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كَاةٍ فِيهَا  ضِ ۚ مَثلَُ نوُرِهِ كَمِشأ رَأ ُ نوُرُ السهمَاوَاتِ وَالْأ ۞ اللَّه

يٌّ  كَبٌ درُ ِ جَاجَةُ كَأنَههَا كَوأ باَحُ فيِ زُجَاجَةٍ ۖ الزُّ باَحٌ ۖ الأمِصأ مِصأ

باَرَكَةٍ زَيأتُ  بِيهةٍ يكََادُ زَيأتهَُا يوُقدَُ مِن شَجَرَةٍ مُّ قِيهةٍ وَلََّ غَرأ ونةٍَ لَّه شَرأ

ُ لِنوُرِهِ مَن  دِي اللَّه هُ ناَرٌ ۚ نُّورٌ عَلىَٰ نوُرٍ ۗ يهَأ سَسأ يضُِيءُ وَلوَأ لمَأ تمَأ

ءٍ عَلِيمٌ  ُ بِكُل ِ شَيأ ثاَلَ لِلنهاسِ ۗ وَاللَّه مَأ ُ الْأ رِبُ اللَّه  (35). يشََاءُ ۚ وَيضَأ

العلي العظيمصدق الله   

35لنور الَّية سورة ا                                                 
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Abstract 

This study is about a paracompact map by relying on the 

paracompact space and trying to address some real-life problems. The use 

of the relationships between a paracompact map with a Bourbaki proper 

map and a closed map helps to satisfy certain basic characteristics of this 

map. The paracompact map has been generalized to other new types of 

maps and has been linked to these new maps. Accordingly, these new 

types of maps have been separated into two classes. The first class is 

called a strong form, which implies a paracompact map under certain 

conditions. The other class is called a weaker form of a paracompact map, 

where the paracompact map implies them. Finally, the composition 

operations of paracompact maps are studied. A motivational utilization of 

G-space leads to defining a paracompact G-space and proving that 

paracompactness implies a G-space under certain conditions. Different 

types of paracompact actions are presented, such as nearly paracompact, 

compact, fully normal, and metacompact. In addition, a fuzzy 

paracompact map is introduced, and some of its properties are proposed. 

The final results depict the relationships between the fuzzy paracompact 

map and important maps such as closed maps and proper maps. Finally, 

the concept of the fuzzy paracompact map is generalized to fuzzy 

topographic topological mapping (FTTM). 
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Introduction 

        

Paracompactness is a very useful property in topology because it 

implies many important results, such as the existence of partitions of 

unity and the extension of continuous functions from closed subsets to the 

whole space. On another side, maps between topological spaces provide a 

powerful tool for studying the properties of topological spaces and their 

behavior under continuous transformations. By analyzing the maps 

between different spaces, we can gain insight into their properties and 

understand the structure of topological spaces more deeply. 

The motivation of compactness into topology was beginning to 

generalize the properties of the bounded and closed subset ℝ𝑛. In 1944, 

Dieudonné [1] introduced a wider class of compact spaces, namely 

paracompact spaces. In 1951, Dowker [2] had given generalization of 

paracompact spaces by introducing the class of countably paracompact 

spaces. Through the use of α-open, pre-open, semi-open, regular open, 

and β-open sets, new generalizations of paracompact spaces were given. 

Nearly paracompact space was defined by Singal and Arya [3] using the 

regular open. In 2006, Al-Zoubi [4] introduced the notion of S-

paracompact space using a semi-open set. Demir and Ozbakir [5] defined 

2013  β -paracompact spaces, by replacing the open cover with a β-open 

cover in the definition of paracompact space.  

The concept of the fuzzy set was introduced in 1965 by Zadeh [6]. 

Fuzzy topology is a kind of topology developed on fuzzy sets, for the first 

time Chang [7] defined fuzzy topological spaces (𝕎,T) in the framework 

of fuzzy sets in 1968.  Lowen [8] in 1976, has given another definition for 

a fuzzy 'topology by including all constant functions instead of just 0 and 

1 (where 0 and 1 are fuzzy sets which take every x ∈ 𝕎 to 0 and every 
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x ∈ 𝕎 to 1 respectively) of Chang's definition. In this work, we are 

following Lowen's definition. 

 In 1981, fuzzy paracompact was initiated by S. R. Malghan and S. S. 

Benchalli [9]. Also In 1985, Hu Chang-ming introduces the concept of 

paracompact in fuzzy topological space [10]. In 1992, Al-Munsef 

introduced the concept of fuzzy paracompact and *fuzzy paracompact. In 

2005, Qutaiba Ead Hassanin in introduced characterizations of fuzzy 

paracompactness [11]. In 2018, Munir Abdul Khalik introduced and 

studied the fuzzy b-paracompact space and its relation of it to fuzzy 

paracompact spaces [12]. 

On the other hand, there are maps known as parallel advanced spaces. 

In 1947, Halfar [13] introduced the concept of a compact map in a metric 

space. Garg and Goel [14] 1993 initiated a countably compact map and 

then Buhagiar [15] 1997 introduced the notion of a paracompact map. 

After that, in 2003 a countably paracompact map was defined by AL-

Zoubi and Hdeib [16]. 

The theory of dynamical systems was developed to describe trajectory 

behaviors, within this theory has been dealt with (ℝ− 𝑠𝑝𝑎𝑐𝑒 or ℤ −

𝑠𝑝𝑎𝑐𝑒), as a special case of general theory is said to be topological 

transformation group (𝔾-space theory). The properties of the general 

topological transformation group investigated in several studies have 

been presented with these types of functions to clarify. Most of the basic 

concepts of  𝔾-space were discussed by Palais [17], which is significantly 

taken with 𝔾 as a compact (Lie) group and 𝕎 as a completely regular 

topological space. On the other hand, Bourbaki  [18], introduced the 

concept of proper 𝔾-space for any topological group and general 

topological space. After Palais and Bourbaki's work, many studies had 

arisen to investigate conditions on the topic. Saddam had studied a new 

type of group action namely Strongly Bourbaki proper actions [19]. 
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Feebly Bourbaki's proper action in traduced introduced in 2005 by AL-

Badairy [20]. Then, δ-proper Action was presented by Saad [21].  

Fuzzy Topographic Topological Mapping (FTTM) is a model which 

was built to solve neuromagnetic inverse problems to determine the 

cerebral current sources. In 1999, a fuzzy modeling research group 

(FMRG) at UTM led by Prof. Dr. Tahir Ahmad developed software for 

determining the location of epileptic foci in epilepsy disorder patients. 

The first version (FTTM1) of FTTM was introduced by Yun [22] in 

2001. FTTM1 consists of three algorithms that link among the four 

components of the model. The four components of FTTM1 are the 

magnetic contour plane (MC), base magnetic plane (BM), fuzzy magnetic 

field (FM), and topographic magnetic field (TM) [24].  FTTM2 is the 

extended version of  FTTM1which is specifically designed to solve the 

inverse problem of the multi-current source. Similar to FTTM1, the 

model is comprised of four components. They are Magnetic Image Plane 

(MI), Base Magnetic Image Plane (BMI), Fuzzy Magnetic Image Field 

(FMI), and Topographic Magnetic Image Field (TMI). The four 

components are linked by three different equations [25]. In 2005, Tahir  

et al. [26] proved that the components of FTTM1 are topological spaces 

and they verified the homeomorphisms between the components of 

FTTM1. Notice that Yun [24] confirmed that the components of FTTM2 

are also topological spaces  Additionally, FTTM1, as well as FTTM2, are 

specially designed to have equivalent topological structures between their 

components, whereas the homeomorphisms between the components of 

FTTM2 were proved by Yun [24].  

Added to this, the sequence of n versions of FTTM was defined by 

Tahir et al.[27] in 2010 as FTTM1, FTTM2, FTTM3,…, FTTMn for 

nℤ+. 
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A sequence of n versions of FTTM is defined as FTTM1, FTTM2, 

FTTM3,…, FTTMn such that MC 𝑣 MC 𝑣+1, BM 𝑣 BM 𝑣+1, FM 𝑣 

FM 𝑣+1, and TM 𝑣 TM 𝑣+1, for v=1,2,..,(n-1), and n ℤ+ [22].  

This thesis aims to study more broadly the paracompact map and it  

contains six chapters, starting with the mathematical background. In the 

first chapter that includes the basic definitions and theories for the rest 

chapters as paracompactness as a space in various types with G-space and 

the fuzzy topological space. 

  The next four chapters contain the major contributions of the study. 

In Chapter 2, a paracompact map is initiated. The properties of this map 

are investigated. In addition, the relationships between a paracompact 

map with Bourbaki proper map and a closed map are discussed. The 

concept of Pa-closed space is introduced, and its properties are 

investigated. The paracompactly closed set and paracompactly closed 

map are given and the composition of the paracompactly closed maps is 

discussed.   

Chapter 3 presents a paracompact map under certain conditions. The 

chapter describes new weaker and strong forms of maps by using the 

concept of paracompactness and investigating their composition in 

various cases.  

Chapter 4 focuses on introducing a paracompact action map. Some 

theorems relating to revised properties of paracompact action map and 

paracompact G-space are derived. Indeed, various types of paracompact 

action are presented, which are nearly paracompact, compact, fully 

normal, and metacompact.  

Chapter five is mainly devoted to introducing a fuzzy paracompact 

map and applying it to a mathematical model of fuzzy topographic 

topological mapping (𝐹𝑇𝑇𝑀). Some more theorems are derived and 
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proven that the fuzzy map between the fuzzy component FM in 𝐹𝑇𝑇𝑀1 

and the corresponding component FMI in 𝐹𝑇𝑇𝑀2 is a fuzzy paracompact 

map. These theorems are based on the properties of the components and 

maps in fuzzy topographic topological mapping. The map between the 

components of 𝐹𝑇𝑇𝑀 proves that paracompact, countably paracompact, 

compact, countably compact, metacompact, countably metacompact, 

nearly paracompact, fully T4, and fully normal.  

Chapter six focuses on the conclusions and future work of the 

research. The major contributions and findings of the research and future 

recommendations are given. Lastly, the cited references are given at the 

end of the thesis. 
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1.1 Basic Definition on Paracompact Spaces 

Definition 1.1.2 [28]  

A subset 𝐴 of a space 𝕎 is called α-open  if 𝐴 ⊆  𝑖𝑛𝑡(𝑐𝑙(𝑖𝑛𝑡(𝐴))). 

Definition 1.1.3 [29]  

A subset 𝐴 of a space 𝕎 is called preopen if 𝐴 ⊆  𝑖𝑛𝑡(𝑐𝑙(𝐴)). 

Definition 1.1.4 [30]  

A subset 𝐴 of a space 𝕎 is called semi open  if 𝐴 ⊆  𝑐𝑙(𝑖𝑛𝑡 (𝐴)). 

Definition 1.1.5 [31]  

A subset 𝐴 of a space 𝕎 is called β-open  if 𝐴 ⊆  𝑐𝑙(𝑖𝑛𝑡(𝑐𝑙(𝐴))). 
 

Definition 1.1.6 [32]  

A subset 𝐴 of a space 𝕎 is called regular open if  𝐴 = 𝑖𝑛𝑡(𝑐𝑙(𝐴)). 
 

Definition 1.1.7 [33]  

A 𝐺𝛿 set is a countable intersection of open set. 

Definition 1.1.8  [34]. 

A map ℒ from 𝕎 into 𝕄 is called paracompact, if for every y ∈ 𝕄 and 

every family 𝕌 = {U}∈I of open subsets of 𝕎 satisfying ℒ−1({y}) ⊆

⋃𝕌, there exists a neighborhood Vy of y such that ℒ−1({y}) is covered 

by 𝕌 and {U⋂ℒ
−1(Vy)}∈I has an open refinement 𝕍  such that 𝕍 is 

locally finite at ℒ−1({y}). 

Definition 1.1.9 [33] 

A space 𝕎 is said to be compact if every open cover of it has a finite 

subcover. 

Definition 1.1.10 [33] 

Let 𝕊 be a cover for a space 𝕎 with a topology 𝜏 and 𝒱 is an open cover 

for 𝕎, then 𝒱 is called open refinement of 𝕊 if ∀ 𝑉 ∈ 𝒱: ∃U ∈ 𝕊: 𝑉 ⊆ U 

and 𝒱 ⊆ τ. 

Definition 1.1.11 [1] 

A space 𝕎 is said to be paracompact if any open cover of it has a locally-

finite open refinement. 

Definition 1.1.12 [33] 
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A collection of subsets 𝕊 = {𝑆𝑖}𝑖∈𝐼 of a space 𝕎 is said to be; 

1) Discrete if each point 𝑥 ∈ 𝕎 has a neighborhood intersecting at 

most one of the sets in 𝕊. 

2) Locally-finite if each point 𝑥 ∈ 𝕎 has a neighborhood intersecting 

at most finitely many of the sets in 𝕊. 

3) Point-finite if each point 𝑥 ∈ 𝕎 is contained in at most finitely 

many of the sets in 𝕊. 

Definition 1.1.13  [35] 

Let 𝕎 be a set and let 𝕊 be a covering of 𝕎, that is 𝕎 = ⋃ { U : U ∈ 𝕊 } and 𝒱 

is a refinement of 𝕊. Given a subset 𝑆 of 𝕎, the star of 𝑆 with respect to 𝕊 is the 

union of all the sets U ∈ 𝕊 that intersect 𝑆, that is st(S, 𝕊)= ⋃ {  U ∈ 𝕊: 𝑆 ∩ U ≠

∅ }. Given a point 𝑥𝜖𝕎 , we write st(x, 𝕊) instead of st({x}, 𝕊).The covering 𝒱 is  

called a star refinement of 𝕊 if for every U ∈ 𝕊 the star st(U, 𝕊) is contained in 

some 𝑉∈𝒱. 

Definition 1.1.14  [36] 

Let 𝕎 be a space and let 𝑥 be any arbitrary point in a space 𝕎. A class 

B𝑥 of open sets containing 𝑥 is called a local base at 𝑥 if, for each open 

set U containing 𝑥, there is U𝑥 ∈ B𝑥 with the property 𝑥 ∈ U𝑥U. 

Definition 1.1.15 [37] 

A space 𝕎 is said to be: 

(i) Separable if it has a countable dense subset. 

(ii) Second countable (or completely separable or perfectly separable) 

if it has a countable basis.  

(iii) First-countable if it has a countable local basis. 

Definition 1.1.16 [33] 

A space 𝕎 is said to be a countably compact if every countable open 

cover of it has a finite subcover. 

Definition 1.1.17 [33] 

A space 𝕎 is said to be a Lindelöf space if every open cover of 𝕎 has a 

countable subcover. 

Definition 1.1.18 [13] 

Let 𝕎 and 𝕄 be two spaces. A map ℒ:𝕎𝕄 is known  as compact 

providing the pre-image of any compact set in 𝕄 is compact in 𝕎. 

Definition 1.1.19 [35] 
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A space 𝕎 is called extremally disconnected (briefly e.d.) if the closure 

of every open set in 𝕎 is open. 

Definition 1.1.20 [35] 

A space 𝕎 is called completely extremally disconnected if it is 

extremally disconnected and 𝐴̅ ⋂ 𝐵̅ = ∅ for each 𝐴, 𝐵 ⊆ 𝕎. 

Definition 1.1.21 [2] 

A space 𝕎 is called countably paracompact (some time called binormal) 

if every countable open covering has a locally finite open refinement. 

Definition 1.1.22 [4] 

A space 𝕎 is said to be S-paracompact if any open cover of it has a 

locally-finite semi-open refinement. 

Definition 1.1.23 [38] 

A space 𝕎 is said to be nearly paracompact if every regularly open 

covering admits a locally finite open refinement.  

Definition 1.1.24 [39] 

A space 𝕎 is metacompact if every open cover of 𝕎 has a point finite 

open refinement. 

Definition 1.1.25 [40] 

A space 𝕎 is countably metacompact if every countable open cover of 𝕎 

has a point finite open refinement. 

Definition 1.1.26 [5] 

A space 𝕎 is said to be β-paracompact if every open cover of 𝕎 has a β-

locally finite β-open refinement. 

Definition 1.1.27 [33] 

A space 𝕎 is said to be fully T4 if every open cover of 𝕎 has a star 

refinement. 

Definition 1.1.28 [41] 

A space 𝕎 is said to be fully normal if every open cover of 𝕎 has star  

refinement and all points of 𝕎 are closed . 

Definition 1.1.29 [42] 

A topological space 𝕎 is called submaximal if each dense subset of 𝕎 is 

open in 𝕎. 
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Definition 1.1.30 [43] 

A topological space 𝕎 is said to be almost countably compact space, if 

for every countable open cover {U𝑛: 𝑛 ∈ ℕ} of 𝕎, there exist a finite 

subset {U𝑛𝑖}𝑖=1
𝑚 , where 𝑚 ∈ ℕ provided that 𝕎 = ⋃  𝑚

𝑖=1 𝑐𝑙(U𝑛𝑖). 

Definition 1.1.31 [44] 

A space 𝕎 is known a semi-Hausdorff if any two distinct points 𝑥 and 𝑦 

in 𝕎 have their own semi-open sets 𝑆𝑂(𝑥) and 𝑆𝑂(𝑦) such that 𝑆𝑂(𝑥) ∩

 𝑆𝑂(𝑦) = ∅.   

Definition 1.1.32 [43] 

A space 𝕎 is said to be as almost compact providing every open covering 

of 𝕎 has a finite subcollection, the closures of whose members cover 𝕎. 

Definition 1.1.33 [3] 

A space 𝕎 is said to be almost regular, if for each regular closed set 𝔾 

and each point 𝑥 ∈ 𝕎−𝔾, there exist disjoint open sets U and V such 

that 𝑥 ∈ U and 𝔾  V. 

Definition 1.1.34 [44] 

A space 𝕎 is said to be pre-regular space if every closed set 𝔾 and every 

point 𝑥 ∉ 𝔾, there exists pre-open sets 𝑈 and 𝑉 such that 𝑥 ∈  𝑈, 𝔾 ⊂

 𝑉 and 𝑈 ∩  𝑉 =  ∅. 

Definition 1.1.35 [45] 

 Let  𝕎 and 𝕄 be two spaces. Then: 

1- A map ℒ:𝕎𝕄 is known as a countably compact providing the 

pre-image of any closed and countably compact set in 𝕄 is countably 

compact in 𝕎. 

2-  A map ℒ:𝕎𝕄 is known as an Almost countably compact 

providing the pre-image of any closed and Almost countably 

compact set in 𝕄 is Almost countably compact in 𝕎. 

3-  A map ℒ:𝕎𝕄 is said to be weakly countably compact providing 

the pre-image of any closed and weakly countably compact set in 

𝕄 is weakly countably compact in 𝕎. 

4-  A map ℒ:𝕎𝕄 is called sequentially compact providing the pre-

image of any closed and sequentially compact set in 𝕄 is 

sequentially compact in 𝕎. 
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5-  A map ℒ:𝕎𝕄 is called pseudo-compact providing the pre-image 

of any closed and pseudo-compact set in 𝕄 is pseudo-compact 

in 𝕎. 

6-  A map ℒ: 𝕎  𝕄 is said to be a feebly compact map providing the 

pre-image of any closed and feebly compact set in 𝕄 is feebly 

compact set in 𝕎. 

7-  A map ℒ: 𝕎  𝕄 is known as a semi-compact map providing the 

pre-image of any open and semi-compact set in 𝕄 is semi-compact 

set in 𝕎. 

8-  A map ℒ: 𝕎  𝕄 is called is a nearly compact map providing the 

pre-image of any nearly compact and 𝛼 − 𝑜𝑝𝑒𝑛 𝑠𝑒𝑡 in 𝕄 is nearly 

compact set in 𝕎. 

9-  A map ℒ:𝕎  𝕄 is known as a po-compact map providing the pre-

image of any po-compact and 𝛼 − 𝑜𝑝𝑒𝑛 𝑠𝑒𝑡 in 𝕄 is po-compact 

set in 𝕎. 

10-  A map ℒ:𝕎  𝕄 is called is an almost compact map providing 

the pre-image of any open and almost compact set in 𝕄 is an 

almost compact set in 𝕎. 

Definition 1.1.36 [18]  

Let 𝕎 and 𝕄 be spaces. Then, a map ℒ:𝕎𝕄 is said to be proper if: 

  ℒ is a continuous map. 

  ℒ × I𝔼:𝕎 × 𝔼𝕄× 𝔼 is closed, for any space 𝔼. 

Definition 1.1.37 [46]  

A space 𝕎 is said to be P-space if any 𝐺𝛿 set in 𝕎 is open. 

Definition 1.1.38 [33]  

A space 𝕎 is called a  sequentially compact if every sequence has a 

convergent subsequence. 

Definition 1.1.39  [33]  

A space 𝕎 is known as pseudo-compact in any case that any real-valued 

map on 𝕎 is bounded. 

Definition 1.1.40 [35]  

A net in a set 𝕎 is a mapping χ : D → 𝕎 , where D is a directed set . The 

point χ(d) is usually denoted by χd . 
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1.2 Basic Theorems on Paracompact Spaces 

Theorem 1.2.1 [47] 

Semi-regularization is inherited by open subspaces and dense subspaces. 

Theorem 1.2.2 [48] 

Let 𝕎 be a Hausdorff space. 𝕎 is hereditarily extremally disconnected if 

and only if it is a completely extremally disconnected. 

Theorem 1.2.3 [49] 

Every subspace 𝐾 of a submaximal space 𝕎 is submaximal. 

Theorem 1.2.4 [36] 

A Hausdorffness is a hereditary property. 

Theorem 1.2.5 [47] 

Every subspace of regular space is regular. 

Theorem 1.2.6 [47] 

Every closed subspace of normal space is normal. 

Theorem 1.2.7 [47] 

A closed subset of a Lindelöf space, is a Lindelöf subspace. 

Theorem 1.2.8 [33] 

Every paracompact space is a countably paracompact. 

Theorem 1.2.9 [33] 

Every countably compact space is a countably paracompact space. 

Theorem 1.2.10 [2] 

Every closed subspace of compact (res. paracompact, countably compact, 

countably paracompact) space is compact (res. paracompact, countably 

compact, countably paracompact). 

Theorem 1.2.11 [50] 

A Hausdorff space implies semi-Hausdorff space. 

Theorem 1.2.12 [51] 

Any Hausdorff space is a pre-regular space. 

Theorem 1.2.13 [52] 
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A topological space 𝕎 is semi-regular and almost regular if and only if it 

is regular. 

Theorem 1.2.14 [4] 

Every extremally disconnected S-paracompact T2-space is Paracompact. 

Theorem 1.2.15 [2] 

Every compact space is paracompact. 

Theorem 1.2.16 [53] 

Every compact subset of Hausdorff space is closed. 

Theorem 1.2.17 [33] 

i) Every compact space is a Lindelof. 

ii) Every compact is countably compact space. 

Theorem 1.2.18 [54] 

A continuous image of a compact space is compact. 

Theorem 1.2.19 [33] 

If a space 𝕎 is a countably compact and paracompact, then it is compact. 

Theorem 1.2.20 [33] 

Every countably paracompact and Lindelöf space is paracompact. 

Theorem 1.2.21 [33] 

Every countably paracompact (or binormal) space is normal. 

Theorem 1.2.22 [33] 

Every countably paracompact space is countably metacompact. 

Theorem 1.2.23  [55] 

Every normal metacompact space is countably paracompact space. 

Theorem 1.2.24 [33] 

Every metacompact space is a countably metacompact. 

Theorem 1.2.25 [33] 

Every paracompact space is a metacompact. 

Theorem 1.2.26 [33] 

Every metacompact countably compact space is compact space. 
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Theorem 1.2.27 [38] 

Every Lindelöf countably metacompact space is metacompact space. 

Theorem 1.2.28 [4] 

Every paracompact space is S-paracompact. 

Theorem 1.2.29 [38] 

Every paracompact space is nearly paracompact.  

Theorem 1.2.30 [38] 

Nearly paracompactness and paracompactness are equivalent on semi-

regularization space. 

Theorem 1.2.31 [56] 

Every regular space is semiregular. 

Theorem 1.2.32 [5] 

Every S-paracompact space is β-paracompact. 

Theorem 1.2.33 [5] 

Every paracompact space is a β-paracompact. 

Theorem 1.2.34 [5]  

Let 𝕎 be an e.d. submaximal space. If 𝕎 is a β-paracompact space then 

𝕎 is paracompact space. 

Theorem 1.2.35 [33] 

Every fully T4 and Hausdorff space is paracompact. 

Theorem 1.2.36 [33] 

A space 𝕎 is fully normal if it is fully T4 and T1-space. 

Theorem 1.2.37 [33] 

Every fully normal space is fully T4. 

Theorem 1.2.38 [57]  

Every fully normal and T1- space is paracompact. 

Theorem 1.2.39 [58] 

Hausdorff  and paracompact space is fully normal. 

Theorem 1.2.40 [59] 

Any countably compact space is almost countably compact space 
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Theorem 1.2.41 [60] 

Every regularly closed subset of an almost countably compact space is 

almost countably compact. 

Theorem 1.2.42 [33] 

Every paracompact space is countably paracompact.  

Theorem 1.2.43 [35] 

Let 𝕎 and 𝕄 be two spaces. A map  ℒ: 𝕎  𝕄 is continuous if ℒ−1(K) 

is closed in 𝕎 for each closed set K in 𝕄. 

Theorem 1.2.44 [45]  

1- Every compact map onto a Lindelöf space is a countably compact 

map. 

2- Every compact map onto a Hausdorff and Lindelöf space is a 

weakly countably compact map 

3- Every compact map onto a regular and Lindelöf space is an almost 

countably compact map. 

4- Every compact map onto a Lindelöf and regular space is a pseudo-

compact map. 

5- Every compact map of a first-countable space onto a Lindelöf and 

regular space is a sequentially compact map. 

6- Every compact map onto a Lindelöf and regular space is a feebly 

compact map. 

7- Every compact map onto a semi-Hausdorff space is a semi-

compact map. 

8- Every compact map onto a Lindelöf and pre-regular space is a 

nearly compact map. 

9- Every compact map onto a Lindelöf and pre-regular space is a po-

compact map. 

10- Every compact map onto a Hausdorff and almost regular space is 

an almost compact map. 

Theorem 1.2.45 [56] 

Let 𝕎 be a space and  𝐴 be a subset of 𝕎, 𝑥 𝕎. Then 𝑥 A if and only 

if there exists a net in 𝐴 which converges to 𝑥. 
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Theorem 1.2.46 [18]  

Let 𝕎 and 𝕄 be spaces and ℒ:𝕎𝕄 is a continuous map. Then, the 

following statements are equivalent: 

(i)  ℒ is a proper map. 

(ii)  ℒ is a closed map and ℒ−1({𝑦}) is compact for each  y ∈ 𝕄. 

(iii) If (χd) are a net in 𝕎 and 𝑦 ∈ 𝕄 is a cluster point of the net  ℒ(𝜒𝑑), 

then there is a cluster point 𝑥 ∈ 𝕎 of (χd), such  that ℒ(𝑥) = 𝑦. 

Proposition 1.2.47 [18] 

Let ℒ1:𝕎1𝕄1 and ℒ2:𝕎2𝕄2 maps, then ℒ1 × ℒ2:𝕎1 ×

𝕎2𝕄1 ×𝕄2 is proper if and only if ℒ1and ℒ2are proper. 

Proposition 1.2.48 [36] 

A continuous map ℒ:𝕎𝕄 is closed if and only if for every F ⊆ 𝕄 and 

every open set U ⊆ 𝕎 which contains ℒ−1(F), there exists an open set 

A ⊆ 𝕄  containing F such that  ℒ−1(A) ⊆ U. 

Proposition 1.2.49 [39] 

A continuous map ℒ:𝕎𝕄 is closed if and only if for every point y ⊆

𝕄 and every open set U ⊆ 𝕎 which contains ℒ−1({y}), there exists 

neighborhood set V of y  in a space 𝕄 such that  ℒ−1(V) ⊆ U.  

Proposition 1.2.50 [18] 

Let ℒ:𝕎𝕄 be a proper map. If H is a subset of 𝕄, then 

ℒH
 : ℒ−1(H)H is proper.  

Proposition 1.2.51 [18] 

If 𝒥oℒ is proper and 𝒥 is injective open, then a continuous map  ℒ is 

proper. 

Proposition 1.2.52 [5] 

The topological product 𝕎×𝕄 of compact space 𝕎 and a paracompact 

space 𝕄 is paracompact. 

Proposition 1.2.53 [18] 

Let ℒ:𝕎𝕄 = {𝑦} be a map and 𝑦 ∉ 𝕎, then ℒ is proper if and only if 

𝕎 is compact set. 

Proposition  1.2.54[18] 

If 𝕎 is any compact space and 𝕄 is topological space, then the projection 

ℙ𝕣2:𝕎 ×𝕄𝕄 is proper. 
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Proposition  1.2.55 [18] 

Every continuous map ℒ of a compact space 𝕎  into a Hausdorff space 

𝕄 is proper. 

Proposition 1.2.56 [61]  

Every second countable space is Lindelöf space. 

Proposition 1.2.57 [62]  

A Lindelöf subspace of Hausdorff  P-space is closed. 

Proposition 1.2.58 [1]  

The intersection of a compact set with a closed set is compact. 

Theorem 1.2.59 [57] 

Every metrizable space is paracompact. 

Theorem 1.2.60 [57] 

A metrizable is topological property. 

Theorem 1.2.61 [63]  

The component M1 of FTTM1 is compact, countably compact, Lindelöf, 

T0, T1, T2, regular, T3, normal, T4 and metrizable. 

Theorem 1.2.62 [63]  

Each component in the sequence of n FTTM are compact, countably 

compact, Lindelöf, T0, T1, T2, regular, T3, normal, T4 and metrizable., for 

n ℤ+. 

Theorem 1.2.63 [18]  

Let 𝕎 , 𝕄 be two topological spaces. In order that a mapping ℒ:𝕎𝕄 

should be continuous it is necessary and sufficient that the mapping 

𝒥: x(x, ℒ(𝑥)) is a homeomorphism of 𝕎 onto the graph 𝔾 of ℒ. 

Theorem 1.2.64 [18]  

If ℒ is a continuous mapping a topological space 𝕎 into a Hausdorff 

space 𝕄, then the graph of ℒ is closed in 𝕎×𝕄. 

The following figure illustrates the relationships between certain 

types of paracompact spaces and compact spaces that are needed in our 

work. 
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Figure 1.1 Relationships between Certain Types of Paracompact Spaces 
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Figure 1.2 [26] Relationships between Certain Types of Compact Spaces.
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1.3 Important Definitions and Concepts of G-space 

Definition 1.3.1 [64]  

A topological group is a set 𝔾 with two structures: 

(i) 𝔾 is a group. 

(ii) 𝔾 is a space. such that the two structures are compatible, i.e, the 

multiplication map Ω:𝔾 × 𝔾𝔾 which is defined by Ω(𝑔1, 𝑔2) =

𝑔1. 𝑔2, ∀(𝑔1, 𝑔2) ∈ 𝔾 × 𝔾 and the inversion map 𝑣:𝔾
        
→ 𝔾 which 

is defined by 𝑣(𝑔) = 𝑔−1 for all 𝑔 ∈ 𝔾, are both continuous maps. 

In other words, the map θ:𝔾 × 𝔾𝔾 which is defined by 

θ(𝑔1, 𝑔2) = 𝑔1. 𝑔2
−1, ∀ (𝑔1, 𝑔2) ∈ 𝔾 × 𝔾, is a continuous map. 

 

Definition 1.3.2 [64]  

A topological subgroup 𝐻 of a topological group 𝔾, is a subgroup of the 

group 𝔾 with the relative topology from the space 𝔾. 

 

Definition 1.3.3 [64]  

A group action is defined as a continuous map 𝜑:𝔾 ×𝕎𝕎 [𝔾 is a 

topological group and 𝕎 is any space ] such that 𝜑(𝑒, 𝑥) = 𝑥, for all 𝑥 ∈

𝕎 and 𝜑(𝑔1, 𝜑(𝑔2, 𝑥)) = 𝜑(𝑔1𝑔2, 𝑥) for all 𝑥 ∈ 𝕎,𝑔1, 𝑔2 ∈ 𝔾, The 

triple (𝔾,𝕎, 𝜑) is called a (left) topological transformation group and 𝕎 

is called a 𝔾–space on 𝔾. 

Definition 1.3.4 [64]  

A subgroup action is defined as a continuous map 𝜑:𝐻 × 𝐵𝐵 [𝐻 is a 

topological subgroup of 𝔾 and B is any subset of 𝕎 which is a 𝔾–space 

on 𝔾] such that 𝜑(𝑒, 𝑥) = 𝑥, for all 𝑥 ∈ 𝐵 and 𝜑(𝑔1, 𝜑(𝑔2, 𝑥)) =

𝜑(𝑔1𝑔2, 𝑥) for all 𝑥 ∈ 𝐵, 𝑔1, 𝑔2 ∈ 𝐻, The triple (𝐻, 𝐵, 𝜑) is called a (left) 

topological transformation group and 𝐵 is called 𝐻–space on 𝐻. 

Proposition 1.3.5 [65]  

Let 𝔾 be a topological group and let 𝐻 be a normal subgroup of group 𝔾. 

Then, 𝔾/𝐻 is a topological group. 𝔾/𝐻 = {𝑔𝐻: 𝑔 ∈ 𝔾} and 𝑔.𝐻 =

{𝑔ℎ|ℎ ∈ 𝐻}. 

Remark 1.3.6 [66]  

Let 𝕎 be a 𝔾-space. If 𝐻 ⊆ 𝔾 and 𝐴 ⊆ 𝕎, then 𝐴 is said to be invariant 

under 𝐻 if and only if 𝐻.𝐴 ⊆ 𝐴. 
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Definition 1.3.7 [65]  

Let 𝕎 be a 𝔾-space and ∈ 𝕎 , then: 

(1) The set 𝔾. 𝑥 = {𝑔. 𝑥: 𝑔 ∈ 𝔾} is said to be the orbit of 𝑥 under 𝔾. 

The set 𝔾𝑥 = {𝑔 ∈ 𝐺: 𝑔. 𝑥 = 𝑥 } is said to be the 

        stability subgroup of 𝔾 at 𝑥. 

(2) The set 𝐾𝑒𝑟(𝜑) = {𝑔 ∈ 𝐺: 𝑔. 𝑥 = 𝑒 for all 𝑥 ∈ 𝕎 } is said to be 

the kernel of the action 𝜑. Notice that 𝐾𝑒𝑟(𝜑) = ⋂ 𝔾𝑥𝑥∈𝕎 . 

(3) Let 𝑅 be a relation on 𝔾 defined as follows: 

 ∀ 𝑥, 𝑦 ∈ 𝕎, 𝑥𝑅𝑦
       
⇔ ∃𝑔 ∈ 𝔾, such that 𝑔. 𝑥 = 𝑦. Then, 𝑅 is an 

equivalence relation and the equivalence class of 𝑥 is 𝔾 . 𝑥 the orbit 

of 𝑥 under 𝔾, and 𝕎/𝔾 with the quotient topology is called 

quotient space or the orbit space induced by the equivalence 

relation 𝑅 which is defined by 𝔾 on 𝕎, and the map                  

𝜋:𝕎
       
→ 𝕎/𝔾, such that 𝜋(𝑥) =  𝔾. 𝑥, for all 𝑥 ∈ 𝕎 is called 

natural projection map onto the orbit space. 

Recall, an action of 𝔾 on 𝕎 is said to be Free if 𝔾𝑥 = {𝑒} for each 

𝑥 ∈ 𝕎. 

 

Remarks 1.3.8 [67]  

(i)  If 𝔾 is freely on 𝕎 and 𝑅 equivalence relation 𝑅 which is defined 

by 𝔾 on 𝕎, and 𝔾𝑅(𝑅) ⊆ 𝕎×𝕎 is the graph of 𝑅, then         

Φ:𝔾𝑅(𝑅)
       
→ 𝔾 such that Φ(𝑥, 𝑦) = 𝑔,[where 𝑔 ∈ 𝔾 and 𝑦 = 𝑔. 𝑥] 

is a surjective map. 

(ii) Let 𝕎 be a 𝔾-space. If 𝔾 is freely on 𝕎, then the map           

 ℓ: 𝔾 ×𝕎𝕎×𝕎 which is defined by  ℓ(𝑔, 𝑥) = (𝑥, 𝑔. 𝑥) for 

each (𝑔, 𝑥) ∈ 𝔾 ×𝕎, is an injective map. 

Definition 1.3.9[66]  

Let  ℒ:𝕎𝕄  and 𝒥:𝕎𝔼 be two maps. Then, ℒ∆𝒥:𝕎𝕄× 𝔼 is 

called the diagonal map, which is defined by (ℒ∆𝒥)(𝑥) = (ℒ(𝑥), 𝒥(𝑥)), 

for each 𝑥 ∈ 𝕎.  

Lemma 1.3.10 [68]  

If 𝔾 is a topological group and 𝐻 is a normal subgroup, then 𝔾 𝐻⁄  is 

Hausdorff if and only if 𝐻 is closed. 
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1.4  Basic concepts of fuzzy topological space 

Remarks 1.4.1 [69]  

1- For any set 𝕎, 𝐼𝕎denotes the collection of all functions on 𝕎 

to 𝐼 = [0,1]. 𝐼𝕎 = {𝜆: 𝜆 ∈ 𝕎× I} where 𝜆 = {(𝑥, 𝑓𝜆(𝑥))|𝑓𝜆:𝕎 →

[0,1]} .A member 𝜆 of 𝐼𝕎 is called a fuzzy set of 𝕎. 

2- The union ⋁𝜆𝛼(the intersection ⋀𝜆𝛼) of a family {𝜆𝛼} of fuzzy 

sets of 𝕎 is defined to be the fuzzy set sup𝜆𝛼 (inf 𝜆𝛼). 

3- For any two members 𝜆 and 𝜇 of 𝐼𝕎 ; 𝜆 ≥ 𝜇 if and only if 𝜆(𝑥) ≥ 

𝜇(𝑥), for each 𝑥 ∈ 𝕎, and in this case, 𝜆 is said to contain 𝜇 or 𝜇 is 

said to be contained in 𝜆 .  

4- The constant maps 0 and 1 take the whole of 0 and 1, respectively. 

5- The complement 𝜆𝑐of a fuzzy set 𝜆 of 𝕎 is 1 − 𝜆, defined by ( 1 −

𝜆)(𝑥) = 1 − 𝜆(𝑥), for each 𝑥 ∈ 𝕎. 

Definition 1.4.2 [70]  

Let ℒ:𝕎 → 𝕄 be a map on 𝕎 to 𝕄. It is a fuzzy set of 𝕎, ℒ(𝜆) is 

defined as follows: 

                      (ℒ(𝜆))(𝑦) = {
sup  𝜆(𝑥)  𝑖𝑓  ℒ−1(𝑦) ≠ ∅;

        𝑥 ∈ ℒ−1(𝑦)

0                      𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒,

 

For each 𝑦 ∈ 𝕄; and if 𝜇 is a fuzzy set in 𝕄, ℒ−1(𝜇) is defined as 

follows: ℒ−1(𝜇)(𝑥) = (𝜇 ∘ ℒ)(x), for each 𝑥 ∈ 𝕎. 

Definition 1.4.3 [70] 

A fuzzy point 𝑥𝜇 in 𝕎 is a fuzzy set defined as follows: 

                             𝑥𝜇(𝑦)={
  𝜇            𝑖𝑓  𝑦 =  𝑥 

 
  0           𝑖𝑓     𝑦 ≠  𝑥

      

Where 0 < 𝜇 ≤ 1; 𝜇 is called its value and 𝑥 in support of  𝑥𝜇. 

The set of all fuzzy points in 𝕎 will be denoted by 𝐹𝑃(𝕎).     

Definition 1.4.4 [8] 

𝑇 ⊂ 𝐼𝕎 is a fuzzy topology on 𝕎 iff: 

(1) ∀ 𝜎 constant,   𝜎 ∈ 𝑇; 

(2) ∀ 𝜆, 𝜇 ∈ 𝑇 ⟹ 𝜆⋀𝜇 ∈ 𝑇; 

(3)  ∀ ( 𝜇𝑖)𝑖∈Γ  ⊂ 𝑇 ⟹ sup𝑖∈Γ 𝜇𝑖 ∈ 𝑇. 
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The pair (𝕎, 𝑇) is called a fuzzy topological space (FTS, for short). A 

fuzzy set 𝜇 ∈ 𝑇 is called a fuzzy open. 𝜇𝑐 is called a fuzzy closed set, 

where 𝜇 is a fuzzy open set. 

 

Definition 1.4.5 [69] 

A fuzzy set 𝜇 in 𝕎 is called quasi–coincident with a fuzzy set 𝜆 in 𝕎 

denoted by 𝜇𝑞𝜆 if and only if 𝜇(𝑥) + 𝜆(𝑥)1, for some 𝑥 ∈ 𝕎. If 𝜇 is not 

quasi–coincident with, then 𝜇(𝑥) + 𝜆(𝑥)1, for every 𝑥 ∈ 𝕎 and 

denoted by 𝜇𝑞̃𝜆. 

Definition 1.4.6 [70] 

Let be FTS and 𝜇 ∈ 𝑇. Then 𝜇 is said to be a quasi-coincident 

neighborhood of a fuzzy point 𝑥𝑡 if 𝜇𝑐(𝑥) < 𝑡. The set of all quasi-

coincident neighborhoods of 𝑥𝑡is denoted by 𝑄(𝑥𝑡).  

𝜇 is called a quasi-neighborhood of fuzzy point 𝑥𝑡 in 𝕎 if and only if 

there exists 𝜆 ∈ 𝑇such that  𝑥𝑡𝑞𝜆 ≤ 𝜇. 

Definition 1.4.7 [8] 

Let ℒ be a map from an FTS (𝕎,T) to an FTS (𝕄, S). Then:  

1- ℒ is said to be a fuzzy continuous (F-continuous) if and only if for 

each fuzzy set 𝜇 ∈ 𝑆, ℒ−1(𝜇) ∈ 𝑇 or equivalently for each fuzzy 

closed set 𝜆 ∈ 𝐹𝑆, then ℒ−1(𝜆) ∈ 𝐹𝑇. 

2- ℒ is a fuzzy open (closed) if and only if for each open (closed) 

fuzzy set 𝜆 in (𝕎,T), ℒ(𝜆) is a fuzzy open (closed) set in (𝕄, S).  

3- ℒ is a fuzzy homeomorphism if it is injective, surjective, F-

continuous, and ℒ−1 is F-continuous. 

Definition 1.4.8 [71] 

Let (𝕎,T) be an FTS. A family {𝜆𝑖: 𝑖 ∈ Γ} of fuzzy subsets of an FTS 

(𝕎, T) is called a locally finite at 𝑥𝑡, if there exists 𝐴 ∈ 𝑄(𝑥𝑡) such that 

𝜆𝑖𝑞 𝐴 holds except for finitely many 𝑖 ∈ Γ.  

      For a fuzzy set 𝜇 ∈ 𝐼𝕎,  𝒜 = {𝜆𝑖: 𝑖 ∈ Γ} of a fuzzy subset of an FTS 

(𝕎, T) is called a locally finite in 𝐴, if 𝒜 is locally finite at every 𝑥𝑡, 

where 𝑡 ≤ 𝐴(𝑥) is for some 𝑥 ∈ 𝕎.  

Definition 1.4.9 [71] 

In an FTS with families 𝕌 and 𝕍 of fuzzy sets, 𝕍 is a refinement of 𝕌, 

written 𝕍 ≤ 𝕌, if and only if for each 𝜇 ∈ 𝕍 there is an 𝜆 ∈ 𝕌 such that 

𝜇 ≤ 𝜆. 
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Definition 1.4.10 [72] 

Let (𝕎,T) be an FTS and 𝛼 ∈ (0,1]. A collection ℬ of fuzzy sets is 

called an 𝛼-Q cover of a fuzzy set 𝜇, if for each fuzzy point 𝑥𝛼with 𝑥𝛼 ≤

𝜇, there exists 𝜆 ∈ ℬ with 𝜆𝑐(𝑥) < 𝛼 (That is 𝑥𝛼 a quasi–coincident with 

𝜆). If ℬ ⊂ 𝑇, then ℬ is called an open 𝛼-Q cover of 𝜇. 

Definition 1.4.11 [72] 

Let (𝕎,T) be an FTS and let 𝜇 ∈ 𝐼𝕎 and 𝛼 ∈ [0,1]. Then 𝜇 is said to be 

𝛼-fuzzy paracompact if, for every open 𝛼-Q cover of 𝒜 of 𝜇, there exists 

an open refinement ℬ of 𝒜 such that ℬ is locally finite in 𝜇 and is an 𝛼- 

Q cover of 𝜇. 

      𝜇 is called a fuzzy paracompact if 𝜇 is 𝛼-fuzzy paracompact for every 

𝛼 ∈ [0,1]. (𝕎, T) is said to be a fuzzy paracompact if 1 fuzzy 

paracompact. 

Definition 1.4.12 [73] 

For each FTS (𝕎,𝑤(𝜏) ), the family of crisp sets [𝜏] = {𝐴 ⊂ 𝕎:𝜒𝐴 ∈ T} 

is called the original topology of 𝑤(𝜏) and the crisp topological spaces 

(𝕎, [𝜏]) are original topological spaces of  (𝕎,𝑤(𝜏)). 

Remark 1.4.13 [73] 

A fuzzy extension of a topological property of (𝕎, 𝜏) is said to be good 

when it is owned by 𝑤(𝜏) whenever the original property is possessed 

by 𝜏.  

Remark 1.4.14 [74] 

(𝕎,𝑤(𝜏)) is a fuzzy paracompact if and only if (𝕎, 𝜏) is paracompact, 

when 𝜏 is the original topology of 𝑤(𝜏). Thus fuzzy paracompact is a 

good extension (in the sense of  R. Lowen) of paracompactness.  

Remark 1.4.15 [72] 

The concept of fuzzy metrizability (fuzzy compact) is a good extension of 

the crisp metrizability (compact) respectively, (in the sense of  Lowen). 

Definition 1.4.16 [69] 

Let 𝕎 and 𝕄 be two FTS, then a fuzzy mapping ℒ:𝕎𝕄 is said to be 

fuzzy proper if: 

  ℒ is F-continuous mapping. 
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  ℒ × I𝔼:𝕎 × 𝔼𝕄× 𝔼 is fuzzy closed, for any fuzzy space 𝔼.    

Definition 1.4.17 [72] 

A fuzzy set 𝜎 ∈ 𝐼𝕎 is fuzzy compact iff for all family 𝛽 ⊂ 𝑇 such that 

sup𝜇∈𝛽  𝜇 ≥ 𝜎 and for all 𝜀 > 0, there exists a finite subfamily 𝛽𝑜 ⊂ 𝛽 

such that  sup𝜇∈𝛽𝑜  𝜇 ≥ 𝜎 − 𝜀. In particular, 𝕎 is a fuzzy compact if 1 is 

a fuzzy compact. 

Let (𝕎,T) be an FTS. Then 𝕎 is called a fuzzy compact space if every 

fuzzy open cover of 𝕎 has a finite subcover. 
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2.1  Characterization of Paracompact Map  

In this section, The properties of paracomact map are investigated. In 

addition, the relationships between a paracompact map with another 

important maps are discussed.  

Proposition 2.1.1. 

A continuous map ℒ from 𝕎 onto 𝕄 is paracompact, if and only if the 

inverse image for any paracompact set in 𝕄 is paracompact set in 𝕎.  

Proof. 

Assume that y ∈ 𝕄 and 𝕌 = {U}∈I is an open cover of ℒ−1({y}), that is 

ℒ−1({y}) ⊆ ⋃𝕌. Choose 𝕄 as the open set containing y. Since {y} is 

paracompact set in  𝕄 and ℒ is paracompact map, then ℒ−1({y}) is 

paracompact set in 𝕎, and so the open cover {U⋂𝕎}∈I = 𝕌 of 

ℒ−1({y}) has open refinement 𝕍 which is locally refinement at ℒ−1({y}). 

Hence ℒ is paracompact map. 

Conversely, suppose that ℒ is paracompact map and let K ⊆ 𝕄 be 

paracompact. For every y ∈ K  and every open cover 𝕌 = {U}∈I of 

ℒ−1(K) such that ℒ−1({y}) ⊆ ⋃𝕌, then there exists a neighborhood Vy of 

y and ℒ−1(Vy) ⊆ ⋃𝕌 also, ℒ−1⋃Vy ⊆ ⋃𝕌. Since ℒ−1(K) ⊆ ℒ−1⋃Vy, 

then {U⋂ℒ
−1⋃Vy}∈I is cover of ℒ−1(K) and it has open refinement 

and so 𝕌 has open refinement, which is locally finite at ℒ−1(K).  ∎  

Proposition 2.1.2.  

If ℒ:𝕎𝕄 is a bijective continuous map, then the following statements 

are equivalent: 

(i)  ℒ is a proper map. 

(ii) ℒ is a paracompact map. 

(iii)  ℒ is a closed map.  

(iv)    ℒ is a homeomorphism of 𝕎 on to closed subset of  𝕄. 

Proof. 

(iii) Suppose that ℒ:𝕎𝕄 is a proper map and K ⊆ 𝕄 is a 

paracompact set in 𝕄. For any open cover 𝕌 = {U}∈I of ℒ−1(K) and 

y ∈ K, since ℒ−1({y}) is compact then by Theorem 1.2.46 (ii) there exists 

finite subcover 𝕌y ⊆ 𝕌 such that ℒ−1({y}) ⊆ ⋃𝕌y. Now, take an open 

neighborhood Vy of y such that ℒ−1(Vy ) ⊆ ⋃𝕌y. Since K is 

paracompact, then the open cover  {Vy: y ∈ K} of K has locally finite open 
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refinement {Sy: y ∈ K}. Thus {ℒ−1(Sy)⋂U : y ∈ K,U ∈ 𝕌y} is a locally 

finite open refinement of 𝕌 . Hence ℒ−1(K) is paracompact in 𝕎. 

(iiiii) Let F ⊆ 𝕄 and U be an open set in 𝕎 such that ℒ−1(F) ⊆ U, 

then  ℒ−1({y}) ⊆ U for all  y ∈ F. Since ℒ is a paracompact map, then 

there exists an open neighborhood Vyof y and {U} has open refinement 

{Wy} such that ℒ−1(Vy) ⊆ Wy ⊆ U by Proposition 2.1.1, so ℒ−1(⋃Vy) ⊆

U. But ⋃Vyis an open set and ℒ is continuous, thus ℒ−1(⋃Vy) is an open 

set contained in U. Therefore, ℒ is a closed map by Proposition 1.2.49. 

(iiiiv) From (iii) ℒ is a closed map and by hypothesis, ℒ is continuous 

and bijective, so ℒ is a homeomorphism map.  

(ivi) Assume that ℒ is the homeomorphism map and 𝕂 is any space, 

then ℒ × I𝕂:𝕎 × 𝕂𝕄×𝕂 is homeomorphism that is ℒ × I𝕂 is closed 

and ℒ is continuous by hypothesis. Thus, ℒ is a proper map.  ∎ 

Corollary 2.1.3.  

Let ℒ:𝕎𝕄 be a surjective and proper map, then the inverse image for 

any paracompact set in 𝕄 is paracompact set in 𝕎.   

Proposition 2.1.4. 

Let ℒ:𝕎𝕄 be a surjective, open and proper, then the image for any 

paracompact set in 𝕎 is paracompact set in 𝕄.  

Proof. 

Since ℒ:𝕎𝕄 is a proper map then ℒ is a continuous. If 𝕌 = {U}∈I is 

an open cover of ℒ(A), then  ℒ−1(𝕌) is an open cover of A and so, there 

exists a locally finite open refinement 𝕍 of ℒ−1(𝕌). Since ℒ is open then 

ℒ(𝕍) is an open refinement of 𝕌. Now, to prove that  ℒ(𝕍) is locally 

finite in ℒ(A). Let y ∈ ℒ(A). Since 𝕍 is locally finite, then for each x ∈

ℒ−1({y}) there exists an open neighborhood Dx of x such that Dx 

intersects at most finitely many members of 𝕍 and {Dx: x ∈ ℒ
−1({y})} is 

an open cover of ℒ−1({y}). So there exists a finite subcollection 𝔻y of 

{Dx} such that ℒ−1({y}) ⊆ ⋃𝔻y , also ⋃𝔻y intersects at most finitely 

many members of 𝕍. Since ℒ is a continuous and closed map because ℒ is 

proper  then By Proposition 1.2.49, there exists an open neighborhood Ey 

of y in  ℒ(A) such that ℒ−1(Ey) ⊆ ⋃𝔻y, then ℒ−1(Ey) intersects at most 

finitely many members of 𝕍, therefore Ey intersects at most finitely many 

members of ℒ(𝕍). Thus, ℒ(𝕍) is locally finite in ℒ(A).    ∎ 
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Lemma 2.1.5.  

Let 𝕎 be a space. If 𝕎× {y } is paracompact then 𝕎 is paracompact, for 

each point y which does not belong to 𝕎. 

Proof. 

Let 𝕌 = {U}∈I be an open cover of 𝕎, then 𝕎 ⊆ ⋃ U∈I  
and this 

implies 𝕎× {y } ⊆ ⋃ U∈I  
× {y }. Since 𝕎× {y } is paracompact, then 

{U}∈I  × {y } has a locally finite open refinement {V}∈J 
× {y }. 

Therefore, {V}∈J a locally finite open refinement of 𝕌. Hence, 𝕎 is 

paracompact.  ∎ 

Proposition 2.1.6. 

Let ℒ1:𝕎1𝕄1 and ℒ2:𝕎2𝕄2 be bijective continuous maps, then 

ℒ1 × ℒ2:𝕎1 ×𝕎2𝕄1 ×𝕄2 is paracompact if and only if ℒ1and ℒ2are 

paracompact map. 

Proof. 

Assume that ℒ1is bijective continuous. Let A ⊆ 𝕄1 be paracompact in 

𝕄1 and let y2 ∈ 𝕄2, since {y2} is compact then by Theorem 1.2.15, {y2} 

is paracompact. By Proposition 1.2.52, A × {y2} is paracompact set in 

𝕄1 ×𝕄2. Since ℒ1 × ℒ2 is paracompact, then (ℒ1 × ℒ2)
−1(A ×

{y2})=ℒ1
−1(A) × ℒ2

−1({y2}) is paracompact, by Lemma 3.1.8, ℒ1
−1(A) 

is paracompact. Therefore, ℒ1 is a paracompact map. 

Similarly, to prove that ℒ2 is a paracompact map. 

Conversely, By Proposition 2.1.2,  ℒ1 and ℒ2 are proper maps, thus by 

Proposition 1.2.47, ℒ1 × ℒ2 is a proper map. Since ℒ1 and ℒ2 are 

surjective continuous, then  ℒ1 × ℒ2 is surjective continuous. Hence, by 

Proposition 2.1.2,  ℒ1 × ℒ2 is Paracompact.  ∎ 

Corollary 2.1.7. Let ℒ:𝕎𝕄 be a paracompact map and I𝔼: 𝔼𝔼, then 

ℒ × I𝔼:𝕎 × 𝔼𝕄× 𝔼 is paracompact, for any space 𝔼. 

Proposition 2.1.8.  

Let  ℒ:𝕎𝕄 , 𝒥:𝕄𝔼  and 𝒥oℒ:𝕎𝔼 be a map, then: 

(i) If  ℐ and ℒ are paracompact, then ℐoℒ is paracompact map. 

(ii) If ℒ is paracompact and 𝒥 is a homeomorphism, then 𝒥oℒ is  

paracompact. 

(iii)  If 𝒥 is continuous and compact and ℒ is paracompact, then 𝒥oℒ is a 

compact, where 𝕎 is countable compact and 𝔼 is Hausdorff space. 
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(iv) If 𝒥oℒ is paracompact and ℒ is surjective open proper, then 𝒥 is 

paracompact map. 

Proof. 

(i) Since ℒ and 𝒥 are surjective continuous, then 𝒥oℒ is surjective 

contin-uous.  

        Let K be a paracompact set in 𝔼, then 𝒥−1(K)is paracompact set in 

𝕄, also ℒ−1(𝒥−1(K)) = (𝒥oℒ)−1(K) is paracompact in 𝕎. 

Therefore, 𝒥oℒ is paracompact.  

(ii) Since 𝒥 is a closed map, then 𝒥 is homeomorphism on a closed 

subset of 𝔼. Consequently, 𝒥 is paracompact by Proposition 2.1.2, 

thus by (i), 𝒥oℒ is paracompact.  

(iii) Let K be a compact set in 𝔼, then K a closed set. Consequently, 

𝒥−1(K) is closed compact set in 𝕄, 𝒥−1(K) is closed paracompact 

set by Theorem 1.2.15. Since ℒ is paracompact, then 

ℒ−1(𝒥−1(K)) = (𝒥oℒ)−1(K)  is closed paracompact in 𝕎. But 𝕎 is 

countable compact, thus (𝒥oℒ)−1(K)  is countable compact due to 

Theorem 1.2.10, so (𝒥oℒ)−1(K) is compact by Theorem 1.2.19. 

Hence, 𝒥oℒ is compact. 

(iv)  Since  𝒥oℒ is surjective then 𝒥 is surjective. Let B is an open set in 

𝔼, then ℒ−1o𝒥−1(B)  is open in 𝕎 and so, ℒ(ℒ−1o𝒥−1(B)) =

𝒥−1(B)  is open in 𝕄. Thus, 𝒥 is continuous.Suppose that 𝒥oℒ is 

paracompact map and K is paracompact set in 𝔼, then ℒ−1o𝒥−1(K) 

is paracompact in 𝕎. Since ℒ is open proper then, 

ℒ(ℒ−1o𝒥−1(K)) = 𝒥−1(K) is paracompact in 𝕄 by Corollary 2.1.3. 

Hence, 𝒥 is paracompact map.   ∎ 

Proposition 2.1.9.  

Let ℒ:𝕎𝕄 = {y} be a map and y ∉ 𝕎, then ℒ is paracompact if and 

only if 𝕎 is paracompact set. 

Proof. 

Since {y} is paracompact, then ℒ−1({y})=𝕎  is paracompact because ℒ is 

paracompact map. Conversely, 𝕄 is a singleton point. Consequently, ℒ is 

a surjective continuous map and 𝕎 = ℒ−1({y}) is paracompact. Thus, ℒ 

is paracompact map.    ∎ 

Corollary 2.1.10.  

Let ℒ:𝕎𝕄 = {y} be a proper map and y ∉ 𝕎, then ℒ is paracompact. 
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Proof. 

By Proposition 1.2.53,  𝕎 is compact and so, 𝕎 is paracompact owing to 

Theorem 1.2.21. Hence by Proposition 2.1.9, ℒ is paracompact.    ∎ 

Proposition 2.1.11.  

Let  ℒ:𝕎𝕄 be an injective paracompact  map. If H is a subset of 𝕄, 

then ℒH
 : ℒ−1(H)H is paracompact.  

Proof. 

Since ℒ is an injective paracompact map, then ℒ is a proper by 

Proposition 2.1.2  and by Proposition 1.2.50, ℒH
  is proper. Since ℒH

  is a 

surjective and continuous map, then by Proposition 2.1.2, ℒH
  is a 

paracompact map.   ∎ 

Proposition 2.1.12.  

Let 𝕎 be a paracompact space and 𝕄 be any space. Then the projection 

map ℙ𝕣2:𝕎 ×𝕄𝕄 is paracompact.  

Proof.  

Consider the following commutative diagram: 

 

 

 

 

 

 

Figure 2.1 First ccommutative diagram 

Notice that  𝒽: {p} ×𝕄   𝕄 is a homeomorphism onto 𝕄, such that  

p ∉ 𝕎 and ℙ𝕣2:𝕎 ×𝕄𝕄 is the projection of 𝕎×𝕄 into 𝕄. Further, 

since 𝕎 is paracompact, then by Proposition 2.1.9, ℒ:𝕎{p} is a 

paracompact map. Where I𝕄:𝕄𝕄, then ℒ × I𝕄 is a paracompact by 

Corollary 2.1.7, so, by Proposition 2.1.8 (part ii, 𝒽o (ℒ × I𝕄) is 

paracompact. Since ℙ𝕣2 = 𝒽o (ℒ × I𝕄), then  ℙ𝕣2 is Paracompact.   ∎ 

Proposition 2.1.13.  

Let  ℒ:𝕎𝕄 be a surjective continuous map and let ℐ:𝕄𝔼 be an 

injective, open, and proper map such that ℐoℒ:𝕎𝔼 is paracompact. If 

𝕄 is Hauosdorff space, then ℒ is paracompact map. 
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Proof.  

Consider the following commutative diagram: 

 

  

 

 

 

 

 

 

Figure 2.2 second commutative diagram 

Notice that 𝒮(x) = (x, ℒ(x)) and 𝒦(y) = ( 𝒥(y), y). By Corollary 1.2.63, 

𝒮 is a homeomorphism of 𝕎 onto the graph 𝒮(𝕎) of ℒ. Since 𝕄 is 

Hauosdorff space, then by Theorem 1.2.64, the graph 𝒮(𝕎) of ℒ is 

closed set in  𝕎×𝕄 . Since ℒ is a surjective, then 𝒮 is surjective and so, 

𝒮 is a homeomorphism of 𝕎 onto 𝕎×𝕄 , which implies to 𝒮, is 

continuous. Proposition 2.1.2 infers that 𝒮 is paracompact. Now, since 

(𝒥oℒ) × I𝔼 is a paracompact, then ((𝒥oℒ) × I𝔼)o𝒮 is paracompact. But, 

((𝒥oℒ) × I𝔼)o𝒮 = 𝒦o ℒ, so  𝒦o ℒ is paracompact. Since ℐ is an 

injective open proper, then 𝒦 is an injective open proper. Therefore, by 

Proposition 1.2.51  ℒ is paracompact.   ∎ 
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2.2 Pa-closed Space 

     In this section, The concept of Pa-closed space is introduced, and its 

properties are investigated.  

Definition 2.2.1. 

A space 𝕎 is known as Pa-closed provided each paracompact subset of 

𝕎 is closed. 

Examples 2.2.2. 

(1)  A space  (ℤ, 𝜏𝐷) is a Pa-closed. 

(2) Any finite Hausdorff space is Pa-closed. 

Proposition 2.2.3. 

Any second countable, P-space and Hausdorff is Pa-closed space. 

Proof. 

Let 𝐴 be a paracompact subset of a second countable space 𝕎, then 𝐴 is a 

second countable subspace of 𝕎, and  𝐴 is Lindelöf  due to Proposition 

1.2.56. Thus, by Proposition 1.2.57, 𝐴 is a closed.    ∎ 

Proposition 2.2.4.  

Every paracompact subset of Pa-closed and compact space is compact.       

Proof. 

Let 𝕎 be a Pa-closed and compact space, and let 𝐴 be a paracompact 

subset of  𝕎. By Definition 2.2.1, 𝐴 is a closed subset of 𝕎. Thus by 

Theorem 1.2.10, 𝐴 is a compact subspace of  𝕎.     ∎ 

Proposition 2.2.5. 

Let 𝕎 be a Pa-closed space, then every compact subset of 𝕎 is closed. 

Proof. 

Let 𝕎  be a Pa-closed space  and 𝐴 is a compact subset of 𝕎, then 𝐴 is 

paracompact by Theorem 1.2.15. But 𝕎 is Pa-closed, thus 𝐴 is closed.  ∎ 

Proposition 2.2.6. 

 Let 𝕎 be Pa-closed which admits a paracompact map into a space 𝕄, 

then 𝕄 is Pa-closed. 

Proof. 

Assume that ℒ:𝕎𝕄 is a paracompact map and 𝐴 is paracompact 

subset of 𝕄. Then ℒ−1(𝐴) is paracompact in 𝕎. Since 𝕎 is a Pa-closed 
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space, then ℒ−1(𝐴) is closed, thus ℒ(ℒ−1(𝐴)) closed by Proposition 

2.1.2. But ℒ(ℒ−1(𝐴)) = 𝐴 due to ℒ is a surjective map. Hence, 𝕄 is      

Pa-closed.     ∎ 

Proposition 2.2.7.  

Let 𝕎 be paracompact space and ℒ be a continuous map from 𝕎 onto 

Pa-closed space 𝕄. Then ℒ is a paracompact map. 

Proof. 

Assume that 𝐴 is paracompact subset of 𝕄. Since 𝕄 is Pa-closed, then 𝐴 

is closed, thus ℒ−1(𝐴) is closed in 𝕎 owing to ℒ is continuous. Therefore 

ℒ−1(𝐴) is paracompact in 𝕎 by Proposition 1.2.10. Hence, ℒ is a 

paracompact.     ∎ 

Proposition 2.2.8. 

If 𝕎 ×𝕎 is Pa-closed space and 𝕎 is locally compact, then 𝕎 is Pa-

closed space. 

Proof. 

Let 𝐴 be a paracompact subset of 𝕎 and 𝑥 ∈ 𝐴̅. We show that 𝑥 ∈ 𝐴. 

Since 𝕎 is locally compact then, there exist neighborhood 𝑈 of 𝑥 and 𝑈̅ 

is compact, and so 𝑈̅ × 𝐴 is paracompact in 𝕎×𝕎 by Proposition 

1.2.52. Therefore, 𝑈̅ × 𝐴 is closed in 𝕎×𝕎 due to 𝕎×𝕎 is Pa-closed 

space, thus 𝑈̅ × 𝐴 = 𝑈̅ × 𝐴̅̅ ̅̅ ̅̅ ̅̅ = 𝑈̅ × 𝐴̅. But (𝑥, 𝑥) ∈ 𝑈̅ × 𝐴̅ and 𝑈̅ × 𝐴 =

𝑈̅ × 𝐴̅, thus 𝑥 ∈ 𝐴. This show that 𝐴 is closed in 𝕎, hence 𝕎 is Pa-

closed space.     ∎ 

Proposition 2.2.9. 

Let 𝕎 ×𝕄 be Pa-closed space and 𝕎 is paracompact, then 𝕄 is Pa-

closed space. 

Proof. 

Let 𝐴 be a paracompact subset of 𝕄 and ℙ𝕣2:𝕎 ×𝕄𝕄 is the 

projection map. By Proposition 2.1.12, ℙ𝕣2 is paracompact, thus 

ℙ𝕣2
−1(𝐴) is paracompact in  𝕎×𝕄, thus ℙ𝕣2

−1(𝐴) is a closed. Since 

ℙ𝕣2 is closed by Proposition 2.1.2, then ℙ𝕣2(ℙ𝕣2
−1(𝐴)) = 𝐴 is closed in 

𝕄. Hence 𝕄 is pa-closed.  ∎  

Proposition 2.2.10. 

Let 𝕎 and 𝕄 be compact Pa-closed spaces, then 𝕎×𝕄 is Pa-closed 

space. 
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Proof. 

Assume that 𝐴 × 𝐵 is paracompact in 𝕎×𝕄. Since 𝕎 is compact, then 

ℙ𝕣2:𝕎 ×𝕄𝕄 is proper by Proposition 1.2.54. But ℙ𝕣2 is surjective 

and open, thus, ℙ𝕣2(𝐴 × 𝐵) = 𝐴 is paracompact in 𝕄 by Corollary 2.1.3. 

Because 𝕄 is pa-closed, then 𝐴 is closed. So ℙ𝕣2
−1(𝐴) = 𝐴 ×𝕄 is 

closed in 𝕎×𝕄 due to ℙ𝕣2 is continuous. By same way we show that, 

𝕎×𝐵 is closed in 𝕎 ×𝕄, therefore, (𝐴 ×𝕄)⋂(𝕎× B) = A × B is 

closed in 𝕎×𝕄. Hence, 𝕎×𝕄 is pa-closed space.  ∎ 

Proposition 2.2.11. 

If 𝑌 is a clopen subspace of ( 𝕎,𝜏). Then 𝑌 is Pa-closed if and only if  𝕎 

is Pa-closed. 

Proof. 

Let ( 𝕎,𝜏) be a Pa-closed space and Y be an open subspace of 𝕎. 

Assume that 𝐴 ⊆ 𝑌 is paracompact subspace of 𝕎 . First, must prove that 

𝐴 is paracompact in 𝑌. Let 𝑊 ={𝑈⋂𝑌 : 𝑈 ∈ 𝜏} be an open cover of 𝐴 in 

𝑌, since 𝑌 is open then 𝑊 is open cover of 𝐴 in 𝕎 . Thus 𝑊 has locally-

finite open refinement, and so 𝐴 is paracompact in 𝑌 . But 𝑌 is Pa-closed , 

therefore 𝐴 is a closed subset of 𝑌. We have 𝑌 is a closed subset of 𝕎, 

thus 𝐴 is a closed subset of  𝑊. Hence, 𝑊 is a Pa-closed space. 

Conversely, it is clear.   ∎ 
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2.3 Paracompactly Closed Map 

     In this section The paracompactly closed set and paracompactly closed 

map are given and the composition of the paracompactly closed maps is 

discussed.   

Definition 2.3.1 

Let 𝕎 be a space, then 𝐴 ⊆ 𝕎 is said to be a paracompactly closed set if 

𝐴⋂𝐾 is paracompact, for every paracompact set 𝐾 in 𝕎.  

Example 2.3.2 

Every subset of space 𝕎 under discrete topology is a paracompactly 

closed. 

Theorem 2.3.3 

Every closed subset of a compact and Pa-closed space 𝕎 is a paracom-

pactly closed. 

Proof. 

Let 𝐴 be a closed subset of 𝕎 and let 𝐾 be a paracompact in 𝕎. 𝐾 is 

closed due to 𝕎 is Pa-closed space, thus 𝐴⋂𝐾 is a closed set, Theorem 

1.2.10 insists that 𝐴 is a compact set in 𝕎. This implies that  𝐴⋂𝐾 is a 

paracompact set owing to Theorem 1.2.15. Hence, 𝐴 is a paracompactly 

closed.     ∎ 

Theorem 2.3.4.  

Let 𝕎 be a Pa-closed space. If 𝐴 ⊆ 𝕎 is paracompactly closed then it is 

a closed set. 

Proof. 

Let 𝐴 be a paracompactly closed set in 𝕎 and 𝑥 ∈ 𝐴̅. By Theorem 1.2.45, 

there exist a net (𝜒𝑑)𝑑∈𝐷 in 𝐴, such that 𝜒𝑑 → 𝑥. Since The set 𝐹 =

{𝜒𝑑 , 𝑥} is paracompact and 𝐴 is paracompactly closed, then 𝐴⋂𝐹 is 

paracompact set in 𝕎. We have 𝕎 is a Pa-closed space, then 𝐴⋂𝐹 is 

closed due to Definition 2.3.1. Because 𝜒𝑑 → 𝑥 and 𝜒𝑑 ∈ 𝐴⋂𝐹 = 𝐴⋂𝐹̅̅ ̅̅ ̅̅ ̅, 

therefore 𝑥 ∈ 𝐴⋂𝐹 by Theorem 1.2.45, so, 𝑥 ∈ 𝐴, as result  𝐴̅ ⊆ 𝐴 and 

𝐴 = 𝐴̅ . Hence, 𝐴 is a closed set.    ∎ 

Theorem 2.3.5 

Let 𝕎 be a compact and Pa-closed space. Then 𝐴 ⊆ 𝕎 is a paracompact 

set if and only if it is paracompactly closed.  



 
 

 

 40 

Proof: Let 𝐴 be a paracompact subset of 𝕎. Since 𝕎 is a Pa-closed 

space, then 𝐴 is a closed subset of  𝕎. From Theorem 2.3.3, 𝐴 is a 

paracompactly closed. Conversely, assume that 𝐴 is a paracompactly 

closed set. Theorem 2.3.4 insists that 𝐴 is a closed subset of  𝕎. 

Therefore, 𝐴 is a compact set due to Theorem 1.2.10. Hence, By Theorem 

1.2.15,  𝐴 is a paracompact subspace of 𝕎.    ∎ 

Corollary 2.3.6 

Let 𝕎 be a compact and Pa-closed space. Then 𝐴 ⊆ 𝕎 is paracompactly 

closed if and only if it is compact.  

Proof.  

Let 𝐴 be a paracompactly closed subset of  𝕎, then by Theorem 2.3.5, 𝐴 

is paracompact set and so, 𝐴 is compact due to Proposition 2.2.4. 

Conversely, Let 𝐴 be a compactly subset of  𝕎, thus 𝐴 is paracompact  

by Theorem 1.2.15. Therefore, by Theorem 2.3.5, 𝐴 is paracompactly 

closed. ∎ 

Theorem 2.3.7. 

If the injective map ℒ of  𝕎 onto 𝕄 is an open and proper. Then 𝐴 is a 

paracompactly closed set in 𝕎 if and only if ℒ(A) is a paracompactly 

closed set in 𝕄. 

Proof. 

Assume that  𝐴 is a paracompactly closed subset of 𝕎 and  𝐾 is a 

paracompact in 𝕄. Since ℒ is proper map, then ℒ is paracompact due to 

Proposition 2.1.2. So, ℒ−1(K) is a paracompact set in 𝕎, which implies 

𝐴⋂ℒ−1(K) is a paracompact set. Corollary 2.1.3 asserts that 

ℒ(𝐴⋂ℒ−1(K))=ℒ(A)⋂𝐾 is a paracompact set. Therefore, ℒ(A) is a 

paracompactly closed subset of 𝕄. Conversely, assume that ℒ(A) is a 

paracompactly closed set. To show that 𝐴 is a paracompactly closed 

subset of 𝕎. Let 𝐾 be a paracompact in 𝕎, so ℒ(K) is a paracompact set 

in 𝕄 owing to Corollary 2.1.3. Then, ℒ(A)⋂ℒ(K) is paracompact 

because that ℒ(A) is a paracompactly closed. So, ℒ−1(ℒ(A)⋂ℒ(K)) =

𝐴⋂𝐾 is a paracompact subspace of 𝕎 due to ℒ is a paracompact map. 

Hence, 𝐴 is a paraco-mpactly closed.   ∎ 
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Definition 2.3.8. 

A surjective continuous map ℒ:𝕎𝕄 is called paracompactly closed 

providing the pre-image of any paracompactly closed set in 𝕄 is 

paracompactly closed in 𝕎. 

Example 2.3.9. 

Let 𝕎 be any finite space and let 𝕄 any space, then the surjective 

continuous map  ℒ:𝕎𝕄 is paracompactly closed.  

Theorem 2.3.10.  

Let 𝕎 and 𝕄 be a Pa-closed compact space, then the map ℒ:𝕎𝕄 is 

paracompactly closed if and only if it is  paracompact.  

Proof: Let ℒ:𝕎𝕄 be a paracompact (res. paracompactly closed) map 

and let 𝐾 be a paracompactly closed (res. paracompact) subset of 𝕄. 

Because 𝕄 Pa-closed and compact space, 𝐾 is paracompact (res. 

paracompactly closed) set in 𝕄 due to Theorem 2.3.5. So, ℒ−1(𝐾) is a 

paracompact (res. paracompactly closed) set in 𝕎. Since 𝕎 is Pa-closed 

and compact space, then ℒ−1(𝐾) is a paracompactly closed (res. 

paracompact). Hence, ℒ is a paracompactly closed (res. paracompact) 

map.     ∎ 

Corollary 2.3.11 

Let 𝕎 and 𝕄 be a Pa-closed and compact space, then the map ℒ:𝕎𝕄 

is paracompactly closed if and only if it is compact. 

Proof. 

By Corollary 2.3.6.    ∎ 

Corollary 2.3.12 

Let 𝕎 and 𝕄 be a Pa-closed and compact space. If the map  ℒ:𝕎𝕄 is 

paracompactly closed then it is a closed. 

Proof. 

By Theorem 2.3.3 and Theorem 2.3.4.   ∎ 

Theorem 2.3.13 

 Let 𝕎 and 𝕄 be a Pa-closed and compact space, then the continuous 

image of any paracompactly closed in 𝕎 is paracompactly closed in 𝕄. 

Proof. 

Let ℒ:𝕎𝕄 be a continuous map where 𝕎 and 𝕄 be a Pa-closed and 

compact spaces. Assume that 𝐾 is a paracompactly closed in 𝕎. By 
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Corollary 2.3.6 𝐾 is compact  thus, ℒ(𝐾) is a compact set in 𝕄 due to ℒ 

is a continuous map. From Corollary 2.3.6 ℒ(𝐾) is a paracompactly 

closed.     ∎ 

Theorem 2.3.16 

Every compact map of a Pa-closed compact space onto a Pa-closed 

compact space is paracompactly closed. 

Proof. 

Let ℒ:𝕎𝕄 be a compact map such that 𝕎 and 𝕄 are a Pa-closed 

compact space. Assume that 𝐾 is a paracompactly closed set in 𝕄. 

Consequently, 𝐾 is a paracompactly closed subsets of 𝕄 due to Corollary 

2.3.6. Now, ℒ−1(𝐾) is a compact set in 𝕎 due to ℒ is a compact map. 

Thus, ℒ−1(𝐾) is a paracompactly closed set in 𝕎 by Corollary 2.3.6.  

Hence, ℒ is a paracompactly closed map.     ∎ 

Theorem 2.3.17  

let ℒ:𝕎𝕄 be closed map where 𝕎 is a Pa-closed space and 𝕄 is a   

Pa-closed compact space. Then, the image of any paracompactly closed 

set in 𝕎 is parcompactly closed in 𝕄. 

Proof. 

Let ℒ:𝕎𝕄 be a closed map where 𝕎 is a Pa-closed space and 𝕄 is a 

Pa-closed compact space. Suppose that 𝐾 is a paracompactly closed set 

in 𝕎. By Theorem 2.3.4 𝐾 is closed, thus, ℒ(𝐾) is a closed set in 𝕄 due 

to ℒ is a closed map. From Theorem 2.3.3 ℒ(𝐾) is a paracompactly 

closed.  ∎ 

Theorem 2.3.18 

The composition of paracompactly closed maps is also a paracompactly 

closed map. 

Proof. 

Let ℒ:𝕎𝕄 and  𝒥:𝕄𝔼  be two paracompactly closed maps. To 

show that 𝒥 ∘ ℒ  is also a paracompactly map. Assume that K is a 

paracompactly closed set in 𝔼, For demonstrating that (𝒥 ∘ ℒ )−1(K) is a 

paracompactly closed set in 𝕎. We have 𝒥−1(K) is a paracompactly 

closed set in 𝕄 since 𝒥 is a paracompact map. Thus, ℒ−1(𝒥−1(K)) is a 

paracompactly closed set in 𝕎 due to, ℒ is a paracompactly closed map, 

but ℒ−1(𝒥−1(K)) = (𝒥 ∘ ℒ )−1(K). So, (𝒥 ∘ ℒ )−1(K) is a paracompactly 

closed set in 𝕎. Hence, 𝒥 ∘ ℒ is paracompactly closed. ∎ 
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Theorem 2.3.19 

Let 𝕄 be a Pa-closed space and 𝔼 is a Pa-closed compact space. If 𝒥 ∘ ℒ ∶

𝕎𝔼 is a paracompactly closed map and  𝒥:𝕄𝔼 is a closed injective 

map, then ℒ:𝕎𝕄 is a  paracompactly closed map.  

Proof: Assume that K a paracompactly closed set in 𝕄. Since 𝕄 is a    

Pa-closed space and 𝔼 is a Pa-closed compact space , then 𝒥(K) is 

paracompactly closed subspace of 𝔼 due to Theorem 2.3.18. Thus, 

(𝒥 ∘ ℒ )−1(𝒥(K)) is a paracompactly closed set in 𝕎 because of 𝒥 ∘ ℒ  is 

a paracompactly closed map. Therefore, (𝒥 ∘ ℒ )−1(𝒥(K)) = 

ℒ−1(𝒥−1(𝒥(K))) = ℒ−1(K) is a paracompactly closed subspace of 𝕎. 

Hence, ℒ is a paracompactly closed map.     ∎ 

Theorem 3.3.20 

Let 𝕎 be a Pa-closed space and 𝕄 a Pa-closed compact space. If 𝒥 ∘ ℒ ∶

𝕎𝔼 is a paracompactly closed map and  ℒ:𝕎𝕄  is a closed 

surjective map, then 𝒥:𝕄𝔼 is a paracompactly closed map. 

Proof. 

Suppose that K a paracompactly closed set in 𝔼. Since 𝒥 ∘ ℒ is a 

paracompactly closed map then (𝒥 ∘ ℒ )−1(K) is paracompactly closed 

subspace of 𝕎. But ℒ is a surjective closed map then, ℒ(𝒥 ∘ ℒ )−1(K) =

ℒ (ℒ−1(𝒥−1(K))) = 𝒥−1(K) is paracompactly closed in 𝕄 by Theorem 

2.3.18. Hence, 𝒥 is a paracompactly closed map.   ∎  
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3.1 Strong Types of Paracompact Maps 

This Chapter presents a paracompact map under certain conditions. 

The chapter describes new weaker and strong forms of maps by using the 

concept of paracompactness and investigating their composition in 

various cases.  

Definition 3.1.1. 

A map ℒ:𝕎𝕄 is called countably paracompact providing the pre-

image of any closed and countably paracompact set in 𝕄 is countably 

paracompact in 𝕎. 

Theorem 3.1.2. 

Every countably paracompact map of a Lindelöf space onto a Pa-closed 

space is paracompact map. 

Proof. 

Let ℒ:𝕎𝕄 be a countably paracompact map such that 𝕎 is a Lindelöf 

space and 𝕄 is a Pa-closed space. Assume that 𝐾 is a paracompact set in 

𝕄. So, 𝐾 is a countably paracompact subset of 𝕄 by Theorem 1.2.8. 

Since 𝕄 is a Pa-closed, then 𝐾 is a closed subset of 𝕄 by Definition 

2.2.1. Thus, ℒ−1(𝐾) is a countably paracompact set in 𝕎 because ℒ is a 

countably paracompact map. In addition ℒ−1(𝐾) is closed in 𝕎 owing to 

ℒ is continuous. Now, Theorem 1.2.9 asserts that ℒ−1(𝐾) is a Lindelöf 

subspace of 𝕎. Then, Theorem 1.2.26 implies that ℒ−1(𝐾) is a 

paracompact set in 𝕎. Hence, ℒ is a paracompact map.    ∎ 

Theorem 3.1.3  

Every countably compact map onto a Lindelöf and countably compact 

space is countably paracompact map. 

Proof. 

Let ℒ:𝕎𝕄 be a countably compact map. Assume that 𝐾 is a closed 

and countably paracompact set in 𝕄. Since 𝕄 is a Lindelöf space, then 𝐾 

is a Lindelöf subspace of 𝕄 by Theorem 1.2.7. So, 𝐾 is a paracompact 

subset of 𝕄 owing to Theorem 1.2.20. Since 𝕄 is a countably compact 

space and 𝐾 is closed in 𝕄. Then, 𝐾 is a countably compact by Theorem 

1.2.10. Now, Theorem 1.2.19 asserts that 𝐾 is  compact, and so, Theorem 

1.2.17(ii) justifies that 𝐾 is a countably compact subset of 𝕄. Thus, 

ℒ−1(𝐾) is a countably compact set in 𝕎 because ℒ is a countably 
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compact map, and so ℒ−1(𝐾) is contably paracompact in 𝕎 due to 

Theorem 1.2.9. Hence, ℒ is a countably paracompact map.    ∎ 

Theorem 3.1.4 

Every countably paracompact map of a Pa-closed compact space onto a 

Pa-closed compact space is paracompactly closed map. 

Proof. 

Let ℒ:𝕎𝕄 be a countably paracompact map such that 𝕎 and 𝕄 are a 

Pa-closed compact space. Assume that 𝐾 is a paracompactly closed set in 

𝕄. So, 𝐾 is a paracompact subspace of 𝕄 due to Theorem 2.3.5 which 

implies 𝐾 is a countably paracompact subset of 𝕄 by Theorem 1.2.8. 

Since 𝕄 is a Pa-closed, then 𝐾 is a closed subset of 𝕄. Thus, ℒ−1(𝐾) is a 

countably paracompact set in 𝕎 because ℒ is a countably paracompact 

map. In addition ℒ−1(𝐾) is closed in 𝕎 owing to continuity of ℒ. Since 

𝕎 is a Lindelöf space, so Theorem 1.2.7 asserts that ℒ−1(𝐾) is a 

Lindelöf subspace of 𝕎. Then, Theorem 1.2.20 implies that ℒ−1(𝐾) is a 

paracompact set thus, ℒ−1(𝐾) is a paracompactly closed set in 𝕎 by 

Theorem 2.3.5. Hence, ℒ is a paracompactly closed map. ∎ 

Theorem 3.1.5. 

Every compact map onto a countably compact Pa-closed space is  

paracompact. 

Proof. 

Let ℒ:𝕎𝕄 be a compact map such that 𝕄 is a countably compact and 

Pa-closed space. Assume that 𝐾 is a paracompact set in 𝕄. Consequently, 

𝐾 is a closed subbset of 𝕄 owing to Definition 2.2.1. Since 𝐾 is closed in 

𝕄, then  Theorem 1.2.10 asserts that 𝐾 is a countably compact subspace 

of 𝕄, which implies that 𝐾 is compact by Theorem 1.2.19. So, ℒ−1(𝐾) is 

a compact set in 𝕎 due to ℒ is a compact map. Thus, ℒ−1(𝐾) is 

paracompact subset of 𝕎 by Theorem 1.2.15.  Hence, ℒ is a paracompact 

mapping. 

Theorem 3.1.6. 

Every countably compact map onto a Lindelöf and countably compact 

space is countably paracompact map. 

Proof. 

Let ℒ:𝕎𝕄 be a countably compact map. Assume that 𝐾 is a closed 

and countably paracompact set in 𝕄. Since 𝕄 is a Lindelöf space, then 𝐾 
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is a Lindelöf subspace of 𝕄 by Theorem 1.2.7. So, 𝐾 is a paracompact 

subset of 𝕄 owing to Theorem 1.2.20. Since 𝕄 is a countably compact 

space and 𝐾 is closed in 𝕄. Then, 𝐾 is a countably compact by Theorem 

1.2.10. Now, Theorem 1.2.19 asserts that 𝐾 is  compact, and so, Theorem 

1.2.17(ii) justifies that 𝐾 is a countably compact subset of 𝕄. Thus, 

ℒ−1(𝐾) is a countably compact set in 𝕎 because ℒ is a countably  

compact map, and so ℒ−1(𝐾) is contably paracompact in 𝕎 due to 

Theorem 1.2.9. Hence, ℒ is a countably paracompact map.      ∎ 

Definition 3.1.7. 

A map ℒ:𝕎𝕄 is known as a metacompact providing the pre-image of 

any closed and metacompact set in 𝕄 is metacompact in 𝕎. 

Theorem 3.1.8. 

Every metacompact map of a Lindelöf and normal space onto a Pa-closed 

space is paracompact map. 

Proof. 

Let ℒ:𝕎𝕄 be a metacompact map such that 𝕎 is a Lindelöf and 

normal space and 𝕄 is a Pa-closed space. Suppose that 𝐾 is a 

paracompact set in 𝕄. Theorem 1.2.25 implies that  𝐾 is a metacompact 

subset of 𝕄. Since 𝕄 is a Pa-closed space, then 𝐾 is a closed subset of  

𝕄 by Definition 2.2.1. Thus, ℒ−1(𝐾) is a metacompact set in 𝕎 due to ℒ 

is a metacompact map. So, ℒ−1(𝐾) is a normal subspace in 𝕎 owing to 

Theorem 1.2.6. As a result, ℒ−1(𝐾) is a countably paracompact subspace 

of 𝕎 owing to Theorem 1.2.23 and ℒ−1(𝐾) Lindelöf subspace of 𝕎 by 

Theorem 1.2.7. Now, Theorem 1.2.20 asserts that ℒ−1(𝐾) is a 

paracompact set in 𝕎. Hence, ℒ is a paracompact map. ∎ 

Theorem 3.1.9. 

Every countably paracompact map of a Lindelöf space onto a normal 

space is a metacompact map. 

Proof. 

Let ℒ:𝕎𝕄 be a countably paracompact map, where 𝕎 is a Lindelöf 

space and 𝕄 is a normal space. Assume that 𝐾 is a closed and 

metacompact set in 𝕄. So, 𝐾 is a normal subspace of 𝕄 by Theorem 

1.2.6. Then, Theorem 1.2.23 implies that 𝐾 is a countably paracompact 

subset of 𝕄. Thus, ℒ−1(𝐾) is a countably paracompact set in 𝕎 due to ℒ 

is a countably paracompact map. Hence, ℒ−1(𝐾) is a countably 
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metacompact set in 𝕎 due to Theorem 1.2.22. Since 𝐾 is a closed subset 

of  𝕄, then by Theorem 1.2.7 ℒ−1(𝐾) is a Lindelöf set in 𝕎. Theorem 

1.2.27 asserts that ℒ−1(𝐾) is a metacompact set in 𝕎. Hence, ℒ is a 

metacompact map. ∎ 

Definition 3.1.10. 

A map ℒ:𝕎𝕄 is known as a countably metacompact providing the 

pre-image of any closed and countably metacompact set in 𝕄 is 

countably metacompact in 𝕎. 

Theorem 3.1.11. 

Every countably metacompact map of a Lindelöf space is metacompact 

map. 

Proof. 

Let ℒ:𝕎𝕄 be a countably metacompact map where 𝕎 is a Lindelöf 

space. Suppose that 𝐾 is a closed and metacompact set in 𝕄. So, 𝐾 is a 

countably metacompact subset of 𝕄 by Theorem 1.2.24. Thus, ℒ−1(𝐾) is 

a countably metacompact set in 𝕎 due to ℒ is a countably metacompact 

map. Indeed, ℒ−1(𝐾) is closed in 𝕎 by the continuity of ℒ. Theorem 

1.2.7 asserts that ℒ−1(𝐾) is a Lindelöf subspace of 𝕎 due to ℒ−1(𝐾) is 

closed in 𝕎. As a result, Theorem 1.2.27 implies that ℒ−1(𝐾) is a 

metacompact set in 𝕎. Hence, ℒ is a metacompact map. ∎ 

Corollary 3.1.12. 

Every countably metacompact map of a Lindelöf space onto a Pa-closed 

space is paracompact map. 

Proof. 

From Theorem 3.1.9 and Theorem 3.1.6.      ∎ 

Definition 3.1.13. 

A map ℒ:𝕎𝕄 is said to be a S-paracompact providing the pre-image 

of any closed and S-paracompact set in 𝕄 is S-paracompact in 𝕎. 

Theorem 3.1.14. 

Every S-paracompact map of a Hausdorff completely extremally 

disconnected space is paracompact map. 

Proof. 

Let ℒ:𝕎𝕄 be a S-paracompact map such that 𝕎 is a completely 

extremally disconnected space. Assume that 𝐾 is a paracompact set in 𝕄. 
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Theorem 1.2.28 implies that 𝐾 is S-paracompact set in 𝕄. Since ℒ is an 

S-paracompact map, then ℒ−1(𝐾) is a S-paracompact set in 𝕎. Since 𝕎 

is a Hausdorff, completely extremally disconnected space, thus Theorem 

1.2.2 asserts that ℒ−1(𝐾) is extremally disconnected set in 𝕎. As a result, 

ℒ−1(𝐾) is S-paracompact and extremally disconnected set in 𝕎, which 

implies that ℒ−1(𝐾) is paracompact in 𝕎 by Theorem 1.2.14. Hence, ℒ is 

a paracompact map.   ∎ 

Definition 3.1.15. 

A map ℒ:𝕎𝕄 is known as a β-paracompact providing the pre-image 

of any closed and β-paracompact set in 𝕄 is β-paracompact in 𝕎. 

Theorem 3.1.16. 

Every β-paracompact map of a Hausdorff, completely extremally 

disconnected and submaximal space is paracompact map. 

Proof. 

Let ℒ:𝕎𝕄 be a β-paracompact map such that 𝕎 is a completely 

extremally disconnected and submaximal space. Assume that 𝐾 is a 

paracompact set in 𝕄. So, 𝐾 is β-paracompact by Theorem 1.2.33 Then, 

ℒ−1(𝐾) is a β-paracompact set in 𝕎 because of ℒ a β-paracompact map. 

Added to, ℒ−1(𝐾) is extremally disconnected subspace of 𝕎 by Theorem 

1.2.2 and it is submaximal of 𝕎 by Theorem 1.2.3. ℒ−1(𝐾) is 

paracompact set in 𝕎 by Theorem 1.2.34. Hence, ℒ is a paracompact 

map.   ∎ 

Theorem 3.1.17. 

Every β-paracompact map of a Hausdorff, completely extremally 

disconnected and submaximal space is S-paracompact map. 

Proof. 

Let ℒ:𝕎𝕄 be a β-paracompact map such that 𝕎 is a Hausdorff 

completely extremally disconnected space. Assume that 𝐾 is a closed     

S-paracompact set in 𝕄. Thus, 𝐾 is β-paracompact subset of  𝕄 owing to 

Theorem 1.2.32. So, ℒ−1(𝐾) is β-paracompact set in 𝕎 because of ℒ       

is β-paracompact. Added to, ℒ−1(𝐾) is extremally disconnected subspace 

of 𝕎 by Theorem 1.2.2 and it is submaximal by Theorem 1.2.3. Theorem 

1.2.34. implies that 𝐾 is paracmpact. Therefore, 𝐾 is S-paracompact in 𝕎 

owing to Theorem 1.2.28. Hence, ℒ is a S-paracompact map.    ∎ 
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Definition 3.1.18. 

A map ℒ:𝕎𝕄 is known as a fully normal providing the pre-image of 

any fully normal set in 𝕄 is fully normal in 𝕎.  

Theorem 3.1.19. 

Every fully normal map of a T1-space onto a Hausdorff space is a 

paracompact map. 

Proof. 

Let ℒ:𝕎𝕄 be a fully normal map such that 𝕎 is a T1-space and 𝕄 is a 

Hausdorff space. Assume that 𝐾 is a paracompact set in 𝕄. Since 𝕄 is a 

Hausdorff space, so Theorem 1.2.4 implies that 𝐾 is a Hausdorff 

subspace of 𝕄. Thus,  𝐾 is a fully normal subset of  𝕄 by Theorem 

1.2.39.  So, ℒ−1(𝐾) is fully normal in 𝕎 due to ℒ is a fully normal. As a 

result, Theorem 1.2.38 asserts that ℒ−1(𝐾) is a paracompact set in 𝕎. 

Hence, ℒ is a paracompact map. ∎ 

Definition 3.1.20. 

A map ℒ:𝕎𝕄 is said to be a fully T4 providing the pre-image of any 

fully T4 set in 𝕄 is fully T4 in 𝕎. 

Theorem 3.1.21. 

Every fully T4map of a T1-space is fully normal map. 

Proof. 

Let ℒ:𝕎𝕄 be a fully T4 map such that 𝕎 is a T1- space. Assume that 

𝕂 is a fully normal set in 𝕄. So, 𝕂 is a fully T4 set in 𝕄 by Theorem 

1.2.37. thus, ℒ−1(𝕂) is fully T4 in 𝕎 due to ℒ being a fully T4 map. 

Since 𝕎 is a T1- space, then ℒ−1(𝕂) is fully normal by Theorem 1.2.36. 

Hence, ℒ is a fully normal map.    ∎ 

Corollary 3.1.22. 

Every fully T4 map of a T1- space onto a Hausdorff space is paracompact 

map. 

Proof. 

From Theorem 1.2.36 and Theorem 1.2.37. 

Definition 3.1.23 [26] 

A map ℒ:𝕎𝕄 is called nearly paracompact providing the pre-image of 

any closed and nearly paracompact set in 𝕄 is nearly paracompact in 𝕎. 
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Theorem 3.1.24. 

Every nearly paracompact map of a regular space is paracompact map. 

Proof. 

Let ℒ:𝕎𝕄 be a nearly paracompact map such that 𝕎 is a regular 

space. Assume that 𝐾 is a paracompact set in 𝕄. Theorem 1.2.29 implies 

that 𝐾 is nearly paracompact set in 𝕄. Then ℒ−1(𝐾) is a nearly 

paracompact set in 𝕎 owing to  ℒ is a nearly paracompact map. Since 𝕎 

is a regular space of 𝕎, thus ℒ−1(𝐾) is a regular subspace by Theorem 

1.2.5, so, ℒ−1(𝐾) is a semiregular subspace due to Theorem 1.2.31.  As a 

result, Theorem 1.2.30 emphasizes ℒ−1(𝐾) is paracompact in 𝕎. Hence, 

ℒ is a paracompact map.    ∎ 

Theorem 3.1.25. 

Every countably compact map of a Lindelöf space onto a Lindelöf, 

countably compact space and Pa-closed is a paracompact map. 

Proof. 

From Theorem 1.2.5 and Theorem 1.2.3. 

Theorem 4.1.26 [26] 

Every Almost countably compact map of a Lindelöf and regular space 

onto a Hausdorff space is a compact map. 

Note: We can replace Hausdorff space in Theorem 3.1.26 by Pa-closed 

space because every compact subset of Pa-closed is closed. 

Corollary 3.1.27. 

Every Almost countably compact map of a Lindelöf and regular space 

onto a countably compact and Pa-closed space is a paracompact map. 

Proof. 

From Theorem 3.1.26 and Theorem 3.1.5. 

Theorem 3.1.28 [26] 

Every weakly countably compact map of a Lindelöf and Hausdorff space 

onto a Hausdorff space is a compact map. 

Corollary 3.1.29 

Every weakly countably compact map of a Lindelöf and Hausdorff space 

onto a countably compact and Pa-closed space is paracompact map. 

Proof. 

From Theorem 3.1.28 and Theorem 3.1.5. 
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Theorem 3.1.30 [26] 

Every sequentially compact map of a Lindelöf space onto a Hausdorff 

and first-countable space is a compact map. 

Corollary 3.1.31 

Every sequentially compact map of a Lindelöf space onto a countably 

compact, First-countable and Pa-closed space is paracompact map. 

Proof. 

From Theorem 3.1.30 and Theorem 3.1.5. 

Theorem 3.1.32 [26] 

Every pseudo-compact  map of a Lindelöf and regular space onto a 

Hausdorff space is a compact map. 

Corollary 3.1.33. 

Every pseudo-compact  map of a Lindelöf and regular space onto a 

countably compact and Pa-closed space is paracompact map. 

Proof. 

From Theorem 3.1.32 and Theorem 3.1.5. 

Theorem 3.1.34. [26] 

Every feebly compact map of a Lindelöf and regular space onto a 

Hausdorff space is a compact map. 

Corollary 3.1.35.  

Every feebly compact map of a Lindelöf and regular space onto a 

countably compact and Pa-closed space is paracompact map. 

Proof. 

From Theorem 3.1.34 and Theorem 3.1.5. 
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Figure 3.1 Relationships between Certain Types of Strong Paracompact Maps 
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Figure 3.2 Relationships between Certain Types of Strong Compact Maps and 

Paracompact Map. 
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3.2  Weak Types of Paracompact Maps 

 

Theorem 3.2.1.  

Every paracompact map of a countably compact space onto a Haosdorff 

space is compact map. 

Proof. 

Let ℒ:𝕎𝕄 be a paracompact map such that 𝕎 is a countably compact 

space and 𝕄 is a Hausdorff space. Assume that 𝐾 is a compact set in 𝕄. 

Then 𝐾 is a closed in  𝕄 by Theorem 1.2.16. Therefore, 𝐾 is also 

paracompact due to Theorem 1.2.15. Consequently, ℒ−1(𝐾) is paraco-

mpact set in 𝕎 because ℒ is paracompact map. Indeed, ℒ−1(𝐾) is a 

closed in 𝕎 by continuity of ℒ. Since  𝕎 is a countably compact space, 

so ℒ−1(𝐾) is countably compact subspace owing to Theorem 1.2.10. 

Thus, ℒ−1(𝐾) is compact in 𝕄 because of Theorem 1.2.19. Hence, ℒ is 

compact map.   ∎ 

Theorem 3.2.2. 

Every paracompact map onto a normal and Lindelöf space is a 

metacompact map. 

Proof. 

Let ℒ:𝕎𝕄 be a paracompact map where 𝕄 is a normal and Lindelöf 

space. Assume that 𝐾 is a closed metacompact set in 𝕄. Since 𝕄 is 

normal, so 𝐾 is a countably paracompact set due to Theorem 1.23 also, 

we have  𝕄 is a Lindelöf then 𝐾 is Lindelöf by Theorem 1.2.7.  So, from 

Theorem 1.2.20 ℒ is a paracompact map, then, ℒ−1(𝐾) is paracompact 

set in 𝕎. Now, by Theorem 1.2.25, ℒ−1(𝐾)  is a metacompact in 𝕎. 

Hence, ℒ is metacompact map.    ∎ 

Corollary 3.2.3. 

Every metacompact map onto a Lindelöf space is a countably metaco-

mpact map. 

Proof. 

From Theorem 1.2.27 and Theorem 1.2.24. 

Corollary 3.2.4.  

Every paracompact map onto a normal and Lindelöf space is a countably 

metacompact map. 
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Proof. 

From Theorem 3.2.2 and Theorem 3.2.3. 

Theorem 3.2.5. 

Every paracompact map onto a Lindelöf space is a countably paraco-

mpact map. 

Proof. 

Let ℒ:𝕎𝕄 be a paracompact map where 𝕄 is a Lindelöf space. 

Assume that 𝐾 is a closed contaby paracompact subset of 𝕄. Since 𝕄 is a 

Lindelöf space and 𝐾 is closed,so 𝐾 is a Lindelöf subspace of 𝕄 due to 

Theorem 1.2.7. Then, 𝐾 is a paracompact subset of 𝕄 due to Theorem 

1.2.20. Consequently, ℒ−1(𝐾) is a paracompact subset of 𝕎 due to ℒ is a 

paracompact map. Hence, ℒ−1(𝐾) is a countably paracompact as a result 

of Theorem 1.2.42. Hence, ℒ is a countably paracompact map.    ∎ 

Theorem 3.2.6. 

Every compact map of a Lindelöf space onto a countably compact, 

normal and a Lindelöf space is a metacompact map. 

Proof. 

Let ℒ:𝕎𝕄 be a compact map where 𝕎 is a Lindelöf space and 𝕄 is a 

countably metacompact, normal and Lindelöf space. Assume that 𝐾 is a 

closed metacompact subset of 𝕄. Then 𝐾 is normal due to 𝕄 is a normal 

space. Theorem 1.2.23 emphasizes that 𝐾 is a countably paracompact 

subspace of 𝕄. Consequently, we have 𝕄 is Lindelöf thus  𝐾 is a 

paracompact set in 𝕄 by Theorem 1.2.20. Since 𝕄 is a countably 

compact space then 𝐾 is a countably compact by Theorem 1.2.10. Then, 

Theorem 1.2.19 implies that 𝐾 is a compact. Therefore, ℒ−1(𝐾) is a 

compact subset of 𝕎 due to ℒ is a compact map. Theorem 1.2.17(ii) 

insists that  ℒ−1(𝐾) is a countably compact set in 𝕎 and by Theorem 

1.2.9 ℒ−1(𝐾) is a countably paracompact set in 𝕎, therefore ℒ−1(𝐾) is a 

countably metacompact due to Theorem 1.2.22. But, we have 𝕎 is 

Lindelöf therefore, ℒ−1(𝐾) is a Lindelöf and countably metacompact. 

From Theorem 1.2.27 asserts that ℒ−1(𝐾) is a metacompact. Hence, ℒ is 

a metacompact map.     ∎    

Corollary 3.2.7.  

Every compact map of a Lindelöf space onto a countably metacompact, 

normal and Lindelöf space is a countably metacompact map. 
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Proof. 

From Theorem 3.2.6 and Theorem 3.2.4.    ∎ 

Theorem 3.2.8.  

Every paracompact map onto a Hausdorff and completely extremally 

disconnected space is an S-paracompact map. 

Proof. 

Let ℒ:𝕎𝕄 be a paracompact map where 𝕄 is a Hausdorff and 

completely extremally disconnected space. To show that ℒ is an             

S-paracompact map. Assume that 𝐾 is a closed S-paracompact subspace 

of 𝕄. Theorem 1.2.2 asserts that 𝐾 is an extremally disconnected 

subspace of 𝕄, also 𝐾 is a Hausdorff subspace of 𝕄 thus, 𝐾 is a 

paracompact subspace of 𝕄 due to Theorem 1.2.14. Now, ℒ−1(𝐾) is 

paracompact set in 𝕎 due to ℒ being a paracompact map. Theorem 

1.2.28 implies that ℒ−1(𝐾)is an S-paracompact subspace of  𝕄. Hence, 

 ℒ is an S-paracompact.      ∎ 

Theorem 3.2.9.  

Every paracompact map onto a Hausdorff, completely extremally 

disconnected and submaximal space is β-paracompact map. 

Proof.  

Let ℒ:𝕎𝕄 be a paracompact map where 𝕄 is a completely extremally 

disconnected and submaximal space. Suppose that 𝐾 is a closed and       

β-paracompact set in 𝕄. Since 𝐾 is extremally disconnected and 

submaximal subspace of 𝕎 by Theorem 1.2.2 and Theorem 1.2.3, 

respectively, then 𝐾 is paracompact set by Theorem 1.2.34. Thus, 

ℒ−1(𝐾) is a paracompact set in 𝕎 because of ℒ is a paracompact map. 

Consequently, ℒ−1(𝐾) is β-paracompact set in 𝕎 for Theorem 1.2.33. 

Hence, ℒ is a paracompact map.      ∎ 

Theorem 3.2.10.  

Every paracompact map of a T2-space onto is  T1-space is  fully normal. 

Proof. 

Let ℒ:𝕎𝕄 be a paracompact map where 𝕎 is a T2-space and 𝕄 is   

T1-space. Suppose that 𝐾 is a closed and fully normal set in 𝕄. Then 𝐾 is 

a paracompact set in 𝕄 by Theorem 1.2.38. This implies ℒ−1(𝐾) is 

paracompac in 𝕎 owing to ℒ is a paracompact map which follows 
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ℒ−1(𝐾) is fully normal because Theorem 1.2.39. Hence, is fully normal 

map.      ∎    

Theorem 3.2.11.  

Every fully normal map onto a T1-space is  fully T4. 

Proof. 

Let ℒ:𝕎𝕄 be a paracompact map where 𝕎 is a T1-space. Assume that 

𝐾 is a closed and fullyT4 set in 𝕄, so 𝐾 a closed and fully normal set in 

by Theorem 1.2.36. Consequently, ℒ−1(𝐾) is a fully normal set in 𝕎 due 

to ℒ a fully normal map. From Theorem 1.2.37 ℒ−1(𝐾) is a fully T4 set in 

𝕎. Hence, ℒ is a fully T4 map.     ∎ 

Corollary 3.2.12.  

Every paracompact map of a T2-space onto T1-space is  fully T4. 

Proof. 

From Theorem 3.2.11 and Theorem 3.2.10.  

Corollary 3.2.13. 

Every paracompact map of a countably compact space onto a Lindelöf 

and Hausdorff space is a countably compact map. 

Proof. 

From Theorem 3.2.1 and Theorem 1.2.44(1).  

Corollary 3.2.14.  

Every paracompact map of a countably compact space onto a Hausdorff 

and Lindelöf space is a weakly countably compact map 

Proof. 

From Theorem 3.2.1 and Theorem 1.2.44(2). 

Theorem 3.2.15. 

 Every paracompact map of a countably compact space onto a T3-space 

and Lindelöf space is an almost countably compact map. 

Proof. 

From Theorem 3.2.1 and Theorem 2.2.44(3). 

Corollary 3.2.16. 

Every paracompact map of a countably compact space onto a T3-space 

and Lindelöf space is a pseudo-compact map. 

Proof. 

From Theorem 3.2.1 and Theorem 1.2.44(4). 
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Corollary 3.2.17. 

Every paracompact map of a first-countable and a countably compact 

space onto a T3-space and Lindelöf space is a sequentially compact map. 

Proof. 

From Theorem 3.2.1 and Theorem 1.2.44(5).   

Corollary 3.2.18. 

Every paracompact map of a countably compact space onto a T3-space 

and Lindelöf space is a feebly compact map. 

Proof. 

From Theorem 3.2.1 and Theorem 1.2.44(6). 

Corollary 3.2.19. 

Every paracompact map of a countably compact space onto Hausdorff 

space is a semi-compact map. 

Proof. 

From Theorem 3.2.1 and Theorem 1.2.44(7). 

Corollary 3.2.20. 

Every paracompact map of a countably compact space onto Hausdorff 

and a Lindelöf space is a nearly compact map. 

Proof. 

From Theorem 3.2.1 and Theorem 1.2.44(8). 

Corollary 3.2.21. 

Every paracompact map of a countably compact space onto Hausdorff 

and a Lindelöf space is a po-compact map. 

Proof. 

From Theorem 3.2.1 and Theorem 1.2.44(9). 

Corollary 3.2.22. 

Every paracompact map of a countably compact space onto Hausdorff 

and almost regular space is an almost compact map. 

Proof. 

From Theorem 3.2.1 and Theorem 1.2.44(10). 

Theorem 3.2.23. 

Every paracompact map onto a regular space is nearly paracompact map. 
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Proof. 

Let ℒ:𝕎𝕄 be a paracompact map such that 𝕄 is a regular space. 

Assume that 𝐾 is a closed nearly paracompact set in 𝕄. Since 𝕄 is a 

regular space, then 𝐾 is a regular subspace by Theorem 1.2.5, so, 𝐾is a 

semiregular subspace of 𝕄 due to Theorem 1.2.31. As a result,  Theorem 

1.2.30 emphasizes 𝐾 is paracompact in 𝕄. Then ℒ−1(𝐾) is a 

paracompact set in 𝕎 owing to  ℒ is a paracompact map. Thus ℒ−1(𝐾) is 

a nearly paracompact by Theorem 1.2.29. Hence, ℒ is a nearly 

paracompact map. ∎ 
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Figure 3.3 Relationships between Certain Types of weaker Paracompact Maps 
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Figure 3.4 Relationships between Certain Types of weekly Compact Maps and 

Paracompact Map. 
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3.3  Composition of Certain Types of Paracompact Maps 

Theorem 3.3.1. 

Let 𝕎 be a Pa-closed and compact space and let 𝕄 is any space . Then, 

the continuous image of any paracompact set in 𝕎 is parcompact in 𝕄. 

Proof. 

Let ℒ:𝕎𝕄 be a continuous map where 𝕎 is a Pa-closed and compact 

spaces. Suppose that 𝐾 is a paracompact in 𝕎. By Proposition 2.2.4, 𝐾 is 

compact, thus, ℒ(𝐾) is a compact set in 𝕄 due to ℒ is a continuous map. 

From Theorem 1.2.15, ℒ(𝐾) is a paracompact.     ∎   

Corollary 3.3.2. 

Let 𝕎 be a Pa-closed and compact space and let 𝕄 is any space. Then, 

the continuous image of any closed set in 𝕎 is paracompact in 𝕄. 

Theorem 3.3.3. 

The composition of paracompact maps is also a paracompact map. 

Proof. 

Let ℒ:𝕎𝕄 and  𝒥:𝕄𝔼  be two paracompact maps. To show that 𝒥 ∘

ℒ  is also a paracompact map. Assume that K is a paracompact set in 𝔼, 

For demonstrating that(𝒥 ∘ ℒ )−1(K) is a paracompact set in 𝕎. We have 

𝒥−1(K) is a paracompact set in 𝕄 since 𝒥 is a paracompact map. Thus, 

ℒ−1(𝒥−1(K)) is a paracompact set in 𝕎 due to, ℒ is a paracompact map, 

but ℒ−1(𝒥−1(K)) = (𝒥 ∘ ℒ )−1(K). So, (𝒥 ∘ ℒ )−1(K) is a paracompact 

set in 𝕎. Hence, 𝒥 ∘ ℒ is paracompact.    ∎ 

Theorem 3.3.4. 

Let 𝕄 be a Pa-closed compact. If 𝒥 ∘ ℒ ∶ 𝕎𝔼 is a paracompact map 

and  𝒥:𝕄𝔼 is a continuous injective map, then ℒ:𝕎𝕄 is a  

paracompact map. 

Proof. 

Assume that K a paracompact set in 𝕄. Since 𝕄 is Pa-closed and      

compact space, then  𝒥(K) is paracompact subspace of  𝔼 due to Theorem 

3.3.1. Thus, (𝒥 ∘ ℒ )−1(𝒥(K)) is paracompact in 𝕎 because 𝒥 ∘ ℒ  is a 

paracompact map so,   (𝒥 ∘ ℒ )−1(𝒥(K))is paracompact in 𝕎.  Therefore, 

(𝒥 ∘ ℒ )−1(𝒥(K)) = ℒ−1(𝒥−1(𝒥(K))) = ℒ−1(K) is a paracompact 

subspace of 𝕎  due to 𝒥 ∘ ℒ is paracompact. Hence, ℒ is a paracompact 

map.     ∎ 
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Theorem 3.3.5. 

Let 𝕎 be a Pa-closed and compact space and. If 𝒥 ∘ ℒ ∶ 𝕎𝔼 is a 

paracompact map and  ℒ:𝕎𝕄  is a continuous surjective map, then 

𝒥:𝕄𝔼 is a paracompact map. 

Proof. 

Suppose that K a paracompact set in 𝔼. Since 𝒥 ∘ ℒ is a paracompact map 

then (𝒥 ∘ ℒ )−1(K) is paracompact subspace of 𝕎. But ℒ is a surjective 

continuous map then, ℒ(𝒥 ∘ ℒ )−1(K) = ℒ (ℒ−1(𝒥−1(K))) = 𝒥−1(K) is 

paracompact in 𝕄 by Theorem 3.3.1. Hence, 𝒥 is a paracompact map.   ∎ 

Theorem 3.3.6. 

The composition of countably paracompact maps is also a countably 

paracompact map. 

Proof. 

Let ℒ:𝕎𝕄 and  𝒥:𝕄𝔼 be two countably paracompact maps. To 

show that 𝒥 ∘ ℒ  is also a countably paracompact map. Assume that K is a 

closed and countably paracompact set in 𝔼, For demonstrating that(𝒥 ∘

ℒ )−1(K) is a closed and countably paracompact set in 𝕎. Since  𝒥−1(K) 

is a closed countably paracompact set in 𝕄 owing to 𝒥 is a countably 

paracompact map. Thus, ℒ−1(𝒥−1(K)) is a countably paracompact set in 

𝕎 because ℒ is a countably paracompact map, but ℒ−1(𝒥−1(K)) =

(𝒥 ∘ ℒ )−1(K). So,  (𝒥 ∘ ℒ )−1(K) is a countably paracompact set in 𝕎. 

Hence, 𝒥 ∘ ℒ is contably paracompact.    ∎ 

Theorem 3.3.7. 

Let 𝕎 be a Lindelöf, 𝕄 is a Pa-closed compact and 𝔼 is Pa-closed . If 𝒥 ∘

ℒ ∶ 𝕎𝔼 is a countably paracompact map and  𝒥:𝕄𝔼 is a continuous 

injective map, then ℒ:𝕎𝕄 is a  paracompact map. 

Proof. 

Let 𝒥 ∘ ℒ ∶ 𝕎𝔼 is an countably paracompact map and  𝒥:𝕄𝔼 is a 

continuous injective map where 𝕄 is a Pa-closed compact. Assume that K 

a paracompact set in 𝕄. Then  𝒥(K) is paracompact subspace of 𝔼 due to 

Theorem 3.3.1. Since  𝕎 is a Lindelöf and 𝔼 is Pa-closed, thus 𝒥 ∘ ℒ  is a 

paracompact map by Theorem 3.1.2. Now, (𝒥 ∘ ℒ )−1(𝒥(K)) =

ℒ−1(𝒥−1(𝒥(K))) = ℒ−1(K)  is a paracompact subspace of 𝕎  due to 𝒥 ∘

ℒ is paracompact. Hence, ℒ is a paracompact map.    ∎ 
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Theorem 3.3.8. 

Let 𝕎 be a Pa-closed and compact space and 𝔼 is a Lindelöf space. If 𝒥 ∘

ℒ ∶ 𝕎𝔼 is a paracompact map and  ℒ:𝕎𝕄  is a continuous 

surjective map, then 𝒥:𝕄𝔼 is a countably paracompact map. 

Proof. 

Let 𝒥 ∘ ℒ ∶ 𝕎𝔼 is a paracompact map and  ℒ:𝕎𝕄  is a continuous 

surjective map where 𝕎 be a Pa-closed and compact space. Suppose that 

K a closed countably paracompact set in 𝔼. Since 𝔼 is a Lindelöf space, 

then  𝒥 ∘ ℒ is a countably paracompact subspace of 𝔼 owing to Theorem 

3.2.5 which follows (𝒥 ∘ ℒ )−1(K) is a closed countably paracompact set 

in 𝕎. But 𝕎 is a compact space, thus 𝕎 is a Lindelöf by Theorem 

1.2.17(i) which implies (𝒥 ∘ ℒ )−1(K) is Lindelöf and so, (𝒥 ∘ ℒ )−1(K) 

is paracompact. Because ℒ a surjective continuous map then,             

ℒ(𝒥 ∘ ℒ )−1(K) = ℒ (ℒ−1(𝒥−1(K))) = 𝒥−1(K) is paracompact in 𝕄 by 

Theorem 3.3.1 therefore, 𝒥−1(K) is a countably paracompact by Theorem 

1.2.42.  Hence, ℒ is a cuontably paracompact map.    ∎ 

Theorem 3.3.9. 

The composition of S-paracompact maps is also an S-paracompact map. 

Proof. 

Let ℒ:𝕎𝕄 and  𝒥:𝕄𝔼 be two S-paracompact maps. To show that 

𝒥 ∘ ℒ  is also a S-paracompact map. Assume that K is a closed and           

S-paracompact set in 𝔼, For demonstrating that(𝒥 ∘ ℒ )−1(K) is a closed 

and S-paracompact set in 𝕎. Since 𝒥−1(K) is a closed and S-paraco-

mpact set in 𝕄 owing to 𝒥 is an S-paracompact map. Thus, ℒ−1(𝒥−1(K)) 

is an S-paracompact set in 𝕎 because ℒ is an S-paracompact map, but 

ℒ−1(𝒥−1(K)) = (𝒥 ∘ ℒ )−1(K). So,  (𝒥 ∘ ℒ )−1(K) is a S-paracompact 

set in 𝕎. Hence, 𝒥 ∘ ℒ is S-paracompact.    ∎ 

Theorem 3.3.10. 

Let 𝕎 be a Hausdorff completely extermally disconnected and 𝕄 is a    

Pa-closed compact. If 𝒥 ∘ ℒ ∶ 𝕎𝔼 is an S-paracompact map and 

 𝒥:𝕄𝔼 is a continuous injective map, then ℒ:𝕎𝕄 is a paracompact 

map. 

Proof. 

Let 𝒥 ∘ ℒ ∶ 𝕎𝔼 is an S-paracompact map and  𝒥:𝕄𝔼 is a continuous 

injective map where 𝕄 is a Pa-closed compact. Assume that K a 
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paracompact set in 𝕄. Then  𝒥(K) is paracompact subspace of 𝔼 due to 

Theorem 3.3.1. Since 𝕎 is a Hausdorff and completely e.d. space, thus 

𝒥 ∘ ℒ is a paracompact map by Theorem 3.1.12. Now,  (𝒥 ∘ ℒ )−1(𝒥(K)) 

= ℒ−1(𝒥−1(𝒥(K))) = ℒ−1(K)  is a paracompact subspace of 𝕎  due to 

𝒥 ∘ ℒ is paracompact. Hence, ℒ is a paracompact map.  ∎ 

Theorem 3.3.11. 

Let 𝕎 be a Pa-closed compact space, and 𝔼 is a completely extermally 

disconnected and Hausdorff space. If 𝒥 ∘ ℒ:𝕎𝔼 is a paracompact map 

and  ℒ:𝕎𝕄  is a continuous surjective map, then 𝒥:𝕄𝔼 is an          

S-paracompact map. 

Proof:  

Let 𝒥 ∘ ℒ:𝕎𝔼 is a paracompact map and  ℒ:𝕎𝕄  is a continuous 

surjective map. Suppose that 𝕂 is a closed S-paracompact set in 𝔼. Since 

𝔼 is a completely e.d. and Hausdorff space, then 𝕂  is a Hausdorff 

extermally disconnected subspace owing to Theorem 1.2.2 which follows 

𝕂 is a paracompact set in 𝔼 by Theorem 1.2.34. Thus (𝒥 ∘ ℒ)−1(𝕂) is a 

closed paracompact set in 𝕎. But 𝕎 is a Pa-closed compact space, thus 

ℒ(𝒥 ∘ ℒ)−1(𝕂) = ℒ(ℒ−1(𝒥−1(𝕂))) = 𝒥−1(𝕂) is a paracompact subset 

of 𝕄 by Theorem 3.3.1. Therefore, 𝒥−1(𝕂)  is an S-paracompact set due 

to Theorem 1.2.28. Hence, 𝒥 is an S-paracompact  map.   ∎ 

        As a direct consequence of using similar arguments as in Theorem 

3.3.11, the following results are established:  

Theorem 3.3.12. 

The composition of β-paracompact maps is also a β-paracompact map. 

Corollary 3.3.13. 

Let 𝕎 be a Hausdorff completely e.d. and submaximal and 𝕄 is a         

Pa-closed compact. If 𝒥 ∘ ℒ ∶ 𝕎𝔼 is a β-paracompact map and 

𝒥:𝕄𝔼 is a continuous injective map, then ℒ:𝕎𝕄 is a paracompact 

map.  ∎ 

Proof. 

By Theorem 3.3.1 and Theorem 3.1.14.  
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4.1 Paracompact Action  

This Chapter focuses on introducing a paracompact action map. Some 

theorems relating to revised properties of paracompact action map and 

paracompact G-space are derived. Indeed, various types of paracompact 

action are presented, which are nearly paracompact, compact, fully 

normal and metacompact.  

Definition 4.1.1  

A 𝔾-space 𝕎 is said to be paracompact 𝔾-space if the map ℓ:𝔾 ×

𝕎𝕎×𝕎 which is defined by ℓ(𝑔, 𝑥) = (𝑥, 𝑔. 𝑥) for each (𝑔, 𝑥) ∈

𝔾 ×𝕎, is a paracompact map, and the action 𝜑: 𝔾 ×𝕎𝕎 is called 

paracompact. The triple (𝔾,𝕎, 𝜑) is called a (left) topological 

transformation group and 𝕎 is called a paracompact 𝔾–space on 𝔾. 

Example 4.1.2  

Let (ℤ, 𝜏𝐷, +) be a topological group and (𝕎, 𝜏𝐷) is a topological space, 

where 𝕎 is a finite set and 𝜏𝐷 is a discrete topology, then the map 𝜑: ℤ ×

𝕎𝕎 is paracompact action. 

Proposition 4.1.3  

Let 𝕎 and 𝕄 be a compact Pa-closed space, then 𝕎×𝕄 is a Pa-closed 

space. 

Proof. 

Assume that 𝐴 × 𝐵 is paracompact in 𝕎×𝕄. Since 𝕎 is compact, then 

by Proposition 1.2.54, ℙ𝕣2:𝕎 ×𝕄𝕄 is proper. Since ℙ𝕣2 is a 

surjective open map, then by Proposition 2.1.12, ℙ𝕣2(𝐴 × 𝐵) = 𝐴 is 

paracompact in 𝕄. But 𝕄 is Pa-closed, then 𝐴 is closed. Thus, 

ℙ𝕣2
−1(𝐴) = 𝐴 ×𝕄 is a closed set in 𝕎×𝕄. In the same way, we show 

that 𝕎×𝐵 is closed in 𝕎 ×𝕄, therefore, (𝐴 ×𝕄)⋂(𝕎× B) = A × B 

is closed in 𝕎×𝕄. Hence, 𝕎×𝕄 is a Pa-closed space.     ∎ 

Proposition 4.1.4.  

Let 𝕎 be a compact Pa-closed and 𝔾 is a paracompact space. Then 𝕎 is 

paracompact 𝔾-space.  

Proof. 

Let 𝕎 be a compact Pa-closed and  𝐴 × 𝐵 is a paracompact set in 𝕎×

𝕎. By Proposition 4.1.3, 𝕎×𝕎 is Pa-closed, thus 𝐴 × 𝐵 is a closed set. 

Since ℓ:𝔾 ×𝕎𝕎×𝕎 is continuous, then ℓ−1(𝐴 × 𝐵) is closed in 
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𝔾 ×𝕎. By Proposition 1.2.52 𝔾 ×𝕎 is paracompact, therefore, 

ℓ−1(𝐴 × 𝐵) is paracompact. Hence, 𝕎 is paracompact            𝔾-space.    

∎ 

Proposition 4.1.5.  

Let 𝕎 be a  𝔾-space, Then : 

(i) If the action 𝜑:𝔾 ×𝕎𝕎 is a paracompact map and F is a 

closed (compact) subset of 𝕎 and 𝔾 is a compact topological group, 

then 𝔾. F = {𝑔. 𝑥|𝑔 ∈ 𝔾, 𝑥 ∈ F} is a closed (compact) set in 𝕎. 

(ii) If the action 𝜑:𝔾 ×𝕎𝕎 is an injective paracompact map and 

F is a paracompact subset of  𝕎 and 𝔾 is a compact topological group, 

then 𝔾. F = {𝑔. 𝑥|𝑔 ∈ 𝔾, 𝑥 ∈ F} is a paracompact set in 𝕎.  

Proof.  

(i) Let F be a closed (compact) subset of 𝕎, then 𝔾 × F is a closed 

(compact) subset of 𝔾 ×𝕎. Since 𝔾. F =  𝜑(𝔾 × F)and 𝜑 is closed 

and continuous, then 𝔾. F is a closed (compact) subset of 𝕎. 

(ii) Let F be a paracompact in 𝕎, then by Proposition 1.2.52, 𝔾 × F is 

paracompact in 𝔾 ×𝕎. Since 𝜑 is an injective paracompact map, then 

by Proposition 2.1.2, 𝜑 is proper. But 𝜑 clear is a surjective and open, 

thus, by Corollary 2.1.3, 𝜑(𝔾 × F) = 𝔾. F is a paracompact set in 𝕎. 

Theorem 4.1.6.  

Let 𝕎 be a paracompact 𝔾-space and 𝔾 is freely on 𝕎. If 𝐻 is a closed 

subset of 𝔾 and 𝐵 is an open subset of 𝕎 which is invariant under 𝐴,  

then 𝐵 is paracompact 𝐻-space. 

Proof. 

Assume that  𝕎 is a paracompact 𝔾−space and 𝔾 is freely on 𝕎, then 

the map ℓ:𝔾 ×𝕎
        
→ 𝕎×𝕎 which is defined by ℓ(𝑔, 𝑥) = (𝑥, 𝑔. 𝑥). 

For each (𝑔, 𝑥) ∈ 𝔾 ×𝕎, is an injective paracompact map, thus by 

Proposition 2.1.2, ℓ is proper We must prove the map 𝒮:𝐻 × 𝐵
        
→ 𝐵 × 𝐵 

which is defined by  𝒮(ℎ, 𝑦) = (𝑦, ℎ. 𝑦) 

For each (ℎ, 𝑦) ∈ 𝐻 × 𝐵, is a paracompact map. Let {(ℎ𝑑 , 𝑦𝑑)}𝑑∈𝐷 be a 

net in 𝐻 × 𝐵 such that 𝒮({(ℎ𝑑 , 𝑦𝑑)}𝑑∈𝐷) ∝ (𝑥, 𝑦) for some  (𝑥, 𝑦) ∈ 𝐵 ×

𝐵. Then {(𝑦𝑑 , ℎ𝑑 . 𝑦𝑑)} ∝ (𝑥, 𝑦) in 𝐵 × 𝐵. Let 𝑈 be an open in 𝕎×𝕎, 

such that(𝑥, 𝑦) ∈ 𝑈, then 𝑈⋂(𝐵 × 𝐵)  it is open in 𝕎×𝕎. But  𝐵 × 𝐵 

is an open in 𝕎×𝕎, then 𝑈 is open in 𝑈⋂(𝐵 × 𝐵). Now, (𝑥, 𝑦) ∈

𝑈⋂(𝐵 × 𝐵) and {(𝑦𝑑 , ℎ𝑑 . 𝑦𝑑)} ∝ (𝑥, 𝑦), thus, {(𝑦𝑑 , ℎ𝑑 . 𝑦𝑑)} is frequently 

in 𝑈⋂(𝐵 × 𝐵)and then {(𝑦𝑑 , ℎ𝑑 . 𝑦𝑑)} is frequently in 𝑈. Thus, 

{(𝑦𝑑 , ℎ𝑑 . 𝑦𝑑)} ∝ (𝑥, 𝑦) in 𝕎 ×𝕎. Since ℓ is a proper map, then by 
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Theorem 1.2.46, there exists (ℎ, 𝑥1) ∈ 𝔾 ×𝕎 such that  (ℎ𝑑 , 𝑦𝑑) ∝

(ℎ, 𝑥1) and ℓ(ℎ, 𝑥1) = (𝑥, 𝑦), thus (𝑥1, ℎ . 𝑥1) = (𝑥, 𝑦), that is 𝑥1 = 𝑥. 

Therefore, ℎ𝑑 ∝ ℎ , since {ℎ𝑑} is a net in 𝐻, then ℎ ∈ 𝐻̅ = 𝐻 
        
⇒  ℎ ∈ 𝐻. 

Thus, by Theorem 1.2.46, 𝒮:𝐻 × 𝐵
        
→ 𝐵 × 𝐵 is proper, by Proposition 

2.1.2, 𝒮 is paracompact.      ∎ 

    Since 𝔾 is a closed subset of itself and 𝕎 is an open subset of itself, 

then: 

Corollary 4.1.7.  

Let 𝕎 be a paracompact 𝔾-space and 𝔾 is freely on 𝕎. If 𝐵 is an open 

subset of 𝕎 which is invariant under 𝔾, then 𝐵 is paracompact 𝔾 -space. 

Corollary 4.1.8.  

Let 𝕎 be a paracompact 𝔾-space and 𝔾 is freely on 𝕎. If 𝐻 is a closed 

subset of 𝔾 then 𝕎 is paracompact H-space. 

Proposition 4.1.9.  

Let (𝔾1,𝕎,𝜑1) and (𝔾2,𝕎, 𝜑2) be two topological transformation 

groups such that 𝒥:𝔾1𝔾2 is a bijective open proper map onto group 

homomorphism and  ℒ:𝕎
        
→ 𝕄 is an equivariant map. If ℒ is a 

surjective open proper map, and 𝕎 is paracompact 𝔾1-space, then 𝕄 is a 

paracompact 𝔾2-space. 

Proof.  

Let ℓ1: 𝔾1 ×𝕎
        
→ 𝕎×𝕎 and ℓ2: 𝔾2 ×𝕄

        
→ 𝕄×𝕄 be the maps that 

are defined by ℓ1(𝑔1, 𝑥) = (𝑥, 𝑔1. 𝑥) and ℓ2(𝑔2, 𝑥) = (𝑥, 𝑔2. 𝑥) for each 

(𝑔1, 𝑥) ∈ 𝔾 ×𝕎 and (𝑔2, 𝑥) ∈ 𝔾 ×𝕄. Consequently, the following 

diagram can be realized based on the maps ℒ, 𝒥,  ℓ1,  and ℓ2. 

 

 
Figure 4.1 First diagram on maps 

 

 

Let (𝑔1, 𝑥) ∈ 𝔾 ×𝕎, then according to the above diagram: 

 [(ℒ × ℒ)oℓ1] (𝑔1, 𝑥) =( ℒ × ℒ) (𝑥, 𝜑1(𝑔1, 𝑥))  
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=(ℒ(x), ℒ(𝜑1(𝑔1, 𝑥))) =(ℒ(𝑥), 𝜑2(𝒥(𝑔1), ℒ(𝑥))) 

=[ℓ2𝑜(𝒥 × ℒ)](𝑔1, 𝑥). 

So the diagram is commutative. Since ℒ:𝕎
        
→ 𝕄 is a surjective proper, 

then ℒ × ℒ is a bijective proper map. By Proposition 2.1.2, ℒ × ℒ is a 

paracompact map. Since ℓ1is paracompact, then by Proposition 

2.1.8(i), (ℒ × ℒ)oℓ1 is paracompact. Thus, ℓ2𝑜(𝒥 × ℒ) is a paracompact 

map. But, by Proposition 2.1.8(iv), ℓ2 is paracompact map. Hence,  𝕄 is 

a paracompact 𝔾1-space.      ∎ 

Proposition 4.1.10.  

Let 𝕎 be a paracompact 𝔾-space, 𝑥 ∈ 𝕎 such that {𝑥} is open and 𝐻 =

{𝑥} ×𝕎, then ℓ𝐻
 : ℓ−1(𝐻)

        
→ 𝐻 is a paracompact map, where ℓ:𝔾 ×

𝕎𝕎×𝕎 and ℓ(𝑔, 𝑥) = (𝑥, 𝑔. 𝑥), for each (𝑔, 𝑥) ∈ 𝔾 ×𝕎.    

Proof.  

Let (𝑥, 𝑦) ∈ {𝑥} ×𝕎 and 𝕌 = {𝑈𝛼 × 𝑉𝛽|𝛼 ∈ 𝐼, 𝛽 ∈ ∆} is an open cover 

of ℓ−1({(𝑥, 𝑦)}). Since ℓ is the Paracompact  map than by Proposition 

2.1.1, there exists a neighborhood 𝐷(𝑥,𝑦) of (𝑥, 𝑦) such that {(𝑈∝ ×

𝑉𝛽)⋂ℓ
−1(𝐷(𝑥,𝑦))}𝛼∈𝐼,𝛽∈∆ has an open refinement 𝕍 such that 𝕍 is locally 

finite at ℓ−1({(𝑥, 𝑦)}). Since {𝑈𝛼 × {𝑥}|𝛼 ∈ 𝐼} is an open cover of 

ℓ−1({(𝑥, 𝑦)}) in 𝔾 × {𝑥}, then it has a locally finite open refinement at 

ℓ−1({(𝑥, 𝑦)}). Since ℓ𝐻
 : ℓ−1(𝐻) = 𝔾 × {𝑥}𝐻 is continuous and 

surjective map, then  ℓ𝐻
  is paracompact.      ∎ 

Lemma 4.1.11.  

The quotient map 𝑃:𝕎
        
→ 𝕎/𝔾 is open. 

Proof.  

Let 𝐴 be an open set in 𝕎. Then 𝑃−1(𝑃(𝐴)) = ⋃ 𝐴𝑔𝑔∈𝔾 , which is a 

union of open sets. Thus, 𝑃(𝐴) is open.      ∎ 

Proposition 4.1.12.  

Let 𝕎 be a paracompact 𝔾-space with the action 𝜑:𝔾 ×𝕎𝕎, 

𝜑(𝑔, 𝑥) = 𝑔. 𝑥, ∀(𝑔, 𝑥) ∈ 𝔾 ×𝕎. Then for each 𝑥 ∈ 𝕎, such that {𝑥} is 

open. 

(i) The map 𝜑𝑥: 𝔾
        
→ 𝕎 which is defined by 𝜑𝑥(𝑔) = 𝜑(𝑔, 𝑥), is  

paracompact map. 

(ii)   The stabilizer subgroup 𝔾𝑥 of 𝔾 at 𝑥, is paracompact. 

(iii) The map ℒ:𝔾 𝔾𝑥⁄
        
→ 𝔾. 𝑥 is paracompact, where 𝔾 is compact 

Pa-closed space. 
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(iv)   The orbit at 𝑥, 𝔾. 𝑥 is closed. 

Proof. 

(i) Let 𝐻 = {𝑥} ×𝕎 ⊆ 𝕎×𝕎, then by Proposition 4.1.10, 

ℓ𝐻
 : ℓ−1(𝐻)

        
→ 𝐻 is a paracompact map, where ℓ:𝔾 ×𝕎

        
→ 𝕎×𝕎 

and ℓ(𝑔, 𝑥) = (𝑥, 𝑔. 𝑥), for each (𝑔, 𝑥) ∈ 𝔾 ×𝕎. Now, we can write   

𝜑𝒙: 𝔾  𝔾 × {𝑥} ≅
𝑓     ℓ𝐻    

 

→   {𝑥} ×𝕎  𝕎 ≅
ℎ  such that 𝑓 and ℎ are 

homeomorphisms. Let 𝑈 be a paracompact set in 𝕎, then ℎ−1(𝑈)= 

 {𝑥} × 𝑈, 𝑥 ∈ 𝕎. Since ℓ𝐻
 is a paracompact map, then, ℓ𝐻

 −1(ℎ−1(𝑈 )) 

= ℓ𝐻
 −1({𝑥} × 𝑈) is a paracompact set in 𝔾 × {𝑥}, but 𝑓 is a 

homeomorphism, then 𝑓−1(ℓ𝐻
 −1(ℎ−1(𝑈 )) ) is paracompact in 𝔾. 

Since 𝑓−1(ℓ𝐻
 −1(ℎ−1(𝑈 )) ) = 𝜑𝒙

−1(𝑈), then a map 𝜑𝒙: 𝔾
        
→ 𝕎 is 

paracompact. 

(ii)  By (i), 𝜑𝒙: 𝔾
        
→ 𝕎 is a paracompact map, since {𝑥} is a paraco-

mpact set for each 𝑥 ∈ 𝕎. Then, 𝜑𝒙
−1({𝑥}) is paracompact. But 

𝜑𝒙
−1({𝑥}) = 𝔾𝑥, hence 𝔾𝑥 is a paracompact set in 𝔾. 

(iii)  Let 𝜓:𝔾
       
→ 𝔾 𝔾𝑥⁄  be a quotient map, then 𝜓 is well defined 

continuous and surjective. We will define the map ℒ:𝔾 𝔾𝑥⁄
        
→ 𝔾. 𝑥, by 

ℒ(𝑔 𝔾𝑥) = 𝑔. 𝑥, ∀𝑔 ∈ 𝔾 .To prove that ℒ is an injective map. Let 

𝑔1𝔾𝑥 , 𝑔2𝔾𝑥 ∈ 𝔾/𝔾𝑥 such that ℒ(𝑔1𝔾𝑥) = ℒ(𝑔2𝔾𝑥). Then, 𝑔1. 𝑥=

𝑔2. 𝑥, this implies that 𝑔2
−1(𝑔1. 𝑥) = 𝑥. Hence, (𝑔2

−1𝑔1). 𝑥 = 𝑥. So 

that, (𝑔2
−1𝑔1). 𝑥 = 𝑥 leads to 𝑔2

−1𝑔1 ∈ 𝔾𝑥. Thereby, 𝑔1𝔾𝑥 = 𝑔2𝔾𝑥. 

 Therefore, ℒ is an injective map. 

 Now,                                      𝜑𝒙

 𝔾
    𝜓   
→    𝔾 𝔾𝑥⁄  

   ℒ     
→    𝔾.𝑥

→                                         

ℒ𝑜𝜓 ≡ (𝜑𝒙)𝔾.𝑥, where (𝜑𝒙)𝔾.𝑥: 𝜑𝒙
−1(𝔾. 𝑥)

        
→ 𝔾. 𝑥. Since 𝜑𝒙 is 

injective, and 𝔾. 𝑥 is open then by Proposition 4.1.10, (𝜑𝒙)𝔾.𝑥 is 

paracompact. Since 𝔾 is a Pa-closed and 𝔾𝑥 is paracompact, then 𝔾𝑥 is 

closed, therefore by Lemma 4.1.12, 𝔾 𝔾𝑥⁄  is Hausdorff. By Lemma 

4.1.11 and Proposition 1.2.52,  𝜓 is an open proper map. Thus, by 

Proposition 2.1.13, ℒ  is paracompact.  

(iv)  Since 𝜑𝒙: 𝔾𝕎 is a paracompact, then by Proposition 2.1.2, 𝜑𝒙 

is a closed map. Clear, 𝔾 is closed set in 𝔾, therefore 𝜑𝑥(𝔾) is a closed 

set in 𝕎. But, 𝜑𝑥(𝔾) = 𝔾. 𝑥, hence 𝔾. 𝑥 is a closed set in 𝕎.    ∎  
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Proposition 4.1.13.   

Let 𝕎 be a 𝔾-space, such that 𝔾 acts freely on 𝕎. Then 𝕎 is 

paracompact 𝔾-space if and only if the graph 𝔾𝑅(𝑅) of the equivalence 

relation 𝑅 which is defined by 𝔾 on 𝕎 is a closed set in 𝕎×𝕎 and the 

map Φ:𝔾𝑅(𝑅)
       
→ 𝔾 which is defined by Φ(x, y) = 𝑔, such that 𝑔. 𝑥 = 𝑦, 

is a continuous map. 

Proof. 

Let 𝕎 be a paracompact 𝔾-space. Then the map ℓ:𝔾 ×𝕎𝕎×𝕎 is a 

paracompact map, by Proposition 2.1.2, ℓ is closed. Thus, ℓ(𝔾 ×𝕎) is a 

closed set in 𝕎×𝕎. But, ℓ(𝔾 ×𝕎) = 𝔾𝑅(𝑅), then 𝔾𝑅(𝑅) is closed 

set in 𝕎×𝕎. Since 𝔾 acts freely on 𝕎, then by Remarks 1.3.8 (ii), the 

map ℓ is injective, thus by Proposition 2.1.2, ℓ is a homeomorphism  

from (𝔾 ×𝕎) onto a closed set in 𝕎×𝕎. Let ℓ̂: (𝔾 ×𝕎)
         
→  𝔾𝑅(𝑅), 

which is defined by ℓ̂(𝑔, 𝑥) = (𝑔, 𝑥), for each (𝑔, 𝑥) ∈ 𝔾 ×𝕎. 

Therefore, ℓ̂ is a homeomorphism map and so, ℓ̂ is bijective. Thus, ℓ̂ has 

inverse map ℓ̂−1: 𝔾𝑅(𝑅)
         
→  (𝔾 ×𝕎), which is defined by: ℓ̂−1(𝑔, 𝑥) =

(Φ(x, y), x),  for each (𝑥, 𝑦) ∈ 𝔾𝑅(𝑅), that is, ℓ̂−1 ≡ Φ∆ℙ𝕣1, such that 

ℙ𝕣1: 𝔾𝑅(𝑅)
         
→  𝕎 is a projection map, ℙ𝕣1(𝑥, 𝑦) = 𝑥, for each (𝑥, 𝑦) ∈

𝔾𝑅(𝑅). Since ℓ̂ is a homeomorphism, then ℓ̂ is an open map, i.e., ℓ̂−1 is 

continuous, thus, Φ∆ℙ𝕣1 is a continuous map. Now, we must prove that 

Φ is continuous. Let 𝑈 be an open set in 𝔾, then 𝑈 ×𝕎 is an open in 

𝔾 ×𝕎, thus, (Φ∆ℙ𝕣1)
−1(𝑈 ×𝕎) = Φ−1(𝑈)⋂[ℙ𝕣1

−1(𝕎)⋂𝔾𝑅(𝑅) = 

Φ−1(𝑈)⋂[(𝕎 ×𝕎)⋂𝔾𝑅(𝑅)] =Φ−1(𝑈)⋂𝔾𝑅(𝑅) = Φ−1(𝑈). 

Therefore, Φ−1(𝑈) is an open in  𝔾𝑅(𝑅). Hence Φ:𝔾𝑅(𝑅)
       
→ 𝔾 is a 

continuous map. 

Conversely, Since ℓ:𝔾 ×𝕎𝕎×𝕎 is a continuous and injective map, 

then ℓ̂: (𝔾 ×𝕎)
         
→  𝔾𝑅(𝑅) is a continuous and bijective map. Now, to 

prove that ℓ̂ is an open map. Let 𝑈 × 𝑉 be an open subset of 𝔾 ×𝕎, then 

ℓ̂−1(𝑈 × 𝑉) = (Φ∆ℙ𝕣1)
−1(𝑈 ×𝕎) = Φ−1(𝑈)⋂ℙ𝕣1

−1(𝕎)⋂𝔾𝑅(𝑅), 

but the map  ℙ𝕣1
 is continuous, therefore, ℙ𝕣1

−1(𝕎)⋂𝔾𝑅(𝑅) is open in 

𝔾𝑅(𝑅), and since Φ−1(𝑈) is an open set in 𝔾𝑅(𝑅), then 

Φ−1(𝑈)⋂ℙ𝕣1
−1(𝕎)⋂𝔾𝑅(𝑅) is open in 𝔾𝑅(𝑅). Hence, ℓ̂−1 is a 

continuous map, that is ℓ̂ is an open map, thus ℓ a homeomorphism of 

𝔾 ×𝕎 onto closed subset 𝕎 ×𝕎. Thus, by proposition 3.1.4 the map  

ℓ:𝔾 ×𝕎𝕎×𝕎 is paracompact map. Hence, 𝕎 is a paracompact  𝔾-

space.  ∎  
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Proposition 4.1.14.  

Let 𝕎 and 𝔾 be a compact Pa-closed. If the action map ℓ:𝔾 ×

𝕎
        
→ 𝕎×𝕎 is a paracompact then, for every compact subset 𝐵 of  𝕎, 

the transporter set 𝔾𝐵 = {𝑔 ∈ 𝔾|(𝑔. 𝐵)⋂𝐵 ≠ ∅} is paracompact. 

Proof. 

Assume that ℓ is a paracompact map. By definition of  ℓ, 𝔾𝐵 =

ℙ𝕣1(ℓ
−1(𝐵 × 𝐵)) and ℙ𝕣1is the projection 𝔾 ×𝕎𝔾. Since 𝐵 × 𝐵 is a 

paracompact set, so ℓ−1(𝐵 × 𝐵) is paracompact in 𝔾 ×𝕎. Thus, by 

Proposition 2.1.12, 𝔾𝐵 is paracompact set.     ∎ 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 
 

 

 72 

4.2 Certain Types of Paracompact Actions 

Definition 4.2.1. 

 A 𝔾-space 𝕎 is said to be nearly paracompact 𝔾-space if the map ℓ:𝔾 ×

𝕎𝕎×𝕎 which is defined by ℓ(𝑔, 𝑥) = (𝑥, 𝑔. 𝑥) for each (𝑔, 𝑥) ∈

𝔾 ×𝕎, is a nearly paracompact map. 

Theorem 4.2.2. 

Let 𝕎 be a compact Pa-closed and Huasdorff space, and 𝔾 be a 

paracompact space. Then 𝕎 is a nearly paracompact 𝔾-space.  

Proof. 

To show the map ℓ:𝔾 ×𝕎𝕎×𝕎 is nearly paracompac. Assume 

that 𝐾 is a nearly paracompact set in 𝕎×𝕎. Since 𝕎×𝕎 is a compact 

Hausdorff space, then 𝕎×𝕎 is a regular space, so 𝕎 ×𝕎 semi-regular 

by Theorem 1.2.31. Thus,  𝐾 is a semi-regular by hereditary of semi-

regular property, which implies that  𝐾 is a paracompact subspace of 𝕎×

𝕎 due to Theorem 1.2.30. Now, ℓ is paracompact map owing to 

Theorem 4.1.4, so ℓ−1(𝐾) is a paracompact set in 𝔾 ×𝕎. Therefore, 

ℓ−1(𝐾) is nearly paracompact in 𝔾 ×𝕎 by Theorem 1.2.29. Hence, 𝕎 is 

a nearly paracompact 𝔾-space. 

Theorem 4.2.3.  

Let 𝕎 and 𝔾 be regular spaces and 𝕎 is nearly paracompact 𝔾-space 

such that 𝔾 is freely on 𝕎. If 𝐻 is a closed subset of 𝔾 and 𝐵 is an open 

subset of 𝕎 which is invariant under 𝐻,  then 𝐵 is a nearly paracompact 

𝐻-space. 

Proof. 

Suppose that 𝕎 and 𝔾 are regular spaces, thus 𝔾 ×𝕎 is regular space. 

We have ℓ:𝔾 ×𝕎𝕎×𝕎 is nearly paracompact map, so ℓ is a 

paracompact map due to Theorem 3.1.24. Thus, 𝐵 is a paracompact       

𝐻-space by Theorem 4.1.6, that is 𝒮:𝐻 × 𝐵
        
→ 𝐵 × 𝐵 is paracompact 

map. But 𝐵 × 𝐵 is a regular because of 𝐵 is a regular subspace of 𝕎 and 

so,  𝒮 is a nearly paracompact map by Theorem 3.2.25. Hence, 𝐵 is a 

nearly  paracompact 𝐻-space. 

Definition 4.2.4. 

A 𝔾-space 𝕎 is said to be fully normal 𝔾-space if the map ℓ:𝔾 ×

𝕎𝕎×𝕎 which is defined by ℓ(𝑔, 𝑥) = (𝑥, 𝑔. 𝑥) for each (𝑔, 𝑥) ∈

𝔾 ×𝕎, is a fully normal map. 
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Theorem 4.2.5. 

Let 𝕎 be a compact Pa-closed and Huasdorff space, and 𝔾 is 

paracompact and Huasdorff space. Then 𝕎 is a fully normal 𝔾-space.  

Proof. 

The map ℓ:𝔾 ×𝕎𝕎×𝕎 is paracompact due to Theorem 4.1.4. 

Assume that 𝐾 is a fully normal set in 𝕎×𝕎. Since 𝕎×𝕎 is 

Huasdorff, then 𝐾 is a Huasdorff subspace of 𝕎 ×𝕎  and so, 𝐾 is        

𝑇1-space. From Theorem 1.2.38, 𝐾 is a paracompact subspace of 𝕎×𝕎. 

so ℓ−1(𝐾) is a paracompact set in 𝔾 ×𝕎. Therefore, ℓ−1(𝐾) is fully 

normal in 𝔾 ×𝕎 by Theorem 1.2.39. Hence, 𝕎 is a fully paracompact 

𝔾-space. 

Theorem 4.2.6. 

Let 𝕎 and 𝔾 be a Huasdorff space, and 𝕎 is a fully normal 𝔾-space such 

that 𝔾 is freely on 𝕎. If 𝐻 is a closed subset of 𝔾 and 𝐵 is an open subset 

of 𝕎 which is invariant under 𝐻,  then 𝐵 is a fully normal 𝐻-space. 

Proof. 

Suppose that 𝕎 and 𝔾 are a Huasdorff space, then 𝔾 ×𝕎 is Huasdorff 

space and so, 𝔾 ×𝕎 is 𝑇1-space and 𝕎×𝕎 is a Huasdorff space. Since 

ℓ:𝔾 ×𝕎𝕎×𝕎 is fully normal map, then ℓ is a paracompact map 

due to Theorem 3.1.17. Thus, 𝐵 is a paracompact 𝐻-space, that is 𝒮:𝐻 ×

𝐵
        
→ 𝐵 × 𝐵 is a paracompact map. But 𝐵 × 𝐵 is Hausdorff because of 𝐵 

is a Hausdorff subspace of 𝕎 , thus 𝐵 × 𝐵 is 𝑇1-space and 𝐻 × 𝐵 is a 

Hausdorff subspace so, 𝒮 is a fully normal map by Theorem 3.2.10. 

Hence, 𝐵 is a fully normal 𝐻-space. 

Definition 4.2.7.  

A 𝔾-space 𝕎 is said to be compact 𝔾-space if the map ℓ:𝔾 ×𝕎𝕎×

𝕎 which is defined by ℓ(𝑔, 𝑥) = (𝑥, 𝑔. 𝑥) for each (𝑔, 𝑥) ∈ 𝔾 ×𝕎, is a 

compact map. 

Theorem 4.2.8.  

Let 𝕎 be a compact Pa-closed space, and 𝔾 is compact space. Then 𝕎 is 

a compact 𝔾-space.  

Proof. 

Assume that 𝐾 is a compact set in 𝕎×𝕎. Since 𝕎×𝕎 is Pa-closed, 

then  𝐾 is a closed subset of 𝕎×𝕎 by Definition 2.2.1. So, ℓ−1(𝐾) is a 

closd subset of 𝔾 ×𝕎 by continuity of ℓ. we have 𝔾 ×𝕎 is compact 
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space, thus ℓ−1(𝐾) is compact. Therefore, ℓ is a compact map. Hence, 𝕎 

is a compact 𝔾-space. 

Theorem  4.2.9. 

Every paracompact map of countably compact space onto a Pa-closed 

space is  compact. 

Proof. 

Let ℒ:𝕎𝕄 be a paracompact map. Assume that 𝐾 is a compact subset 

of  𝕄. Then 𝐾 is a paracompact set by Theorem 1.2.15, and 𝐾 is closed 

because of 𝕄 is a Pa-closed space. Thus, ℒ−1(𝐾) is a paracompact 

subspace of 𝕎 due to ℒ is paracompact. Also, ℒ−1(𝐾) is closed owing to 

 ℒ is continuous map. Since 𝕎 is a countably compact space then 

 ℒ−1(𝐾) is a countably compact subpace, so ℒ−1(𝐾) is a compact 

subspace of 𝕎 by Theorem 1.2.19. Hence ℒ is compact map.   

Theorem 4.2.10.  

Let 𝕎 is a compact 𝔾-space where 𝕎 is a compact Pa-closed space, and 

𝔾 is a compact freely on 𝕎. If 𝐻 is a closed subset of 𝔾 and 𝐵 is an 

clopen subset of 𝕎 which is invariant under 𝐻, then 𝐵 is a compact 𝐻-

space. 

Proof. 

Suppose that ℓ:𝔾 ×𝕎𝕎×𝕎 is compact map where 𝕎 is a compact 

Pa-closed space and 𝔾 is a compact space, then 𝕎×𝕎 is a compact Pa-

closed space by Theorem 2.2.10, and so, 𝕎 ×𝕎 is a countably compact 

Pa-closed space. Thus, ℓ is a paracompact map because of Theorem 4.1.4, 

so 𝐵 is a paracompact 𝐻-space due to Theorem, that is 𝒮:𝐻 × 𝐵
        
→ 𝐵 ×

𝐵 is a paracompact map. But 𝐵 × 𝐵 is clopen which implies 𝐵 × 𝐵 Pa-

closed subspace of 𝕎×𝕎 because of Theorem 2.2.11. We have 𝔾 ×𝕎 

is compact space, so 𝔾 ×𝕎 is countably compact by Theorem 1.2.17(ii). 

Since 𝐻 × 𝐵 is a closed subset of ×𝕎, then 𝐻 × 𝐵 is countably compact. 

therefore 𝒮 is compact by Theorem 4.2.9. Hence, 𝐵 is a compact 𝐻-space. 

Definition 4.2.11. 

A 𝔾-space 𝕎 is said to be metacompact 𝔾-space if the map ℓ:𝔾 ×

𝕎𝕎×𝕎 which is defined by ℓ(𝑔, 𝑥) = (𝑥, 𝑔. 𝑥) for each (𝑔, 𝑥) ∈

𝔾 ×𝕎, is a metacompact map. 
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Theorem 4.2.12. 

Let 𝕎 be a compact Pa-closed and normal space, and 𝔾 is compact and 

normal space. Then, 𝕎 is a metacompact 𝔾-space.  

Proof: Since 𝔾 is compact, then 𝔾 is a paracompact space. Thus, 𝕎 is a 

paracompact 𝔾-space by Theorem 4.1.4, so ℓ:𝔾 ×𝕎𝕎×𝕎 is a 

paracompact map. Assume that 𝐾 is a closed metacompact set in 𝕎×𝕎. 

Since 𝕎×𝕎 is normal space then 𝐾 is countably paracompact by 

Theorem 1.2.23. We have 𝕎×𝕎 is Lindelöf, then 𝐾 is Lindelöf, so 𝐾 is 

a paracompact subspace of  𝕎×𝕎 by Theorem 1.2.20. Therefore, 

ℓ−1(𝐾) is paracompact in 𝔾 ×𝕎, so ℓ−1(𝐾) is paracompact owing to 

Theorem 1.2.23. Thus, ℓ is a metacompact map. Hence, 𝕎 is a 

metacompact 𝔾-space. 

Lemma 4.2.13. 

Let 𝕎 be counatably compact, normal and Lindelöf, then any closed 

metacompact subspace of 𝕎 is compact. 

Proof. 

From Theorem 1.2.23, Theorem 1.2.20 and Theorem 1.2.15. 

Theorem 4.2.14. 

Let 𝕎 is a metacompact 𝔾-space where 𝕎 is a compact Pa-closed space, 

and 𝔾 is a compact freely on 𝕎. If 𝐻 is a closed subset of 𝔾 and 𝐵 is an 

clopen subset of 𝕎 which is invariant under 𝐻,  then 𝐵 is a metacompact 

𝐻-space. 

Proof. 

Assume that ℓ:𝔾 ×𝕎𝕎×𝕎 is metacompact map where 𝕎 is a 

compact Pa-closed and normal space, and 𝔾 is a compact space, then 

𝕎×𝕎 is a compact Pa-closed and normal space, also  𝔾 ×𝕎 is a 

compact. Thus, ℓ is a compact map because of Theorem 4.2.8, so 𝐵 is a 

compact 𝐻-space due to Theorem, that is 𝒮:𝐻 × 𝐵
        
→ 𝐵 × 𝐵 is a 

compact map. But 𝐵 × 𝐵 is closed which implies 𝐵 × 𝐵 is compact and 

norma subspace of 𝕎×𝕎, so 𝐵 × 𝐵 is normal, countably compact and 

Lindelöf, therefore from Lemma 4.2.13 , 𝒮 is compact map. Hence, 𝐵 is a 

compact 𝐻-space. 

Theorem 4.2.15. 

The composition of metacompact maps is a metacompact map. 
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Proof. 

Let ℒ:𝕎𝕄 and 𝒥:𝕄𝔼  be two metacompact maps. Suppose that K is 

a closed and metacompact set in 𝔼, then 𝒥−1(K) is a closed metacompact 

set in 𝕄 owing to 𝒥 is a metacompact map. Thus, ℒ−1(𝒥−1(K)) is a 

metacompact set in 𝕎 because ℒ is a metacompact map, but 

ℒ−1(𝒥−1(K)) = (𝒥 ∘ ℒ )−1(K). So, (𝒥 ∘ ℒ )−1(K) is a metacompact set 

in 𝕎. Hence, 𝒥 ∘ ℒ is metacompact. 

Theorem 4.2.16. 

Let 𝕎 be a countably compact, Lindelöf and normal space. If 𝒥 ∘ ℒ ∶

𝕎𝔼 is a metacompact map and  ℒ:𝕎𝕄  is a continuous surjective 

map, then 𝒥:𝕄𝔼 is a metacompact map. 

Proof. 

Suppose that K a closed metacompact set in 𝔼. Since 𝒥 ∘ ℒ is a metac-

ompact map then (𝒥 ∘ ℒ )−1(K) is metacompact set in 𝕎, also, (𝒥 ∘

ℒ )−1(K) is closed due to continuity of 𝒥 ∘ ℒ. Thus, (𝒥 ∘ ℒ )−1(K) is 

compact by Lemma 4.2.13. But ℒ is a continuous surjective map then, 

ℒ(𝒥 ∘ ℒ )−1(K) = ℒ (ℒ−1(𝒥−1(K))) = 𝒥−1(K) is compact, so 𝒥−1(K) is 

a metacompact set in  𝕄. Hence, 𝒥 is a metacompact map. 

Theorem 4.2.17. 

Let 𝔾1, 𝕎 and  𝕄 be compact and normal spaces, and (𝔾1,𝕎,𝜑1) and 

(𝔾2,𝕄, 𝜑2) be two a group actions such that a bijective map 𝒥:𝔾1𝔾2 

is open and proper onto group homomorphism and ℒ:𝕎
        
→ 𝕄 is an 

equivariant map. If ℒ is a surjective open proper map, and 𝕎 is 

metacompact 𝔾1-space, then 𝕄 is a metacompact 𝔾2-space. 

Proof. 

Let ℓ1: 𝔾1 ×𝕎
        
→ 𝕎×𝕎 and ℓ2: 𝔾2 ×𝕄

        
→ 𝕄×𝕄 be maps are 

defined by ℓ1(𝑔1, 𝑥)=(𝑥, 𝜑1(𝑔1, 𝑥)) and ℓ2(𝑔2, 𝑥)=(𝑥, 𝜑2(𝑔2, 𝑥)). Let 

(𝑔1, 𝑥) ∈ 𝔾 ×𝕎, then according to diagram below: 

 
Figure 4.2 Second diagram on maps 

[(ℒ × ℒ) ∘ ℓ1] (𝑔1, 𝑥)                     
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=( ℒ × ℒ) (𝑥, 𝜑1(𝑔1, 𝑥))  

=(ℒ(x), ℒ(𝜑1(𝑔1, 𝑥))) =(ℒ(𝑥), 𝜑2(𝒥(𝑔1), ℒ(𝑥))) 

=[ℓ2 ∘ (𝒥 × ℒ)](𝑔1, 𝑥). 

So the diagram is commutative. We have ℒ:𝕎
        
→ 𝕄 is a surjective 

proper, then ℒ × ℒ is a bijective proper map. By Theorem 2.1.2, ℒ × ℒ is 

a paracompact map, so ℒ × ℒ is  metacompact owing to Theorem 3.2.2. 

But ℓ1is metacompact, then (ℒ × ℒ)∘ ℓ1 is paracompact by Theorem 

4.2.15. Thus, ℓ2 ∘ (𝒥 × ℒ) is a metacompact map. Thus, ℓ2 is a 

metacompact map by Theorem 4.2.16. Hence, 𝕄 is a metacompact 𝔾1-

space.  
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5.1 On the Fuzzy Paracompact Map in FTTM   

    This Chapter is mainly devoted to introducing a fuzzy paracompact 

map and applying it to a mathematical model of fuzzy topographic 

topological mapping (𝐹𝑇𝑇𝑀).  

Definition 5.1.1.  

A surjective F-continuous map ℒ:𝕎 → 𝕄 is called a fuzzy paracompact 

if the inverse image for any fuzzy paracompact set in 𝐼𝕄 is fuzzy 

paracompact set in 𝐼𝕎. 

Remark 5.1.2. 

Every subspace of a metrizable space is metrizable. 

Theorem 5.1.3 

A surjective F-continuous map ℒ from a fuzzy metrizable space 

(𝕎,𝑤(𝜏)) onto a fuzzy topological space (𝕄, S) is a fuzzy paracompact 

map, where 𝑤(𝜏) has the original topology 𝜏 such that (𝕎, 𝜏) is a 

metrizable space. 

Proof. 

Assume that 𝜇 ∈ 𝐼𝕄 is a fuzzy paracompact subspace of (𝕄, S). To prove 

that ℒ−1(𝜇) ∈ 𝐼𝕎 is a fuzzy paracompact. A subspace  

(ℒ−1(𝜇), 𝑤(𝜏ℒ−1(𝜇))) of (𝕎,T) has original topological space 

(ℒ−1(𝜇), 𝜏ℒ−1(𝜇)) which is a subspace of a topological space (𝕎, 𝜏). 

Since (𝕎, 𝜏) is a metrizable space, then (ℒ−1(𝐴), 𝜏ℒ−1(𝐴)) is a 

paracompact subspace of 𝕎 by Remark 5.1.2. Therefore 

(ℒ−1(𝐴),𝑤(𝜏ℒ−1(𝐴))) is a fuzzy paracompact set due to Remark 1.4.14. 

Hence, ℒ is a fuzzy paracompact map. ∎ 

Theorem 5.1.4. 

A F-continuous map ℒ of an FTS (𝕎,T) onto an FTS (𝕄, S) is a fuzzy 

closed if and only if for every fuzzy set 𝜆 ∈ 𝐼𝕄 and every fuzzy open 

set 𝜇 ∈ 𝐼𝕎 which satisfies ℒ−1(𝜆) ≤ 𝜇, there exists a fuzzy open set 𝜎 ∈

𝐼𝕄 containing  𝜆 such that ℒ−1(𝜎) ≤ 𝜇.  

Proof. 

Assume that ℒ:𝕎 → 𝕄 is a fuzzy closed map. Let 𝜆 be a fuzzy set in 𝐼𝕄 

and 𝜇 is a fuzzy open set in 𝐼𝕎 which holding ℒ−1(𝜆). The fuzzy set 𝜎 =

1 − ℒ(1 − 𝜇)) is open in 𝐼𝕄 and contains 𝜆. Thus, ℒ−1(𝜎) =

ℒ−1(1 − ℒ(1 − 𝜇)) ≤ 1 − (1 − 𝜇) = 𝜇. Conversely, suppose that ℒ 
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satisfies the condition in the Theorem, and let us take a fuzzy closed 𝜑 ∈

𝐼𝕎. For a fuzzy set 𝜇 = 1 − 𝜑 is open, and 𝜆 = 1 − ℒ(𝜑) we have 

ℒ−1(𝜆) = ℒ−1(1 − ℒ(𝜑)) ≤ 1 − 𝜑 = 𝜇. Thus there exists fuzzy open 

𝜎 ∈ 𝐼𝕄 such that 1 − ℒ(𝜑)  ≤ 𝜎 and ℒ−1(𝜎) ≤ 𝜇 i.e. ℒ−1(𝜎)⋀𝜑 = 0 

which implies that 𝜎 ∧ ℒ(𝜑) = 0 i.e. 𝜎 ≤ 1 − ℒ(𝜑). Thus ℒ(𝜑) = 1 − 𝜎, 

and this show that the fuzzy set ℒ(𝜑) is closed. Hence, ℒ is a fuzzy 

closed map.  ∎ 

Theorem 5.1.5. 

Let ℒ: (𝕎,𝑤(τ)) → (𝕄,𝑤(𝜏̀))  be a fuzzy paracompact map, where FTS 

(𝕄,𝑤(𝜏̀) has the original topological 𝜏 such (𝕄, 𝜏̀). Then for every 

singleton 𝑦𝜇 ∈ 𝐼
𝕄 and every family 𝛽 ⊆ 𝐼𝕎;  𝛽 = {𝜆𝑖: 𝑖 ∈ Γ𝑖} satisfying 

ℒ−1(𝑦𝑡) ≤ ⋁ 𝛽𝑖∈Γ𝑖 , there exists a quasi-neighborhood 𝐴𝑦𝑡 of 𝑦𝑡 and 

partial open refinement 𝛽𝑜 = {𝜆𝑗́: 𝑗 ∈ Γ𝑗} of 𝛽 such that ℒ−1(𝐴) ≤

⋁ 𝜆𝑗́ 𝑗∈Γ𝑗  and 𝛽𝑜 is a locally finite at ℒ−1(𝑦𝜇). ∎  

Proof. 

Assume that ℒ:𝕎 → 𝕄 is a fuzzy paracompact map and 𝑦𝜇 ∈ 𝐼
𝕄. Since 

{𝑦} is a paracompact in (𝕄, 𝜏̀ ) when 𝜏 is the original topology of 𝑤(𝜏̀), 

thus {𝑦𝜇} is a fuzzy paracompact in 𝐼𝕄 by Remark 1.4.14. Thus ℒ−1(𝑦𝜇) 

is a fuzzy paracompact in 𝐼𝕎 due to Definition 5.1.1, then for each 

family 𝛽 ⊆ 𝐼𝕎;  𝛽 = {𝜆𝑖: 𝑖 ∈ Γ𝑖} is open 𝛼-Q cover of 𝜇, there is an open 

refinement {𝜌𝑘: 𝑘 ∈ Γ𝑘}. Let 𝐴  be an open quasi neighborhood of 𝑦𝜇. 

Take an open quasi neighborhood 𝐺𝑎𝜔 of 𝑎𝜔 for each 𝑎𝜔 ∈ 𝐴  such that 

ℒ−1(𝑎𝜔) ∈ ⋁ 𝜌𝑘𝑘∈Γ𝑘 . Then the fuzzy cover 𝔾 = {𝐺𝑎𝜔: 𝑎𝜔 ∈ 𝐴 } of 𝐴  is 

an open cover of 𝑦𝜇. But {𝑦𝑡} is a fuzzy compact by Remark 2.4.15, thus 

𝔾 has a finite subcover {𝐷𝑎𝜔: 𝑎𝜔 ∈ 𝐴 }. So, for all 𝜀 with 0 < 𝜀 ≤ 𝛼, 

there exists a locally finite refinement 𝛽𝑜 = {ℒ
−1(𝐷𝑎𝜔)  ⋀𝜌𝑘 : 𝑎𝜔 ∈

𝐴 , 𝑘 ∈ Γ𝑘} of 𝛽 such that ⋁ ℒ−1(𝐷𝑎𝜔)  ⋀𝜌𝑘 ≥ 𝛼𝑎𝜔∈𝐴 ,𝑘∈Γ𝑘 − 𝜀 and 

ℒ−1(𝐴)≤ (⋁ℒ−1(𝐷𝑎𝜔))⋀(⋁𝑊𝑘). ∎ 

 

Theorem 5.1.6. 

A fuzzy paracompact map ℒ:𝕎 → 𝕄 is closed. 

Proof. 

 Let 𝜆 be a fuzzy set in 𝐼𝕄 and 𝜎 is a fuzzy open set in 𝐼𝕎 such that 

ℒ−1(𝜆) ≤ 𝜎, then ℒ−1(𝑦𝜇) ≤ 𝜎 for all 𝑦𝜇 contain in 𝜆. Since ℒ is a fuzzy 
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paracompact map, then there exists a fuzzy open quasi neighborhood 

𝑉𝑦𝜇  
of 𝑦𝜇 and {𝜎} has open refinement {𝑊𝑦𝜇} such that              

ℒ−1(𝑉𝑦𝜇) ≤ 𝑊𝑦𝜇 ≤ 𝜎 due to Theorem 5.1.5, so ℒ−1(⋁𝑉𝑦𝜇  
) ≤ 𝜎. But 

⋁𝑉𝑦𝜇is a fuzzy open set contained in 𝜎. Hence, ℒ is a fuzzy closed map 

by Theorem 5.1.4. ∎ 

Lemma  5.1.7. 

If ℒ:𝕎 → 𝕄 is A bijective fuzzy closed, then ℒ−1:𝕄 → 𝕎 is F-

continuous. 

Proof. 

Let  𝜆 ∈ 𝐼𝕎 be a closed set, then ℒ(𝜆) is a fuzzy closed set in 𝕄. But 

(ℒ−1)−1(𝜆) = ℒ(𝜆)  due to ℒ being bijective, hence ℒ−1 is                      

F-continuous.    ∎  

Theorem 5.1.8. 

An injective fuzzy paracompact map ℒ:𝕎 → 𝕄 is a fuzzy homeom-

orphism. 

Proof.  

From Theorem 5.1.7 and Definition 5.1.1.   ∎ 

Theorem 5.1.9. 

An injective fuzzy paracompact map ℒ:𝕎 → 𝕄 is a fuzzy proper. 

Proof.  

Since ℒ is an injective fuzzy paracompact map, then ℒ is a fuzzy 

homeomorphism by Theorem 5.1.9. Let 𝔼 be any fuzzy space, then ℒ ×

I𝔼:𝕎 × 𝔼 → 𝕄× 𝔼 is a fuzzy homeomorphism, so ℒ × I𝔼 is a fuzzy 

closed. But ℒ is F-continuous by hypothesis. Hence, ℒ is a fuzzy 

homeomorphism.   ∎  

Theorem 5.1.10.  

Let  ℒ:𝕎 → 𝕄, 𝒥:𝕄𝔼  and 𝒥oℒ:𝕎𝔼 be fuzzy maps. If ℒ and 𝒥 are 

fuzzy paracompact, then 𝒥oℒ is a fuzzy paracompact map.  

Proof.  

Since ℒ and 𝒥 are surjective F-continuous maps, then 𝒥oℒ is surjective F-

continuous. Let 𝐾 be a fuzzy paracompact set in 𝔼, then ℒ−1(𝒥−1(𝐾)) is 

paracompact in 𝕎 due to ℒ and 𝒥 are fuzzy paracompact. Since 

𝒥oℒ−1(𝐾)  = ℒ−1(𝒥−1(𝐾)), then 𝒥oℒ is a fuzzy paracompact.   ∎ 

For boundedness of FMi, i=1,2,….,n  such that 𝑛 ∈ ℤ+, it is included in 
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ℝ3. The metric function d: ℝ3×ℝ3 → ℝ+ caused the metric function  

𝑑𝐹𝑀  
: 𝐹𝑀×𝐹𝑀 → ℝ+ on FM. A metric function 𝑑𝐹𝑀 is induced by the 

topology 𝜏𝐹𝑀 on 𝐹𝑀 that is defined by: 𝜏𝐹𝑀 = {k𝐹𝑀: k is an open 

subset of ℝ3, kΩ, Ω is an index set} 

That is, FMi  is a fuzzy metrizable subspace of a metrizable space ℝ3.   

The next theorem gives certain characteristics to the map 𝑓𝑖: FM𝑖 

FM𝑖+1between the component FM𝑖 in FTTM𝑖 and the component 

FM𝑖+1in 𝐹𝑇𝑇𝑀𝑖+1. 

 

Figure 5.1  Sequence of n versions of FTTM 

Corollary  5.1.11.  

In FTTM, for each 𝑖 =  1, 2, 3, . . , 𝑛 such that 𝑖 + 1 ≤ 𝑛 and 𝑛 ∈ ℤ+. 

1) The fuzzy map 𝑓𝑖: FM𝑖 FM𝑖+1is paracompact. 

2) The fuzzy map 𝑓𝑖: FM𝑖 FM𝑖+1is closed. 

3) The fuzzy map 𝑓𝑖: FM𝑖 FM𝑖+1 is a homeomorphism. 

4) The fuzzy map 𝑓𝑖: FM𝑖 FM𝑖+1is proper. 

5) The composition of 𝑓𝑖: FM𝑖 FM𝑖+1 and The map 𝑓𝑖+1: FM𝑖+1 

FM𝑖+2 is a paracompact fuzzy map. 

Proof.  

1) From Theorem 6.1.3. 

2) From Theorem 6.1.6. 

3) From Theorem 6.1.8. 

4) From Theorem 6.1.9. 

1) From Theorem 6.1.10.    ∎ 
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5.2   On the Paracompact Map in FTTM    

Theorem 5.2.1.  

Each continuous map of a metrizable space (𝕎, τ1) onto a topological 

space (𝕄, τ2) is a paracompact. 

Proof.  

Let ℒ:𝕎𝕄 be a surjective continuous map such that 𝕎 is a metrizable 

space. Assume that 𝐾 is a paracompact set in 𝕄. Consequently, ℒ−1(𝐾) 
is a metrizable subspace of 𝕎 due to Remark 5.1.2. Thus, by Theorem 

1.2.59, ℒ−1(𝐾) is paracompact in 𝕎. Hence ℒ is paracompact map. 

Corollary 5.2.2.  

The maps between the components of  FTTM are paracompact. 

Proof.  

(i) bm: MC  BM  such that : 

      𝑏𝑚((𝑥, 𝑦)0, 𝐵𝑍 (𝑥,𝑦)) = ((𝑥, 𝑦)-h, 𝐵𝑍 (𝑥,𝑦)), 

((x,y)0,BZ (x,y))∈MC    

The component MC is a metrizable space by Theorem 1.2.61 and bm is a 

surjective continuous map due to components of 𝐹𝑇𝑇𝑀 are 

homeomorphic. Then because Theorem 5.2.1 bm is a paracompact map   

(ii) fm: BM FM  such that:  

      𝑓𝑚((𝑥, 𝑦)−ℎ , 𝐵𝑍 (𝑥,𝑦)) = ((𝑥, 𝑦)−ℎ , 𝜇𝐵𝑍 (𝑥,𝑦)), 

((x,y)-h,BZ (x,y))∈BM  

From Corollary 1.2.62 and Theorem 5.2.1. 

(iii) tm: FM TM  such that :  

       𝑡𝑚((𝑥, 𝑦)−ℎ , 𝜇𝐵𝑍 (𝑥,𝑦)) = (𝑥, 𝑦, 𝑧), ((x,y)-h,𝜇𝐵𝑍 (𝑥,𝑦))∈FM                

     with -h0 is a constant, and Bz B ℝ. 

From Theore\m 1.2.62 and Theorem 5.2.1. 

Theorem  5.2.3.  

In 𝐹𝑇𝑇𝑀, For each 𝑖 =  1, 2, 3, . . , 𝑛 such that 𝑖 + 1 ≤ 𝑛 and 𝑛 ∈ ℤ+. 

1) The map 𝑓𝑖: MC𝑖 MC𝑖+1 is paracompact. 

2) The map 𝑓𝑖: BM𝑖 BM𝑖+1 is paracompact. 

3) The map 𝑓𝑖: FM𝑖 FM𝑖+1 is paracompact. 

4) The map 𝑓𝑖: TM𝑖 TM𝑖+1 is paracompact. 

Proof.  
From Theorem 1.2.62 and Theorem 5.2.1. 

Corollary 5.2.4.  

The maps between the components of FTTM are countably paracompact. 
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Proof. 

(i) bm: MC  BM  such that : 

      𝑏𝑚((𝑥, 𝑦)0, 𝐵𝑍 (𝑥,𝑦)) = ((𝑥, 𝑦)-h, 𝐵𝑍 (𝑥,𝑦)), 

((x,y)0,BZ (x,y))∈MC     

The component BM  is a Lindelöf space by Theorem 1.2.61. Since bm is a 

paracompact map due to Theorem 5.2.2. Then from Theorem 3.2.5 bm  is 

a countably paracompact map. 

(ii)  fm: BM FM  such that:  

      𝑓𝑚((𝑥, 𝑦)−ℎ , 𝐵𝑍 (𝑥,𝑦)) = ((𝑥, 𝑦)−ℎ , 𝜇𝐵𝑍 (𝑥,𝑦)), 

((x,y)-h,BZ (x,y))∈BM       

From Theorem 1.2.62, Theorem 5.2.2. and Theorem 3.2.5 

(iii) tm: FM TM  such that :  

       𝑡𝑚((𝑥, 𝑦)−ℎ , 𝜇𝐵𝑍 (𝑥,𝑦)) = (𝑥, 𝑦, 𝑧), ((x,y)-h,𝜇𝐵𝑍 (𝑥,𝑦))∈FM                

     with -h0 is a constant, and Bz B ℝ. 

From Theorem 1.2.62, Theorem 5.2.2. and Theorem 3.2.5 

Corollary  5.2.5.  

In 𝐹𝑇𝑇𝑀, f\or each 𝑖 =  1, 2, 3, . . , 𝑛 such that 𝑖 + 1 ≤ 𝑛 and 𝑛 ∈ ℤ+. 

1) The map 𝑓𝑖: MC𝑖 MC𝑖+1is countably paracompact. 

2) The map 𝑓𝑖: BM𝑖 BM𝑖+1is countably paracompact. 

3) The map 𝑓𝑖: FM𝑖 FM𝑖+1 is countably paracompact. 

4) The map 𝑓𝑖: TM𝑖 TM𝑖+1 is countably paracompact. 

Proof.  
From Theorem 1.2.62, Theorem 5.2.2. and Theorem 3.2.5 

Corollary 5.2.6.  

The maps between the components of FTTM are compact. 

Proof. 

(i) bm: MC  BM  such that : 

      𝑏𝑚((𝑥, 𝑦)0, 𝐵𝑍 (𝑥,𝑦)) = ((𝑥, 𝑦)-h, 𝐵𝑍 (𝑥,𝑦)), 

((x,y)0,BZ (x,y))∈MC      

The component MC is a countably compact space Theorem 1.2.61 and 

The component BM is Hausdorff space owing to Corollary 1.2.62. Since 

bm is a paracompact map due to Theorem 5.2.2. Then from Theorem 

3.2.1 bm  is a compact map. 

(ii)  fm: BM FM  such that:  

      𝑓𝑚((𝑥, 𝑦)−ℎ , 𝐵𝑍 (𝑥,𝑦)) = ((𝑥, 𝑦)−ℎ , 𝜇𝐵𝑍 (𝑥,𝑦)), 

((x,y)-h,BZ (x,y))∈BM       

              By the same way. 
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(iii) tm: FM TM  such that :  

       𝑡𝑚((𝑥, 𝑦)−ℎ , 𝜇𝐵𝑍 (𝑥,𝑦)) = (𝑥, 𝑦, 𝑧), ((x,y)-h,𝜇𝐵𝑍 (𝑥,𝑦))∈FM                

     with -h0 is a constant, and Bz B ℝ. 

               By the same way. 

Theorem  5.2.7.  

In 𝐹𝑇𝑇𝑀, For each 𝑖 =  1, 2, 3, . . , 𝑛 such that 𝑖 + 1 ≤ 𝑛 and 𝑛 ∈ ℤ+. 

Proof. 

1)    The map 𝑓𝑖: MC𝑖 MC𝑖+1is compact. 

By Theorem 1.2.62 the component MC𝑖 is a countably compact space  

and the component MC𝑖+1is Hausdorff space. Since bm is a paracompact 

map due to Theorem 5.2.3. Then from Theorem 3.2.1 bm  is a compact 

map. 

2) The map 𝑓𝑖: BM𝑖 BM𝑖+1is compact. 

By the same way. 

3) The map 𝑓𝑖: FM𝑖 FM𝑖+1 is compact. 

By the same way. 

4) The map 𝑓𝑖: TM𝑖 TM𝑖+1 is compact. 

By the same way. 

Theorem 5.2.8.  

The maps between the components of FTTM are countably compact. 

Proof. 

(i) bm: MC  BM  such that : 

      𝑏𝑚((𝑥, 𝑦)0, 𝐵𝑍 (𝑥,𝑦)) = ((𝑥, 𝑦)-h, 𝐵𝑍 (𝑥,𝑦)), 

((x,y)0,BZ (x,y))∈MC      

The component MC is countably compact space by Theorem 1.2.61 and  

BM is a Lindelöf and Hausdorff space by Theorem 1.2.62. Since bm is a 

paracompact map due to Theorem 5.2.2. Then from Theorem  3.2.13, bm  

is a countably compact map. 

(ii)  fm: BM FM  such that:  

      𝑓𝑚((𝑥, 𝑦)−ℎ , 𝐵𝑍 (𝑥,𝑦)) = ((𝑥, 𝑦)−ℎ , 𝜇𝐵𝑍 (𝑥,𝑦), 

((x,y)-h,BZ (x,y))∈BM       

By the same way. 

(iii) tm: FM TM  such that :  

       𝑡𝑚((𝑥, 𝑦)−ℎ , 𝜇𝐵𝑍 (𝑥,𝑦)) = (𝑥, 𝑦, 𝑧), ((x,y)-h,𝜇𝐵𝑍 (𝑥,𝑦))∈FM               

(3.13) 

     with -h0 is a constant, and Bz B ℝ. 

By the same way. 
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Theorem  5.2.9.  

In 𝐹𝑇𝑇𝑀, for each 𝑖 =  1, 2, 3, . . , 𝑛 such that 𝑖 + 1 ≤ 𝑛 and 𝑛 ∈ ℤ+. 

 

1) The map 𝑓𝑖: MC𝑖 MC𝑖+1is countably compact. 

2) The map 𝑓𝑖: BM𝑖 BM𝑖+1is countably compact. 

3) The map 𝑓𝑖: FM𝑖 FM𝑖+1 is countably compact 

4) The map 𝑓𝑖: TM𝑖 TM𝑖+1 is countably compact. 

Proof.  
From Theorem 1.2.62, Theorem 5.2.3 and Theorem 3.2.13. 

Theorem 5.2.10.  

The maps between the components of  FTTM are metacompact (res. 

countably metacompact). 

Proof. 

(i) bm: MC  BM  such that : 

      𝑏𝑚((𝑥, 𝑦)0, 𝐵𝑍 (𝑥,𝑦)) = ((𝑥, 𝑦)-h, 𝐵𝑍 (𝑥,𝑦)), 

((x,y)0,BZ (x,y))∈MC      

The component BM is a normal and Lindelöf space by Theorem 1.2.62. 

Since bm is a paracompact map due to Theorem 5.2.2. Then from 

Theorem 3.2.2 (res. Theorem 3.2.4) bm  is a metacompact (res. countably 

metacompact) map. 

(ii)  fm: BM FM  such that:  

      𝑓𝑚((𝑥, 𝑦)−ℎ , 𝐵𝑍 (𝑥,𝑦)) = ((𝑥, 𝑦)−ℎ , 𝜇𝐵𝑍 (𝑥,𝑦), 

((x,y)-h,BZ (x,y))∈BM       

By the same way. 

(iii) tm: FM TM  such that :  

       𝑡𝑚((𝑥, 𝑦)−ℎ , 𝜇𝐵𝑍 (𝑥,𝑦)) = (𝑥, 𝑦, 𝑧), ((x,y)-h,𝜇𝐵𝑍 (𝑥,𝑦))∈FM               

(3.13) 

     with -h0 is a constant, and Bz B ℝ. 

By the same way. 

Theorem  5.2.11.  

In 𝐹𝑇𝑇𝑀, for each 𝑖 =  1, 2, 3, . . , 𝑛 such that 𝑖 + 1 ≤ 𝑛 and 𝑛 ∈ ℤ+. 

1) The map 𝑓𝑖: MC𝑖 MC𝑖+1is metacompact (res. countably 

metacompact). 

2) The map 𝑓𝑖: BM𝑖 BM𝑖+1is metacompact (res. countably 

metacompact). 

3)  The map 𝑓𝑖: FM𝑖 FM𝑖+1 is metacompact (res. countably 

metacompact). 

4)  The map 𝑓𝑖: TM𝑖 TM𝑖+1 is metacompact (res. countably 

metacompact). 
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Proof.  

From Theorem 1.2.62, Theorem 5.2.3 and Theorem 3.2.2 (res. Theorem 

3.2.4).  

Theorem 5.2.12.  

The maps between the components of  FTTM are nearly compact. 

Proof. 

(i) bm: MC  BM  such that : 

      bm((x, y)0, BZ (x,y)) = ((x, y)-h, BZ (x,y)), 

((x,y)0,BZ (x,y))∈MC      

The component BM is a normal and Lindelöf space by Theorem and 

Theorem 1.2.62. Since bm is a paracompact map due to Theorem 5.2.2. 

Then from Theorem 3.2.20, bm  is a nearly compact map. 

(ii)  fm: BM FM  such that:  

      𝑓𝑚((𝑥, 𝑦)−ℎ , 𝐵𝑍 (𝑥,𝑦)) = ((𝑥, 𝑦)−ℎ , 𝜇𝐵𝑍 (𝑥,𝑦), 

((x,y)-h,BZ (x,y))∈BM       

By the same way. 

(iii) tm: FM TM  such that :  

       𝑡𝑚 ((𝑥, 𝑦)−ℎ , 𝜇𝐵𝑍 (𝑥,𝑦)) = (𝑥, 𝑦, 𝑧), ((x,y)-h,𝜇𝐵𝑍 (𝑥,𝑦))∈FM                

     with -h0 is a constant, and Bz B ℝ. 

By the same way. 

Theorem  5.2.13.  

In 𝐹𝑇𝑇𝑀, for each 𝑖 =  1, 2, 3, . . , 𝑛 such that 𝑖 + 1 ≤ 𝑛 and 𝑛 ∈ ℤ+. 

1) The map 𝑓𝑖: MC𝑖 MC𝑖+1is nearly compact. 

2) The map 𝑓𝑖: BM𝑖 BM𝑖+1is nearly compact. 

3) The map 𝑓𝑖: FM𝑖 FM𝑖+1 is nearly compact. 

4) The map 𝑓𝑖: TM𝑖 TM𝑖+1 is nearly compact. 

Proof.  
From Theorem 1.2.62, Theorem 5.2.3 and Theorem 3.2.20. 

Theorem 5.2.14.  

The maps between the components of  FTTM are fully normal (res. fully 

T4). 

Proof. 

(i) bm: MC  BM  such that : 

      𝑏𝑚((𝑥, 𝑦)0, 𝐵𝑍 (𝑥,𝑦)) = ((𝑥, 𝑦)-h, 𝐵𝑍 (𝑥,𝑦)), 

((x,y)0,BZ (x,y))∈MC     (3.11) 
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The component MC is a T2-space by Theorem 1.2.61 and the component 

BM is a T1-space owing to Theorem 1.2.62 .Since bm is a paracompact 

map due to Theorem 5.2.2. Then from Theorem 3.2.10 (res. 3.2.12), bm  

is a fully T4 (res. fully normal) map. 

(ii)  fm: BM FM  such that:  

      𝑓𝑚((𝑥, 𝑦)−ℎ , 𝐵𝑍 (𝑥,𝑦)) = ((𝑥, 𝑦)−ℎ , 𝜇𝐵𝑍 (𝑥,𝑦)), 

((x,y)-h,BZ (x,y))∈BM       

By the same way. 

(iii) tm: FM TM  such that :  

       𝑡𝑚((𝑥, 𝑦)−ℎ , 𝜇𝐵𝑍 (𝑥,𝑦)) = (𝑥, 𝑦, 𝑧), ((x,y)-h,𝜇𝐵𝑍 (𝑥,𝑦))∈FM                

     with -h0 is a constant, and Bz B ℝ. 

By the same way. 

Corollary  5.2.15.  

In 𝐹𝑇𝑇𝑀, for each 𝑖 =  1, 2, 3, . . , 𝑛 such that 𝑖 + 1 ≤ 𝑛 and 𝑛 ∈ ℤ+. 

1)  The map 𝑓𝑖: MC𝑖 MC𝑖+1is fully normal (res. fully 𝑇4). 
2) The map 𝑓𝑖: BM𝑖 BM𝑖+1is fully normal (res. fully 𝑇4). 
3) The map 𝑓𝑖: FM𝑖 FM𝑖+1 is fully normal (res. fully 𝑇4). 
4) The map 𝑓𝑖: TM𝑖 TM𝑖+1 is fully normal (res. fully 𝑇4). 

Proof. 
From Theorem 1.2.62, Theorem 5.2.2 and Theorem 3.2.10 (res. Theorem 

3.2.12). 
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Conclusions 

     

         

The study has introduced a new type of map called the paracompact 

map, which utilizes paracompact spaces to address ambiguous real-life 

problems. The relationships between the paracompact map and other 

important maps have been studied, and two classes of maps have been 

identified: the strong form and the weaker form of the paracompact map. 

The composition operations of paracompact maps have been examined, and 

a motivational utilization of G-space has led to defining a paracompact G-

space. The study has also presented different types of paracompact actions, 

including nearly paracompact, compact, fully normal, and metacompact, 

and introduced the concept of the fuzzy paracompact map. 

In conclusion, this study has provided valuable insights into the 

paracompact map and its relationships with other important maps. The 

identification of two classes of maps and the examination of composition 

operations have practical implications for addressing ambiguous real-life 

problems. The introduction of the fuzzy paracompact map and its 

generalization to fuzzy topographic topological mapping (FTTM) have 

further expanded the scope of the study.  
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Future Works 

     

         

Future work can focus on exploring the practical applications of the 

paracompact map and its extensions in various fields, including 

engineering, computer science, and data analysis. Additionally, the study 

can be extended to examine the relationships between the fuzzy 

paracompact map and other important maps in more depth. 
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 لصالمستخ

من خلال إعتمادنا في العمل (  Paracompact mapلدراسة حول الدالة المضغوطة )تدور هذه ا

. بعض مشاكل الحياة الواقعيةمعالجة ( ومحاولة paracompact spaceعلى الفضاء المضغوطة )

المضغوطة وبعض الدوال المهمة الْخرى كدالة بورباكي الفعلية  إستخدام العلاقات بين الدالة يساعد

. كما تم تعميم مفهوم الدالة  ائص الَّساسية لهذه الدالةأو الدالة المغلقة على تحديد بعض الخص

المضغوطة الى أنواع جديدة أخرى والربط بينها وبين هذه الدوال الجديدة حيث تم تصنيف هذه 

القوي والتي  تؤدي الى الدالة المضغوطة ضمن شروط سمى بالشكل الدوال الى فئتين الْولى ت

المضغوطة في ظل شروط  ضعف والتي تؤدي إليها الدالة, أما الفئة الثانية فتدعى بالشكل الْمعينة

 المضغوطة تعريف دالة الفعل تم معينة أيضا, بعدها تمت دراسة التركيب لهذه الدوال الجديدة.كما

(paracompact action) لدالة الفعلية هي دالة الفعل ودراسة أهم خصائصها وإثبات أن ا

المضغوطة تم تعريف فضاء جديد  , وبالَّعتماد على دالة الفعلغوطة تحت شروط خاصةالمض

شبه  G-المضغوط( كذلك تم تعريف أنواع جديدة لهذا الفضاء كالفضاء G-يدعى )الفضاء

افة الى ذلك قدم , الطبيعي و ما وراء الضغط وتمت دراسة بعض الخصائص لها. إض المضغوط 

دراسة خصائصها من خلال بعض النظريات بعد ذلك قمنا تم المضغوطة الضبابية و مفهوم الدالة

 (.     FTTMبتطبيق هذه الدالة على راسم الدوال التبولوجية الضبابية )
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