
Signature: Signature:
Name: Assist. Prof. Name: Dr. Eman samir
Hussein A. Ali Bhayha
Date: Date:

Member Member

Approved by the University Committee on
Graduate Studies.

Signature:

Name: Lu'ay A. A. Al-Swidi
Dean of the Education
College

Date:



To My
FAMILY



Contents

Table of Contents
Abstract
Introduction
Acknowledgements

1 Approximation theory

:an overview

1.1 A Historical review of Approximation theory
1.2 Approximation in normad linear spase

1.3 The Spaces Lp, o<p

<1

1.4 Moduli of Smoothness =
1.5 Approximation with polynomials . . . . . . .

1.6 Applications of The Theory of Best Approx1mat10n e

25

2 Inverse and direct theorems for monotone approximation

27

2.1 Introduction and Main Results ..............

2.2 Auxiliary lemmas .
2.3 Proof of Theorem I
2.4 Proof of Theorem I1

3 A Saturation and negative theorems for monotone

approximation

3.1 Introduction and Main Results ..............

3.2 Proof of Theorem I
3.3 Proof of Theorem I1

Vi

Viil

xiii

11
16

27

30
34
35

37

38
41
42



4 Negative theorem of nearly monotone approximation in 44
Lp,0<p<1

4.1 Introduction and Main Results ............... 44
4.2 A Counter example (proof of Theorem I)...... 45
Future Works 67

68
References

vii



Abstract

We wish sometimes to approximate a function f defined
on a finite interval say [-1, 1], while preserving Certain intrinsic
shape properties.To be specificc, we demand that the
approximation process preserves some properties this what we
called monotone approximation.

In order to draw a meaningful picture in our minds for
the approximation theory and prepare the background for our
work and motivate our results. We understand the need to
know the point of the origin for the theory of approximation by
following most prominent scientists and the geometric view of
best approximation for an element in a normed linear spase ,
recall definitions, examples, applications and some results
related to the basic concepts for constrained approximation by
algebric polynomials.

Our first achievement in this work is that for the function
in L,[-11], 0<P <1, We obtain a result for the rate of monotone
approximation of function in terms of the second Ditzian
.Totike modulus of smoothness 4. Also a converse theorem for
this direct theorem were obtained, and we characterize the
monotone function in the generalized Lipschitz space through-
their approximation properties. This constraint restrict very
much the degree of approximation that the algebric polynomial

can achieve, namely only »f. To emphasize that our estimates

viii



are sharp in the sense that »§ can not replaced by §.We

introduce a negative theorem to ensure this theorem.

In[31] K.A. Kopotun proved that the monotonicity

. L . 1
requirement in interval of length proportional to — about the
n

interior extreme of the function and near the end points, allow
the polynomial to achieve a pointwise approximation rate of

We show in this work that no relaxing of the
monotonicity requirement in sets of measure approaching Zero,

allow w§ estimates .

In near future we hope to stutdy basic properties for the

modulus of continuity and the moduls of smoothness in [,, for

o<p<1 ,u is measurable function.



Introduction

Our interest in approximation theory stems from its
beauity, its utility and its rich history .There are also many
connections that can be drawn to question in both classical and
modren analysis.

In our thesis we introduce estimates for pointwise
approximation .Our thesis consists of four chapters:
In chapter one, we prepare a background for our object and
introduce some notes on a historical review of approximate
theory, Approximation in a normed linear space, The space

Lp,0<p<1, Moduli of Smoothness, Approximation with

Polynomials and Applications of the theory of best

Approximation.

In chapter two we prove two theorems; The first theorem

is a direct inequality for monotone approximation:

Theorem 1. 1 f is an increasing function ian[—l,l],

O<p<1l then for each n=12,...., there is an increasing
polynomial in L, (1) of degree (8n) satisfying

b=l =ceros( £.1 ]

p
For this direct theorem we prove the following inverse

theorem



Theorem II. Let f be an increasing function in

L.(1)0< p <1 then

gl Y <) ED(FR+clp)n™ S+ 17 ED(FE.

m>n
More results in chapter three are:
In the first theorem we characterize the monotone
function in the generalized Lipschitz space through their

approximation properties:

Theorem IIL. If 0<a<2 thenan increasing function f is

in Lip; iff for each n=1,2,....., there is an increasing algebraic

polynomial P, of degree 8n such that

1
En(f)p S”f - pn”p SC(p)n_g,

Then we prove negative theorem for our direct theorem

then in chapter two:

Theorem IV. For each n and o< p <1, there is a function

f e A' nC*(1),such that for every polynomial p,, € Al AT,

either

If =P, [T =i
Lim sup——,—~">=oor sup—p:oo,XEI.
7 Limste™25)

x—-1 x—=1

Xi



In chapter four we strengthen the theorem of Kopotun for

nearly monotone approximation for increasing function in L,

and we prove

Theorem V. for each sequence Z ={g, }20:1 of non negative

numbers tending to zero, and each 0<p<1, there exists an

increasing function f = f_eL,[-1,1]such that

Lim sup————<+ =0
n—aoo a)?f(f/nj
p

Xii
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List of definitions of Symbols

Symbol | Definition
C absolute constant
C(p) absolute constant depending on p
W11§ [a,b] |Sobolev space: the set of all functions from L,[a,b] such

that f*?are absolutely continuous and f* e L,[a,b]

C(l)

The space of all continuous functions on | =[-1]]

An(x) A,(x)=n"N1-x% +n72
Ai(f,x) | Ther™ symmetric difference of fis given by

r

Z(:j(—l)"i f(x —%+ ihj, X i% e[a,b]

i=0

An(f.x[ab])= A %)=

o.w

Ex(f),

Er(f),= inf -
n(f)p , elAlmHan Pul,

n

to(x)

Chebyshev polynomials for the interval [-2, 2], for v > 1

let t,(x)= cosvcos_lg,x e[-2,2].

Kn(t) Jackson kernel
_nt)®
sin-—
K,(t)=a, % , where a, is a constant depending
sin —
2
onn
Er,q)(fl o r)p Ditzian-Totik K functional defined by

Kr,p(f,67)p:= inf {f = Puly gy + 70" P ;T)Lp(l)}

P,Elly

Xiv




Symbol
Lp(I)

i,

1l

wy (f/5;[11; b])p

Tr(f/é‘/[arb])p

orlf 0),

a)i”(f@])p

Definition

spaceL,(I)consisting of all measurable function on I

for which H f HZ = H f (X}pdx <o

M, =M, quasinorm where I=[-1,1]

H f H[a,b] = xSeli}Z ‘ f (x)‘ uniform norm

X =[a,b] ,the space of all continuous functions

f:[a,b] >R

r" usual modulus of smoothness of f €Lpla,b] is

defined by

o.(f,6,[a,b]), ::SUPHAL(‘C’-)( 620
0<h<é

Lp [a,b]

7- mdulus (or Sendov-Popov modulus), an
averaged modulus of smoothness, defined for
bounded measurable functions on [a, b] by

7,(f,8.[ab])s =]e,(f..5) 520

Le[ab]’

o, (f,X,6), :=sup{‘A;(f,yx:yi%e{x—%,x+%}m[a,b]}]

is the r" local modulus of smoothness of f.

Ditzian-Totik modulus of moothness which is

defined for such an f as follow

! (£,6,1), 1= sup|Aiy, (f..)

0<h<s Le(n)

I1, the space of all polynomials of degree not
exceeding n.

The set of bounded linear transformations on f

|ip; spaces defined as the set of all functions f such

XV




that ) (£)=O(t"),0<a <2

XVi
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Chapter One

Approximation Theory: an Overview

1.1 A Historical review of approximate

theory

We can know the history of approximation theory by

following the most prominent scientists:
1.1.1 P.L. Chebyshev

1821-1894 the first of major memories that contain
chebyshev research on the best approximation function was
presented to the academy of sciences in January 1853 ,this is
soon after Chebyshev had returned from a long trip, where he
visited the most important European scientific and industrial
centers, and where he paid equal attention to studying
factories, plants, and different kinds of interesting subjects in
applied mechanics, as well as making personal contacts and
conversing with famous geometric ,mainly French once .

We can summarize the problem that Chebyshev

considered as: Given a contain function f defined on [a,b] and



n
a positive 1, can we represent f by a polynomial p(x)= Y a;x;
i=0

of degree at most 1, in such a way that the maximum error at

any point x in [a,b] is controlled ? In particular, It is possible to

construct p in such a way that the error max |f(x)-p(x) is
xXela,

minimized.

Chebyshev was interested in the exact computation of the
numberE,(f)for given n, and also in constructing the
corresponding  uniquely defined polynomial p, the
trigonometric polynomial, can be first founded in same specific

problems , in Chebyshev work of 1881,[10].

1.1.2 K. Weierstrass

The best approximation of a function originated a
proposition established in 1885 by Weierstrass, head of the
Berlin school of mathematics.

For any continuous function f(x) on a given interval a<x<b.

and for any &£ >0 there is a polynomial p(x) such that
|f =Pl o<

Weierstrass proved that the limit of uniformly converging
sequences of continuous functions is also continuous functions,
the property established by Weierstrass is exactly equivalent to
the continuity of the function in the given interval. In other

words, the set of polynomials is dense in the set C[a, b].



Weierstrass theorem was the first stone in fundamental
of functional analysis and a solid basis for further development
of this new direction was not yet in place.

He proved
LimE,(f)=0

nN—o0

1.1.3 De Ia valle poussion.

In 1903, the Belgian Academy of sciences following a
suggestion of its member De Ia vallee poussion , posed the
following research challenge ."To present new investigations in
the area of expanding real or analytics function in to series of
polynomial". They posed the following precise question "Is it

possible to approximate a polynomial of degree n at a rate of

higher then % ? " In other words is it possible to replace the

expression E,,(|x|)= 0[1) by more preciseE,(x)= 0[1} ? Research
n

n

in this direction was stared by De Ia vallee poussin himself. In a
work published in 1910, [44]. He demonist rated a trick that

allows him to get a lower bound on E (x), where as any

approximating polynomial , obviously



gives an upper bound and he uses the trick to obtain the

inequality:

k
E >—— k>0.
nqu n(Log n)3

1
Approximation of |x2 is also considered there.

In 1919, there appears a new monograph by De Ia vallee
poussin [45], which Synthesized with weierstrass, in functional
approximation theory. Not one property of this book, it is first
book that precisely posed and studied (in connection to each
other ) two analogues problems :

Approximating a function given on an interval of the real by an
algebraic polynomial of degree n and approximating a periodic
function with period 2z by trigonometric polynomial of degree

n . (De Ia vallee poussin called them trigonometric sums).

1.1.4 S.N.Bernstein

Let us briefly mention the most significant results of the
ph.D.Dissertation of S.N.Bernstein, who is an academicia.[4]
(i) The question posed by De la vallee poussin answered

negatively there are positive numbers A and B such that
A B
- <E, ()< o
i) If g, (f)= O(n%j then the functionf has a continuous

derivative of order r .



(iii) As a tool in his proof, S.N.Bernstein used the following

theorem of great independent interest .If p,(x) is a polynomial
of degree n ,then the inequality
max [P, (x) <1

—1<x<1

Implies the inequality

(=1<x<1).

p'n(x)(ﬁ

1—x?

(iv) An upper bound on E_(f) is established as a function of

the upper bound on ‘ f gz;l)

in a given interval .

S.N.Bernstein returned to the problem of best

approximation of the simplest functions that are not infinitely

differentiable, x"‘,k >0 and proved in[5] an equality ,for n—o
of the form
k) mlk
£l )= ¢

Where m(k) is continuous function of the variable k

.Eestablished in [6] a more general relation

EHQx—c|k)z (1—c2)k/2 nzl(f),(—1<x<1).

And found a method for computing E,(f) for arbitrary
function f that has only a finite number of corners on the basic

interval. There for S.N.Bernstein found new direction in theory

of function , which he later named constructive.



1.1.5 D.Jakson.

In 1911 the American mathematician D.Jakson, [27]
presented a dissertation ,in which he proved a series of theorem
that are converses to Bernstein theorems. From the positive a
assumption on the differential properties of a function being

approximation conclusions are drawn about the rate E (f) of

best approximation .

In 1912 a rather complete theory was formed based on the
result of S.N.Bernstein and D.Jackson that become the main
part of report presented by S.IN.Bernstein at International
Mathematics congress in Cambridge, [3]

In [28] ,D.Jackson proved that forr =1

En(f)SCQ)r(f,n_l).

This inequality led to beautiful theory due Nikoliskii
[40]later investigation by Timan[10] ,Freud [26], Dzjadyk[25]
and Brudny [8] ,established

(i) There exists polynomial p, eTI,
‘f(x) ~Pn (x){ < C(r)a)r (f/ An (x))
For all xe(-11)where A (x)=n"y1-x* +n?
(ii) If there exists for every n .A polynomial p, €I1,,, such that
‘f(x) —Pn (x)( < a)(An (x))
For some increasing function o(x) .then

w,(f,8)cs" < Z(;l + 1)r+1w(n_1),

0<n<—
o



1.2 Approximation in a normed linear space

1.2.1 The normed linear space

The norm is a real valued function ||x|| that is defined for

x e X ,where X is metric space .Its properties are such that the

function .

d(x,y)= o =y, [43]
Is suitable as a distance function ,we may deduce the triangle
inequality
[+ vl <X +[¥].
Moreover ,the norm must satisfy the homogeneity condition
| =[]l
For all xe X and for scalar 2

There are many norms we might consider on R".Of particular

interest are the L, - norms in the cases when p=1,2 and o« .

(i) Consider X =R*under the norm
G y) = maxﬂx|, Y } or X = R"the scale of norms
1
n p ;
ek, =5 e
1)i=1 Lp —\u=1
max |xi| /P =0
(1<i<n

(i) consider X =[a,b],the space of all continuous functions

f :[a,b] > R under the uniform norm



1Ala,e1 = Su]i]\f (x)

xela,
Chebyshev's problem is perhaps best understood by
rephrasing it in modern terms. What we have is a problem of
linear approximation in a normed linear space .
The abstract version of Chebshe'v problem can be
restated. Given a subset (or sub space )Y of X and a point x € X,
is there an element yeY which is nearest to x, that is we can

fined a vector y eY such that

[x-y1-inf Ix-7]

If there is such a best approximation ZeY to x from
elements of Y.Is it unique ?
Collecting the results obtained in [11], one can make the
following statements:
If a set Y in a normed linear space X is also linear space and of
finite dimensional, then for each element xe X, there is an
element, y in Y that provides a best approximation :if Y is
ompact and strictly convex set in a normed linear space X, then

for all xe X, there is just one best approximation from Y.

1.2.2 Examples

(i) Existence of the best approximation



The best approximation for an element is not always

existinglet Y be the set of all polynomials on [Oﬂ of any

degree, considered as a sub space of C[o,%} then dimY =,

Let x(t)=(@-t)"
Then for every e> 0 there is N such that
Y (t)=1+t+.e, +t",
We have
Ix-Y,| <e Forall n>N
Hence §(x,Y)=inf|x-Y,|=0 .
However, since x is not a polynomial, we see that there is no
Y, eY
Satisfying 5=4(x,Y)=[x-Y,[=0

But x(t)=@1-t)"

stpan{l,t,tz, ....... }:P , wherespan{ti}zo is the set of all finite

linear combinations of the elements of the system {ti };’O: o

(ii))Uniqueness of the best approximation

It is of practical interest, too, since for given x and Y there
may more than one best approximation. Consider X =R? and let
us take the point x(-1) and the sub space Y that
is, Y ={y = (1n,n) n real }
Then for all yeY we clearly have

Ix— y||l =[1-n/+|-1-n[>2.



The distance from x to Y isé=(x,Y)=2, and all |n/<1 are

best approximation to x out of Y. This illustrates that even in
such a simple space for given x and Y we may have several best
approximation even infinity many of them.

1.2.3 The geometric view of best approximation

In most approximation examples there exists a normed
linear space X for that contains both f and the set of
approximation A, When we require a best approximation from
A to {, it is sometimes helpful to think. Of the balls of different
radii whose centers are at f .The ball of radius r is defined to be
the set

N(f,r)={g Jo—f|<r,ge X}, [43].
We know that, if A is a finite dimensional linear space, then the
equation
r*=inf|f —a|=|f —-a% .
Is obtained for a point a* in A.

For example, suppose that X is two-dimensional
Euclidean space R? and that we are using the 2-norm .Let f be
the point whose components are (2,1), and let A be the linear
space of vectors

A={1,A)—0< A <xf,

Where 1is a real parameter. Figure (1.2.3) shows the set A and

three balls centre f, whose radii are %\/g and 1 ,we see that the

10



best approximation of f is the point where the ball of radius

\/g touch A.

The best approx.
of f from A —

Figure 1.2.3 an approx .problem in R?

1.3 The space L,,0<p<1

We are going to study the degree of constrained

approximation of function f in the L [-11}0<p<1 quasi-norm
The degree of approximation will be measured by the

approximation = quasi-norm  which we denote by

M, =, where I=[-11] since we need the L, quasi-norm on

other intervals we will in all cases on an interval J =1, indicate

11



that by writing | _ ,,, Also we refer to the uniform norm on I by
|| and on interval J byl|[;.||pis a norm for 1<p<oco.

Characteristic for L, p>1 are the inequalities of Holder and
Mkowski. The dual space of L, 1<p<w, is spaces L, with
conjugate exponent q of p. Thus the spaces L, with 1< p<w are

reflexive.

The different structure of the spaces L,,0<p<1 and the

numerous questions by others lead us to understand the need

for the following few facts about L, for,0<p<1.

We consider the space L,(1),consisting of all measurable
. . p p
function on I for which H f H = H f (X) dx < oo
P

14

Recall that Hpr <2P |f|, thatis Ly cL,,.

As we will see shortly ,the L,norm is not actually a norm
for p<1 nevertheless, it is not hard to see that L (1) is complete

metric space .

It is easy to prove the following theorem .

theoremA.[7]

1 1
Ir+sl, <QA+ g <27 (1, +lgl, ) foramy £, <L, 1

thus d(f,g)sz—g

P . . . . .
defines a translation invariant metric on
p

L,.It is a complete metric because convergence (respectively

12



Cauchy)in Lp(l) implies convergence (respectively Cauchy)in

measure since

gPmeas{t:|f (1) > e} < _}1\ F)F at

What this means to us is that
(i) A linear map on Lp is continuous if and only if it is
bounded (continuous at zero)

(ii) The open mapping and closed graph theorem still

apply.[33]
(iii) The Hahn Banach theorem may fail

Indeed as we will see shortly, Lp is not locally convex. In fact
it is impossible to define a norm on Lp which gives the same
topology as the usual metric there are several ways to see that
Lp(1)is not normable for 0<p<1 .Most useful from our point of
view is
Theorem B. [15]L,(1),0< p <1 has a trivial dual

Proof . Suppose that T:L, »R is continuous linear and non
zero then we can find f L (I)such that T(f) =1 .Now since |f|’ is

intergable so that the map x — fy[-1x] is continuous since.

| f21-1x1- f21-1Y]| - [lf Pt forx <y

Where ;a(t):{l te] . for any interval |

7
0, 0.

Thus we may choose -1<x <1 such that

13



(G211 x) =T () = .

Next, notice that g = fy[-1x] and h= fy[x1] ,satisfy

x p 1 p
£ = T de+ 1) de=[gly + [l

Thus at least one of Hg

Z or Hh .Let us say that

P, 1
o<
p 2 f

p
p
HQHZS%HfH: Then f, =2g satisfies

p

f

T(f.)=1and an

P < onG
p p

Since p-1<0, so that f, —0 in L (1) while T(f,)=1.

No good! thus T=0 is the only continuous linear
functional .
The Hahn Banach theorem allows a much fancier sounding
version of this result :
Corollary C. [7] There are no non zero continuous linear may

from L, into any normed space.

In any event ,it should now be clear that there can be no

norm on L, which gives the same topology as the usual metric

and that the Hanach Banach theorem evidently fails in

L,(I) for0O<p<1 .the fact that L, has a trivial dual with the

theorem from, [32] states that "There exists anon zero
continuous linear function on a linear space X if and only if
there is at least one convex set that is not all of X."imply
another rather strange result that would be hard to believe

other wise .

14



Corollary D. [7] If U is any neighborhood of zero in L,(I)

,then
L,(I)=conv U.

In particular
L,(1)= conv{f H f HZ <1},

Where conv U is a convex neighborhood of zero contained in U.
Now we will settle the question of which [,(I), 0<P <1 embed
into [, forg=1. Or which subspaces of Lp(l) on which all of the
various Lq(l) quasi norms for 0<p<g are equivalent. the key in

this article is due to kadec and pelzynyski from [30]:

ForO<e<land 0<p<oo consider the following sub set of

Lp(1)
M(p,¢) = {f € Lp(I) : meas %c | f () 2 EHpr }2 6‘}

meas the measure of the set.

,We mean by

Notice that if & <€ then M(p,e,) > M(p,&,). Also

U M(p,e)=Lp(I), since for any non zero f Lp(l) we have
e>0

meas{J f] 25}—) meas{f #o0}as ¢ »0. In fact any finite subset
of Lp(I)is contained in an M(P,¢) for some ¢ >0. finally note

that

meas{f|>| f| j>1 implies |f|=|f| ~ almost every where the

following theorem puts this observation to good use

15



Theorem E. [12] For a subset S of Lp(l), the following are

equivalent

i)ScM(p,e)  forsome >0
(ii)for each 0<p <g there exists a constaint ¢(g) <o such that

[f], <[], <c@)]f],, forallfes.

1.4 Moduli of Smoothness

Moduli of smoothness are intended for mathematicians
working in approximation theory, numerical analysis and real
analysis. Measuring the smoothness of a function by
differentiability is too crude for many purposes in
approximation theory. More subtle measurement are provided
by the moduli of smoothness The modulus of a function f can
be defined when fis a given on any metric space X, but we will
restrict ourselves to X:=[a,b]. We will use moduli of smoothness

which are connected with difference of higher orders .

The r'" symmetric difference of fis given by

AL(f.x[ab])= A (f,x)= Zr:[irj(—l)” f[x—%ﬂh),xi%e[a,b],[ﬂ

0 o.W
Then the r usual modulus of smoothness of f €Lpla,b] is
defined by

. (f,8,[a,b]), =sup
0<h<é

,620,[7]

Le[ab]

A(F,)

16



The so called - mdulus (or Sendov-Popov modulus), an
averaged modulus of smoothness, defined for bounded

measurable functions on [a, b] by

z.(f,6.[a b)) =] (f,..8) oy 6 20,[7]
where
o,(f,%,6), ::sup{‘A;(f,y)(:yi%e{x—%,x+%}m[a,b]} 7]

is the r" local modulus of smoothness of f. From the definition
one can easily see
7.(f,0,[ab)), =o,(f,5[ab)),;[7]
The following relationship between the wand 7 moduli holds
forany f eW;[a, bland 1< p<o
7.(f,8.[ab]), <c(r)se, 4(f',6,[a,b]),
where \\/"[a,b] the set of all functions from L,[a,b] such that
f % are absolutely continuous and ) e L,[a,b] If the

interval | :=[-11] is used in any of the above notations, it will

be omitted for the sake of simplicity, for example

o (1,8), =o,(f.5,[-11]),,

and we will also denote
w,(f,8):=w,(f.5,[-11]),.

A new way of measuring smoothness was introduced by
Ditzian and Totik in [20]. The need for this new concepts arises
from the failure of the classical moduli of smoothness to solve

some  basic  problems, such as the inquality

17



w,(f,6), <cdw,.(f',6),not satisfies, the relation between
7, (f ,n—1)p and ! (f,n"),not known, the estimate
E.(f) <cn™ a;r(f,é)p is not true in general for any reNuU{0}, And

there are several possible definition of Sobolev space which are
all equivalent if 1<p<w and if 0<p<l they need not by
equivalent any more, and these are no good news.
characterizing the behavior of the best polynomial
approximation in L,(I).

The Ditzian-Totik modulus of moothness which is

defined for such an f as follow

a)‘f(f,ﬁ,])l, 1= SUp| Al (f,j - 7]

0<h<s )

In the applications the ¢ usually used

o)=(1-x2)"% for :=[-11],

o) =1~ )] and plx) = x(1-x) for J:=[0.1],

o) =%, 0(x) = (x(1+ )/ % and plx)=x for J:=(0,0) ,

We have

o?(f,6)p <, (f,0)p <7,(f,0)p, 1<P<w

and

. (1.0)s <, (£,5),, 0<P<1

But Lemma 2.2.5 [7] shows that moduli 4 and g for anf

defined on J:=[a,b]=[-11] are equivalent if [J|~|A, (a)

With A _(a)=n"v1-a’ +n?. Namely we prove the following

result

18



Theorem 1.[7] Let [a,b]c[-11] be such that b-a<c, A_(a),

where c;21 is an absolute constant. Then for any nonnegative

integer r there exists a constant c(r) such that

o (f.n 7 [ab)l 2 c(r)gp, (1. A, (@)a.b]).

Now let us compare between the classical modulus of

smoothness and its extension to a)‘f by the following basic
properties: The following most basic fact about g (f,5,3),,

satisfied for the two moduli

(a) im ¢ (f,5,3), =0 forall feLp(J), 0<P<co.
Thg ;gond property of 4 (f,5,3), is

) w,(f,5,] )p is nondecreasing function of &.
Examining the definition , we have

(b") @/ (f,5,3), is non decreasing function of § .

Another, important property of ¢, (f,5,J), is the inequality

(©) @, (f,28,])p <CA" w0, (f,6,])p for 2 21

It turns out (c) caries over togy (f.5,J),. While the

combinatorial proof that is used in most texts to prove (c). via

w.(f.n5,3). <n . (f,6,3), is not valid for )’ (f,5,3),.

The difficulty is that for r=2 the identity A (f,x)=A, (Ai(f , x))

does not generalize as

19



Aﬁ&(f,x)= f(x—h\/;)—Zf(x)+f(x+h\/;) for ¢(x)=+/x, and
A}zg)f(X'F \/_j Ahof (x g\/_j

Abolalo(f,x Ahgo(f(“%\/—n (x—gﬁj

h h | h h h| h
—f[x—a x+§ x—E\/z]+f(x—§x/§—§ X—E xj

Where Ah f(z)= (z+2¢( )j f(z—g(p(z)j are different and the

second expression is quite complicated. However, we do have

the analog of (c) using the following lemma from [20] and [21].

Lemma F. [7] For a function f eL,(J)0<P <, we have

o?(f, 5, ])p ~ Kr,(p(f'y)p,

where kw is the Ditzian-Totik K functional defined by

o' P Lp(])} o

Keolr.0p =0l =Pl

Pyell,

-
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where [a] denote the largest integer not exceeding a . So we can

generalize (c) by the following theorem

Theorem 2. [7]For 0<P <« we have for ] >1

7 (1.26,3), 26 )/ @ (1,6.3),

Proof. In view of Lemma F we have
o (£,45,)p <K 1,0 (£,(26) ),

<2 Krls.at )y

<ct wf(f,6,])p
Another basic property of the classical modulus of smoothness
s
(d) @,.,(f,6,3), <20,(f,5,3),

which is generalized, in the inequality from [20]

(dl) C()(:+1(f’5"])P Sca)(f(f’5’J)P'

Another inequality about the classical moduli of smoothness is

©) wi+r(f,8,])p Sc5rwk(f(r)15/])p/P21

which is valid if f") eLp(J) and UV is absolutely continuous

in every closed interval J= [4, b]. The inequality (e)

is not true if 0 < p <1. But the inequality [20]

R (£,6,D)p <c8” ot (1,6,1)p,
Where c depends on P if 0<P <1, is true if f e W%[a,b] .
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1.5 Approximation with Polynomials

In many applications of mathematics, we face functions
which are far more complicated than the standard functions
from classical analysis. Some of these functions can not be
expressed in closed form via the standard functions, and some
are only known implicitly or via their graph. Think, for
example, of an electric circuit, where we are measuring the
current at a certain point as a function of time: the outcome
might be quite complicated, and best described via a graph .

An engineer measuring the current in an electric circuit will
speak about having a signal ; for a mathematician , this just
means that the output of the measurement is a function, to be

called f, for which f(x) equals the current at the time x. We will

not give an .exact definition of what is meant by a signal: for
our purpose, it is sufficient to think about a signal as a
manifestation of a physical "event in terms of a function, or, in
cases to be a sequence of numbers.

Signals are usually not given directly in terms of a
function; for example , they often appear via a measurement .
This makes it difficult or impossible to extract exact information
on the signal from the function f describing it, especially if we
need to perform some calculations on f . In such cases, it is

important to be able to approximate f with a simpler function .
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1.1.5. Approximation of a function on an

interval

Our starting point must be a precise definition of what it
means that a function is approximated by another function. As
we will see soon , there are in. fact several different ways of
defining this, and the correct definition depends on the
situation at hand. Let us give a concrete example where
approximation theory is needed:

Example 5.1.1 Assume that we want to calculate the integral

2
jge_x dx (1.1)

It is well known that there does not exist a formula for the
integral _[ e¥dx in terms of the elementary functions; that is,

we can not find (1.1) simply by integrating the function e™
and then inserting the limits x =0, x =1 .

Thus, we have to find another way to estimate (1.1). This is the
point where approximation theory enters the picture: in this
concrete case, our program suggests that we search for a

function g for which

j& g(x)dx can be calculated, and g (x) is close toe™ for x € [0,1],

in the sense that we can control how much j& g(x)dx deviates

2
from [} e™ dx,
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One way of doing so is to find a positive function g which

we can integrate, and for which, for some &> 0,
P g(x)<e,vxel0,1],
or
—e+g(x)< e <ot ¢(x), vx e[0,1],
This, in turn, implies that
jg (— &+ g(x))dx < j& e dx< j& (e + g(x))dx,

and therefore
—&+ j& g(x)dx < j& e dx<e+ j& g(x)dx,

Thus, J; g(x)dx gives us an approximate value for the

desired integral.

Now we come back to the question about how to chose g

in example 5.1.1
In Taylor's theorem we will approximate the function

¢~* via polynomial p_, neN, Of the from
' " (n)
Pn(x)=f(x0)+%(x—xo)+%(x—xo)2+ ............ +fT('x0)(x—x0)n

(n)
= g fxo) (TO) (o —x0)".[13]
n=0 n.

We return to the question of estimation of ['e™ dx
When x € [0,1], we have that -x2 € [-1,0]; thus, we get

11
2 8!—x2!
et -y

<0.015 forall x € [0,1]
n=0 M
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8 —x2] 2 8 (-2
~0.015+[} ¥ desjg e dx<0.015+ [ 3. de

n=0 M n=0 n!
Now,
1
8 (_ 2\n 8 n 2n+1
jgz(x) dx=| X(-1 *
neo M =0 (2n+1)n! .
8 1
. 1\
- ,Eo( ) (2n+1)n!
=0.747
Then

1 —x2 N
Jo e dx=0.747+0.015

The obtained result is actually much closer to the exact value of

the integral than the above tolerance indicates. For N = 8§,

1.6 Applications of the theory of best

Approximation

It is necessary to note applications are understood by
Chebshev. They are not limited to the area of technical sciences
, but are rather related to very different forms of human activity
or serve the internal needs of mathematics it self . Let us new

consider the applications that Chebyshev mention .

(i) Kinematics of mechanisms .
(ii) Solving algebraic equations .
(iii) Interpolation (Remainder estimate) .
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(iv) A rule for finding approximately distance on the
surface of the Earth .
(V) Approximate quadratures .
(vi) Constructing geographic maps .
Recently approximation theory have also many application

both numerical and analytical the most prominent of these have

been to
(i) Image processing [39] .
(ii) Statistical estimation [22] , [23] .
(iii) Numerical and analytic treatment of differential

equations [14],[15] .
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Chapter Two

Inverse and direct theorems for
monotone approximation

Abstract

We prove that if f is increasing function on [-11]then for

each n=12,., there is an increasing algebraic polynomial p, of

degree 8n such that ||f - pn||p Sc(p)a)f(f,%j ,

p
Where ¢ is the second order Ditizian - Totik modulus of
smoothness. Also a converse theorem for this direct theorem
were obtained. These results complement the classical
pointwise estimates of the same type for unconstrained

polynomial approximation.

2.1 Introduction and Main Results

Several results show that in some sense monotone
approximation by algebraic polynomials performs as well as
unconstrained approximation. For example Lorentz and Zeller,
[36] have shown that for each increasing function f in C(1) ( the
space of all continuous functions on 1=[-11] ) there is an

increasing polynomial p, of degree nthat satisfies
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If =pul <c @ ( f,lj , n=12,.  (211)

n
where @ is the modulus of continuity of f.

A general result for (2.1.1) for any k=01... there are

increasing p, that satisfies

If=p,| <cn™ w(ﬂkxl}, n=12,.. (2.1.2)

n

this result of Lorentz [38], where as the general case was proved
by DeVore [18], the cases k=01 are much easier to prove than
the general cases. Since they can be proved using linear
method, in contrast, the proof in [18] uses rather involved non
linear techniques. It is well known that for unconstrained
approximation much improvement can be made in estimates of
the form (2.1.1) where x is near the end points of 1.

In this thesis, we are interested in pointwise estimates for
monotone approximation, the only result of this type that we

know of is by Beatson [2]. He proved that the estimate

fx)-pp(x)<co (f,An(x)xel,n=12,..

2

A, (x)= 1_nx +n—12, holds for suitable increasing polynomials p,

whenever f is increasing. Devore and Yn have shown that if f
is increasing function on 1 =[-11], then for each n=12,... there is

an increasing polynomial p, of degree nsuch that
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2
‘fWY4%@NSa%{ﬂ 1:f }

where o, is the second order moduli of smoothness. Among
other things, we shall show that this can be improved to allow
second order modulus of smoothness for the spaces

Lp,0<p<1.

Theorem I: If f is an increasing function in L (1)0<p<1

then for each n=12,... there is an increasing polynomial in
L,(1). of degree (8n) satisfying

If ~pal, < c(p)wg’(f,%jp. 213

Using this theorem we can obtain our second Inverse

inequality:

Theorem II: Let f be an increasing function in

LP(I),O <p<1,then

g (f,n7 ) <cpEL(FY +clp)n ™ X (m+ 1P EL(F.

m>n
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2. 2 Auxiliary Lemmas

Before we prove our theorems we need the following
notions and lemmas. Our proof is based on a two stage
approximation. We first approximate f by an increasing

piecewise linear function S,. We then approximate S, by an

increasing algebraic polynomial . S, is the piecewise linear

n

function that interpolates f at & ,k=-n,..n, if we let s, be the
slops

sjzw, j=-n,...n-1 . (2.2.1)
éﬂ_éj

Then S, can be represented by wusing the function

n

@, (x)=max{x - ¢, )0jas

]

n-1
S, (X) = f (_1)"‘ S_n (X +1)+ Z(Sj - ijl):Dj (X) , [20] (2.2.2)
j=n+1
It is clear that S, is increasing if f is also.
We shall now contract a polynomial R;, j=-n,..,n-1, as in [20]

that approximate the function ®@,(x). The construction of R,

begins with trigonometric polynomial T, j=1..2nwith

tjzi—z, j=0L1..2n. Let K, denote the Jackson kernel
. nt 8
sin-—

K, (t)=a, | (2.2.3)
sin —

where a, is a constant depending on n chosen so that
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][Kn (t)dt=1.

T

Here and throughout c(p), ¢, denote absolute constants
depending on p and c(p)c's, values may vary with each

occurrence on the same line.

Define
T;(t)= fjfijn (u)du,j=0,,...,2n,[20]
and define
d; (t)= max(n dist (t,{— tit }),1),[20] (2.2.4)
Now let

ri(x)=T,_;(t) x=cost.

And for xe[-11] define
X
R;(x)= _jlrj (u)du, j=-n,..,n,[20] (2.2.5)

In particular R_,(x)=x+1=®(x) and R,(x)=0, the points ¢ are

defined by the equations

1-¢,=R,@1), j=-n..n. If f eL (1) we define

L,(f)=f(-1)+s R, + ni(sj ~s;.R,. (2.2.6)

—n+1

with s; defined by (221) if f is increasing, the

J
s, >0, j=-n,...,n—1and since we can also write
.

L.(f)=f(-1)+ 1sj(Rj—RM).

31



Now from the definition of the polynomials T, we have

To;~Tos

n-J

420, hence r-r,;>0, and thereforeR,-R;, is

increasing , it follows that L (f) is increasing.

We now estimate

E(x)=S,(x)-L,(f,x)= Z(Si —s,, )@, (x)-R, (x)). (2.2.7)

J
Now for j=-n,..n-1x=cost with 0<t<r, we have

@ (x)-R;(x) < cn‘l(sin ty; +lt—t, | anfj ©)°,[20] (2.2.8)

Lemma 2.2.9. [1,,(f), <c(p)f],

Proof: We have

Then

n-1

Z(sj —sj_1XCDJ.(x)—Rj(x)*

j=—n+1

<|S, (x)+

Definition of S, implies
S, <D s+ D+ S =50 ().
j=—n+1
Thus
Sl <clf(x).
And

L(f o) sdf)+ S |si-sia|o;-R).
Ji +1
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Then (2.2.1) implies
RICPEIE
S

] 5J'+1

‘s' where 6, =¢,,-¢;.

J

Then

7

L7 )z f) + i) 'S o7l -k,

j=—n+

and by 6, =¢,, ¢, =%,we have §* <cn.

So
Ly (f ) <l f () + ¢ f(x) nil 1(1 + n‘t - tn_]-‘an_]. (t)y5
j=—n+
<c|f () + | f(x) . nil 1%
j=—n+ln

Then by the following [20]

"

Lemma 2.2.10 Ifg’ is absolutely continuous and <M

8
almost every where on I. Then for each n=12,.. and each xel,

we have

|g(x)—L”(g,x)|£cM( 1_x2J )

n
We can prove
Lemma 2.2.11 If g’ is absolutely continuous and |g"|<M

almost every where on I, then for each n=1,2,.., and each

x e |l we have

lg-L,(g), <)

n
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2.3 proof of theorem I

Firstly let us introduce the so called Ditzian Totik functional

)

definition as

~ 1
KZ,(/)(f/

. 1 14
—) =mf(Hf ~gl,+— o’
p 8 n

112

for feLp(I).O<p£oo.
We have

_ = 1
R0
p

Given xe |, then from the result above there is a g satisfies
[f =g, <c(plos(f.n?),

and
n_lzugngffu <c(p)og(f,n), (23.1)

I ~Lu(FIE <1 - 817 + 3 - Lal@) +L0 ()~ Lu (A

Then by the linearity, and the boundedness of L,(f), we obtain

If =LaCAWD <If = 8l +lg —Lal)]) +ILall [1f - 81

<l L2 ) ol + I~ Lo

Lemma (2.2.11) implies |g—L, (g)‘z Sig).
n

Using (2.3.1), Lemma(2. 2.11) and the linearity of L (f), we have

L <l ) o109 - Sy
< (1 + HLnHZ)c(p)a)g’(f,n_l); + c(p)coé” (f,n_l );
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By virtue of Lemma (2. 2.9) we have
|F = LG <cpllai£12) oz (Fon ) + o2(.0 ) ).

<c(plag(f.n);
Since L,(f) is an increasing polynomial of degree < 8n we
have proved theorem I &
2.4 proof of Theorem II
For ¢ given by ¢=max{i:2' <n}2’ =n, we expand p,(x) by
pa ()= Po (%)= (Pa(x) =, (x))+ (P, () = p,s (x))+...+ (pu(x) = Po(x)).

We recall that for m<n  |p, - p,|’ <c(p)Ex(f)’

p

o3 (f.n) <c(p)|f = p,|” +c(pn " wf(p,.n*);

<cp)EMFY, + el !

7

<clp)EMFY, +elphr >

/ p
2 Py
l:1 p

where p,is an algebraic polynomial of best monotone

approximation of degree not greater than or equal 2' it mean
[ =, = E5(F); - (24.1)

Then

os(tn ) < cIELF + clphi 2

g ! ! p
.;1 Pai = Paia1
= 3

<L), +elph ¥ %

Then by Bernstein inequality we have

Phi —Phia |
1 1— .
2 27 p
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o1 < (1, + elphe SRInf el (1)
1=
Applying the inequality

2" <c(p,v) Y (m+1)* veN [24]

m=2""41

We get

of (.02 < o(p)EN(F ) +o(pn 2 S (m+1)EL(F)) &

m>n
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Chapter Three

A Saturation theorem and negative
theorem for monotone

approximation

Abstract.

In chapter two we introduce inverse and direct theorems

for monotone approximation in L,,p<1, spaces. To complete

the idea and characterize the monotone function in the
generalized Lipschitz space through their approximation
properties we introduce a theorem concerning the saturation of
the increasing polynomial for this monotone approximation.
One may hope that for a continuous increasing target function
it would be possible to obtain estimate involving higher moduli
of smoothness of this target function and this give better rate of
monotone approximation. In our second result of this chapter
we show that it is not possible to obtain direct theorem with
higher moduli of smoothness when we assume the target

function increasing with three continuous derivatives.
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3.1 Introduction and main results

A major problem of the theory of approximation of
function is concerned with the connection between the
structural properties of a function and its degree of the
approximation. The objective is to relate the smoothness of the
function to the rate of decrease of the degree of approximation
to zero .We are interested in our paper in examining these
questions for algebraic polynomial approximation . these are
then the most classical settings where the results are the most
penetrating and satisfying.

In many applications, it is desirable that the
mathematical model preserves certain geometric properties of
the data such as monotionicity .This is the subject that the so
called monotone approximation.

Recently there have been more attention given to
approximation with constrains. The appearance of constraints
can make if more difficult to obtain direct estimates. still the
general lines of attack developed for the non constrained
problem can be very useful. We want to indicate what
modifications are necessary push the approach through. We do
this for monotone approximation.

In monotone approximation. We are given a monotone
function f and we wish to approximate f by a monotone
polynomials. The question then is: does the monotonic cost us

any thing or can we achieve the same degree of approximation
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as in the non constrained case ? The main purpose of this
chapter is to provide answer to this question .

Interest in the subject began in the 1960's with work on
monotone approximation by shishe [42] and by Lorentz and
Zeller [36] , [37]. It gained momentum in the 197'0s and 1980's
with work on monotone approximation of Devore, Beatson,
Leviatan, Yu, Kopotun, Shevchuk and
others[17],[18],[1],[20],[34],[35],[41],

[29],and 1990's and 2000's with works on coapproximation in
[7].
Let us recall the Ditzan -Totik modulus of smoothness which

defined for such an f as follows

of (f,6D=sup A, (f.)] , 620[20]

0<h<é

p/
In the applications the ¢ usually used
o (x)=(1— XZ)UZ for xel=[-1,1]

Where the r™ symmetric difference of f is given by

- r-i . rh
N, (fx, [-11]) = A, (f %) = E)@H) fle=—5 +ihl xEela,b]

0 0.
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In our work the approximation will be carried out by

polynomial p eI, the space of polynomials of degree not
exceeding n. Note that 1-monotone functions are just
nondecreasing functions, respectively . we denote the class of

all 1-monotone functions by Al.

Now for f eA'nL,,, we denote by

E711<f)p = iI}me Hf_Pan ¢

Pne

where the infimum is taken over all polynomials p eITj,.

Firstly in our negative theorem ,we show that ) can not
replaced by ) ,we may hope that for continuous function f , it

would be possible to obtain estimates involving higher

moduli of smoothness of f and this way have better rate of
monotone approximation.

In this theorem we show that it is not possible to obtain a
direct estimate with higher moduli of smoothness when we
assume that
f e A'nC’ (D). Namely, We prove :-

Theorem I: If 0<« <2, then an increasing function f is in
Lip, iff for each n=1,2,..., there is an increasing algebraic

polynomial p,of degree 8n such that

1
A1), <1 - p], <clp) - .
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Theorem II: For each n and0< p <1, there is a function f

e A nC’ (D), such that for every polynomial p € A NIy,

either |jmsup I7= o, = (3.1.1)

oL @ (x)

Now with inverse and direct theorems for approximation by

algebraic polynomials .We have the following result, which
characterizes the Iip* spaces, which are defined as the set of all
f such that

w, (H)=0(t*),0<a <2

3.2 Proof of theorem I

let fincreasing function in lip, from the direct theorem we

have

If=p.l, < w;(f,%jp SC(P)(%]

Inverse theorem implies

w5 (f ) <E;(f p clp)n> éEi—l (f)p
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3.3 Proof of theorem II

11 [1 ¥ 1
3{716{1123(1} }, —1£x£—1+n—2 . . . .
let f(x)=1 ] , f is non decreasing function in

1
G —1+—2£xsl
3ln n

L, [-11]. In fact :

2

1 xa
n? 1
—sz—h—z

fx)=] 2 v

0, —l+i2sxsl
n

when x= —1+i4
n

e (il A e

n n n n n

suppose that there is a non decreasing polynomial p for which

(3.1.1) fails .

Then for that polynomial and some constant B, we have

Hf ~Pn HP < BH(p?)H and Hf - pTlHoo = Ssup ‘f(x) - pn(x)‘
P xe[-1,1]
Then by wusing the inequality: |p,(x) <c(p) n’2)||pn||p [7]

90 [<clpha > [F-pl, <cBn 2’| A-D-pl-Dl<clplBn 2 -1)

p’ p

so [f(-1)-p,(-1)=0 and f(-1)=p,(-1)=0 (3.3.1)

1(1 1
f(—l)_ﬁ(F—Fj—O (3.3.2)
and
f'(x):(nz_x_l)zg, —1<x£—1+i2
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fe)-N

2
thus by (3.3.2) we have

n—4

D)= py-1)=—

2
24+
Then applying the inequality ‘p'n‘ﬁc( ) n r Hpn (17 ]
S )
1
p

1
Now 1[p, |, = [ nmpJ
-1

1
—”4(2‘7911 (1)‘;7)17
1
=n*2F Pn (1)
<n’p,(1).
And n®/31<n™ /2<n®p, (1), and f(1)=n"°/3<n’p,(1).
Thus f(1)# p,(1) and (3.1.1)satisfied &

43



Chapter Four

Negative theorem of nearly monotone

approximation in L,o0<p<1

Abstract

In our direct theorem we see that, when we approximate
an increasing function f in Lp[-11] , we wish sometimes that
the approximating polynomials be increasing also. However,
this constraint, restricts very much the degree of
approximation, that the polynomials can achieve, namely ; only
the rate of .

In[31] Kopotun, Leviatan and Prymak proved that
relaxing the monotonicity requirement in intervals of measure
zero near the end points allows the polynomials to achieve the
rate of % .

On the other hand we show in this chapter , that even
when we relax the requirement of monotinicity of the
polynomials on sets of measure approachg zero, »f 1is not

reachable .
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4.1 Introduction and Main result

Let felLp,0<p<1 be increasing function on

I=[-11] in chapter two we proved that there exists an

increasing polynomials such that
1

Where C(p) is an absolute constant depending on p , and
%(f;0) denote the Ditzain Totik modulus of smoothness of
order two of f, In [17] Devore proved that if feC[-1,1] be non
decreasing on | =[-11] there exist non decreasing polynomials

such that
1
Hf_PnH” <Camp| f,—| - (4.1.2)
(I n
Yo,

However , even this improvement comes to ahalt; it can not be
extended to wf ; and thus not to o, for any K>3 .
In order to state our theorem we need some notation .

Given ¢ > 0 and a increasing function felp,0<p<1 ,We

denote

B, = it 1l

Where the infimum is taken over all polynomials p, of degree
not exceeding n satisfing

meas ({x o (%)= O}m I)Z 2—-¢
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Then our main result in this chapter is :
Theorem I: for each sequence &={s,}”_; , of non

negative numbers tending to Zero , and each 0<p<1 , there

exists an increasing function f = f_ €L (I) such that

Eg)(f;gn)p

Lim sup———<—=% (4.1.3)

n—>0 a)g(f,nj
Yol

4.2 A counter example (proof of theorem I)

In this article we have used C as an absolute constant
which may differ on different occurrences , in this section we
will have to keep track of the constants , there fore we denote
them by C;, Co, ...... ., We begin by recalling some simple
properties of the Chebyshev polynomials for the interval [-2, 2]

,forv>1let tv(x):cosvcos_lg,x e[-2,2].

Denote to the  Chebyshev  polynomial and let

Zj=2COS|7ﬂ- , j=0,...,v , beits extrema , In fact :
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t,(x)= COS(Z) cos™ ! gj

i . _1x —1 1)
t., (x)=-—sin| vcos " — | V——| —
, (1)=sin vcos™ 5

Z)Sll"l 0Cos 1 -

F

t (x)=

vsin(v CcoS

\_/ I\JIR

sin(v COS

vcos ' X =sin”
2

vcos_lgzjﬁ ,i=0,71,72,%3,.....

1x i x 17T
Ccos 1—=]—,—:cos]—
2 ov 2 v

Zj= 2cos] ,]=0,+1,%2,.......
Given 0<b<%, we take two points on both sides of

Zj, j=1.....y -1, namely ,we set

Z“:ZCOS(mJ and Z;, =200$[(j_b)ﬂj,

\' \Y
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t, (ZiJ}:

t, (ijr}zcomb.

and
Z,,—Z;= ZCOS(J—ﬂ—b—ﬂj—Zcos(J—ﬁ+b—ﬁj
’ ’ Vv Vv Vv Vv
=4sin J—”sinb—7r
Y Y

Then since sinu<u, u €[0,7], so that

b
Zj, ~Zj <4 (4.2.1)

We truncate the Chebyshev polynomial by setting

cosnb t,(x)>cosab
t, (x):t;,b (x)=1—cosab t,(x)<—cosb
t,(x) oW
since 1-coszb=2sin> 192_7r< 5b> (4.2.2)

For any xe |,it follows by the monotonicity of the areas as we
go away from the origin , and the alternation in sign of these

areas ,that
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Then

Tt (1), () |<

(e )= 50| <]

z

r

to(u)—t, (u)‘ du

T2}
v ~Z v

HamHE
<42 (k) ()~ £ )

<47 —(1-cosnb)

< sup

A=A

=C1—, (423)

(%

Now since[O,x]c{ [U}I,ZV} }c[z[—l,l]

7 Ir
2 2

(b, (w)-t,” (u))du<47z%5b2

Where we applied (4.2.1).

3

denotes the largest integer not exceeding a .put

49
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0

Now , given n>1 and 0<b<% let v:{b;‘}& where [a]

(4.2.4)



t,, =t,+coszb,and t, =t,, +cosab.
Finally

X

T,, ()= Jx'tvyb(u)du and f,, (x)=[t;, (u)du ,xel

0
let x, <X,

jt du<jt u)du=f,, (x,).

Obviously f,, is a increasing function on I and it readily by

1
P p
du}

(4.2.4) that

§ 1745, () - I by, () du

an,b v pr [

Now

‘fn,b -T ,

= ’g(t;,b ()t p (u))du

X *
= f(tv,b (u)+cosab—t, ,(u)- cosnb)du
0

= ’g(t:,,b (1)t (u))du

9

b3 Cqb° b3 b4
1—<C1 ==C1—,

3 n
br |+2 b4

<C1
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°
o |+

Then

Ly
|fip = Top| p<Cq 2P —=Cq 27

v 3 n
bdn|+2

Where we denote by ||, , the quas - norm taken on the interval

J , and when the norm is on J . We suppress the subscript,

&

\Y

If we set Z L =2cos ,and

Then we have for all j for which Z; el

51
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L. —Z =2cos y v
ZZCOS(J—ﬂ—b—ﬂ —2cosj—”
vV 2V v
=2c0s J—”—b—ﬂ——j—z os(J—ﬂ—b—7Z b—ﬂj
\Y; 4y Y Y, v 4y
=) =)
=2C0S 4 bz 2C0S A bz
Y Y, v 4y
)
=4sin —4 smb—”
\Y; 4y

Then since (sinbz/4 > 3b/4)for b satisfying

br/4<7 /6 if0<b<% and sinuzgu, ue{O,%}

T
(-2
- U7y br

Z],r ] sin . sm4v
. b . b
42| 4) 36\ 4) b (4.2.6)
V4 v 4 v v
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And

7 4v 4o v 4v 4dv
+é7r '+k7r
] 4 br J 4 br
=2Co0s —-2cos +—
v 4v v 4v
'+k7r
) ]4 . br
=4sin sin—
v 4v
(]+bj7r 6(]+jb
>42| V0 4) 30\ 4) b (4.2.6/)
T v 4 v v

Let j be odd and since sinbz/4>3b/4

For b satisfying bz/4<z/6, we have

T, ,(X)=typ (x)<—cosbr /2+cosbr ,x € {21/1 ,2]~,r}.
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For example

N 2cos(]+2ﬁj
to,b ()=t (x)+ cosab<t, (Zj,l}r cosb=cosvcos A

2
(jﬂ' bﬂj
=COSU| *—+ — |+ cosab
v 20
=cos(j7z +b7ﬁj+ cossb
=—cosb—7[+cos7zb
2
And
—coszb/2+cosab=-sinbxz/4sin3bz/4
In fact,
—cosnb/2+COSﬂbz—cos(b—ﬂ—%—”jJrcos(b_ﬂJr%_”J
4 4 4 4
. br . 3brx
=—2sin—sin——
4
,3b 3b__9p° .
TRy Ty Rt
Then

T, , (x)=ty , (x)<—cosbr /2 +cosbr=~2sinbx / 4sin3bz / 4
3b3b_ 9b? r ~ }
2P0 2% el 7z,

427
4 2 4 ( )

Then since | c[-2,2], it follows by the Bernstein inequality
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P

g

bl Ip[-2,2] =

cn

LP[—z,z]S .
2

£ @)
vb

I-|p[ 2.2]=

In fact

Hngflb)H Lp[-2,2] :d t(3) (u)duj

= [ @)

£

Han Lp[-2,2]

that

c, V3

ol22)< 7 7ys It o2, = Cs v,
Y 2
]

22]<Cy V?

X Lp [72,2]
2

C, V3

iz0)

C, V3

j llto] pf-2,2]

2 -1 X
COS0UCOs —

(G

1

SC:J, V3 45
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Hence by (4.2.5)

1 1
oy ( fob ’ﬁj 0= a)f{’( fob—Tvp+Tup ’ﬁj D

1 1
Sa)z(lp(fn,b_Tv,b’ﬁ) D +a)z(1p(Tv,b’H) D

<C ()] s Ton] o+ P!

T5

K

—c(m)=C,(p)> (4.28)

Next we need a simple lemma
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Lemma (4.2.9) there exists a constant Cs such that

For any interval J c1,We have the following .

For any measurable sets Ec|,if

p,, (x)>0,xeJ\E, (4.2.10)
Then

5

an,b—PnHLp(;@ = +b|E|+—4. @2.11)

Proof : let J, denote the middle third of ] . We consider two
cases . First we assume that J, contains at most one of the

Z ;s-Then by the definition of v we get

-3
4
<5 2<cs (4.2.12)
v n
and
-3 5
2 2.4 4
b o PThE o bt
n n n
5
) 2
TR
n
Then by (4.2.11) we have
5
b2|] b4
anb pn”lp(])>O>J_C5 (4.2.13)

n

On the other hand , if J, contains at least two extremes of 7, ,

then it contains at least 2Cv|J| extrema , for some constant C,

,these extremes satisfy (4.2.6) and (4.2.6/ ) and about half of
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them (and at least one ) have odd indices , then together with

(4.2.6) we conclude that

(%

2
meas (]0 ﬂ{x T, (x)<—9ZH2;2bC6 v|]|=Cq bl]| ,
Now ,if C,b|J|<|E|, then

blE|
nC,

2
n

L

LD(J)

Other wise , C,b|J|>|E|.
Then by (4.2.14) there is a point x, ], \ E, for which

9b?
T -
o,b (xo )< 4

Hence ,(4.2.10) yields,

9b? , , , 2 n
TS_Tv,b (xo )<pn (xo)_Tv,b (xo)g_l—2 pn _Tv,b Ip(])
Tl 1_[1j
3
2 n
ST P~ Lol woy
; ,
| 1_(1)
3
Where we used the Bernstein inequality
Therefore from (4.2.6)
9b° 2n 2n
1= 5 PomTorlwn =5 1P ~Tosl )
|]|‘/1—(3) |]|T
JIV2 9p? Py
“an 4 P el
372 b?|)|
= Py —
4 n o ekl ()
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Now

2 2
bl 32 BRI
n 4 n
< Pn_fn,b

p,— 1T,

n v,b

Lp(])

fn,b - TV,b H LP(])

9
b4
RS (p)7

() T

< Pn_fn,b

Then
9

b4

|fo =Pl Ll (p)=— (4.2.16)
n,b lp()= 4, 1\p o 2.

Taking Cy4 :max{C5 ,%,Cl(p)},(él.z.ll) now follows by
6

combining

(4.2.13),(4.2.15)and (4.2.16) %

We are now in a position to define f.=f, for a given sequence

g :{gn }
2
» 11])5
Let b, = (max{en ,—}] ,and set dy=1 and
n

9
bn. I_bn, s

j v=1 v

~lo©

i=1,
Where the sequence {n,} is defined by induction as follows

First ,we choose n, so large that b:l<é (as needed in (4.2.18)

below ) and J,=1. suppose that {nl S e g ”0—1} and
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Jo2S 53T e cJy,022, have been defined

Then put

o-1
F..= Zl‘,djfl oy B
J=
Andlet J | beaninterval suchthat J < J_, and

F'o1(X)=0,Xx€J 51 (4.2.17)

Let N, be such that

1
Joo1[2 b8 n2N1,0 (4.2.18)
And let
F(Zz 10
Nzlo-—[u o ;H Lpl(]al)J (4219)
o—

Finally ,we take

n, >max {nH, N,.,N }

o1 2,0

So big that the function f' =~ Oscillates a few times inside the

o

interval (J_) and since it vanishes on some interval in each

Oscillation , that is , inside [,_; , there exists an interval
Jo < J -1 as required in (4.2.17)

Now denote

0
O, = Zdj—l nj 7bpj /
j=o
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Where the convergence of the series is justified by the definition

of the 4,'s and

v,bn (1/[

o, (U du‘

o/
“If

=”tv () +cos 7ib| du

O‘—;R
O‘—.H

Now

[0 1,,(;,)<8d5-1 (4.2.20)

In fact
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”q)U”pr(]() ) =

J

d;-1 fujronj
e Lp(]o)

<2sup| X d; 1 fuj by
j=o

<2sup ¥ ‘d]'_1 fnj'bnj‘
J

=0

9/4
<ld_, 1+bn69/4 +bno, / bn,.q

= da—l .020‘42_]‘ (22)

= 8d0'—1

So we define
f=fz= Zldj—1fnjzbnj
j=

And we prove

Lemma(4.2.21) For each o >1 we have

o

a)ﬁf( f nij <Cy(p)ds (4.2.22)
P

Proof : First, by (4.2.20)

1
wf (‘P o+1s n—J <Cs (P)”CD o+l H 1p(jo)SCa(pMs  (4.2.23)
o/p

At the same time, (4.2.8) yields

9/4
1 bn
a)%(da—lfna ’bno— ’TZ_} < da—1C4 n—o- =Cyqds (4.2.24)
(o2 p O
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Finally

1 1
of| Fy1,— | <Cy(p)af| Foq,—
e ), e ),

FO‘—lHL
B p(Jo) ~ —1/10 1 9/4
_CS(/O) Nes £n02/5 b?’la )da

(4.2.25)

By virtue of (4.2.19) and the definition of d,_,d, and n_ .

1 1 1 1
NOW a)z (f’ Zj S a)ﬁ[q)Ule ’ZJ + Q)Z(dal no ’an ’Zj + a)ﬁ (Fcl ’Z]
P P P P
< C3 (p)da + C4d0' + C5 (p)dd

Then Lemma (4.2.21) follows by combining (4.2.23) , (4.2.24)
and (4.2.25) #
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The last Lemma that we need is

Lemma (4.2.26) There is an absolute constant C7 such that

whenever E c | is a measurable set satisfying

Bl <&no
And p, is a polynomial satisfying
P, (x)>0,xel \E,

Then

If = pn, HLp(I\E) : (b;clf/gs ~Cr o

Proof : by (4.2.14) we have F

o-1

write

f(x): dO'—l fna b, (x)+ CI)0'+1(x)+ M ,xe ]0—1

(o, -M)

Let Q, = dl
o-1

Then it follows from (4.2.28)

Q,no_ (X)ZO,XE Jo-1\E

Thus by virtue of Lemma (4.2.9)

The definition of n, and (4.2.17)

Lp(]o—l) a N 1,

) 17/8 “Ja—l‘ 17/8
bna“ld—l‘:b"a 18 |° b”a
b”a
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is constant on J_,

b2 o1l ¢, | (074
Qno-—fnor,bn(7 H > Mo 7T 4 [b n0+bng|E|)

(4.2.27)

(4.2.28)

(4.2.29)

we may

(4.2.30)

5/4
+ no

N



5/4

On the other hand , (4.2.24) and the definition
Of b, imply g < bno.

and

7!

o

b, |E<b, &, <b,

1 2/5
Since b, 2[—]
= \n

o

Then

5/4
b, 15/4 9/4

7 < by <byo
(o2

n

Hence (4.2.28) implies

In other words .

Qno = Tnos bng HLP(

Pu, ~M~—d

o-1)ngs 7 by,
o2

b -1/8
>d_, — (bn — 3C4)
LP(’a—l) ng i

-1/8
- da(b% —3c4j,

In view of (4.2.30) , follows from (4.2.20) that

Hf_pnGHLp(I) ZHf_pngHLp( 2 png _M_da—lfng rbng

> ([bl,f— (3C, + s)JdJ J

And Lemma (4.2.26) is proved with C; =3C4 +8

Jo-1) L¢%]U_1)__Hq)U+IHL¢%]af1)

The proof of (4.1.3) now follows from Lemmas

(4.2.21)and(4.2.26) since
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Lim sup————2> lim sup > lim sup———— L
n—>0 - n,, —>0 n,—>x0 2 o
® 1 . 1 . Co(p)d
21 f’ 0)% f/i
n P n

o /p

> Lim
ng—0Ca(p)

(o715~ )= oo
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Future works

In a paper introduced to Almustansyria Magazin for Scienses,
entited
Moduls of continuity and the Moduls of smoothness.
S. K. Jassim and E. H. Muhamed, introduced basic properties for the

modulus of continuity and the moduls of smoothness in ,, for p>1

We can improve these properties for the spase 1,,,,0<p<1.

P
1
b 1
Where L, ,[a,b]= f:(j|f(x)|pdﬂxjp<oo , Where 4 is measurable
a

function.
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