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Abstract
In our life there are many phenomena that need to modeling according to
a new appropriate distribution to be more accurate and flexible in

dealing with these data .

It is aimed to find such new distributions by using the hazard rate
function. This function is important in the mathematical statistics
because it has wide application in many fields of life such as modern
medicine and engineering etc. It is found that a new general formula for

the hazard function.

The general formula for the hazard function is found that new life
distributions for n of the parameters. In particular, this formula is

discussed in the case of n = 3 and n = 4.

A new transmuted hazard formula is created based on the hazard
Function , In addition, a set is extracted of distributions and proposed
Some of their statistical properties as well as combined the two
Formulas and extracted from them a new transformation formula in a
General case and we proposed three special cases of them in the case of

n=2,n=3and n=4.

Also, the parameters of some distributions are estimated by using the

Method of Maximum likelihood and comparison between the proposed
vii



distributions and the previous distributions, the preference of this

distributions is reached by using real data using the MATLAB program.
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Chapter one General Introduction

1.1 Introduction

If you take a close look at living things such as humans and other
animals, machines such as phones and computers, social and economic
groups like families and churches, and political groups like governments,
you'll see that they all have clearly defined states at any given point in
their existence. The prognosis for a patient receiving medical care might
range from alive and well to fatal. Workers can be injured and out of
work or in operation, and equipment can be inoperable or operational. All

of these organizations are subject to the same level of hazard.

Biostatisticians devote a lot of attention to the hazard rate function,

which plays a critical role in estimating levels of hazard.

Over the years, researchers have been estimating the hazard rate function
using the Kaplan-Meier and Nelson-Aalen. Hazard rate function is an
important concept that can be used to postulate life distributions in the
presence of several competing risk factors, it is perhaps the most popular
of the techniques used in modeling and analyzing survival data. The most
common use of the function is to model an entity’s chance of death as a
function of their age. It can also be used to model any other time-

dependent event of interest.

The function models the occurrence of only one event, namely the first
event, whereas the intensity function models the occurrence of a sequence
of events over time. This is due to its intuitive interpretation as the
amount of risk associated with a unit at age t. Another reason for its
popularity is that it is a special case of the intensity function for a non-
homogeneous Poisson process. Intuitively, if we have data with discrete
times in weeks, months, or years, we could get an intuitive idea of the

hazard rate. The hazard rate is the unobserved rate at which events occur.



Chapter one General Introduction

the hazard rate function is more informative about the underlying
mechanism of failure than the other techniques used in analyzing lifetime
distributions. The hazard function assumes other aliases in other fields:
Force of mortality or force of decrement in demography and actuarial
sciences; intensity function in stochastic processes; in vital statistics and
in the life sciences, it is known as age-specific failure rate; inverse of the
Mill’s ratio in economics; in point process and extreme value theory it is
known as the rate function or intensity function; in the engineering

sciences,

The hazard function is known as the failure rate and in reliability
analysis, It is known as conditional failure rate. The failure density (PDF)
measures the overall speed of failures whiles the hazard rate measures the
dynamic speed of failures. The hazard rate for the occurrence of events

may be increasing, decreasing, constant, bathtub-shaped or hump-shaped.

The hazard rate when it is converted increases and then decreases. An

example of this is death during surgery. The hazard function is positive.
1.2 Literature Review.

The following are some of the related studies .

Combining the Poisson and Lindley distributions (Sankaran ,1970)[1]

came up with the discrete Poisson-Lindley distribution.

The research con ducted by( Greenwich,1992) [ 2] culminated in the use
of a unimodal hazard rate function in modeling failure rate that had a

relatively high rate of failure in the mid dle of expected life time.

Boland et al. [3] has adjudicated that hazard rate ordering was an ordering
for random variables which compared lifetimes with their hazard rate

functions. They maintained that the hazard rate ordering was particularly
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useful in reliability theory and survival analysis, owing to the importance

of the hazard rate function in those areas.

Blackstone [4] has noted that the hazard function was the instantaneous
rate of occurrence of a time-related event, such as death and indicated
that there were methods, we could use to determine the hazard function
from clinical outcome data, to identifying risk factors for higher hazard,

and to generating patient-specific predictions.

(Warren Gilchrist, 2000) [5] paid great mind to the transmutation map,

especially the quadratic form.

The Lindley distribution, first proposed by Lindley is under consideration
here(Lee ,2003) [6].

In survival analysis, some researchers(Clark et al.,2003) [7] who study
the timing and occurrence of event, often analyze the probability
distributions of the time preceding the occurrence of the event. They
focus mostly on the end result of the process, rather than the processes
that generated the end results, but in real life, apart from chance events,
most events do not just hap pen, there may be some underlying
developments preceding the events. When researchers consider the
underlying processes leading to the end result, it might improve the
understanding of the concept generating the end result, some studies have
revealed that the hazard function plays a crucial role in characterizing the

aging process.

They found by (M. Zenga ,2007) in [8] the exponentiated linear
exponential distribution ELED and proved that the hazard rate function

can be increasing, decreasing and bathtub shaped.
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Obtaining a zero-truncated and a size-biased variant of the Poisson-
Lindley distribution (Ghitany et al.,2008) [9].

(Ghitany et al., 2008)[11] went on to analyze the benefits and drawbacks
of both variants. Many estimating strategies for the discrete Poisson-

Lindley distribution were described by Ghitany and AlMutairi .

It can be noted that the LED where it is only increasing Hazard
Rate(HR) is cognition for modeling lifetime data in reliability analysis.
Several authors set forth a generalization LED to create statistical model
with decreasing in(HR) unimodal and bathtub HRF The transmuted
(LFRD) with increasing, decreasing, unimodal and bathtub HR shapes
were introduced by ( Sarhan , 2009) [12].

In the study [13] (J. Zhang , 2009) the researcher was able to prove that
the hazard function can be widely applied in the survival analysis.

Several authors have considered the generalization Linear exponential
distribution for the GLED (Mahmoud ,2010) [14].

The researcher was able in (S.K. Upadhyay, (2010) )[15] to apply the
unilateral hazard function to know the measure of the failure rate found in
survival modeling, as he found that there is a relatively high failure rate in

half life expectancy in the middle of life expectancy.

When looking at stress-strength reliability models, the Lindley
distribution is crucial. Furthermore, several academics have suggested
new classes of distributions based on adaptations of the Lindley
distribution, complete with features. Every single crucial thought is
steered by incorporating earlier ,when looking at stress-strength reliability
models, the Lindley distribution is crucial. Furthermore, several
academics have suggested new classes of distributions based on

adaptations of the Lindley distribution, complete with features. Every
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single crucial thought is steered by incorporating earlier
structures from fixed distributions to dynamic ones ( Deniz and Ojeda
,2011) [16] proposed an insurance-related use for a discrete variant of

this distribution.

Lifetime data with conflicting hazards was the topic of discussion
between (Mazucheli and Achcar,2011) [17].

After obtaining an enlarged Lindley distribution(Bakouch et al., 2012)

[18] examined its features and applications.

The researchers found in the study [19] the interpretation of the hazard

and the procedures for its occurrence are important to reduce the disaster.

( Asi andRama Mishra,2013) [20] looked at a distribution that was quasi
Lindley In order to better analyses survival data . Another generalization
of LED was known as the generalized Linear exponential distribution
(GLED) .

The researchers explained in (L.K. Read and R.M. Vogel, (2016))[22]
that the classification of hazard is a classification and arrangement of
random variables by comparing age with the function of hazard that is
specific to it.

Recently, (C.H.Lee ,2017)[23] provided some notes on GLED
proposed a new transformation called inverted GLED. The fundamental
point of this paper is to study how the various estimators of the unknown
parameters of a GLED behave for various sample sizes and different

parameter values.

We note in the research (M.A.W. Mahmoud, M.G.M. Ghazal, (2017))
[24] that the researcher touched on the idea that the hazard function can

be used and benefited from in survival.
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In the research (D. Kvrniasari, R. Widyarini,(2019)). [25] the
researchers found The study of the hazard function is a key point in the
survival analysis.

(Mohamaad,S.F. and AL-Kadim , K.A. 2021 ) [26] Researchers have
found a new formulation (TS) called Transmuted Survival. Modeling and
analyzing lifespan data are essential in many practical fields, including
medical, engineering, and finance. Such data has been modeled using a
number of different lifespan distributions. Such distributions include the
generalizations of the exponential, Weibull, gamma, and Rayleigh
families . The failure rate function might be monotonically declining,
monotonically growing, or constant; it can also be nonmonotone, bathtub-
shaped, or even unimodal, all of which give rise to distinctive

distributions.

in the paper (S.Y. Park, 2021) [27], the researchers dealt with the
concept of life survival at the time of the event and the time of the

occurrence of the event.

In the research(UCLA Statistical Consulting Group ,2021) [28] the
researchers noted that the constant hazard function is The gravity function

of the exponential distribution is an exponential distribution.

We take advantage of reliability survival analysis, In our research, we
benefited from two main topics, the hazard function and transmuted
formal. We found a set of mathematical formulas through which we can

find a set of new distributions for n of parameters.
1.3 The Problem Statement

The urgent need to obtain new distributions for modeling many
phenomena of life is the main motivation in finding new formulas for

distributions that are more accurate and flexible in dealing with that data.
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1.4 Aims of the Study

Where our goal is to build two formulas, The first formula enables us to
find new distributions based on the hazard function, and the second
formula can produce a new distribution by taking the risk function of the
traditional distribution as well as finding the mathematical and statistical
properties of the new distributions. And comparing the new distributions
with the original distributions in terms of validity and performance, using
information standards and quantitative statistics such as Akaki Standard

and Quality of Fitting Quantities.

1.5 Thestudy Outline

e Chapter two : In this chapter includes some basic concepts and
definitions that used in this dissertation.

e Chapter three: In this chapter , a new distribution of life is found
by taking advantage of TS and the LD , denoted TSLD .it is more
accurate and flexible in dealing with data. LD is openly used for
survival study where applied in areas of life as medical field .

e Chapter four: In this chapter, we studied General Proposed
Hazard Rate Distribution of nt"*, Degree based on the formula of
the hazard function . The first section deals with finding the
distribution in the case of n — parameters , taking a special case
when n = 2, and the second section with n = 3, And in each
section some statistical properties are studied , survival function,
cumulative function, the " moment was introduced about the
mean and about the origin, statistical rank .

e Chapter five : In this chapter, a new transmuted hazard formula
TH is introduced , where the new formula is constructed the

transmuted survival formula and hazard function. It is a necessary
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and important in the field of biostatistics and analysis of survival
data. from this new formula TH to get new distributions whose
results in analyzing life data are better than the distributions of the
original distribution of life, we studied some its statistical
properties ,and using real data to test its performance .

e Chapter six : The formula (4.1) from chapter four and the formula
(5.5) from chapter five have been merged in this chapter to generate
a new formula, which we will refer to as transmuted hazard general
proposed nth degree hazard rate formal. Special distribution of this
new formula were also investigated.There are three major topics

that have been covered in this chapter.

e Chapter seven : The focus of this chapter was on comparing and
contrasting two sets of actual data. The first team collected
information from people who had been diagnosed with bladder
cancer.Or the second category is a collection of tools. Where we
have applied the obtained distributions to the data, compared them
to prior distributions, and concluded that our distributions are

always superior.
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This chapter includes some basic concepts and definitions that used in this

dissertation.
2.1 Definitions and Some Basic Concepts

The section includes some important definitions and concepts , To find
two new formulas, we have added three basic concepts: the hazard

function ,transmuted formula(TF) and transmuted survival formula(TS).
2.1.1 The Hazard Function[21]

Let T be a positive random variable of a distribution have the parameter
set © = {6,,..,0,}and the density function f(t,®) where the survival
time has parameter @ , The cumulative function is F(t,®), survival
function S(t,©@), The conditional probability of failure rate Pro, short

period of time At, interval (A + t) and hazard function h(t, ©)

h(t, 0) = &2 (1.1)

5(t,0)

From the equation (1.1)

~h(t,0) = - L2 = Lin(s(t,0))

S(t,e)  dt
ThenS(t,0) = e~ Jo "Iy (1.2)
2.1.2 The Conditions of the Hazard Function .[22 ]

Here are three conditions which if any function satisfies, them the can be

considered a hazard function.

1) h (t,0)=0,vteR*.
2) [[7h (t,0)dt= oo

3) h(t, ®) is increasing and then decreasing or on the contrary ,over time

11
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2.1.3 The Types of Hazard Function [2]

1- Monotonous

The function is of this type if it decreases in the case of improving the
product or increases in the case of consuming the product.

2- Non monotonous

The function is of this type if it decreases in the case of improving the
product, followed by a state of stability, and increases in the case of

consuming the product, or vice versa.

2.1.4 Transmuted Formula TF [ 25 ]

The Transmuted Formula is

F,(t,0) = (1 + )F(t,0) — AF(t,0) (1.3)
2.1.5 Transmuted Survival TS [ 26]

The Transmuted Survival Formula is

S,(t,0) = (1 +A)S?%(t,0) — AS(t, ©) (1.4)
2.1.6 Order Statistic [6]

The order statistic is used in statistical theory, where they play an
important role in statistics, Let(T(l), T2y s wenes T(n)) be random simple
continuous iid , VT; 3f(¢) and F(¢t).then T(yy < Ty <...< T(y, be the
order statistics , so that the V T,y ,is the it" smallest order statistics,

especially .
T(l) = Yl = MlTl(Tl, TZ ) ey TTL)'
Y, = the 2nd order of T}, T,, ..., T,.

Teny = Yn = Max(Ty, Ty, ..., Tp).

12
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The cumulative distribution function of the minimum order statistic is .
F,(t)=P(, <t) =

=1-JIL,P(T;>t) =1—(1—Fp(0) " YieR. ... (1.5)
The density function of the minimum order statistic is .
fy, () =n(1 — Fp(v)) "1 (t) Where fy () =Fy," (D) ... (1.6)

The cumulative function of the maximum order statistic is .

Fr (&) = (Fr(£))", YueR . )
WhereP(Y, <t) =P(Y; <t ... Y, <t)=[[L,P(Y;<t)

The density function of the maximum order statistic is .

frn® = n(Fr ()" (8, (18)
2.1.7 Maximum Likelihood Method (ML)[10 ]

It is considered one of the important methods in estimating the
parameters, as the researcher Fisher found this method in the year 1922.
As the method (ML) has the potential to be applied in building statistical
estimators, these estimators are characterized by having the characteristics
of a good estimator. This method finds the largest value of the log of
likelihood function and it is used with large data and the installation of

parametric statistical models and life data.

Let(T, T,, ..., T,)arerandom simple of continuous iid
VT; 3f(t,0),then the likelihood function

L(®) =[IiZ: f (¢, 0) ... (1.9)

The second step is to take In to both sides of the equation (1.9)

13
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InL(0) = In I, f(t,, ©) (1.10)

The third step is to derive the function (1.10)with respect to each
parameter and confirm it in terms of the parameters and equate the
derivatives to zero. Thus, we get the estimators. This method may need
simple mathematical steps to find the estimators of the distribution, other

times it is only solved by numerical methods.
2.2 Useful Distributions.

In the section, we will present some distributions that used in this study .
Lindley Distribution LD [20]

The probability density function of the lindley distribution is.

62(1+t)e~ 9t
1+ 6

f() = 0,t>0

The survival function of the Lindley distribution

(1+0t+6)e~ ot
1+ 6

S(t) = 9,t>0..(L11)

Exponential distribution (ED) [23]

The probability density function of the exponential distribution is.
f@tp)=pePt,p>0,t>0 . ...(1.12)
Rayleigh distribution (RD) [12]
The probability density function of the rayleigh distribution is.
f(t;0) = Hte_eth,H > 0. ... (1.13)
Linear Exponential Distribution (LED)[23]

The Probability Density Function of the Linear exponential
distribution is.

14
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—(,Bt+ 9?)

ft B08)= (B + 0t , B> 00 >0 (1.14)

Weibull distribution (WD) [23]

The Probability Density Function of the WD is.
f(t;0,y) =0yt 1e® 9 >0y > 0. ... (1.15)

Generalized exponential distribution (GED) [9]

The Probability Density Function of the Generalized exponential
distribution GED is.

ftapf) =aBe (@1 —-efHYr1lag>0p8 >0 ..(116)
Generalized Rayleigh distribution (GRD) [15]

The Probability Density Function of the GRD is.
a—1

-6t? -6¢?
f(t ab)= abte 2 (1— e z ) ,a > 0,6 > 0...(1.17)

Generalized linear exponential distribution (GLED) [21]
The Probability Density Function of the GLED is.

f&ap6)=alp + Ht)e_t<ﬁ+%)(1 B

_t(ﬁ+ﬁ) a—1
2 ) Va,(,6 > 0. (1.18) A generalized linear

exponential distribution (NGLED)[20]
The Probability Density Function of the NGLED is.

ftapB0y)=aB+ 0ytr=t e Bxrot")(1
e~Bx+0t)) yg, B0,y > 0(1.19)

Modified Weibull distribution (MWD)[15]
The Probability Density Function of the MWD is.

Ft;B,0,y)= (B + 6ytY1)e Bx+t) vp g y> 0. (1.20)

15
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Exponential Weibull distribution (EWD)[15]

The Probability Density Function of the EWD is.
f@aby)=
=afyt? e (1 — e )1 v, 0,y > 0.(1.21)

Transmuted exponential distribution (TED)[15]

The Probability Density Function of the TED is.
ft BN =pe @ -2+ 21P)vp > 01 < 1.(1.22)
Transmuted Rayleigh distribution (TRD)[15]

The Probability Density Function of the TRD is.

ot2 ot2

f(t;:0,0) =60te 2z (1 —A+ 2e 2)V0 > 0,4 < 1. (1.23)
2.3 Number of Statistical Measurements

To know the quality and accuracy of the new distribution , the following
measures used The idea of these measures is for the researcher to make
sure that the initial verses do not differ from the expected ones and are

very close to them.

2.3.1 Information Criterion[ 12]
Akaike Information Criterion (AIC)
was studied in 1973 by Hirotugu Akaike, as it is used in statistical
analysis on real-life data to see the relative quality of that data. Its
equation is as follows
AIC = =2InL + 2q (1.24)
If we have an AIC that has a large negative value, then Hurvich and

Tsai take the corrected Akaike information criterion, because the

16
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CAIC of this criterion can be estimated with a less slope than the

first criterion and its following formula

CAIC = —2InL + 222 (1.25)

m—q-1
The Bayesian Information Criterion (BIC)
Schwarz (1978) studied this standard and used it to compare
between statistical models
And his formula
BIC = —2InL + qln (m), (1.26)
Note : Where m represents the sample size of the real data that we
have studied .And g represents the magnitude of the parameters of

the distribution we're working with.
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Chapter Three Transmuted Survival of Lindley Distribution

In this chapter, a new distribution was presented as a survival model by
utilizing the survival function of the quadratic- transmuted distribution, where

the quadratic-transmuted Lindley di

stribution was used to derive the transmuted survival (TSL) Lindley
distribution, which is essential because it is more flexible and accurate in data
applications. Since there are occasionally data points that do not meet the
standard distribution, the new distribution provides more accurate results
when applied to the data, and the probability density function and cumulative
probability function are extracted. New deployment properties with reliable
performance were derived from a statistical and mathematical perspective. We

also estimated a dataset using traditional methods.
3.1 The Transmuted Survival Lindley Distribution (TSLD)

Let T be a random variable with a Lindley distribution. Substituting the survival
function of Lindley distribution LD (1.11) into Transmuted survival formal TS
(1.3), the survival function of the new distribution Transmuted survival Lindley
distribution (TSLD) is obtained.

1+ + 6t+ 0)%e 29 A1+ 6t + 0)e °t

S (t) = 1t 0 50 .. (3.1)
the Cumulative Function of (TSLD)
1+)0t+ 6+1)%e20D 6t + 0+ 1)e (6D
F,(t)=1- ( )( ) ( ) .(3.2)

1+ 6)? * ad+ 0
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Chapter Three Transmuted Survival of Lindley Distribution
The Density Function of (TSLD)

The PDF of TSLD is derivative of the cumulative function TSLD

O+20N)[-(0t+ 0 +1)2e 29+ (0t + 0+ 1) e 2]

A0t + 6 +1)e” b + e 0]
+ where 6>0,—1 <A1<1
1+ 6
(1+2) 162
— 2 2 1 -2 0t 1 _ -0t 1
F(0 = Gy gr@ 09O+ 6+ 1) (A4 0]~ g e (1 +0)]
_(8)a+De” %t [2(1+4) -6t _
fo(6) = L — |22 (0 + 0+ 1)e /1] ....... (3.3)

The function £, (t) should satisfy the conditions of the density function

The first condition f,(t) >0V ¢t>0 andat

A+ A+ 6t+ e % — 21+ 0)]=0

2 (0t+ 0+1) e~ OF)
(60+1)-2(0t+ 6+1) e~ (60

> A

The second condition [* f,(t)dt = 1

o o [(1+1) _ A6?% _
Iy fOde= [ [Z255@ 00+ 0+1) e (1 +6) e %1+

t)]dt

oo (1+)(2 62)(0t+ 6+1) (1+t)e 20t o A(8%e”fta+)
_fo (1+ 6)2 dt fo 146 dt

Let

_ (1+0(2 6%

e -2 6t
L1 = s 672 fO Ot+0+1)(1+0t)e dt

20



Chapter Three Transmuted Survival of Lindley Distribution

And

L2 = /11(_'_029) fom e 0t(1+1¢t)dt

L1=(1+2) (( 9)2f (1+ 6)+ (26 + Dt + 6t?) e 2%qt
L1=(1+2); 2 9932 (A+ 6) [, e?%dt+ (20 +1) [ te 2% dt +

0 f, t2e72% dr)

B 26 /1+6) 26+1) 1
Ll_(1+’1)(1+ 9)2( 260 T 262 +492>

_ (20%) [((26+46% (26+2) 1
Ll_(1+)‘)(1+ 9)2< 207 T 102 +492>

L1 =

(1+2)(2 63 ( (0+1)2)
(1+ 6)2 202

L1=(1+2)

L2=[" [11—9(82)6_“(1 +t)]dt

L2 =m(62)f [(1+t)e 0 ]dt
L2 =m(62)f [(1+t)e 0 ]dt
L2 =21
Then

fy f®Ode=1

f>(t) density function is obtained .
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Chapter Three Transmuted Survival of Lindley Distribution

The following figures some shapes for The Density Function of the TSLD, The
Cumulative Function of the TSLD, The Survival Function of the TSLD, The

Hazard Function of the TSLD, for appointed values of the parameters 6, 1

The pdf of TSL distibution
I I

6 1 T
=) 00 & A=-0.9
manes g=007 & A=-0.7

#=0.05 & A=-0.5
5 — —
4t |
=3+ -
o
.......
+"' .'tb
2 — ‘. '.' —_
a: te,
.. ..‘.,
o e
Ly ¥
[} "..
‘1 B '** .... N
3 — - ’ Fe x
v .pl"' J-.-_-'-.-. L
b‘ ---"-- TrEeeae "EEEmgy
0 | | | R —— Ly, L LT T T
0 10 20 30 40 50 G0 70 80

Figure(3.1): The Density Function of TSLD with different values of 6 and A,

It is observed the function is increasing and then decreasing with increasing

time, it is twisted to the right and has one value.
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The cdf of TSL distibution

1 T T | —_;_____..-_'-:-.-:-_-:::'.'."-‘
s AL L
- auan®
0o .‘-', pamnn® mm® |
- MLl
-~ e
* ot
- ” .t i
0.8 LA
* ‘o"
0.7 4/ o i
) 2 -
/’
Ll
06 rl o -
/7 .
— ,’ 4‘
- - - N
i 0 J o
/.
0.4 A |
) /¢
r
‘i'
D3 P _
L]
.rl«"
D2 . — o009 & A=-09 _
P #=0.07 & A=-0.7
h 3
FA 6=0.05 & 4=-0.5
01 ' o
(‘0
0 /’ ! ! ! ! ! ! !
0 10 20 30 40 50 60 70 80

t

Figure(3.2) : The Cumulative Function TSLD with different values of 8 and A.

the Distribution function is monotonously increasing with increasing time.

The Survival function of TSL distibution
1 \ T T T T T T T
. — =009 & A=-0.9
0.9 \"._ e G=0.07 & A=-0.7 |
N, #=0.05 & A=-0.5

Figure(3.3): The Survival Function of TSLD with different values of 8 and A. the
Survival Function monotonously decreasing with increasing time, it is twisted to
the right .
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Chapter Three Transmuted Survival of Lindley Distribution
3.1.1 Shape of TSLD

3.1.1.2 The Limit of PDF of TSLD

(1+ 6t+ 0)e 29 (1+1¢)

lim () = (92)i [(2)(1 A

1+ 6)
le= 0t (1 + t)]

. ([ @a+n A0(1)
im0 =1 Zear e (P T "o
lim f,(¢) = 0.

NOW,

(92) (2)(1+2)
1+ Bt % 1+ 6)

lim f(t) = (1+ 6t+ 0)e 20t (1 +1¢)

le=0t(1 + t)]

lim () = (1+ 60+ 0)e 29°(1+0)

(6%) [+
1+ 6| 1+ 0

— e 91 + 0)]

| () [@A+ D)

m f(0) =17 9[ ar g 079 - ’1]
i G

lim £,(6) = <22 [(2+22) A

11m f>(t) —(9(21{—2;)/1).
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3.1.1.2. The Limit of CDF and Survival Function of TSLD

lim F,(t) = llm (1 —(1+4)

t—oo

9)6_ Gt)

2 _-20t 1
o 9)2(1+ ot + 0)“e +/11+9(1+ ot +

(1+4)
(1+0)? t—

lim (1 + 0t + 0)%e —29“+ lim(1 + 6t +

+60 tsoo

i £ = (1-

Q)e_ Ht)

lim F,(t) = (1 _ a5 A 0)

t—oo (1+ 6)2 1+ 6
This mean If t convergent to infinity then the limit of the cdf is equal to one is

obtained.

Now

lim F,(6) _hm(1—(1+/1) 1+ 01+ + 6(1+1t)+ 62(1 +

+0)?

2\ ,—20t 1 -0t
£)?) e +Al+9(1+9t+9)e )

lim F,(6) _11m(1—(1+/1) (1+ 6(1+0)+ 8(1+0) +

(1+6)?

2 2\ ,—260 1 - 00
02(1+ 0)?) e +/11+9(1+90+9)e )

lim F,(0) —11m<1—(1+l) (1+26+ 62) +)11i—9(1+ 9))

+0)?

If t convergent to zero than the limit of the cdf is equal to zero is obtained .
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Chapter Three Transmuted Survival of Lindley Distribution

It is concluded that the range of the CDF function is closed interval and its
domain is the positive real numbers and that it is a positive which satisfies the

conditions of cumulative Distribution function.
and vice versa with the survival function .
ltl_r)% S,(t) =1
3.1.2 The Statistical Characteristics
These characteristics present formulas of The Hazard Function , Moments,

Moment Generating Function, Order Statistics of TSLD and Maximum
Likelihood Estimators Of TSLD.

3.1.2.1 The Hazard Function: [8]

The Hazard Function is defined by

f2()
S,(t)

fOECA+DS ()=

h,(t) =

ho (1) = SO +DS -2
A+ DS©® -2
h2(®) = hO G D50 - D
hy(t) = h(t) [m + 2] ............. (3.4)

Then the Hazard Function of TSLD .

hy(t) = —4+0 [< A +2] ............. (3.5)

1+6(140) | (1+2) 25 (1+ O+ B)e™ 9t—,1>
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The hazard rate function of TSL distibution

4.5 T T T T T T T
e —
4 -~ -~ — =000 & 3=-0.9| |
7’ ~ — =007 & 3=-0.7
/ ~ 4=0.05 & »=-0.5
3.5 N
/7 ~
\
al- / - i
' ~
25 7 ~ |
= ~
= ~
= 2~ 4 . -
¥ ~
L . _
1.5 :' ~
F s
1+ F e ~
- kI
’/ "‘"-r..___
u ” “'--..___-.
-+ Ed —
05[F ._'""""'——-—--...__
* __----_---_l--—
0 1 | | 1 1 | 1
o 10 20 30 40 50 60 7O 80

Figure (3.4): The Hazard Function of TSLD with Altered Values of 8 and A,

Now we can find the limit of hazard function when T goes to zero and infinite .

. . 6(1+0) y)
lim h,(t,0,4) = lim + 2
i o ) = im e [((1+,1)1i—9(1+ 6t+ 0)e -1 ]

) __ 6(A+2)
ltl_% ha(t,6,4) = 1+ 6
And

. . 6(1+t) p)

lim h,(t,0,1) = lim + 2
t->00 2( ) t—oo 1+ 0(1+t) [((1-'-/1)11_0(1-'_ Ot+ 0)e~ Bt_/l) ]

hm hz(t, 9,1) = ©0

t—>oo

Cumulative Hazard Function of TSLD

Hy(t) = logS,(x)

H,(t) =logS(t) + log((1 + 1S (t) — 1)
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(1+24)

H,(t) =log(1i—9(1+ ot + Q)e_et)+l0g [( (1+ 0t + 8)e 0t — ,1)]

H,(t) = (log(1+ 6t+ 6)—log(1+ 6) — 6t) +

log [((1+/1)(1+ 9t-(l—fl_)z)_ ft_2(1+ 0) )]

Hy(t) =
(log(1+ 6t + 6) — 2log(1+ 6) — 6t) +log (1 + (1 + 6t + B)e™ ¥ —

A1+ 9)) ............. (3.6)

3.1.2.2 Moment of TSLD:[3][11]
This section presents the rth moment and moment generating function of TSLD.
Theorem 3.1

If T~ TSLD( 4, 6), the rth central moment about the origin ,and the rth central

moment and about the mean x as follows :

~ _ @+)r! r2+5r+4 Or ATt (6 +7+1)
E,(T") = 2o)r (1+ 4(1+ 6)2 ) 1+9( (or ) -+ (3.7)

k(k+5+4 9)) _
4(1+ 6)2

Ey(T — )" = Sheo CF [ﬁ [+ (1+

()| (-(Glarn(L2g) - 2]

(3.8)

Proof
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The rth central moment about the origin is given

(0] 0 A B
EZ(TT) = fO t” fz(t)dt = fO t" [((11_:_—9;2(2 92)(1+ Ot + 0)e 29t(1_|_

Oldt — [ t" [Z=(6%)e~ (1 + )] dt

Suppose that
[0le] A _
L1 = fO t" [%(2 92)(1_'_ ot + 9)(1+t)e 29t]dt
And
L2= 7 ¢" [Z=(6%)e~ (1 +1) ]dt
Now
(1+1)(26% =
L1= r1(1 ~26t(1
(1+ 6)2 j(.) t" [(1+ 6t+ O)e (1+t)]dt
1+026%) (= .
= 1 2 1 2 -2 6t
a+ 0) jot (A+ 0)+t2o+1)+t?0)e 2%t
_ aA+12e6

2 ()
(1+ 6)2 ) j (1+ O™+ (260 + D™ + 6t72) =204t
0

_ (1+1(26%)

L1 (1+ 6)2

((1 +0) [ tre 2%t + (20 +1) [7 tT e 20t +

efgoo $T+25=2 Qtdt)

L1

_ (1+)(26%) ((1+ 8) rl  (1+286) (r+1)! . (6) (r+2)!)
- (1+ 6)2 (2 9)r+1 (2 9)T+2 (2 9)T+3

L2=——(62) [ t" [e~ /(1 + 1) |dt

_ A ® r -0 o -6
L2=——(6%)([, tTe %dt+ [ t"te”%dt)
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_L 2 T! (r+1)!
L2= 1+ 6 (6% (( g)r+1 + ( 9)r+2)

ATl (8 +(71+1))

L2= 1+ 6 ()"

© . _ (1+0(26%) ((1+6) 1!
e fode =282 (

5 o)

(1+26) (r+1)! | (6) (r+2)! _
(2 9)1‘+1 + (2 9)7‘+2 + (2 9)7‘+3 )

N @+D)(26%) (a+0)r! | (1+20) (r+1)! | (6) (r+2)! A (0 +r+1)r!
E,(T") = (1+ 6)2 ((2 g)r+1 T (2 9)r+2 t (2 9)r+3 ) 14+ 6 ( (o)r )
N A+DTI26%) ((1+6) | (1426) (r+D) | (O(+D) (r+2)\
E,(T") = (2 0)T(1+ 6)2 ( (2 6) (2 6)2 (2 6)3 )

w5 o)

Ez(Tr) =

(1+)r!(2 62) (4 0(1+ 0)+2 (r+1+2 642 9r)+(r2+3r+2)) _
(20)"(1+ 6)2 8(6)2

(2)"Ar! (( 0 +r+1))
1+ 6 (20)r

~ _ @a+)r! 8 6+4 02+5r+4+12+4 01\ (2)"Ar! ((6 +7+1)
E,(T7) = (20)T(1+ 9)2( 4 ) 1+ 6 ( (26)" )
~ _ @+)r! r2+5r+4r 0 _Arl (8 +71+1)
E,(T7) = (2 6)" ( 4(1+ 6)2 ) (or ( 1+ 6 )

It is prove second part from theorem based on Binomial theorem

_NT — NT r [(A+D7! k2+5k+4k 6
EZ(T .u) - k=0 Ck [ (2 H)r ( 4(1+9)2 )

G (e )l (055 (U aara) +5 (55) )

Depending on the first part of the proof , it is find the expected value and

variance
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The Expected Value of TSLD .

E(T) = 1+ 6

(1+/1)< 3+29) /1(2+9>
0

20 toa+ve2) "o

oy 2(142) 7446 \ 21 (3 +6
E,(T%) = (4)62 (1+2(1+e)2) 92 (1+e) - (39) .

The Variance of TSLD .
_ 2(14+2) 7+4 0 _ﬁ 3 +60 . (1+1) 34260 .
Varz(t) T (4)62 (1 T 2(1+ 9)2) 62 ( 1+6) ( 20 (1 t 2(1+ 9)2)
2
A 240
. (m)> ...(3.10)

Now

Note based on part two from theorem (4.1.1), we can get the SK and KU is

obtained
Let

SK = E(T —p)® =

5= S G2 (14 222 -2 (L] (-1

3—-k

23(1++26§2) +% (%) ) ..(3.11)

And

KU = E(T—p)* =

w4 4 [3(1+2) k?+5k+4k 6 _AKI(8 +k+1) ] (—(1+2)
KU = Yk=o Ck [2(9)4 (1 4(1+ 6)2 ) ( 0)k(1+6) ( 20 (1 +
4_
3+2 6 A(2+6)
SZ) Fhars ) e (3.12)
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The Coefficient of VVariation of TSLD
_ [ 2+ 7+4 60 . ﬁ 3 +6 _ (1+4) 3420 _
(v = ( (4)62 (1 t 2(1+ 9)2) 62 ( 1+9) ( 20 (1 t 2(1+ 9)2)
2\ 1/2 -1
A 246 (1+2) 34260 A (246
@) ) (SO - 6) e

Standard deviation of TSLD .

1/2

o= ( Vz(t))

[ 2a+n) 7+4 0 21 (340 [a+d 34260\
0= ( (4)62 (1 T 2(1+ 9)2) 62 ( 1+ 9) < 26 (1 T 2(1+ 9)2)
1

L@) ) e

Coefficient of Skewness of TSLD .

Y = SK (Vo(t)) ~3/2

Y= Y=o Ci [%(1+’<1i”;—+5’;9) _(Agz;!k ((e:{;l))] (_ (1;;1) (1+

3-k
) ) ) (SR ) —E (G-
-3/2

2
<(12+;1) (1 +23(1++2£2) _% (12+_+99)> ) .(3.15)

Coefficient of kurtosis of TSLD

Y = KU (V,(¢)) ~2
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3(1+1) k?>+5k+4k 0 _AKI( 8 +k+1) ] (—(1+2)
Y= [Zk o Ck [2(9)4 ( 4(1+ 0)2 ) ( Ok (1+6) ( 20

4-k
3426 A(2+0) 2(1+A4) 7+4 0 21 (3 +60 (1+4)
2(1+9)2) t 6(1+6) ) ] ( (4)62 (1 t 2(1+9)2) D ( 1+9) B ( 26 (1 +
2\ —2
34286 A 240
) -k (2) ) ......................................................... 616

3.1.2 Moments Generating Function of TSLD

(1+

My(2) = E;(e”T)=[" e”"f,(t)dt where—h<z<h andh>0 ,h € R

My(2) = Ey(e”)= £, 2B, (1)

o @7 (r+5+40) (6 +r+1)
Mp(2) =32, ZTI - Q)T [(1+/1) (1+r4r(1+ iR ) — (2)r,1( 1+r9 )]

3.1.3. Characteristic Function of TSLD

M. (ix) =

2 e (140 — ora (L)

3.1.4 Quantile function of TSLD
The function is inverse of cdf . suchthatt = Q(p) = F~1(p)where

0<p<1

_ 1 _ 40a+ors 8)2e29t  A(1+0t+ 0)e” 9t
b= (1+ 6)2 1+ 6

(1+ 0t+ 0)e— 0t ( 1+ (1+ 0t+0) e~ Ot

1-p= 1+ 0 1+ )

+1)

(1+ 0t+ 0)e~ 9t / (1+1)(1+ Ot+ 6) e~ Ot
In(1 — p) = In |20 ( e +/1)] ....... (3.19)
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The equation that the researchers got(3.19) can only be solved for t using

numerical methods .

3.2 Mode of TSLD

af,(t)
ot 0

af,(t)

ot

( A+ eH(A+ ) +A+20)t+t%0)e%  2(6De *[A+D)])
B (1+ 6)2 1+ 6
N ot
f(1 _

at

2y,—-26 2y,— 0

WDEDE (2022 —40%c—2607 +1) —2 2 ((— 0)+ (- )t +
1)

at
(1+2)(26%)e 20t
(1+ 6)2
A(6%)e 9
1+ 6

((-26H)(1+1)?*+1)

(O ++1)=0

A+D@e " ((—20H)1+0)?+1) —A((-OA+D)+1)A+6) =0

A+D@e " ((—20H)A+0)*+1) = A((— 6t— 0%) +1— 6?)
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A+D@e " ((—20HA+0)?+1)+ A( 6t+ 0%t)=2(1—
62)..(3.20)

The researchers can solve equation (3.20) numerically .

3.3 Order Statistic of TSLD .

The Cumulative Distribution Function of the minimum order statistic is

-0t
(1+ 6t + §)%e~206 — 3 L2200 )"...(3.21)

Fa® = 1- (1 + D5

The Density Function of the minimum order statistic is .

fr,(®) =

(2)(1+2)
(1+ 6)

(1 A+ g1+ Ot+ 0)2e 2 0042 (1+ O+ )e O ) n-1(g2)e= O(141)] (1+ 66+ 0) e~ 04 - 1]

(1+06

1+ 6

...3.22)

The Cumulative Function of the maximum order statistic is .

Fy (t) =

n
(1 —(1+2) (1+ 6t + )22 +A——(1+ 6t + e)e—et) ...(3.23)

1+ 9)2

The Density Function of the maximum order statistic is .
fr, () =

n(1-( D) gz(1+ 06+ 0)2e 72003 @4+

(1+6)

(1+ 6t+ 6)e™ " ) n1(92)e” O (1+t)| (1+6t+ ) e~ 9 _2]

1+9

1+ 6

(3.24)
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3.4 Maximum Likelihood Estimators Of TSLD

In this section , the unknown parameters of the TSLD are estimate, by using

maximum likelihood estimation method .

The Likelihood function of the PDF is :

n
L(A,6;t1,62,...,tn) = ﬂfz(a,e; t)
I=1

T (6De A+ D[R+ DA+ 6t + 0) e O — A1+ )]
B H (1+ 6)?

L(A,0;tl,t2,..,tn) =L

(o e X O I (A4 ) [Ty [DA+D(A+ 0t+ 0) e % — A1+ 6) ]
B (14 6)*

n n
InL=2nln(6)— 6 ) t;+ z In(1+t)—2nn(1+ 0)
1 I1=1

I=
n

+z In (@)1 + DA+ 0t + 6) ™ — A1+ 6))

I=1

dinL

do

2n _2n_ n @a+)(+) e Ot-0(1+0t+0)e” 99)-1

) =t Tt Xi=1 (2)(1+)(1+ Ot+ 0) e~ Ot—2(1+ ) | =0...(3.25)
oL (2)(1+ 0t+0) e~ 9t— (1+6)

—_— = n =
ER) Xi=1 (2)(1+A)(1+ 0t+ 8) e~ Ot— 2(1+ 0) | 0....(3.26)

2nt 62n—62n g @@+)(+t) e~ 9t— 01+ 6t+0)e” 99)-1 v
6(1+6) I=1 " 2)@+) A+ 6t+0) e~ 9t— 2(1+6) | — al=1%
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Chapter Three Transmuted Survival of Lindley Distribution

@)+ ((1+t) e~ ¥'— 01+ 0t+6) e~ O1)-2

2n n
+ 2= (2)(1+0)(1+ 0t+ ) e~ Ot— 2(1+ 0) |

0(1+ 0)

—_ n
= di=1t;

The numerical method is used to solve the above equations (3.25) and (3.26)
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Chapter Four General Proposed nth Degree Hazard Rate Distribution

In this chapter, a new distribution GPHRD is found based on the formula of the
hazard function . we find the PDF , the CDF and some of its survival function .
General Proposed Hazard Rate Distribution of n = 2 is discussed with its statistical
prospered estimation its parameters by maximum likelihood method .Finally
,using real life data to test its general proposed second degree hazard rate

distribution .

4.1General Proposed n'* Degree Hazard Rate Distribution
GPHRD

Let T be a positive random variable with function

h(t) =YY", a;tt t>0 wherea; >0 Vi=0,1,..,nonly a,_; €ER
(4.1)
Whereas , this function h(t) satisfies the conditions of the hazard function , that is,

its means

1. h(t)>0forallt>0 Vi=0,1,...,n

Where ay,aq,ay,.....,a, € IRTexcept this a,_; € R
That is
n
Z aiti = 0
i=0
ag +a;t? +at? + ... t+a,_t" 1 +a,t" >0
ag +a;t? +at? + ... + a,t" = —a,_t" !

2.[ h(®) dt = ¥,a; [ tidt = oo

The Cumulative Hazard Rate Function

ti+1

H(t) = Yicoai— (4.2)

i+1
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Chapter Four General Proposed nth Degree Hazard Rate Distribution

Then the PDF of the GPHRD

it is product of h(t) and e “H®

tl+1

(1) = Thpatt e Ti0%s (4.3)
The general proposed second degree GPHRD .

In the case n = 2, the density function GPHRD is

tl+1

F(£) = Y2 at! e T (4.4)

A function f(-) that defined as f: R — [0.oo] is a probability density function
since

D) f(@) = oforallt > 0

tl+1

And Y7 a;ti e Z=0dET > 0

_yn i1 _yn i+l
n i i=0diT 7 _ l i=0diT 7
l=1ait i+1 > an_1 t i+1

n i {
=1t =2 —ap4t

2) [y f®ydt =1

The second property is shown below:

tl+1

fo f@®dt = )7 Tioa, tle™ Mo dr
n ti+1 i
let u=2i0a;— thendu = (Xioa; thHdt

fooof(t)dt = foooe_udu =—eU]® =1
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Chapter Four General Proposed nth Degree Hazard Rate Distribution

The CDF of GPHRD is

(i1

F(t) =1— e Z=0fiGy ..(4.5)

The Cumulative Function wheren = 2

(i1

F(t) = 1 — e S5y ..(4.6)

The Survival Function of GPHRD :

ti+1

S(t) = e~ Zi=o®iGy (4.7
Remark(4.1): Special Cases

1-1f a; = 0 Vi > 0 then Equation (4.3) is the PDF of the exponential
distribution .

2-1fa; = 0 Vi > 1 then Equation (4.3) is the PDF of the linear exponential
distribution .

3-Ifa; =0Vi>1 and a, = 0 then Equation (4.3) is the PDF of the
Rayleigh distribution .

4-1fa; =0Vi =0 onlya, # 0 then Equation (4.3) is the PDF of the Weibull

distribution .

4.1.1 Shape of GPHRD
4.1.1.1 The Limit of Density Function of GPHRD

the limit of PDF
ti+1

;o —yn ;
ltll’rolf(t) = ltlrr(} Z?=0 ait‘ e Li=0igyy
- -

= limay = a,
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Chapter Four General Proposed nth Degree Hazard Rate Distribution

And

i+l

L}imf(t) hmZ ' ,aitt e “XiodigT =

4.1.1.2 The Limit of CDF of GPHRD

5 i1 5 i1
llmF(t)—hm(l—e ‘°‘t+1>=1—lim< l°ll+1>:0

t—0 t-0

And

pi+1 n i+l
tlimF(t) = tlim <1 — e~ Liodigy ) =1—lim (e_2i=°a"i+_1> =1

t—oo

4.1.1.3 The Limit of Survival function of GPHRD
i =1j Zl od Ltll:11 =

£ = ltum( ) !

And

tl+1
th(t) = 11m< ~Xiodigy ) =0

t—oo

4.1.1.4 The Limit of Hazard Function of GPHRD
lti_r>r01h(t) = lti_r>r012?=0 a;t' = ag
And
tlirgloh(t) = thr?o Yo a;tt = oo

The following figures show the shape of each of PDF , CDF ,The Survival
Function and hazard function of the second degree GPHRD .

We noted that each figure conformity this reality limit.
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the Pdf
0.04 ¢ T T T T T T T T

0.035

0.03

0.025

0.02

0.015

0.01

0.005

Figure(4.1): The Density Function of GPHRD in case n=2 , where a, = .038;a, =
—.002;a, = 0.00003 .itis noted the PDF starts from the value a, = .038 and

then decreases until it reaches zero as long as increasing T.

the Cdf
T

90

Figure(4.2): The Cumulative Function of GPHRD in case n=2, where a, =
.038;a, = —.002; a, = 0.00003. it is noted that the cdf starts from the value 0

and then increasing until it reaches 1 as long as increasing T.
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Chapter Four General Proposed nth Degree Hazard Rate Distribution

the Senival function
1 T T T T T T T T

Figure(4.3): The Survival Function of GPHRD in case n=2,
where a, = .038;a, = —.002; a, = 0.00003. we notice that this function starts

from the value 1land then non increasing until it reaches 0 when it approaches t to

Co,
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the hazard function
0.09 E L L L L L L L T

0.08

0.07

0.06

0.05

0.04

0.03

0.02

0.01

Figure(4.4): The Hazard Function of GPHRD in case n=2 , where a, = .038;a; =
—.002;a, = 0.00003. itisnoted that the hazard function starts from the value
a, =.038 anditisincreases to that h(t) —» oo as t — oo.and it takes the shape

of a swimming pool .

4.1.2 Statistical Properties

This section we study some of its statistical properties of GPHRD . specifically

the t* moment and moment generating function

4.1.2.1 Moment of GPHRD

Moments are necessary and important in any statistical analysis especially in
applications . It can be used to study the most features and characteristics of a

distribution ( skewness and kurtosis ) .

45



Chapter Four General Proposed nth Degree Hazard Rate Distribution

Theorem4.2

If T~GPHRD ( q;) then the r**moment about the origin , and about the mean x

are given by

1—E(T) =

j1 Jj2 n
noye seo g o () (5 G ek imien ),
i=04j,=04j,=04j,=0 l ji! Ja! e jn! a0(2+i+2?=0(i+1)]'i '

2— E,(p—T) =

aq Jj1 az J2 an jn , . :
_aa)1(_az —mas) T(k+i+3R oG+ Dj1)+1)
Z;:O CI:|: ?:O Z;::O Z;Z=0 Zﬁ:o ai( 2) ( 3) ( n+1) i=0 (i+1) ] *

X PR ao(1+k+i+z?=0(i+1)ii)

(9 (2" () e )
DD IS NN Y P 3/, Anil co i) (4.9)

i ! Jnl | ag@HFEIEGTD);

Proof
Starting with proof the first part

Take: E(T") = fooo t” f(t)dt

(i+1

. o_§yn i
E(T™) = [} 7 Nloa; te™ 2ot de

ti+1

Then E(T™) = Yloa; J, t7He %0t ™ 2157 gy (4.10)
Again
. ) t2 t3 tn+1
E(TT) =Xoa; [, tTHe ®fe™ 2 ™5 . .e” " nit dt (4.11)
But expansion of e~ are given by
gt (-2
e Wit = ¥ (1) (4.12)

Jj!
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Chapter Four General Proposed nth Degree Hazard Rate Distribution

Substituting (4.12) into (4.11) in order to get .

E(TT) =
Cah L, (a) (~anteyin
© P —ai1 —az> —an
Zr}:() a; f tT+ig—aot 290=0_—220,°:0_—3 . ....29°=0+Hdt
l 0 J1 jq! J2 ja! In jn!

E(TT) =
_ﬂ)h (_ﬂ)fz (_s_fl)jn f;o tr+i(t2j1)(t3j2)...(tn+1j") e—aot

?:0 Z;::o Z(])'Z:O Z;:l:o a; 2 :

, : dt.
J1! J2! Jn!

E(TT) =

(_ﬂ)h (_az )12 (_ an )Jn
(X) . . . .
9 w309 w9 e B DR = TR

E(TT) =
) ()7 (YT ST 4 D +1)

i Ix . Jn! ao(r+i+z?=o(i+1)j(i+1) +1)

i=0 Z]q;o Z;Z=O Zﬁ:o dj

Proof 2 Since (T —p)" = Yk o Cr (T)* (—p )" %, then

E(T—w)" =

a\1 /1 ap\J2 an \Jn
_a)Jt_ap —ms) (kA oG+ Dieny +1)
Z;=0 CI: [ ?=02ﬁ=02;z=02;2=0 ai( 2) ( 3) ( n+1) i=0 (i+1) ] *

IX Ix - jn! ao(k+i+z?=0(i+1)j(i+1) +1)

a1)/1 (_ap\/2 an Vi r-k
n o o o0 (_7) (_?) (_n+1) r(l+zi=0(1+1)](i+1) +2)
- i=02j1=02j2=02jn=0 a; — :

i IR ao(i+2’i1=0(i+1)j(i+1) +2)

Corollary 4.3.

If T~~GPHRD ( a;) then the mean , variance , coefficients of variation ,skewness
and kurtosis of general proposed nth degree hazard rate distribution are

respectively as:
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E(T) =

) () (Y s i +2)

i TR ! a0(2+i+2?=0(i+1)j(i+1))

?:0 z:(]?:.120 Z;Z:O Z;:lzo al ( (413)

var(T) =

J J J
Y C2 Y, YR TP TP s (_%)1(_%)2 (_%)nr(k+i+21i1=0(i+1)j(i+1)+1) «
k=0 "k 1=0 &4J1=0 &J2=0 &jp=0 1 )71 R ' ao(k+i+21i1=0(i+1)j(i+1)+1)

(9" (-2) (o) s i +D) |
— Y0 X0 Xm0 L =0 Wi e S0 U (4.14)

ja! ja! jn! ao(i+2’i1=0(i+1)j(i+1) +2)

Yy =
aq jl ap j2 an jn . . .
23 C3 n Zoo Zoo Zoo a_(_T) (_?) (_m) F(k+l+2?=0(1+1)](i+1)+1)*
k=0 “k 4i=04j;=04j,=0Lju=0 <i X T g a(1+k+i+2?=o(i+1)ji)
0

j1 Jj2 Jj 3-k
n o0 o0 o0 (_%) (_%) (_%) i I (i+Xo(i+Djir1) +2)
— i=0 2j1=0 Zj2=0 Zjn=0 a; IX

T a0(2+i+2?=0(i+1)ji

al J1 a J2 an Jjn . n ) .
S 2 - r - 1 . 3
‘{L—O Zj::o Z;CZ)=O ijl=0 al ( 2 ) ( 3 ) ( ‘n+1) (l+Zl_0(1+ )](l+1) + ) _

Ja! j2t T ! ag (BHF I+ DY)
) _3
Jj1 Jj2 jn 2
n ZOO ZOO Zoo a. (_%) (_%) (_%) T (i+Xso(+Djg41) +2)
i=04j;1=04j,=04j,=0 l IX il e il ao(z+i+2?=0(i+1)ji (4‘.15)
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a J1 a-\J2 a Jn i . .
4 ct n oy g g A (_71> (_?2) (_n_-:ll) I (k+i+3ilo(i+Djgirn+1) "
k=0 k i=044j,;=04j,=04j,=0 i ja! T e Jn! a0(1+k+i+2?=0(i+1)]'i)

a1\/1 (_apz\/2 an V. . 4k
n o) o) oo (_7) (_?) (_n_-|-1> F(l+zi=o(1+1)1i+1) +2)
— =0 Zjlzo ijzo Zjn:O a; *

X i) e Jin! a0(2+i+2?=0(i+1)]'i

J1 J2 in
n o0 o0 o0 (_%) (_%) (‘ffl) r(i+X2 o+ Dj(i41) +3)
i=0 Zjlzo ijzo Zjn=o aj -

i TR a0(3+i+2?=0(i+1)ji)
2\ 372
Jj1 Jj2 jn 2
n Zoo Zoo Zoo a_(_%) (_%) (_%) F(i+z?=0(i+1)j(i+1)+2)
1=04j1=04j,=04&j,=0 < jy! jol T g ao(z+i+2?=0(i+1)ji (416)
CV =
ar\/1 [ _az\/ an\Vn o
— noyo g0 g a.(_T) (_?) (_m) I(i+Xi2o(+Dji+1) +3) _
i=04j;=04ijy,=04j,=0 i Ja! Ix e s Jn! a0(3+i+2ln=0(i+1)]'i)
ag\/1 (_ap)J2 —ap\n 2\ 1/
n oy gy a,(‘?) (-2) (Z23) " P+ o+ Digen +2)
=0 &)y =0 &jp=0 &jp=0 <L ;| jol T ! a0(2+i+2?=0(i+1)ji *
j1 J2 in -1
n Zoo Zoo Zoo a.(_%) (_%) (_1?—41-11> r(i+z?=0(i+1)ji+1)+2) 4.17
=0 &jy=0 &jp=0 &jp=0 <L Jol T g a0(2+i+2?=0(i+1)ji ( )
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proof

Based on (4.10), then mean is defined when r = 1

j J J
E(T ) _\n ZOO ZOO Zoo (_az_l) ' (_‘13_2) ’ (_;_J:ll) " T (i+Xizo(+Djir1) +2)
= Di=02j,=0 24j,=0 24j,=0 a; i T a0(2+i+z?=0(i+1)ji

Since (4.9), then

var(t) = E(T —u)? =
a J1 a Jj2 a Jn . . i

Y2_ C2 YR NP TP TP 4, (_71) (_?2) (_n_-:ll) I(k+i+Xo(+Djgir1)+1) "

k=0 “k i=0 ]1=0 J2 =0 ]n=0 1 ]1' ]Zl T ]‘n' a0(1+k+i+2?=0(i+1)j(i+1))

a1)/1 (_ap\/2 an Vo 2k
_yn Zqo Zqo Zqo a; (_7) (_?) (_m) F(l+zi=0(1+1)]i+1) +2)
1=0 £4j3=0 &j=0 &) =0 “L ) j2! T n! a0(2+i+2?=0(i+1)i(i+1)) .

The Coefficient of Variation of (GPHRD) is defined as

Jl! ]2| een ]n| a0(2+i+2?=0(i+1)]’(i+1))

1/2
cv = (var (1)"* (E(T)™
CV =
ar\J1 (_az\/2 an \/n R S
Y2_ (2 |yn yoo_ gy a-(_T) (-%) (o) " (e i+ 51 o1+ iy 1) .
k=0 Lk i=02u4j;=02Luj,=0Luj,=0 @i X PR ! a0(1+k+i+2?=0(i+1)j(i+1))
1/2
ai J1 as Jj2 an in i n i . 2=k /
(_ noyo  yo g0 a.(_T) (_?) (‘m) r(l+2i_0(l+1)1i+1)+2)> "
1=04j;=04j,=04j,=0 *1 ;

-1

J1 J2 in
n o o oo (_%) (_%) (‘f—fl) r(i+2?=0(i+1)j(i+1) +2)
i=0 217, =0 Ljp=0 Ljp=0 i~

i TR Jin! a0(2+i+2?=0(i+1)j(i+1))

the Standard deviation of GPHRD is given by

o= (Var (t))%
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o
( k=0 Ck

()" ()" ()" i )
D s e T ) (+18)

X iy . Jn! a0(2+i+2?=0(i+1)j(i+1))

?:0 Z;Z:O 2;;:0 2;:1:0 a; 2

ai J1 az J2 an in . i )
-3 (%) (o)™ Peti+ S o+ 1) jirny+1) .
X TA I Jn! a0(1+k+i+2?=0(i+1)]'(i+1))

Note Based on part two from theorem (4.2), itis get the SK and KU .

Take SK = E(T — )3 =

a1\/1 [ _az)/2 an /1 , , ,
-3) (%) (cams) " P+ i+ S o (4D j iy +1) .
X PR n! a0(1+k+i+2i=0(i+1)j(i+1))

3 3 (

(9" (2" ()" e )\
<—2?=02ﬁ202?2202ﬁ:o a; % 2/, i U ) (4.19)

Al ! Jnt g (I DI

Suppose that KU = E(T — p)* =

ai jl an j2 a jn . i .
Y4_ Cch noyo g g g (_7) (_?) (_n—fl) I (k+i+Xio(i+1)j+1)+1) "
k=0 Y“k i=0£ij;=0 Laj,=0 £Laj, =0 i X Ix . Jn! a0(1+k+i+2}1=0(i+1)j(i+1))

(9" (2" () resa ) |
<_ 120 2,20 2jy=0 Hjn=0 &~ e A el > (4.20)

Al ! Jnt g (I D (i)

So Coefficient of Skewness of (GPHRD)is defined as the

y = SKo~3
')/ =
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a J1 a-\J2 a Jn . . i
23 c3 n g0 g g0 a_(_71> (_?2> (_n_ﬁ) I(k+i+%io((+D)j+1)+1)
k=0 “k i=04j;=04j,=04j,=0 i IX X ree s ! a0(1+k+i+2?=0(i+1)j(i+1))
a1\/1 (_az\/2 an \Jn . n . , 3-k
—yn y®_ g oo a_(_T) (_?> (_n_-|-1> I(i+Xio(+Dji+1) +2)
1=0£41=0£472=04)0=0 =1 j2! T ! a0(2+i+2?=0("+1)i(i+1))
ai J1 az J2 an in i n 3 i
22 C2 noyo g g a_(_T) (_?) (_n_-|-1> F(k+i+%{o((+1)j+1)+1)
k=0 >k 1=0 44j3=0 £1j2=0 &4jp=0 "1 jot T a0(1+k+i+2?=0(i+1)j(i+1))
-3
; ; ; 2-k\ 2
a-\J1 a-\J2 a In i i i
S D WA el Yo a_(_Tl) (_?2) (‘n—fl) (i+¥io(i+1)jir1) +2)
1=0£J1=0 £)5=0 &jn=0 F1 ) j2! T n! a0(2+i+2?=0(i+1)j(i+1))
And defined the Coefficient of kurtosis of (GPHRD) is
Y=KUog™*
Y =
ar\J1 (_az\/2 an \/n O N
4 CHIYR YO FR_ g a,(_T) (_?) (‘m) I (k+i+Xio(i+Djgivn) +1)
k=0 k =0 4j;=04j,=0Lj,=0 i I Ix . X a0(1+k+i+2.{l=0(i+1)j(i+1))
. . . 4—k
a1\J1 a-\J2 a n i . .
_\m e e o (_71) (_?2) (_n—-:ll) F(i+Xio(+Djgis1) +2)
i:OZjlz()ZjZ:OZjn:O aj *

i IR ao(z+i+z?=0(i+1)j(i+1))

Jj1 Jj2 Jn
2 2 |yn go o g -2 (2 (o)™ Pt i+ S o (4D jarny+1)
Zk=0 k i=0 Zjlzo ijzo Zjn:o a;

X PR Jn! a0(1+k+i+2?=0(i+1)]'(i+1) )
a J1 a J2 a Jn 2—k 2
1 2 n . ) .
_yn ZO'O ZO'O ZO_O a_(_T) (_?) (_m) I (i+37o((+1) ji+1) +2)
1=0£41=0&4)2=0&4)n=0 =1 j2! T n! a0(2+i+2?=0(i+1)1'(i+1))

52



Chapter Four General Proposed nth Degree Hazard Rate Distribution

Moments Generating Function of GPHRD .
Since My (z) = E (e?")=[," e*" f(t)dt

where—=h<z>h andh >0 ,h € IR

(zt)"
Zr 1

r!

(ZT)

My (z) = E (e)== [ X2, ——f(t)dt

My(2) = E (€)= 32, Z-E(TT)

My (z) =

roa _az J1 _az J2 _a_n] n
Zr . Z 0211 0212 o Jn—O Z al( 2) ( 3) (n+1) [(r+i+Zizo(+Djg+1) +1) (4 21)

T‘! Ix I e ! a0(1+r+1+2?_0(1+1))(l+1)

Characteristic Function of GPHRD

M,(iz) =

1 0 Z o Z o Z » (iz)" ( a1)11 ( a?z)iz (_:ﬁ)]‘” p(r+i+2?=0(i+1)j(i+1) +1)
r= - —0 i) =

rl ]'1! j2! s jn! 30(1+T+i+2?=0(i+1)i(i+1) )

(4.22)

4.1.3 Mode of GPHRD .

af(t) 0
ot
) tl+1
6[ ?=0 aitl ~Zi Oa‘l+1]
ot
n n n l tl+1 n
- ZaitiZaitie it + e~ ZimoiiTT z:(iai)ti'1
i=0 i=0 i=1

n tl+1
a n 'tl Zl 0 1 i+1
i=04i

n tl+1

= e~ Z=0%r[— ¥ jait! N att + X (fa)t ] =0

ot
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[— Z a;t! i a;tt + zn:(iai)ti‘ll =0

n
i=0 i=0

l;(iai)ti‘ll = LZ(; aiti]

Which can be solved numerically .

4.1.4 Order statistics of GPHRD

Letbe Ty, T,,....., T,arandom sample of size n from new distribution, if T; <
... < T, denotes the order statistics of the random sample from a continuous
population with CDF and PDF then the PDF of distribution is given by

Yl = Min(Tl, Tz ) nenay T’Yl)
Y, = the 2nd smallestof T}, T,, ....., Tj.
Y, = Max(T},T,,......, T,)

Then the CDF of the min order statistic

Fr,®) =P, <t)=1- HP(Ti >t)=1-(1-F@®))"

n ti+1
Fy () =1 - <e‘2i=oaim )n ..(4.23)

Thenthe PDF of Y;.

dFy, (t)
42 =
n i+l n-1 ] n i+l
fr,®)=n <e_ Zi:"aii+—1> [ n o at e Li=0digy .(4.24)
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Then CDF of the max order statistic

n dt\ ™
Fﬂx0==<1—e‘&wmﬂf> ....(4.25)

Thenthe PDFof Y, .

git1

n tl+1
fr,(t) = n(l — @~ Zi=03igy )" 1 [Z" o a;ti e Z=0dGT ...(4.26)

4.1.5 Maximum Likelihood Estimators of GPHRD

If (Ty,...,T,) denoted a random sample have a GPHRD , then the likelihood

function is given by

L =1L(aga;,ay, ....,a,;t1,t2,...,tm) = l_lfz( a9,a7,8y, .., An; L)

‘m n i1
t;
i I e /
= aitj e “i=0°U 4]
j=1 Li=0

l+1 m

n
iy
=0

Take In of likelihood function .

mL_[ szZLOl_”] (B S ant;]

Then, by taking the partial derivatives of InL with respect to unidentified
parameters a; and the result equal zero .

dinL 1
dag [_ ] Py =0 (ag+ 3y, art;) ..(4.27)
da; [ Z] 0 2 ] + Z] =0 (ao+21 La; tJL) (4 28)
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alnL _ t]

da, ] 0 3 ]+Z] =0 (ap+X, aitjt) ..(4.29)
omL _ [ om Y 9%

e | &m0 ] 2120 Gaory o) ...(4.30)
When 2L — ¢ ,there is no closed solution of ( 4.28),(4.29),(4.30) and (4.27)

da;

therefor, numerical technique (Newton- Raphson method) should be apply to solve.
4.2The Three Degree Hazard Rate Distribution

In this section , we dealt with a special case of the General Proposed Hazard Rate
Distribution when n=3 and it called the three-degree hazard rate distribution.
Finding it in the PDF, the CDF, the survival function, and some of the statistical

properties It also estimated the parameters using the maximum likelihood method.
4.2.1 General Proposed Hazard Rate Distribution wheren = 3.
In the following, we assume that T is a positive random variable with a function.
hs(t) = ap + a;t +a,t? + ast3 a,t>0 Ve=0123 ..(431)

In contrast, this function h(t) satisfies the hazard function's conditions, that is, its

means.

1. h()>Oforalla,t>0 Vi =0,1,2,3

2 3 491 ©
2. [ ha(Ddt = ["ag + arti+a,t? + agt* dt =apt + B-+ 24 Bl =0
0
The Cumulative Hazard Rate Function
3 4
H() =agt + -+ 20 4 20 . (4.32)

The PDF of the THR Distribution
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It is the result of multiplying h(t) by exp (-H(t))

f(t) = (ap + ajt+a,t? + ast3) e_(aot+ z " s 4 ... (4.33)

A probability density function f(.) defined by f: R — [0. o] is a density function
if and only if
1) f(t) = oforallt > 0and (ag + a;t+ ast3) = —a,t?

2) [ f(de =1,

The second property is shown below:

altz \ a2t3 \ a3t4

a°t+2'3'4)dt

J, f®dt = ["(ag + ajt+at? + ast®) e_(

a t?  a,t3

let u= (aot + +
2 3

4
+ af ) then du = (ap + a;ti+a,t? + azt3)dt

(0]

jof(t)dt = j e *du=—-e"]y =1
0

0

The CDF of THR distribution is:

ajt? apt3  aztt
F(t) = 1—e_(a°t+ -2 50) ..(4.39)
The Survival Function of THR distribution :
ait? axt3  ast*
S(t) = e‘(a"“ 2 ) ....(4.35)

Remark(4.4)

e Ifa, =0V ¢ > 0then Equation (4.33)is the PDF of the exponential

distribution .
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e Ifa, =0V ¢ > 1thenwe get from Equation (4.34)is the PDF of the linear

exponential distribution .

4.2.2 Shape of THRD
4.2.2.1 The Limit of PDF of THR Distribution

- a;t? a,t® ast?
ltirr(}f(t) = ltin(}(ao + ast+at? + agtd) e (aOH 2 73 4 ) = ag

And

—(a0t+ a t? =a2t3 : a3t4)
lim f(t) = lim(ay + a;t+a,t? + astd)e 2 737 4/=90
¢ 0 1 2 3

—00

t—oo

the Pdf of the distribution

1.4 T T T T T T T T T

=
N
I

a0=1.2,a1=1.3,a2=0.3,a3=0.005
—

[N
1

o
0
1

a0=1,al=2,a2=2.5,a3=0.03

—~ —|

o
o
1

o
IS
1

a0=0.5,a1=1.5,a2=2,a3=0.0001

The density function of TPHR distribution

0.2

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

Figure 4.5. The density function of THR Distribution with different values of
ag, a1 ,az,a3 , When we look closely, we can see that the function has a convex
shape. At this pointf (t) = 0, the function starts to moment increasing , and once it

achieves its maximum value, it starts to decrease, forming a bell curve.
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4.2.2.2 The limit of CDF of THR Distribution

at? apt3  astt

lim F(¢t) = 1—lime_<a°t+ 2 73 4 ) =1-1=0.
t—0 t—0

at? apt3  astt
lim F(t) =1- lime_<a°t+ PR )= 1-0=1.

t—>oo t—oo

the Cdf of the distribution

C U C

the cumlative function

1.6 1.8 2

Figure4.6. The Cumulative Function of THR Distribution with different values of
ag, a1 ,az,as3 , A close examination reveals that the function .It starts at zero and

increases over time as we observet = oo then F(t) - 1
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4.2.2.3 The Limit of Survival Function of THR Distribution

a:|_1'.2i€:12t3i a3t4
T

limS(t) = lime_(a(’tur 2~ 3 4 )= 1. And

t—0 t—0

at? apt3  astt
lim S(¢t) = lime_<a°t+ PRI >— 0

t—oo t—oo

the sunvival function of the distribution
1 F L T L T T T T T

Figured.7. The Survival Function of THR Distribution with different values of
ay, a; ,a,,as , After examining the function in detail, as we can see, it begins at one

and increases over time as we observe t - co  then S(t) = 0
4.2.2.4 The Limit of Hazard Function of THR Distribution
ltirrolhg(t) = ltirrol( ap + a;tl+a,t? + ast3) = a,

And lim h (t) = tlim( ap + a;t'+at? + azt?) =ag+ o0 =
—00 —>00
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the hazard function of the distribution
35¢

30 —

25—

20 -

15—

10 —~

Figure4.8. The hazard function of THR distribution with different values of

ay,a; ,a,,a3 . As aresult, we can observe that the function is increasing.
4.2.3 Statistical Properties

In this section, it analyses the THR distribution statistically. in particular,

the moment and moment generating functions .

4.2.3.1 Moment

Any statistical study, and particularly those with practical implications,
requires the use of moments. It's a great tool for analysing distributional

parameters like skewness and kurtosis.

Theorem 4.5

If T~THRD(a,,) then the r*"moments about the origin , and about the mean

L are given as

1— E(T) =

_ag Jj1 _ay Jj2 _az\/3 3 )
Zq30=0 Zj‘j:o Z;Z=0 Zﬁ:o a(p( 2) ( 3) ( 4) F(@+2p=0(i+Dj(p+1) +2) . (4.36)

jl 2l sty @rerEh=olitDie

61



Chapter Four General Proposed nth Degree Hazard Rate Distribution

2—-E-7T) =
Jj1 Jj2 Jn
r cr|ys 290 290 290 a (_%) (_aTZ) (_%) F(k+‘p+z<32)=0(i+1)j(<0+1)+1) %
k=0 Tk [£p=0£iji=04j,=0 &jn=0 @~ Ja! Jn! g (AHKHQHEG_o(+Di(p 1))
0
ai Jj1 a Jj2 as Jn 3 . . ok

_23 DTS Nl e a (_7) (_T) (_T) F(<p+2(p=0(1+1)](¢,+1)+2) (4.37)

$9=0£4j1=0&4jp=0 &jp=0 %@~ jo! n! ao(2+<,o+§j?0=0(i+1)jq(, e
Proof

Depending on the equation (4. 8)

altzia2t3i a3t4

E(Tr) = fOOO t" (ao + a1t+a2t2 + a3t3) e_(aot+ 2 3 | 4 )dt

Then
oo £2 £3 4
E(T") = j t"e~@(a, + a;t4+a,t? + agtd)e M7 e 3T BT dt
0
Again

© t2 t3 4
E(T) =a, [, t" e ®ole ™7 ¢™%5e™%% dt +

() t? t3 t* . t? t3 t*
ag [, ™ e~ (@D e~y o7 %23 07%7 dtta, J, t7F2 e~ @b ~My o7 %37y gt 4
o 2 ¢3 4
a [, t™*3e @) p=%175 o™ %27 ™% (t (4.38)
) 3 4

But expansion of e "%z , e~%?3 and e %3+ are given by

Ak (-2
Qo1 — VO P+1
e o+1 — Zj=0 —j!

(t?*™))  wherep = 1,2,3 ... (4.39)

Substituting (4.39) into (4.38) Given this, it's clear that .
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E(Tr)
3 ® o o (—al)h (—az)fz (—a3 )j3 "

— a 2 3 4 tr+<p+2j1+3j2+4j3e—a0t dt
- Rt gt !

4 4 4 1- N N

$=0 j1=0 j;=0 j3=0 0
-aq J1 -ay Jj2 —-as JK] . . .
E(TT) =33 _ 3°_3°_Y%°_, a (T) (T) (T) Fr+@+2j1+3j,+4j3+1)
$=044j1=04),=04)3=0 “¢ ;| jo! Ja! ao(T+e+2j1+3j2+4j3+1)

Now it will prove second part from theorem based on Binomial theorem

E(T—-w" =

—a1\/1/-ay\J2 (a3 \J3 ] ] ]
Zr cr 23 Zqo Zqo Zqo 3 (T) (T) (T) I'(k+@+2j1+3j,+4j3+1)
k=0 “k P=0244j;1=0&jp=0244j3=0 “@ J1ljaljs! ap~(k+e+2j1+3j2+4j3+1)

—a1\/1 (—az\/2 (—a3\/3 , , . Tk
_ 23 ZOO Zoo Zoo a (T) (T) (T) r(p+2j1+3j,+4j3+2)
$=041j1=04j=04j3=0 ¢ Jo! Ja! ay(P+2J1+3j2+4j3+2)

Corollary 4.6

If T~THRD (a,,) then the mean , variance , Coefficient of Variation ,Skewness

and Kurtosis of General Proposed nth Degree Hazard Rate Distribution are

respectively.

E(T) =
—ai\J1 —a,\J2 /- Jj3
3 Zoo ZOO Zoo a (%) (%) (%) I(p+2j1+3j,+4j3+2) (440)
$=04j;3=04j,=04j3=0 “¢ ;, jo! Ja! ag(@+2j1+3j2+4j3+2) T\
al Jj1 as J2 /—a J3
— \'3 oo o) ) (_7) (_?) (T) r(p+2j1+3j,+4j3+3)
Var(T) = g0=02j1=02j2=02jn=0 dep I Ix 3l ag@t2iitsiztajz+d)
; - 2
—-ai J1 —-as J2 -as J3
3 00 00 o0 (T) (T) (T) I'(p+2j1+3j,+4j3+2)
2<P=02j1=02j2=02j3=0 Ay ! Jo! Ja! ap(@+2j1+3j2+4j3+2) (441)
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Note Based on part two from theorem (4.5), it is get the SK and KU .

SK = E(T — )3 =

—a\J1/—a,\J2 /= J3
3 3 3 o o o0 (%) (%) ( Z ) I'(k+@+2j1+3j,+4j3+1)
Y=o Ci Z‘P:()Zh:() z:]'2=0 Zj3:() e *

J1ljaljs! ao(k+<p+211+3]2+4]3+1)

(_—al)]l (_az)jz (_a3 )]3 I'(p+2j1+3j,+4j3+2) o
_Z?[):O Zj::o Z}xz)z() Zi:o a(p 2. 3 4 Ptijy J2 J3 . (4.42)

J1! Jo! ja! ag(Pt2j1t+3j2+4j3+2)

And KU = E(T —p)* =

(—a1)11(—a2)1'2 (—a3 )13 P+ @+214+3 ), +4]5+1)
C Z: E ptij J ]
Zi:o l;l- Z?‘):O Zj1=0 j2=0 j3=0 a(p 2 3 4 1 2 3 %

jl!jz!jB! ao—(k+<p+2]1+3]2+4]3+1)

() (29" (29)" rraprspranen )
— Y0 Xm0 Xm0 Xm0 A < = L .. (4.43)

Jjq! Jo! ja! ag(Pt2j1t3j2+4j3+2)

(_ﬂ)jl (_a_z)fz (1)13 o
CcV = 3 290 Zqo Zqo a 2 3 4 F(p+2j1+3j2+4j3+3)
$=044j1=0£44),=04jn=0 “@ ;| Jo! ja!  ap(P+2i1+3j2+4j3+3)
: : o\ 1/2
—a1)/t (zaz)/2 (zaz /3 Cmi s
3 290 Zqo Zqo a 2 3 4 r(p+2j1+3j,+4j3+2)
$=041j1=04),=04j3=0 “¢ Jo! ja! ap(@t2j1+3j2+4j3+2) *

: : -1
-aq J1 —-ap ]2 -as J3
00 00 oo T2 4 F'(+2j,1+3j,+4j3+2
(22;:021'1:02]'2:02]'3:0 a(p( - ) ( > ) ( > ) (@+2)1+3)2+4)542) ) .. (4.44)

ja! ja! 3! ag(Pt+2j1+3j2+4j3+2)
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aq jl az j2 —-a J3 . . .
o=|Y3_ TP _ TP_ YO _ g (_7) (_?) (T) F(@+2j1+3j2+4j3+3)
- $=0£44j3=04j,=04jp=0 “¢@ Jo! ja!  ap(#+2i1+3j2+4j3+3)
) 1
—a\J1 /—a,\J2 /= J3 2
$3_ g yo_ vo (5 (537 (52)7 rp+2ii+sip+ajs+2)
»=0 j1:0 j2:0 j3:0 () jl! j2! j3! ao((p+2j1+3j2+4-j3+2) e (4'45)
‘y:
—a1\J1/—a\J2 /—az \J3
23 C3 23 Zqo Zqo Zqo 3 (Tl) (%) (%) I'(k+@+2j;+3j,+4j3+1) N
k=0 ™~k P=0244j1=04j,=044j3=0 “¢ J1ljaljs! ap(k+e+2j1+3j2+4j3+1)

—a1\J1 (—a\I2 [—az \J3 3-k
gz ye_seo seo o (5) G C2) renisien |
$=04j1=04j,=04j3=0 “¢ Jo! Ja! ap(P+2j1+3)2+4j3+2)

ai jl az j2 —-a J3 . . .
23 yo_ gy a (‘7) (‘?) (T) F(p+2j1+3j,+4)j3+3)
| 49=04)1=04),=04j,=0 “¢ Jo! ja!  ag(@t2i1+3j2+4j3+3)

-3/2

. 1 j 2
_al)h (—Taz)” (‘Ta3 )]3 r((p+2j1+3j2+4j3+2)> ...(4.46)

3 co co 00 (T
( ¢=0 Zj1=0 ij=0 Z:]'3=0 Ay ! jo! Ja! ao(P+2J1+3j2+4j3+2)

N 1o TS o0 20, SN - el A O
Yk=0 Cx 2<p=0211=0212:0213=0 ay Fk+ ¢+ 2j, +

J1'i2'j3!
4—-k
3]2+413-|-1)30_(k+(p+2]1+3]2+4]3+1) *
ai J1 ar Jj2 —-a J3 . . .
3_ YO VP YR (_7) (_?) (T) F(p+2j1+3j2+4j3+3)
$=04j1=0 4j=04Ljn=0 “@ jo! ja!  ap(PF2i1+3j2+4j3+3)
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-2

—a\J1 /—a,\J2 /= J3 2
$3_ g yo_ vo (54 (537 (52)7 rp+2iiesip+ajs+2)
$=04j1=04j,=04j3=0 ¢ ! Ja! ap(P+2j1+3j2+4j3+2)

proof

The proof can be obtained based on the corollary(4.3).
4.2.3.2 Moments Generating Function of THR Distribution

Mr(z) =

( al)h( az)JZ (ﬂ)]g F(r+e+2j+3j,+4j3+1)
ZT‘ 1 Z(p 0211—0212 0213 =0 a(p 2 - 4 ]-1 ]-2 -]3 (4‘48)

jl! ]2| ]3| ao(r+<p+2]1+3]2+4]3+1)

4.2.3.3 Characteristic Function of THR Distribution

M, (ix) =
[o'e] (ix)r 3 [oe] [oe] [00] (T)]l (T)]z (T )]3 F(T'+(p+2j1+3j2+4j3+1) 4 49
r=1 . OZjl—Oij 02j3 0 a(p jq! ! Ja! ap(T+P+2j1+3j2+4j3+1) ( : )
4.2.4 Mode of THRD
af (t
o _
at

ot
3 3 t(p+1 t(p+1
=— Zaqﬂza(ﬁt"’e P=030GFT 4 ™ Zo=0 “"P“Z(a @)t
9=0 ¢=0

— e ~ X029y [_ Z:O a,t? 2(3p:0 a,t? + Zizl(aq,fp)t@—l] =0

66



Chapter Four General Proposed nth Degree Hazard Rate Distribution

»=0 ®=0 p=1
R 2
lz(a oHt? 1 = Za(pt“”
(p:

Which can be solved numerically .

4.2.5 Order Statistic of THR Distribution:[6]

LetbeTy,T,,....., T,arandom sample of size n fromnew ,ifT; <...<T,
denotes the order statistics of the random sample from a continuous population
with CDF and PDF then the PDF of distribution is given by

The CDF of the min order statistic

o+ n
F,(t)=1- < ~Zp=02 Po+1 ) ................................................. (4.50)
Then the PDF o f Y,

1 +1\ n—1
= P ~Xp=0a ‘Pt;o+1 B 3‘P=°a‘l’%

fr,(£) = n|Xp=0a,t?e e TN e ) L (4.51)
Then CDF of the max order statistic

tp+1\ 1
Fy, (t) = <1 —e ~Zp=0 "’<P+1) ...................................... (4.52)

Then the max PDF of Y,,.

53, 53 a2
fr, (®) = n<1 —e “9° "’w+1> lz;i,zo a,t¥e O Ter| L (4.53)
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4.2.6 Maximum Likelihood Estimators of THR Distribution

It is apply this method in order to estimate the parameters of the THR distribution
LetY = (agy,ay,a,,a3)T be the factor vector of that we want to guess and

(t1,...,tn) be arandom variables

L =L(ag a4,ay,a3;tl,t2,...,tm) = nfz( agy,a;,ay,as; tj)

m f,o+1

3
3 -
S e

j=1 | p=0

p+1 m 3
;¢

_ym g3 o YT
=e ZF(’Z“’:Oa")‘f’“| | an’tj(p

Jj=1 | =0

It can be presented the log likelihood function for the vector of parameters (aQ)T

as

InL = [ Py (p 0dyp ] + [Z an%:o a(ptj<P]

<p+1
Then, by taking the partial derivatives of InL with respect to unidentified ,
to = 1parameters (a,) as

1

olnL vm '

a0 = ("X |+ Sy (4.54)
dlnL _ -_ m tz_] ) t]

s, = | 2i=7 [ TL)E O G gy (4.55)
e D I 8 (4.56)
da, L j=0 3 | j= O(ao+2(p Lagt®) 4.
dlnL _ __ m t4_] ) t'3

il DY Eiall R ) Yowes upeprwr SRR (4.57)
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dinL

When

= 0, there is no closed solution of ( 4.54 ),(4.55),(4.56) and

ap

(4.57) therefor, numerical technique (Newton- Raphson method) should be apply

to solve.
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Chapter Five Transmuted Hazard Model

In this chapter, a new transmuted hazard formula (THF) is proposed by
combining the transmuted survival formula with the hazard function. Because a
hazard function is considered important and necessary in the field of
biostatistics and analyzing survival data, this new formula (THF) yields new
distributions whose results in analyzing life data are superior to those of the
original life distribution, from which we derived the linear exponential
distribution. We applied the formula to it and demonstrated, using actual data
and maximum likelihood estimators, that the new distribution is superior to the

original distribution.
5.1 The Transmuted Hazard Formula (TH)

Equation (1.2) will be put into formula (1.4) to get the new transmuted formula

hazard TH .

e~ loh2®dy — o=2[h(dy | ) ¢=2[h(dy _ ) o= [oh®)dy (5.1
Again
o= o h2dy — - Johdy [( e~ Joh®dy 4 3 o= fo h(x)dX) - A] ..(5.2)

Taking the logarithm to both sides .
In e~ Jo h2®dy — 1 ( o~ Jo h®)dy [( e~ hohdy 4 5 e—foth(y)dy) _ ;\D

Then

t t
—j hy(y)dy = —j h(y)dy + ln[e_foth(Y)dy +;\(e—f5h(y)dy _ 1)]
0 0

By deriving both sides with respect to ¢

(1 + Dh(t) e~ o hoax

—hy(t) =—h(t) - [(1 + ) e~JohGodx _ ,'1]
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Some illustrative steps.

(1+2) e Joh(dx
[ +2) e~ Johtoax _ 1

h,(t) =h()| 1+

By adding subtracting 1 .

(1+2) e hor@ax _ ;4 )

h,(t) =h(®)| 1+ -
i (14 2) e lorx 3

A
h,(t) = h(t +
2(t) (t) [(1 +2) e~2lonedx _ /1]
o= Joh(d
h,(t) =h(p)| —&Re 27 . (5.3)

[(14_}\) e~ f(;ch(Y)dy_;\]

Therefore, this is the new formula, known as the transmuted hazard formula

TH , that is discussed further down:

(142) e~ o h¥dy_j 1)
h,(t) = h(t) - +1 .. (5.4)
[(1+x) e o h(Y)dY—x]
A
h,(t) = h(t) [(1+>\) e_zfgh(y)dy_x] + 2 ... (5.5)

The function h, (t) is a hazard function if it satisfies the following conditions .
the first property is satisfied vt € (0, o) as well

For (5.4) and (5.6)
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h,(t) = 0 since h(t) = 0 and when(1 + A)e” o hedy > A

Consequently, given the above.

e fohGdy — e"R = S(t) » 0 when t — oo, then h,(t) = h(y)
and S(t) » 1when t - 0,thenh,(t) = (2+A)h(t) =0

The second property is next

o

j h, (t) dt =[ f h(t)dt + [ln <(1+A) e—fcfh@dy_x)] ]
0

0 0

(0]

j h,(t)dt =

0

=[ [ h(©dt+ In((1 +)S(e) —A) — In((1 + NS0) - 1)]

0

j h,(£) dt = [00 +In(—2) — In(1)] = o

0

The Cumulative Hazard Function of TH

The purpose of cumulative hazards will be determined by its definition.

Ah(t)
(1+1)eH®-2)

Hy(t) = [ hy(dy = [ IN ( dt + 2H®O |oovvveeen, (5.6)

The Density Function of TH

It is know that

£y(1) = hy(H) e o1
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t Ah
—J t <2 t dy
(e—fo RO (oI h(y)dy_l))

e 0 = ¢ o2 h(dy

The density function law will be used.

t Ah
-Jo t <2 t dy
(e—fo RO 3o h(y)dy_l))

e H20 = ¢ o2 o h()dy

f2(t) =
|' '| _f: Ah(t) dx
Ah t ((1+/1)e_ foth(X)dx_A> B "
| ©) + 2h(t)|e e (25 h©)az)
|l<(1 + e Johtoax _ /1) Jl
Thus
T
() =
((1 + Ne~Johax _
- AR(D) dx

(o

t
(a+ne” Jo h@dx_;

+ Zh(t)e_(2 o r©ax) |
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[

~(Js nxyax) ,~(J; hx)ax)
£(6) = Ah(t)e e

<(1 + A)e—foth(x)dx _ /1)

1 - fot AR(t) ix

— [ redx_
+Zh(t)e_(foth(t)dx)e—(foth(x)dx) . ((1+/1)e 0 ;1)

t
- f Ah(t) dx

0
—fth(x)dx_ >
(1+A)e ‘0 2

Af (e~ Uohtdx), (

<(1 + A)e—foth(x)dx _ /1)

f2(t) =

Ah(t)

t dx
(1+)e” I h(x)dx_/—l>

_fot
+2 f(t)e_(fot h@x) , (

[ -l - foth(x)+ lh(,x) dx

)l'f(t) (1+A)e” fOt h(x)dx_l

>+ 2f(t)]e

f(t) = :
((1 +/1)€_f0 h(odx _

t
- 0 h(x)+ Ah(x) ax

—fth(x)dx
Af(t (1+0e” o -2
fE ) + 2f(t) |e
((1 + A)e‘fo h(x)dx _ /1)

f2(t) =
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e

Af(©)
((1 + A)eJoheax _ ,1)

f2(t) =

1 th(x)<(1+l)e_f0t h(")d"—a)+,1h(x)
Jo

dx

t
(1+)e” Johdx_y

+ 2f(t) e_

B aswelor)
-/,

0 t dy
f,(t) = f(t)e (1+1) e JohOdy _»

| 1
[A : +2
Il <(1 + e oh®dy _ ;\>

e ——

eS

(1+/1)e—fot h(y)dy_H-L(e—f(f h(y)dy_1)>

£,(t) = f(t) |A ( 4265 (5.8)

Using the following hypothesis

t h(y) ()\e_ Jyh)dy +e” foth(y)dy)
0

<e' Jyhdy + A (e—foth(y)dy — 1))

letv = e~ Jo ROy +A(e‘foth(3’)dy — 1) )

dv = —h(y) (e—foth(y)dy + Ae—foth(y)dy) dy
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tdv

O V

ol

S=1In Ke—foth(y)dy + 2 (e—foth(y)dy — 1))] t

Itis getS = In (a‘fot R Gl 1)) ...................... (5.9)

And therefore , the function £, (t) then
£,(t) = £(©) [Ze—fot h)dy 4 A(Ze‘fot ) | FES— (5.10)

It can be shown that the density function f, (t)must satisfy the following two

conditional.

[1] The first condition that the function is bigger or equal to zero is
satisfied forvt € (0, o), in addition

f(0) [2e~ LMY (2651 — 1) ] > 0

t t
[—A] (1 _ Ze—foh(y)dy) > —2e~ JohGNdy

_pe~Joh®dy

(1_2e_f(§h(Y)dy )

[—A] =

we product both sides in equation(5.11) by the value (-1) ,we get

26~ Jo hdy

(1—26_ f(}h(Y)dY )

A] <

[2] The second condition

J, £(© dt= [ (D [2(1 + e Johody _ ;\] dt
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€ 600 dt = [2(1 + Ve b POV de — [T ] dt

j f,(t) dt = (2 + 21) f f(D)e~ oMW g — 2
0 0

t
Since e~ JoPWY = g(t)then let F(t) = v

jfz(t) dt = (2+2x)j(1—v)dv—x
0 0

jofz(t)dt=(2+21)<1—%)—k
0

(00]

j f,(t)dt=1

0

Remark(5.1)

After finding the probability mass function, we will discuss proving the third

condition of the hazard function.
The third property

h, (t) =0 and ltin(}f2 (t) = ltin(}hz t);f,b (t)=h, (t)VteR"

There must be a period of time, that increases the h, (t )function or decreases.

The contrary , over time .

The Cumulative Function of THF .

F,(t) =1— o~ Johz2(Hdy _
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Chapter Five Transmuted Hazard Model

a+ne o hW)dY—x)

ft
F,()=1— e ( e2lohday (5.12)

The Survival Function of THF .

S, (t) = e~ fothz(t)dy —

t
@a+n)e~ JoPWdy_» ¢
e_z fo h(Y)dy

X
S,(D) = e (
5.2 Transmuted Hazard Models .

discussed the basics of three types of Transmuted Hazard models.

mngcas

5.2.1 The Transmuted Hazard Constant Hazard Rate Model
THCHRM

IF The hazard function h(t) is constant

h(t) = a VES 0,20 oo (5.14)
Using the formula (5.5) to find the new hazard function of THCHRM is

. A
[(1+x) e~loa dy—x]

h,(t) = + 2

The hazard function of THCHRM

A

ho®) =a| ey

+ 2] ....................................... (5.15)

Since the function h,(t) satisfy the conditions of the hazard function as

follows .

1. h,(t) >0 V t>0 andforall A>2(1—-2e™3) 1eat
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foo a(141) et

2. fO hz(t) dt = [ 0 mdt +f0 adt]

[0 0]
f h,(t) dt
0
= [In(=A) —In(1) + o] =
the hazard function of The Transmuted Hazard ConstantHazard Rate |....._... . IRM)
14 ‘ ‘
== g1=1.5
12 - gD—D |
—smmam 53=3 7
e g4=9
10~ -
8

6 -

0C_CC CC (€ CC €C (C ¢ (€ C( €C ¢ ¢ (C ¢ €C (€ (C ¢ (¢ (¢ €C ¢C ¢ (¢ C(C «€C ¢C CC|

o r r r r r r r r r L
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
X-axis

Figure(5.1): The hazard function of THCHRM, where the parameter a take

different values .

It's been brought to our attention that The hazard function of THCHRM is
monotone in the sense that the risk of harm grows with the unit's age, but

reduces when its condition improves.
The Density Function of THCHRM .

L) =ae™@ 21+ e @ —A] . o (5.16)

Check the density function conditions
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1-f,t) =ae™@2(1+A)e 3 —=A]=>0

2 — f f,()dt = J ae@2(1+MN) e —-Aldt=1
0 0

the pdf of The Transmuted Hazard ConstantHazard Rate Model(THCHRM)

= == g1=0.2
== g2=1.2
a3=0.7 |

— 5 4=0

Figure(5.2): The Density Function of THCHRM.

Where the parameter a take different values . Notice that the function is

increasing and then decreasing as you get closer t — oo,
Remark(5.2)

Another technique to show that h, (t) meets the requirements of the hazard

function, using the density function and survival function as evidence.

) fLbt)=ae 214+ e*—-2]=0 ;
And S,(t) = (1 + 1)S%(t) — AS(t) > 0 thus
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f2(t)
s, ()

h,(t) = >0.

2) [ hy (t)dt = — [ dins, (t) = —Ins, (t)|§ = Ins, (0) —

Ins, (0) =Inl—1In0 = o0
3) h, (t) =0 andltirr(}f2 (t) =1tingh2 );L,@)=h, (t)VEt>D0
To prove this

ltin(}f2 (t) = atlign e M2(1+ D) e *—2A]=a2+1).

. : A
fphz(O =2l | [ e o

+ 2| =a(2+2).
And

since it's fz (t) = hz (t) e_foch(Y)dy and e” fothz(}’)dy >0
then f,(t) = h,(t) .

The Cumulative Function of THCHRM .

F,(0) = 1— e Joh2®dy — 1 _ (1+e@—2) e ... (5.17)
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th1e20df of The Transmuted Hazard ConstantHazard Rate Model(TCHRM)

1F - -—-—-—-—-—-—-==------===‘---.
e - ¢-’-—-—-—-“"_-
/ -2 -
’ -° ="
Y 4 ,¢ R — 1 g 1=().2
08r . g —— g2=1.2 |
I/ 77" 7
n /' / a3=0.7
’ V4 /’ —-—|a4=9
] Y/ *
o6 I v/ .
N V/Rd
' I' I/
i o7
0.4 s ,I'/ .
I &/
oy
7
[ ] g
0.2 14 .
 y
I
L4
O | | 1 | | 1 | | |
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
X-axis

Figure(5.3): The Cumulative Function of THCHRM.

Where the parameter A takes number 1 . This function begins at zero and

steadily increases as it moves closer and closer to the value of one when t — co.

The Survival Function of THCHRM .

daft 4
SZ (t) =e fOch(t)dy = e afo((l“')\)e_at—?\) y
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the1 Sf of The Transmuted Hazard ConstantHazard Rate Model(TCHRM)

Figure(5.4): The Survival Function of THCHRM, where the parameter a take
different values and A = —1. This function starts at one and continues

decreasing until it approaches zero where t — co.

5.2.1.1 Shape of THCHRM .

5.2.1.1.1 The Limit of Cumulative Function of THCHRM
lim F,(t) = lim 1- (A+De ot —2) e

lim F,(t) =1-— lim (1 +Meat-2) lim edt=1-1=0
And

lim F,(t) =1- lim (1+De st —2) e

lim F(t) =1- lim ((1+ De9t —2) lim e~ =1

5.2.1.1.2 The Limit of survival function of THCHRM .
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; — 1; —at __ —at —
lim S,(t) = lim ((1+ e 1) e =1
And lim S,(t) =0

5.2.1.2 Moment THCHRM

Theorem(5.3)
If T~ THCHRM (a ) then the ry,moment about the origin , and about the mean

none help hey as of T, say ', is given as

B =] A -] 61
2. E,(T—-p)" =
S TheoOF | o - [ e L |

. (5.20)

Proof

Proof part one from theorem

Take E,(T") = [ t" 0 e [2(1+ 1) e™% — 2 ]dt

(0]

Eﬂ?}=[ﬂ1+@9[ He*w“ﬁﬂ—ﬁejtreﬁwq
0 0

Suppose that L, = ["t" e~%dt and L, = [, t" e~?9+Dtdt and

Lety =6t than dy = 0dt

© dy
L. = 2y ey 2
=G e
r+1
L, = (5) Cor+1)
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Samethat L, = [~ t7 e~(0+Diqt

Letz=(20+1)t ,dz=(20+1)dt

— r+1 T -
L= G5—) jo @7 e*dz
— r+1
L2 = (29 + 1)
As a result,
2(1+A)a A
E,(T") = ( ) ! !

(2a + 1)r+t ro= (a)r+1 r
Proof two part

Depending on the equations (5.19) and Binomial theorem.

When B,(T ) = 2258 — =

Then

E(T—w" =

=zr: ]:[ 20+ A ”_ 20+ a2 Tk
i (2a + 1)k+1 (a)k (2a + 1)2 a

Remark(5.4)

If a is hazard function of exponential distribution then substitute it into the

Transmuted Hazard Formula(TH ). We will get Transmuted Survival

exponential distribution .
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Chapter Five Transmuted Hazard Model

5.2.2 Transmuted Hazard Power Hazard Rate Model THPHRM
The hazard function h(t) of The Power Hazard Rate Model
h() =ct®?! vt=0,c>0 .. (5.21)

The new hazard function of THPHRM using (5.5).

Actc1

h,(t) = + 2ctc?!
’ l<(1+)\)e" f(fﬁc_ldy—)\)

The hazard function of THPHRM .

h,(t) = cte1 [ﬁ + 2] ..(5.22)

(1+1)et=A

Since the function h, (t) satisfy the conditions of the hazard function as

follows .

A

((1+x)e—t°—x) +2

1. hz(t)=ctc_1[ >0 V t=>0 andforall A <

2e7(1—2e)"

t€

foo (1+M)ct¢ e~

® sc-1
0 [wrneE] dt + [ cttdt

2. J hy(0) dt =[

(0.0)

j h,(t) dt = [In(—A) —In(1) + ] =

0
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the hazard function Transmuted Hazard Power Hazard Rate Model
20 [ L L L L L L

===2a1=(.2
- =12 27
15+ = ]
=== a3=07 PR
RS
=== a4=9 s’
R
fon === 25=1.009 Re |
\ i
\ 7
\ P
\\ ,/
S Pig -
° ~~,/‘~——-—-_ -——""——-.
0 ﬁ--‘r"—r‘—'r r [ [ I I I
0 01 02 03 04 05 06 07 08 09 1
X-axis

Figure(5.5): The Hazard Function of THPHRD.

Where the parameters ¢ takes different values and the parameter A take one
value . Based on the preceding diagram, we can see that the function has

adopted a semi-linear shape.

5.3.2.2  The Density Function of THPHRM
fo()) = ctle " [2(1 + e —2]. ..(5.23)
Conditions for the density function should be checked .

1-1f,(t) = ctC'le'tc[Z(l + Vet — A]l=0

2 — j f,(t)dt = j ctc e [2(1+ Ne " —A]dt =1
0 0
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6 thepdf of The Transmuted Hazard Power Hazard Rate Model

m— == A1=0.0004
1.4 | /0"'\ ....... A2=1 -

X-axis

Figure(5.6): The PDF of THPHRM , where the parameters A takes different
values and the parameter ¢ = 2 take one value . We note that the function,
depending on the above form, started from zero, then increased, and then

decreased, taking the form of convexity.

thepdf of The Transmuted Hazard Power Hazard Rate Model

6 T L
=m=——a1=0.2
........ a2=1.2

5 a3=0.7 -
- g4=0
== a5=1.009

Figure(5.7): The PDF of THPHRM, where the parameters c takes different

values and the parameter A take one value .
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It's important to notice that the shape of the function depends on the values
of the parameters, as seen in the aforementioned diagram.

It has become monotone at times, and at other times it is non-monotone.

Remark(5.5)

Evidence from the density function and survival function may also be used to

prove that h, (t ) satisfies the hazard function's assumptions

(00 (00

j h, (t)dt = —j dins, (t) = —Ins, (t )|y = Ins, (0) — Ins, (o0 )
0

0
In1 —In0 =

h, (t)=0 andltingf2 (t) =ltin8h2 &);L@t)=h,(t)VEt>0
To prove this

: c—1,-t¢ —-t¢ _ —
ltl_l’)rol ct‘" e [2(1 + Ae A ] 0.
A

(rhee—n 7~"

limh, (t) = alim ct¢™1
frghy (t) = aling
And

t t
since it's £, (t) = h,(t) e o120 gpg e~ JoP2dy >
then f,(t) = h,(t) .

5.3.2.3 The Cumulative Function of (THPHRM)

Fo()=1— e (A+0e™ =2)| oo (5.23)
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] thecdf Transmuted Hazard Power Hazard Rate Model

T T T T T T —I — _— — —l-— -
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s — - \2=-1
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X-axis

Figure(5.8): The CDF of THPHRM, where the parameters A takes different
values and the parameter take c one value . It is important to note that the

form of the function starts at zero, increases, and now settles at one.

The Survival Function of THPHRM .

S, (1) = et ((1 + et — 7\) ..................... (5.24)
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the Sf of The Transmuted Hazard Power Hazard Rate Model
ad Q T T T T T T T T T

\\ = == A1=0.0004
0.9 r N — = \D=_1 7
AR A3=-0.5
0.8 | NN J

0.7 F W i
0.6 F \ .
05 \ i
0.4 F \ N\ i
03+ \ N i
0.2t \ S -

0.1F S ~ -

X-axis
Figure(5.9): The Survival Function of THPHRM, where the parameters A takes

different valves and the parameter c take one value . It is important to note that

the form of the function starts at 1 and decreases, now settling at 0.

5.2.2.1 Shape of THPHRM

5.2.2.1.1 The Limit of Cumulative Function of THPHRM
lim F,(t) =lim 1- [e—t ((1 + et —/1)] =1-1=0

And

fim Fo() = Jim 1= [e (L +De - 2)] =1

5.2.2.1.2 The Limit of Survival Function of THPHRM
lim $,(t) = lim 1 - [e-t ((1 + et —,1)] =1

And lim S,(t) =0
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5.2.2 Moment THPHRM

Theorem(5.3)

If T~ THPHRM (a) then the rg;moment about the origin, and about the

mean p one help hey as of T, say p'_, is given as

r

E,(T") = [(1 +0 (3 rE+1)-ar(G+ 1)] ................... (5.25)

E,(T) = ¥0_o CF [(1 +2) (%)E rE+1)-ar(3+ 1)] ] [(1 +
1 r—k

,1)(3)” r(§+ 1) — AT (%+ 1)] (5.26)

Proof

Proof one part from theorem

Take E,(T") = fooo tTctc e [2(1+ De t — 1] dt

E,(T") = j [2(1+2) ctC 1t e 2t — Yt 1t t" | dt
0

Suppose that L; = fooo 2(1 + A) ctcLtTe 2t gt
and L, = [° [Act®*t"e™"" | dt and

Lety = 2t¢ than dy = 2ct¢ 1dt

y

L=+ f e ey
0
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T

L, = (1+,1)(1)C r(r+1)
te 2 c
Same that L, = fooo [ Actettme " | dt

letz = t¢ ,dz=ct1dt

® T
L, = J (z)c e ?dz
0

As a result,
1
E,(T") = |[(1+2) (E)

Proof two part

Depending on the equations (5.25) and Binomial theorem.

1

When E,(T ) = (1+,1)(§)E FG+1)— AI“(%+1)

Then

alx

()

- AF(§+1> ) (1+,1)(%)

B, (T") = z cila+n(3)

k=0

r—k

r(z+1)-ar(c+1)

QR
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5.2.3 The Transmuted Hazard Linear Hazard Rate Model
THLHRM

The hazard function h(t) of The linear hazard rate model (LHRM)is

h(t)=a+bt Va,bandt € (0,00) ....coovvveviveieeieeieeeeiciiieen e e (5.27)

the new hazard function of (THLHRM) using (5.5).

A(a+bt)
hZ (t) = at
((1+A)e‘ fo(a“’”‘“’—x)

+ 2(a+ bt)

The hazard function of (THLHRM) .

| ]

bt2
(140 (a+bt)e 22~

h, () = ">
l ((1+7\)e_at_7—7\> J

Since the function h, (t) satisfy the conditions of the hazard function

_,_bt?
2

I. h,(t) =20 VvV t=>0 andforall|A < 2

_a-bt?
1-2e7%7 2

bt2

(a+bt)<(1+x)e‘a‘T

2. [T hy(Ddt =[] —
l ((1+A)e‘a‘7—x>

) dt  + [, (a+bddt

|

(00]

j h,(9) dt = [In(—A) —In(1) + 0] = o

0
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thehazard function of The Transmuted Hazard linear Hazard Rate Model
30 L |8 |8 L L |8 |8 T T T

=s=s=b1=1 al=1
=sme=h2=3 a2=2
b3=2 a3=3
b4=9 ad=4

1

Figure(5.10): The hazard function of THLHRM, where the parameters a and b
take different values . As shown in the graphic above, the function is linear but

skewed and increasing.

5.3.3.2 The Density Function of THLHRM .
The density function f(t) of The LHRM is

£(t) = (a+ bt)e fo@+bidy ..(5.29)

A new density function of (THLHRM) can be found as follows .

bt?

f(t) = (@a+bt)e =2

B = () [2(1 + Ve bW _2 ],

t2

f,(t) = (a+ bt)e_at_g [2(1 + A)e_at_bT - 7\] ...(5.30)

96



Chapter Five Transmuted Hazard Model

As this function f, (t)is to density function since it satisfies .

1) The first condition f,(t) > 0 satisfied for all t > 0,and at

_a bt
2e 2

A< — e
(1—2e a 2)

bt?
2) [ RO = [(1 +2) [, 2(a+bb)e (%) e —a | =1
9 L L L L L L L C C F
====p1=1 al=1
8 === b2=3 a2=2 ]
....... b3=2 a3=3
— 4= ad=4

pdf of The Transmuted Hazard Linear Hazard Rate Model(TLHRM)

Figure(5.11): The PDF function of THLHRM, where the parameters a and b
take different values . It is noticed that the function is decreasing continuously

until it applies to the x-axiswhen T — oo .
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3. L L L L L L L L L
====Dp1=1a1=0
=r===p2=3 a2=0
....... b3=2 a3=0 Il

pdf of The Transmuted Hazard Linear Hazard Rate Model(TLHRM)

Figure(5.12): The PDF function of THLHRM, where the parameter b take
different values and a= 0. It is noted that the function starts from zero, then
continues to increase, then decreases, taking the form of convexity, and then

becomes semi-linear.

The Cumulative Function of THLHRM .

2 2 b
F,(H)=1-— <e‘at‘b§ + 2 (e‘“t‘b% — 1)) 3 (31)
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the CDF of the THLHRM

0.9 | .

0 10 20 30 40 50 60 70 80 90

Figure (5.12): The CDF of THLHRM, where the parameters a =1 and b =6.

The function is shown to begin at zero and increase towards one.

The Survival function of THLHRM

S,(t) = ((1 + }\)e_at_g — A) () (5.32)
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the survival functiom of the THLHRM

0.9

0.8

T
|

0.7

S(t)

0.5

0.4

0.3

0.2

01 | 1 | | | | | |
0 10 20 30 40 50 60 70 80 90

t

Figure(5.13): The Survival Function of THLHRM, where the parameters a =1
and b =6. It is noted that the function starts from the number one and then

decreases to approach the number one.
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Chapter six Transmuted Hazard General Proposed nth Degree Hazard Rate Distribution

The formula (4.1) from chapter four and the formula (5.5) from chapter five have
been merged in this chapter to generate a new formula, which we will refer to as
transmuted hazard general proposed nth degree hazard rate formal. Special
distribution of this new formula were also investigated.There are three major topics
that have been covered in this chapter. In the first section, we dealt with the new
formula THGPHREF, studied the density function, the CDF, the survival function, and
some statistical properties, as well as the estimation method. In the second section,
we dealt with a special case of the new THGPHR formula in the case of n = 3 as well
as found the density function, cumulative function survival function and studied
the statistical properties and the method maximal likelihood estimation. In the third
section, it is dealt with the linear exponential distribution, which is a special case of
the new formula in the case of n = 3 and as well as found the density function,
cumulative function survival function and the statistical properties and the method
maximal likelihood estimation.

6.1 The Transmuted Hazard General Proposed nth Degree Hazard Rate Formal
THGPHRF

A random variable T is said to have THGPHRF with parameters a; .

Substitution the hazard function (4.1) into the formula (5.5) , we will get a new
function is.

ti+1

(1+0) T agtie” Zi=0 i 4T ,
h,(0) = ; iz a;t' (6.1)

_|_
i+1
l ((1+7\)e_2?=oaitiﬁ—7\> J

On the other hand, this function h, (t) meets the conditions of the hazard function.

the first property is satisfied for all t > 0,and at

i+1
noo - Shaie
(1+2) Yi—ga;tle “i=0"Ti+1

h2 (t) = i1 + Z?:O al-ti >0
l ((1+7\)e_zi=oaii+—1—7\>

|
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tl+1

2e ~Ziso ATrT

tl+1
(1 — 2" Zi=o u+1>

We will get that the hazard function h, (t) is greater than zero

> A

The second property is next:

tl+1

‘ 1+2A tl @™ 0Tyt
fhz(t)dt— (¢ ) 2o, dt+z j tidt
0

TL ti+1
0 ((1 + e ZimodFT — )
Simplistic

l Zl Oaltl+1 tl+1 (0]
—In| (1+2A)e” 1 —A |+ Y 03i 777
0

= [-In((1 + e ™ —24) + o] — [~ In((1 +A)e® — 1) + 0]

=[-In(—A) + 0] —[-In(1)+0] =
The Cumulative Hazard Rate Function .

L+ tl+1
H,(t) = ¥ Oal——ln (1+ e Z=0mr — ). (6.2)

The Density Function of THGPHRF .
the PDF of the new distribution is defined according to(1.3),that is

f2(t) = hy(t)e™H2(®).
ti+1 tl+1
f() =Y aitte e~ ZimodiTy <2(1 +Ae” ey —A) ....... (6.3)

As this function £, (t) is to be checked, here are two conditions for the density
function:

the first property £, (t) = 0 is satisfied forall t > 0, and at
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n tl+1
<2e i= 0all+1>
> A

_yn BT\ T
1 — 2e” 2i=0iHT
i+

The second property is f L@)dt =21+ Y, a; f tle 2 im0y gy

i+l

AfT TR a; tle” S0 gt

Suppose that

L =[S a tle?Tkoatn ~Thoaiy
1=, Yioatle tdt f Yroa;t i+1dt
Where as

i+1

0o ;. _oyn ki
b= J Sigay tie Mot ay
+1 .
Let g=2)"% Oalﬁ then dg = 2( Y ,a; t' )dt
Again
— (o9 _ 1 ooy a0y 1
L=, e - =-(eT"+e™) =2

As well as for

tl+1

= [y Tioa; tie” Tooandt

let u=3", aig then du = (X1, a; t* )dt
Again

fooo L(t)dt = foooe‘udu =—e ¥4y =1

It is get

ffz(t)dt=@— A=1
0

Depending on the property (1) and property (2) this f,(t) is density function .
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The Cumulative Function of THGPHRF .

— _ZTL ait-ij _27.1= ait.ii
F(t)=1—e Z=0%gmr [ (1 4+ Ne 2=0%mr —A | ... (6.4)

The Survival Function of THGPHRF

The survival function of this distribution is:

ti+1

n ti+1 n
S(t) = e~ Zi=0diT ((1 + De—&-:oam—l — x) ......... (6.5)

6.1.1 Shape of THGPHRF
6.1.1. 1 The Limit of PDF of THGPHRF

n i n ti+1 n ti+1
lim £,(¢) = lim Z a,ti ¢~ ZodiiiT (2(1 +A)e ZodirT — 7\>

t—0
=0

=a3,2(1+M)—-N)=a,(2+2) (6.6)

ti+1

n .
. n tl+1 n
lim f;(t) = lim Z a ti e~ Zi=0diTET <2(1 +2)e~ ZodiT — A)
i=0
= lim (ap +0)(0)(2(1 +2)(0) = A)
= (ap + ) (0)(—=2)

the PDF of the THGPHRF
0.04 T | | |

0031 .
go.oz - .

0.01F 4

0 \ \ \ | | | | |
0 10 20 30 40 50 60 70 80 90

.
Figure(6.1): The Density Function of THGPHRD in case n=2 , where a, =
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.038;a; = —.002;a, = 0.00003 .it is noted that the PDF starts from the value

a, = .038 and then decreases until it reaches zero as long as increasing T.

6.1.1.2 The Limit of CDF of THGPHRF
. . -y aﬂ -y aﬂ
}:1_r)r01F(t)—1—}:1_r>role =0T (1 4+ A)e “=0"+1 — A
=1-(@+M)-2)=0
t—>oo t—o0

. _ . —an ait.i: —an ait.i:
lim F(t) =1—lime ~=0"+1| (1 4+ A)e “=0%+1 — A

=1- %3130(0)((1 +2)(0) — 1)

=1
1 the Cdf of the THGPHRF
I I I |
08 .
06 .
£
I
04 .
02 .
0 | | | | | | | |
0 10 20 30 40 50 60 70 80 90

T

Figure(6.2): The CDF of THGPHRD in case n=2 , where a, = .038;a, =
—.002;a, = 0.00003 .itis noted that the CDF starts from the value zero and then
increasing until it reaches one number where T — oo,

6.1.1.3 The Limit of Survival Function of THGPHRD

n tit1 n gitl
limS(t) = ltirr(l) e” Li=0THT | (1 4 A)e” H=0NTHT — A

t—0

lti_rgS(t) =(@+Mn-2)=1
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tit1 tit1
11m S(t) = hm e~ Zi=o®iTET ((1 +Ae” LizodiTr — )\)

lim S@)=0((1+1)0—-2)=0

the Survival Function of the THGPHRF
I I I [

S(T)

0.4 T

0.2 T

T

Figure(6.3): The Survival Function of THGPHRD in case n=2 , where a, =
.038;a, = —.002; a, = 0.00003 .it is noted that the survival function starts from

the value one numberand then decreasing until it reaches zero number where T —
0,

6.1.1.4 The Limit of Hazard Function of THGPHRD

n tl+1
147 ?= itl —Xi= 07T i
lim h,(t) = lim (1+2) 2iz02 e St [ (6.7)
((1+x)e‘2?=oaim-x>
3 1 [ (1+ Na, ]
o [(1+n)- A)
= [(2+Mag]

tl+1 n
14+ S a.th e ZizodiTET
tlim h,(t) = tlim ( ) 2izo 2 » + Z a;tt
—00 — 00 tl
<(1 + Ve Lizodizrt — ) i=0

_ [(1 + M (ap + ) (0)
((1+2)(0)—2)

+ (ap + 00)]
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_ [+ D@+ )(0)

+ (ag + )| =

(=)
0 the hazard function of the THGPHRF
. [ I I [

0.08 i
006 i
|_

z
0.04 i
0.02 -

90

Figure(6.4): The Hazard Function of THGPHRD in case n=2 , where a, =
.038;a,; = —.002;a, = 0.00003 .it is noted that the hazard function starts from the

value a, = .038and then degreasing and increasing until it reaches cowhere T — oo
Remark(6.1)

Another technique to show that h, (t) meets the requirements of the hazard function,
using the density function as evidence. To prove this the third property of hazard

function .From equations (6.6) and (6.7).1t is get.

h,(t)=0 andltin(}f2 (t) =ltingh2 t);L,t)=h, (t)VEt>O0
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6.1.2 Statistical Properties

This section presents the t* moment and moment generating function of the
Theorem 6.2

If T~THGPHRD ( a;,A) with then the rt* moment about the origin , and about the

mean are given as

Zi i i a-(%)h ()" (B ¢rivziar iy

— — — T+, G D) )y
i=0 j1=0 j,=0 Jn=0 J1: J2: In: (Zao) r+i 1((+1) j
n o o 0 a, J1 a, Jj2 a jn . . .
—Azz Z z a_(7) (T) (n;—ll) (T+l+Z?=1(l+1)Ji)!(6 8)
20 j1=0 j=0  j.=0 ! J2! Jn! a, (1+r+i+3X, (+1) ji)
E(T—w"
=2(1+21)
L © 204 Ji 2a, & an In . no(; .
* z z Z Z @ (T) (T) (n + 1) k+i+YX .G+ D)
i 4 T Yoa! J2 I N (2ay) HHeH+EEL (D) Ji

GYSSLY (3)" (%) D" w+irzmarni

ji! Js! Jn! a, (1+k+i+X1,(+1) j;)

( 2(1+ A1) =

2aq J1 2a;p Jj2 2an in . n . i
n g0 g 3 a: (T) (T) (m) (1+i+37L,(+1) jy)! _
i=04ij1=0Lij,=0 Jjn=0 i IX I X (2a0)2+i+2?=1(i+1) Ji
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J1 j2 in r—k
/121_1 Zo_o Zo_o Zqo a: (%) (aTZ) (:11_:-11) (1+i+2?=1(i+1) ji)! (6 9)
i=0 £44j1=0 Lujp=0 " Lujp=0 07— " Ty aq (2+i+xT, (i+1) ji;) '
Proof
0 n (i1 n (i1
T J— r l _22?=0 ai'— l _Z?=0 ai'—
E(T")=| t"[2(1+A1) ) a;tle i+1 —A ) a; tle i+1 ) dt
0 . :
1=0 =0

= ° . ottt & © n titl
E(TT') = 2(1 + }\) z a; J tT'+l e—Z Yi=o ATFT dt — }\z a; j tT+L e_Zi=O aimdt
=0 0 T

Suppose that
ti+1 ti+1

%) . n L 0 s -y .-
S1=X0d; fo t7+ e 22i=0%51 gt and S, =20 d; fo t7+ie=d0t o~ Li=1 At

ti+1
co L —2¥VN 49—
S1 = Xizod fo t7Hie2a0t 2 Ni=1 Ay gt

© 1 —2a & —2a e -2a e
S1=2koa [, tTHeT?le™ M e T e M dt ...(6.10)
As it is know that .
_ t/
e t = Z;?';Oﬁ .............................................................. (6.11)
By substituting the equation (6.11) into the function (6.10), it is get
2a i 2at)i 2antyin
_ \'"n D L r+i,—2a9t |\ 13 oo 23 o Mnt1
S1=Xioai J, tTHe T BR oA —Xh 00— — Dy
n o) o) 0o Z;A)jl (ﬂ%)jz ZaTq)jn O L r+i+2j1+3j++n+1j 2apt
n —
i=02j1=02j2=0 "'Zjnzo a; ji! Jo! . n! fO t STz ]ne 0 dt

2a1.j, 202+ 2an Jn . , ,
L (=22 (n—+1> T(1+r+i+X,(i+1) ji)

— n co o o .
= i=0 2]1:0 Z}zzo Zjnzo al, Ja! IN Jn! (2a0)1+r+i+2?=1(i+1)]'i
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201- 2ay.j 2an jn . . .
It (=22 (m) (r+i43i,(+D) o))
IX TN 2a )1+r+1+2" L+ i

i=0 2j1=0 27,0 - Ljy=0 i

And

o _yn i+l
[ . — aj
Sy =Xioa; [, tTHe ot e M= nT gy

n [ee] tZ t3 tn+1
Sy, = z a; f tTHe oty oTMT | TN dt
; 0
By using (6.11)
Thus
Sz B

j1 (22yj2 an yj
( D) G f°° (rHiHEin i+ )i p—aot g
J1! j2! Jjn! 0

?:0 Zi:ﬂ Z;Z: Zjn:() ( 1)]1+ +]n

a1jq (924
n Zqo Zqo Zo'o (_1)j1+"'+jna. Gt (?)12 (n+1)1n r(r+i+X,(i+1)ji+1)
i=04j1=04ij,=0 " Lij,=0 N ol Jn! ag (+r+i+31  ((+1);

NG G (i)
l

jit ot Jn! a, (1+r+i+30 ((+1);)

= Z?=0 Z;::O Z(]?ZZO e Zflzo (—1)j1+"'+jn a
E(TT)=2(1+

j 1 in
NN Xm0 Xm0 e Lhmg (—1)J1HHn g, ez (GR)" (e, arn )
=044j;=0244j,=0" Jjn=0 i T o )1+r+1+2" T

o ety GYLCRR2 (n+1)1n (r+i+30,(i+1)j7)!
AZ 02]1—0212—0 Zjn:O (_1) i | it | n
jil ! it a, (1+r+i+31  (1+1));)

Based on binomial theorem ,it is get
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E(T - w)"

n
= Z Cr2(1+2)
k=0

n o o o 2a, Ja 2a, 2a, Jn
SIS i Z) (38)" (2" Gk ivzmaGen
1' ]2' ]Tl' (2a0)1+k+l+2?=1(l+1,

=0 j;1=0j2=0  jn=0

1) 1%} %) a; j1 a i a i
Azn:zz z (- 1)]1+ +1na( ) (?2) (Tl-lr‘ll) (k+i+zf.l (i-l—l
Jo! o Jn! a, (1+k+i+X1, (i+1)

i=0 j;1=0 j,=0 jn=0

21+ 1)

Zii S (o, G (3" &) Gsirsnarni

i=0 j1=0 j jn=0 Ji! 2t ! (2a0) 2+ Ziz + D Ji
n o o o0 a, J1 a, J2 a, Jn r—k
zzz Z (1)1t +Jna( ) (?) (n+1) A+i+X50+1)))!
i=0 j;=0 j,=0 n=0 .1! jz! jn! a, (2+L+Z 1(l+1)h)

Corollary 6.3.

If T~THGPHRD ( a;, A) then the mean , variance , coefficients of variation
,skewness and kurtosis of general proposed nth degree hazard rate distribution are
respectively as:

E(T)=2(1+

2a7\Jn
)\) Z Z Z ZOO _1 j1+"'+jna, (Z;ﬁ)]l (2%)]2 (niﬁ) (1+l+z 1(l+1) ]I.)l _
=04&j,;=04j,=0 " Jjn=0 ( ) i X Y as )2+l+2 _1(L+1)]L

a a
0 ]1—0 ]2—0 Jjn=0 i Ix Ix ree s I N (2+l+2"=1(1+1)11) -
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..(6.12)

Var(T) = 2(1+2) *

Gty @22yjz (2T en o

Ja! j2! T Jn! (2ag )3+H'Z 1(l+1)11

?:0 Z}i“i=0 Z;Z=0 ZZ}FO (_1)]1+~..+1nai

GYLED2 GRIP (2+itEl o+ D))
2L 7 B ™ ao(3+z+2” o(+Di; )

Z 0211_0212_0 Z(J)':=O (_1)j1+--.+jnai
2(1 +

(2 (22)” ()™ (qrisp e )

M) Yo Xfi=0L=0 = Lj=0 (11T g,

Ja! 20T ! (a9t (D j
J1 j2 a
AN Y P (TP o XP_ (1)t Yg, ( ) (3) (n_ﬂ) (144X, (+Dj) )!
=0£j1=0 &4j2=0 Jn=0 Eojat ot T ! a0(2+1+2n [+ Dj;)
..(6.13)

SK=E(u—T)* =i, CF (2(1 +

()" (59" G _(ermi,een

Jitet]
PN DME 0211—0 212—0 Z =0 (=1D)n na; - T dnl 2any A o
a1 \J1 raq\J2 an \Jn
AT Te_ g ye (qyieering, () G) G Geumhen )
=0 44j1=044jp=0 " & jp=0 Y o g n (1+k+l+2n 1(‘+1)11)

(—2(1 + A) *
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(22" (22)" ()™ (1yiasp e )

IX T (2a0)2+i+2?=1(i+1)ji

Z?:O Z_(]x;:o Z}XZ):O . Z;:lZO (—1)]1++]n al

jil ! jn! 2 (2+i+3I, (i+1) i)

aq J1 J2 an in 3-k
DN NN S Sl (_1)j1+---+jna_( ) (3) (m) (1+i+X5 1(l+1)h)>
J1= J2= In= Lo
.(6.14)
KU = EQu—-T)* =Xty C (2(1+

2a1\J1 r2a,\/2 2ap\/n
MY X P 0 im0 Liome (1)1 g, G ()7 G (ki G+ s
=04j;=04j,=0" n=0 ! Ix i (g )1+k+t+2n 1(""1)11

ai j1 Jj2 an in
Z 0211_0212_0 Zjn—O ( 1)jl+ +i, al( ) (3) "”(n+1) (k+l+2 1(l+1)]l)‘>*

ja! Jo! jn! ag (1+k+z+2f‘=1(1+1)11)
(—2(1 + A) *

(2o (222 (2" (1pieyp aen )

Ja! J2t Tt (a )2+H’Zn1(‘+1)1t

=0 Zi:o Z;Z=O Z;‘:FO (=1 a

Jj1 j2 an \Jn Cen . 4-k
A0 =0 X om0 e Dfamo (DT +’na( ) ) (o) " (iesp o(1+1)1(i+1))!>

Ja! j2b T ! ag (2+L+Z” 1(1+1)11)

(6.15)
The Coefficient of Variation CV is given by:

Jvar (t)

v =55

Standard deviation

114



Chapter six Transmuted Hazard General Proposed nth Degree Hazard Rate Distribution

o=12(1+

. . 2am\Jn
N Bl 570 B g o By (—1yithg, LG AT (viesaen i
=04&j;=04j,=0 " Jjn=0 ( ) [ ! jo! jn! (a0)3+1+2"_ (i+1) j;

a i a i
(21)]1 (?1)]2 (n+1)]n (2+i+X o+ Dji+1) )'
jat g2t Jn! ag (3+‘+2n 1(l+1)]l)

}\Z 02]1 02]2 0 Z n=0 (- 1)]1+ Hn ndj
2(1+2) =

2aq j1 2ay j2 2an fn
o - = Y 1+i+Y 05 (i+1) j;)!
Z?=OZ]9:=OZ;Z:O 2}?::0 (_1)114- +i, ai( 2‘ |) ( 3 ) (n+1) ( =1 l) _

j1! J 2 R (ao)z+i+z?=1(i+1) Ji

1/2

j1 Jj2 an \Jn ) . .
Z Y _ o7 LY (_1)J'1+"-+jn 2. ( ) (3 ) (n—:-ll) (1+i+37 o(i+Djgit1) )!
=044j1=0&jp=0 *** & jp=0 N PN n (2+L+Zn 1(1_,_1)}1)

(6.17)

Coefficient of Skewness

SK

V= E -

Y =20 Ci |21+ 1) =

2aq jl 2a;p j2 2an jTl
S - = — k+L+Z (i+1) ji )
?=OZ}.::OZ;::O Z(])';:O (_1)]1+ +i, ai( 2. ') ( 3 ) (n+1) ( =1 1)

J1t Jo! Jn! (2a0)1+k+l+2n=1(l+1)]l -

Jj1 J2 an jn
Z 0211—0212 =0 - Z}n—o (— 1)11+ +’na( ) (3) (m) (k+i+X7=,(i+1) j;)!

Jjq! J 2y R a (1+k+1+2” 1(1+1)11)
—2(1+2) *

(22" (22 (2" (yisp e )

i=0 27,20 Ljp=0 =+ Njp=o (~D/Mna

Jja! j2! T ! (2a0)2+l+zn=1(l+1)11
j1 j2 3-k
AZ 2 2 Zqo a ( ) (3) (TCLL—L) (1+l+2 0(1+1)](l+1)) 2(1+
=0 ]1_0 ]2_0 Jjn=0 l jl! jz! e fn! aq (2+l+21=1(l+1)]l)
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; ; Jn
2« w L GOIED? QR renliar i)
) Z 0211 0212—0 Zjn:O d; X o (2a, )3+1+§] 1(”‘1)11

GG G riSE D )

Z 02]1 02]2 0" Z]n_o A JPU P Jn! ao (3+i+X1L 1 (i+1) i)
2a\J1 [2a,\J2 2a,\Jn
214+ N X 3% TP g B9, 2 G2 (B GH) (rieziiarn o) _
=04&j=04j,=0 " jn=0 i X ot T (2a0)2+i+z{‘=1(i+1)ji
J1 j2 an \/n
&) &) G g
AZ OZ J1= =00 212 0-* Z]n_o al ]1' ]Zl - ]n' I.=1(l +

~3/2
1) j, LrEi 0(‘“)’“*”)’] ) ...(6.18)

ag (2+L+2” (1) ]l)

6.1.3Mode

o) _
ot

tl+1 n tit1
<2(1+x)2 Loaitle ~2Xodimr ~A¥koa;tle Zl:Oaii-l-—1>

ot
(i+1

' oai— N2 gy Lt
=2(1+2) < ?:1 aiitl_1 9_22i=°al +1 — 2(2?:0 aitl)ze 2 Xi=0i7 > —
g+l t”‘l
(it

. N tl+1
= 2(1 +A)< ?=1aiitl—1 e_Zi=Oall’+1 — 2(2 a; .t ) e Zl 0diy g > —

A (= (Zoat)” + X, @t )

Which can be solved numerically .

6.1.4 Moments generating function of THGPHRD
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o Z
MT(Z): =177 2(1+

)" ()" @) st

jy! jot T g (aq )1+r+1+2n 1(l+1)]l

}\)Z 02]1 02]2 =0 Z]n—o aj

ap\/1 raq)/2 a_njn Cwn .
DRSNS NS KD YL 2 2GS )" Crieni | )

! 2 R Y ag (1+r+i+2?=1(i+1)ji)

6.1.5Characteristic Function of THGPHRD

M,(iz) = ¥, 201 +

r!

2a1\J1 (2a,\)2 2ap\In
© 2 3 n+i N (i+1) ji)!
A)Z 0211_0 212_0 Zjn=0 ai( jl') ( 3 ) ( +1) (T'+l+ -, (i+1 ])

)2 W (2a0)1+r+1+2” (“"1)11
9" (%) (@) s
(2 3 n+1 rH+i+Y(i+1) h)
}\Z 02]1_0212 =0- Z]n_o aj Jj1! Jo! Jn! a0(1+r+1+2" 1(l+1)]l) (620)

6.1.6 The Order statistic of THGPHRD

if T, <...< T, denotes the order statistics of the random sample with CDF and PDF
have a THGPHRD .
The CDF of the min order statistic .

. Zl 0altl+1 Zl a lt1+1 ~ .
Fr,(t) =1 a1 | (1+20)e” BT — A . .(6.21)

Then the PDF of the min order statistic .

ti+1

j i s _yn Lt
le(t) = nZ?:o aitl ~Zizo RTEY <2(1 +7\)e Zizo ey —A) <e =030 4
n—-1

tl+1
((1+A x @ im0y —7\) ) .(6.22)

Then CDF of the max order statistic

n

_ Sgaie Spaie
Fp(t)=|1—e =" | (1+A)e ==0"m1 —Q ...(6.23)
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Then PDF of the max order statistic

n tl+1 tl+1
fr, @) = Zaiti ~ZiodiET (2(1 + e BizodirT
i=0
n—1
n ti+1 n ti+1
— 7\) 1— ((1 + N)e 220 it — xe—2i=oaim) .. (6.24)

6.1.7 Maximum Likelihood Estimators of THGPHRD

The likelihood function is

L=L(ay,ay, ...,a,, 4 t1,t2,...,tm) = nfz( ai,ag, e, A, A tj)

tl+1
Hfz(t) = 1_[ Za £, e 2is vactir 1 (2(1 + e~ Yo _7\>

ti+1 tl+1
L = e Zjoliodrpy [T [Zh o at; ](2(1+7\)e im0y —A) . (6.25)

The log likelihood function is given by
InL =

= - i - m tl+1
N _zzaii]+1 + Zlnzalt]‘ +zl (2(1+7\)e Y=o i 731 _}\>

j=0i=0 j=0  i=0 j=0

By taking the partial derivatives of L with respect to unidentified parameters (a;)

oinL B
Sa,

g+
_Zn_ a-].—
(2(1+7\)tje (=0°1"i+1 )
1
=[-Xot; |+ 2T - ...(6.26)

J=0(a, +X0,a; t]‘) j=0 " .tji"'l
2(1+A)e” Zi=0 i FT )
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oinL B
Sa;

/(1+7\)t2 ~Zizo al e

= [-zm, |+ = 2 zm\

j= O(ao+Zl 1at] Jj=0 t1+1
2(1+\) e~ Y02 T

)
(6.27)
2)

olnL
Sa,
. tji+1
<§(1+7\)t3j e~ 2i=0 aiT)
t3; t:2
— m -] m j m
_[ J=0 3 ]+ J=0 n(apg+I, ajt; ) g (6.28)
<2(1+7\)e 20t; Zi=1aiT—)\>
6lnL
6ai B
i+
1 Z?: aii—
£+ gt <l+—1(1+7\)t +1, 03 F1 )
m
[ Z] =0 41 ]"‘ Yo n(ag+Xi, ait;h) +Zj:0 i (6.29)
(2(1+7\)e_a°tje_zi=1aii.f.—l_}\>
o tji+1
SinL 2e” 2i=03i i+1 —1
o j=0 i1 ..(6.30)
(2(1+?\)e_2?=oaii+—1_)\>
When az:L = 0 There is no closed solution of ( 6. 26),(6.27),(6.28),(6.29) and

(6.30) therefor, numerical technique (Newton- Raphson method) should be apply to

solve.
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6.2 The Transmuted Hazard Three Degree Hazard Rate Distribution
THTHRD

Let Tis positive random variable , It has a function h(t) mentioned in the
following formulas, As this function h(t) satisfies the conditions of the

hazard function in equation(4.1) .
h(t) = X5 _0a,t? t>0,a, ERY, pSnVp=0123

Using formula of transmuted hazard in equation (5.5) which it is found

earlier

r ]

(1+7\)Z¢ 0a<pt“’e pr 0297+
to+1 +Z<P 0a<P
| | e “2p=00 gy |

Whereas , this function h, (t) satisfies the conditions of the hazard function ,

h, (t) = ....(6.30)

that is, its means

o+l
ze_zfp 039 o¥1

I-h,(t) =0 Vt>0,andat e = A
(1 2e”Zi=0 §0€0+1)
o+1
o | poo 4D THopaptPe ~Zp=0% grr
2- [, hy(Ddt = | - dt +
((1+x)e Zp=02¢ grr _ A)

Yi0dy [, tPdt| =
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The Cumulative Hazard Rate Function of THTHRD
o35 a1+ e Bt _ ) 6.31
H,(t) —Zq,zoa(pm— n| (1+A)e P+l — ....(6.31)

The Density Function

The PDF of The New Distribution THTHRD .

tp+1

_y3 et _y3 ot
() = X3 _ga,tP e 2o=0%on (2(1 + A )e Ze=0de T A) ....... (6.32)

a functionf, (t) is a probability density function with the following

conditions

3 t@+1
26  Z9=030GTT

the first condition is satisfied forallt > 0.and (A) < )
3 t
(1—2e"z‘l’=0 A9 p+1 )

The second condition is shown below:

. 00 —2%3 et
fo f(®)dt = 2(1 + 1) ZZ=0 g fo P 220=030 it gy
tP+1

—y3 =
AL E0a, tPe” e gy

o) 2¥3 _oa i 1
— 3 TeLp=0dyp _
I, = fo Yp=0d, t?e p+1dt = E

P+

0 —-y3_ —
And lZ = fO ZZ=Oa(p tPe Z(p—oafp<p+1 dt =1

fooofz(t)dt =1

The Cumulative Function THTHRD
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_23 a ﬂ _23 a ﬂ
Ft) =1—e =001 (14 AN)e “?=°%wr — 2| ... (6.33)
The Survival Function THTHRD
_y3 Pt _y3 ot
S(t) = e 2P0 om ((1 + e 200t i A) ............ (6. 34)

*6.2.1 Shape of THTHRD
6.2.1.1The limit of PDF of THTHRD .

3

_y3 ot _y3 ot
lim f,(t) = z a,limt? e 29=020 53T (2(1 +A)e 2o=0t0pIT _ A)
=0
3 5 to+1 5 to+1
tlim f(t) = Z a(ptlimt"’ o~ L9=0300TT <2(1 + e “#=0%pFT _ 7\)
=0
= 0
6.2.1.2The limit of CDF of THTHRD
_y3 ot _y3 ot
_y3 o 9 _y3 o, 9
tlim F(t)=1 —tlime P01 [ (1 4+ Ve 797 %ot —) | =1
6.2.1.3The limit of Survival Function of THTHRD
P+l tp+1
lim S(t) = 1tirr3e‘23¢=°a¢ﬁ ((1 +A)e Ze=0%prr _ x) —1
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_23 a ﬂ _23 a,,——
lim $(¢) = lime =#=""esi | (14 e “070or - | =

6.2.1.4 The limit of hazard function of THTHRD

_y3 o, P
(1+2)X3_ja,tPe “9707¢0+1
limh, () = |lim $=0"¢ + lim

t—0 _y3_ 4 o+l t—0
(1+2Ae “97°7%p+1 — )

3
@
>

»=0

lti_r>r01h2(t) = [(Mag + 2a,] ...(6.36)

Remark(6.4)

Another technique to show that h,(t) meets the requirements of the hazard

function, using the density function  as evidence. To prove this the third

property of hazard function .From equations (6.35) and (6.36).1t is get .

By (£) > 0 andlim f, () = limhy (¢); £ (£) = hy (¢)

Vi>0

The following figure there are The shows of PDF , The Cumulative

Function ,The Survival Function, The Hazard Function of the THTHRD .

123



Chapter six Transmuted Hazard General Proposed nth Degree Hazard Rate Distribution

The Density Function
0.025 . . T T T T T T

0.02

0.015

0.01

0.005

Figure(6.5): The Density Function of THTHRD , where ay, =.012;a, =
0.00000000000564; a, = 0.000015 , a; =0.00000023;4 =009; We note
that the PDF starts from the value ayand then decreases until it reaches zero

as long as increasing T.
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The cumlative Function
09 L r r r r L

90

Figure(6.6): The Cumulative Function of THTHRD, where a, = .012;a; =

0.00000000000564; a, = 0.000015 , a; =0.00000023;4 =009;

.we note that the cdf starts from the value 0 and then nondcreasing until it

reaches 1 when it approaches t to co.
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The Sunvival Function
1 T L T L L T L T

0.9 .

0.8 "

0.6 "

0.5 T

0.3 T

0.2 T

01 r r r r r r r r

Figure(6.7): The Survival Function of THTHRD, where a, =.012;a; =
0.00000000000564; a, = 0.000015 , az =0.00000023;4 =009; . we
notice that this function starts from the value land then nonincreasing until it

reaches 0 when it approaches t to co.

The hazard Function
200 T T T T T T T T
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Figure(6.8): The Hazard Function of THTHRD, where a, = 0.012;a; =
0.00000000000564; a, = 0.000015 , a3 =0.00000023;4 = 0.009; we
note that the hazard function starts from the value 2a, + Aayand it is
increases to get closer oowhen itt get close to co.and we note that it is

taking upside down the shape of a swimming pool .

6.2.2Statistical Properties .

This section presents the rth moment and moment generating function of the
Theorem 6.5.

If T~ THTHRD (a,,1) with then the rth moments about the origin

and about the mean are given as

E(T") =

2 2 2a3\J3
210+ EH 3522 ((2)7 (r++351(0+1) j,)! _
ji! j2' Jja! (2a0)1+r+<p+22,=1<<p+1) Jg

3
#=0 Lj;=0 Lj,=0 js=0 3p

AEE o300 T Ty ap o G2 (494 Eiei(etDipr) )
9=02j,=0 Zjp=0 Ljp=0 B T ag (0T 10Dy )

(6.37)

E(T—w" =

2 J1 /2 J2 2 i3
A 52T Y0 0 S 200557 (552)7 () (krprSimaot1) jyp)!
k=0 “k $=044j1=044]5=0£1j3=0 jq! ! j3! (a0)1+k+(p+2<p (p+D o

( )]1 ( 3 )]2 (3+1)j3 (k+9+X5=0(9+Dij(g) )')

At g2t Jat, (1Hkre+Egooerie )

3

2a1\/1 r2a,\J/2 2a3\/3
z(1+x)( () (R (rersiaern )
Ja! J2! J3! (2a0)2+‘p+2¢ 10+ Jg

3

Jj1 Jj2 j3
}\Z yO_ o g (al) (%) (:_4?1) (1+9+X5=0(@+Dj(p) )! r—k
Q=0 41j;=04jr=0 4j3=0 Ay ja! Jo! Jj3! ag (2+<p+23(p=0(<p+1)j¢,)

(6.38)
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Corollary 6.5.

If T~THTHRD ( a;,A) then the mean , variance , coefficients of variation
,Skewness and kurtosis of general proposed nth degree hazard rate

distribution are respectively as:

E(T) =

2 2
z<1+x)<2“1>11< 9272 (292) (149433 _4(p+1) jy)! B
Ja! J2! J3! (a0)2+<p+2¢,=1(<p+1) Jo

3

aq ap
}\23_ Zoo_ Zoo_ ZOO_ a ( )]1( )]2 (3+1)]3 (1+<p+23 0((p+1)](¢+1))
0=02j,=0 2jp=0 Ljy=0 B~/ ag (29 Z=o(0+Dig)

(6.39)

Var(T) =

) 2a; j2 as j3 3 .
o o o0 21+ (a1 (57) (%) (@+e+3h=1(0+1) jy)!
Zf}; 027,20 ;=0 2 jo=0 a - (3) (2) = £ —

Ja! J2! Jsl (gg)tetie=1etl g

AXg=0 X 1202 jrm0 Lju=0 (a1)11(3)12( ) (2+9+X9=0(@+Dijp+n )}
J1= Ja= Ja=

(P Ja! Jj2! Jj3! ao(3+¢+2(p_o((l)+1)l(p)

2a 2a 2a
2140y 221z (293) (1453 L(p+D) J)!
jl! ]2' ]3' ( 0)2+<P+Z(p_1(<P+1)](p

3
@=0 Zi:ﬂ Z;Z:O Zj:,:o a

aq an as .
AT3_ gy v G 2 G2 (140+35-0(@+Dicpsn) )\ 5
=0 Lij1=0 £4j;=0 Luj3=0 ¢ ]! jz! Ja! a0(2+¢+23(p=0(¢+1)j(p)

(6.40)
LET SK = E(T — )3 =

E(T—w?® =

2a 2a 2a .
2(1+x)( 1)11 = 2)12 ( 3) (k+(p+22,=1(<p+1) ]q,)! _
Ja! j2! 3! (a0)1+k+<p+22,=1(<p+1) Jo

aq an as .
AT ey g G A2 G (ktp+35—o(@+Dip+1) )!
=0 21j1=0 Zj,=0 Zjz=0 Q¢ IX jzg st g, (1+k+0+55 =0 (P +Dig )
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2(1+}\)(2“1)]1 (ZZZ)jZ (2a3) (1+9+35=1(0+1) jp)!

3

jl! ]2' ]3' ( 0)2+(p+2(p 1(<P+1)J(p
j 3—-k
j1 Jj2
AZ Z Z Z (al) (3) (3+1) (1+(P+Z?(;;=0((P+1)j((p+1))! (6 41
9=0 21j1=0 Zij=0 Zij3=0 Q¢ ji ! Ja! a (2+0+25=0(0+Digp ) '

And E(T — p)* =
E(T-w*=

4 4 3
Zk=0 Cy @=0 Z(Ji’:o Z(J?Z:o Z(}::o dgp

2(1+2) (22 )]1(2‘312)]2(2“3) (et p+35=1(p+D) jo)!

D 0 I I (2" ()" ()" (et rShmotorDigen )
J1= Ja= Ja=

dg jy! Jo! ja! 2 (1+k+(p+23(p=0((p+1)j(p)

2(1+)\)(2a1)]1 (2a2)]2 (2613) (1+<P+Z(p 1((P+1) ](p)'

3

Ji1! J2! sl (gg)2tetTe=1e+D e

ai az as 4k

ATy gy G D2 G3 (1+0+35-0(@+Dicp+1) )! (
=0 Lij1=0 £u4j;=0 Lij3=0 ¢ ]! jal s a0(2+¢+23(p=0(¢+1)j(p)

6.42)
The Coefficient of Variation CV of THTHRD
Is given by:

1/2

cv =(®)" (Bm)"

2 J1 /o J2 12
21+0)(222) (282)7 ( “3) 2+o+E5or(p+1) jp)!
Ja! J2! Jja! (a0)3+<.0+2(p 1(e+1) jo

3
#=0 Lj;=0 Lj,=0 j;=0 3¢

Jj1 Jj2
® ® o Ygp=o(@+1) !
)\23 =0 z:]'1—0 Z:]'2—0 21'3—0 Ay ( ) ( 2 ) ( ) (249 +Tp=o(ot1 ]((pﬂ))

2
J1! J2! J3! ag (3+<P+Z<p_o(<0+1)]<p)
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2a1.i. ,2az. i, (2a
I I I Gl wla el ) (rorshater i)
P=0244j1=044jp=04j3=0 “¢ ja! Jo! Ja! (0)2+<p+2(p 104D jg

2\ 2
(al)f1 (az)’2 (3+1)J3 (1+<p+2<p o(@+Dj(p+1) ))

3 o o [¢e)
_ > > > *
Ap=02ji=oLjz=0 2ja=0 A~ = 2y (20 Zg=0(0+Dip)
iy s v 200C1 C2)12 (29) (149473 A0+ jo)t
9=04j,=04j,=04j3=0 “@ jq! Jja! 3! (a0)2+(p+2(p_1((p+1)j<p
-1
TSy yeo_yeo_ o GINERGHE (140350t Vi )
=0 Jj1=0 4&j,=0 J3:0 @ ] | ]2| ]3| ao (2+¢+23(P=0((‘0+1)j(p)
(6.43)
The Standard deviation OF THTHRD is
2a1\/1 (2a,\/2 [2a
A YA YD Y 20+0)(22)" (22)" (222" (2+9+85=1(0+1) Jp)'
@=0244j1=044j,=0 4j3=0 ji! Jo! ja! (0)3+<p+2(p 1(0+1) jo
J1 Jj2
}\Z yO_ yO_ g ( ) (3) (3+1) (2+p+X5 0(‘p+1)1(<ﬂ+1))!_
9=0 21j1=0 Zij=0 Zij3=0 ¢ jit ! ja! a0(3+(p+2§0=0((‘0+1)j<p)
2 j1 /2 j2 12 J3
23 yoo_ gy 2 2(1+7x)( al) (;2) (a3) (1+@+37, 1(<p+1)j(,,)!_
9=04j1=04j,=04j3=0 ji! Ja! j3! (a0)2+<p+2(p=1(<p+1)j(p
1/2

3

JEL Y J3! ag (2+0+535 =0 (@+Digp )

2
( )]1 ( 3 )]2 (3+1) (1+o+X5 o(<P+1)i(<p+1))!>

(6.44)

The Coefficient of Skewness of THTHRD is

BT -w?
TE(T -0
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')/:

2 J1 /2 j2 12 i3
204055 ()T ()7 (krpaEpmalorn) )
Ja! J2! Jj3! (a0)1+k+‘p+2¢ @tD g

3 3 3

IS WAl WA S (al)“(%)]z(%)h (et @+Zf=0(@+ Dipen )}
= ]1— ]2— ]3_

NN 2 (1+k+o+33 = 0(<p+1)]<p)

1 2 Jj2 2
2(1+‘/\)( 9" (282)" (29" (11paghoornip)
jl! ]2' ]3' ( 0)2+(p+2(p 1(<P+1)J(p

3

3—-k

ATS 02T 0 T I, a ()" (9" (32)" (ro+3hoo@rDigen)
P= J1= J2 J3 @

ji gat ! a (2404535 =0(@+Digp )

2 J1 2 j2 2
2000(22)" (292)% (292)° (110453 (p41) J,)!
jl! ]2' ]3' ( 0)1+k+(p+2(p 1(<P+1)](p

2 2 y3
Yk=0 Ci Lp=027,=0%j,=0%j.=0 3

7\2 -0 Z 0 Z 0 2 . (al)ll ( c )12 (3+1) (k+(p+2(p o(@+Dj(p+1) )l
J1= Ja= Ja=

dgp jy! Ja! j3! 2 (1+k+(p+2(p 0((p+1)](p)

2 J1 2 J2 2
2(1”\)( 2y (202) (283)5 (14 ey 1(@+1) jp)!
jq! Jo! J3! (a0)2+<p+2¢, 1(e+1) jo

3

2—k -3/2

}\Z OZ OZ OZ o ( )]1 ( 3 )]2 (3+1) (1+9+X5=0(@+Dj(p+1) )!
Jj1= J2= Jj3=

e J1! J2! J3! ag (2+<P+Z(p=o(</)+1)]<p)
(6.45)

6.2.3Mode of THTHRD

of @) _
ot

(2(1+7\)Z¢, Oa(pt‘pe 9=0 Po+1 -A¥%-0ag tPe =0 ‘p<p+1)

at
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p+1

=2(1+2) <Z<3P=1(a(p§0) tPle 2Xp=020 g5 _

P+

co+1
2(Z<p an)t(p) e ~2¥%=0a Po+1 >_ ( (Z(p Oa(pt(p) e ~Xp=0a Por1 4+

g3 (P+1
=080 gt Z(p 1(a<p(p)t(p 1) =0

9+l

=2(1+1) (Zf’azlawﬁ"-l TRt

tP+1

2(22;:0 aqot(p)ze_Z%:O it > =2 (_ (ZZ=0 a<pt(p)2 + ZZ=1(3¢‘P)t¢_1 )

Which can be solved numerically to for the need
Moments generating function of THTHRD

Mr(z) =

2 J1 /2 Jj2 Jj3
2(1”‘)( al) ( ZZ) ( ) (r+o+35=1(0+1) jo)'
jq! Jjo! Jja! (a0)1+r+(p+2<p 1(p+1) ](p

Zr 1 Zgo 0211—0212 =0 213 =0

j1 j2
)‘( 2 ) ( 3 ) ( ) (r+0+%%=0(@+Di(p+1) )!
jl! ]2' ]3' ap (1+T+<P+Z(p_0((0+1)](p)

p=0 2 =0 Xf=0 Lja=0 g (6.47)

Characteristic Function of THTHRD

M, (ix) =

2aq Jj1 2az Jj2 2a3
20(5)" (5" ()" rreriaterniy
IX o (a0)1+r+§0+2(p_1(<,0+1)

@x)"
Dyt 0211_0212_0 213_0 dgp

r!
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J1 Jj2 i3
Z Z Z 3 }‘( 2 ) ( 3 ) (%) (r+<p+Z3(p=0((p+1)j(<p+1) )!
=0£4j1=0 £4j2=0 J3=0 “¢ Ja! 71 Y ao (1+r+¢+23¢=0(¢+1)j<p)

(6.48)

6.2.4 Order statistic of THTHRD.

iIf T, <...< T; denotes the order statistics of the random sample from a

continuous population with cdf and pdf then the pdf of distribution given by

the CDF of the min order statistic

_ys tPo+1 53 tP+1 n
Fy,(t) = 1 —< =020 11 ((1+}\)e 9= grT —A) ) (6.49)

Then PDF of the min order statistic

o+ P+

le(t) = nZZ:Oa(pt‘p e p=02 Po+1 (2(1 +7\)e p=03 Por1 —

n-1

53 tP+1 tP+1
7\> <e 9=0%0gs1 ((1+7\)e #=039 g7y —7\) ) (6.50)

Then CDF of the max order statistic

n

tPo+1 tP+1
Fy () = | 1— e 20=0%pm ((1+A)e Zp=02¢pry —A) (6.51)
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Then the max pdf order statistic

-3 a ﬂ —y3 a ﬂ
ng(t) = nZE):o a(pt‘p e 90 on (2(1 4+ Ve “=0% et — X) %

n-1

3 3 o+l
1—[ (1 +0)e 22002 g1 _ pe~ 20=0%0 e (6.52)

6.2.5 Maximum Likelihood Estimators of THTHRD

The likelihood function is

m
L =L(ag,a;,aza3 A tl,t2,...,tm) = nfz( ag,aq,ay, a3, A; tj)
j=1

£ P+

_vy3 5T 3 t; P+t
= 7’1:1 Z(B;J=an0tj(p e Z<p=oa</’ p+1 (2(1_{_}\)6 Z(P=Oa‘P o+1 _)\

p+1
tj

_ym y3 J _y3 REA
= ¢~ ZIm02P=0% g1 [T, [X5 -0 a,t;?] (2(1 + e om0t

.0+

A>(6.53)

It can be presented the log likelihood function for the vector of parameters
(aq))T as

InL =
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m 3 t‘/’+1 m 3
zz + Zana(pt]

j=0 =0 j=0 =0

m t(p+1
z (2(1+A) ~Zp=oa “’<P+1 —A)

By taking the partial derivatives of L with respect to unidentified parameters
(ap) as

dinL _
da,

—[_ym ¢ n : B
_[ Z]=Otj ]+Z]=O (a0+z(3;,=1a(ptj(p)

¢ o+
—agt; ~Sho1agar
2(1+0)tje  0e T ot
m

j=0 L 0+1
—ant; —23 a ]—
2(14A)e 20 ~P=1"¢"p+1 _)

dlnL _
da;

(6.53)

—_ |_ Y _
o [ J 0y ]+Z] 0(a0+2<p 13pt%)

P+

3 j
—_ . - —_— Ap———
(1+M)t?je 20tj ¢~ 20=120" 031

m (6.54)

Jj=0 P+
—ant; —23 a J—
2(1+0)e 0 “P=1TOT oL )

dinL _
da,
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t;?
[ Jj= 0 3 J 0 (ag+X5; aptj?)
, ¢ P+
2(142)t3 je 20t 20=120 eI
3
m
m ——(6.54)

_y3 J
2(1+0)e 20 e Z0=120"grT

dinL
da;
_ [_ m ] + Z t'3 +
J=0"4 j= O(ao+2¢ 130t;%)
t(p+1
%(1+A)t"’+1je Z‘P 1397 pFT <p+1
m
j:O tj(p+1 (6.54)
3
2(1+A)e 0 Zp=120 Gy
{0+
]
2™ Z0=0%0"Gri_y
olnl.  «m
“an 4&j=0 ] ¢ 0+ (6.55)
2(140)e” Z0=020"GFT ),
alnL  dinL . .
When== Z===0 There is no closed solution of(6.51),( 6.52)

an’ da,
6.53),(6.54 ) and (6.55 ) therefor, numerical technique (Newton- Raphson
method) should be apply to solve.
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6.3 Transmuted Hazard Linear Exponential Distribution THLED
Starting from an arbitrary parent cumulative density function F (t) , a random
variable T is said to have a Transmuted distribution if its cdf is given by equation

(1.3)
Differentiating Equation (5.5 ) with respect toT gives;

(142)h(D)e™ Jo hOVAX
((1+x)e—f§ h(X)dX—x>

h,(t) = + h(t)

It is good to note that if A = — 1; Equation (5.5 ) reduces to the parent distribution.
Hence, a random variable T is said to have THLED with parameters 6,b and A if
the hazard function is given by;

2
bl ]

I
hz (t) _ |(1+A)(e+bt)e 2

2
l <(1+x)e‘9t‘b%—x> ‘

The corresponding cumulative Hazard function is given by;

t2
o (1+2)(8+bt)e 0t 07

H( = J, "
<(1+x)e‘9t‘ﬁ—x>

dt+ f° ®+bt) dt ... (6.56)

H(t) = —In ((1 + A)e_et_bg - A) +t (e + %bt) ...... (6.57)

The Density Function
the PDF of the THLED from it is product of h(t) and e H®

2

N(0+b —Gt—bg 1n<(1+7x)e_et_bt7—7\>—t(e+b%t)
f() = [FRERE 2 4 (8 +br)le (6.58)
<(1+A)e_9t‘b§_)\>
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£,(t) = (0 + btye 04309 [2(1 +n)et(e+0t) _ ;\] ...... (6.59)

As this function £, (t)is to verification two conditions of the density
function is as follows .

1) the first property f,(t) = 0 is satisfied forall t > 0, and at

| |

2
l Ze(_et_b %> l
| > .

===

The second property is shown below:

t2
—et—b7>

J, B dt = [°(0 + boe (%) [2(1 +2el — }\] dt

J, f(dt =
bt2

2
bt ot—2t"

co 2(—0t— co -
2(1+2) [, (6+bt)e( ’ z)dt—xfo (e+bizt)e( >t
LetL1=2(1+2) [;"(6 + bt)e 2®+P0d¢  and

L2 =" (8+bt)e®Vqr
L1=(14+2% j 2(0 + bt)e~t28+bD ¢
0
Letu = z(et+b§) du = 2(0 + bt)dt

L1=(1+2) jwe‘“du =1+ ®+e ) =>1+1

And

bt?

L2 = A j 6 + bt)e(_et_T)dt
0

Letu = (6t+bt2—2) du = (6 + bt)dt
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L2 = 7\[000 ue Udt =A(—e @ +e ) =2

[PhOdt=(1+0) -A=1

The Cumulative function of THLED .
The CDF of this distribution is:

t2
R0 = [, [2(1 +2) (0 + bt)e2<‘et‘b7) —A(0+
tZ
bt)e(‘et‘b7)] dt(6.60)
t2
Let L1=2(1+2A) [ (0 + bt)ez(_et_b7)dt
0
2
And L2 = [ (6+ bt)e(_et_b7)dt
t t2
L1=(1+2) f 2(0 + bt)e2<‘et‘b7)dt
0
Letu=2(6t+bt2—2) du = 2(0 + bt )dt

L1=(1+4+2) fot e %du = (1+AM)(—e V" +e ) =1+ ;\)(1 _ e—2(6+bt))

bt?

t
L2 =2 j 0 + bt)e<‘et‘7>dt
0

Nl"l"\,

Letu=(9t+b ) du = (0 + bt )dt

t
L2 = ?\f e ldu=A-e"+e ) =2A1-e™Y)
0
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The Survival function of THLED
bt2 bt2
S, (t) = (o) ((1 + e’ (0-5) _ A) ...... (6.62)

The following figure there are The shows of pdf , The Cumulative
Function ,The Survival Function, The Hazard Function of the THLED.

the Pdf
T

0.09

0.08

0.07

0.06

0.05

0.04

0.03*"
0

Figure(6.9): The Density Function of THLED ,where6 = 0.03;b = .02; 1 =
—0.0000000000002; We note that the decreases until it reaches zero as long as

increasing T.

the Cdf

1 F T T T T T T T T T

0.9~ b

0.8~ -

0.7~ -

0.6 -

0.5 -

0.4 .

0.3 -

0.2~ -
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Figure(6.10): The Cumulative Function of THLED, where 8 = 0.03;b =
.02; A = —0.0000000000002;. we note that the cdf starts from the value 0
and then nondcreasing until it reaches 1 when it approaches t to oo.

the Sf

0.8 - i

0.7 - -

0.6 - -

0.5~ -

0.4~ b

0.3~ -

0.2~ -

0.1+~ -

Figure(6.11): The Survival Function of THLED, where 8 = 0.03;b =.02; 1 =
—0.0000000000002; we notice that this function starts from the value 1and then

nonincreasing until it reaches 0 when it approaches t to co.
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the hazard function
05 r L |8 |8 |8 |8 |8 |8 L |8

0.45

0.4

0.35

0.3

0.25

0.2

0.15

0.1

0.05°

Figure(6.12): The Hazard Function of THLED, where 8 = 0.03;b =.02; 1 =
—0.0000000000002; it is increases to get closer cowhen itt get close to co.and
we note that it is taking the shape of a swimming pool .

6.3.1 Moment of THLED .

Theorem 6.6

If T~THLED( 6, b, A) then the r,,, moment about the origin , and about the mean u

one help hey as of T, say x”_, is given as

_|_

v 2(-b)(a+n) 0(r+2j)! b(r+2j+1)! o A=) [[+2)!
E(Tr) - Zj:o IT (2(9))r+2j+1 (2(6))r+2j+2] - Zj=0 j! [((e)r+2j

b(r+2j+1)! )]

(9)r+2j+2
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w 2(=b)(+1) 0(r+2j)! b(r+2j+1)!
E(T—p) = Y'_, cf [ye, 22 [ D! [
( ,u) Zk—o k <21—0 j! (2(6))r+2]+1 (2(6))r+2]+2

w A=DY [[(r+2))! . br+2j+1)! o 2(b)1(1+A) 8(2j+1)!
Ljc0 [((e)mi T o )D< 2= J! (2(6))r+2j+1+

r—k
b (2j+2)! o A( b) [((2j+1)! . b (2j+2)!
—2,2] S0 (G + 5 )]) ...... (6.64)

(2(®)
Proof

E(T™) = [, t"(8 + bt)e (~ee-v% )12(1”) (~ee-b%) —x] dt

etb)

E(TT) = fooo 2(1+ Ve ( t"(0 + bt)dt— f [ t"(0 + bt)e(_et_bt?) ] dt

Let

Ot-b )tr(e + bt)dt

Li=["2(1+Ne 2(-
t2

And L, = [ |Aem (o +bt)e(‘9t‘b7>] dt

Note

2
L1 = J'OOO 2(1 + A)tr(e + bt)e 2(—et)e 2(_b?)dt

t2
Using the following expansion ofe 2<_b7>

w 2140 (=b)J

Li =30 f0°° t7*2J(0 + bt)e 2(-99q¢

Lety = 2(0t) then 2(0)dt = dy
=2 [9 Iy (%) ot h G e
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Zoo 2(1+A)(-b)J -9 r(r+2j+1) F(r+2j+2)
]! i (2(6))T+2j+1 (2(6))r+2j+2
Zoo 2(1+A)(-b)J - 0(r+2j)! b(r+2j+1)!
j! _(2(6))T+2]+1 (2(9))T+2]+2

And

Ly=A\[; <9tre(‘9t)e( t2> + bt7+1e(-09 ( t2>> dt

( btz) Z] 0 2j

]'

L, _}\Z] 0 (etr+2]e( ot) +btr+2]+1e( Gt)) dt
'!

Lety = 6tand dy = 6dt

o (_b)] oo 1 7"+2j . _
LZ = }\Zj:O j! fo (e (_) (y)r+2]e( y) + (9)r+2]+1 (y)r+2]+1e( Y)) 9

0

COA=DY [(Tr+2j+1)  T(r+2j+2)
LZ - Z j! [( (e)r+2j + b2(9)r+2j+2 )]

j=0

S 2(1+0(=b) [ 8r+2))! b +2j+1)
E(TT) = : . .
( ) jZO ]! (2(9))r+2]+1 (2(6))r+2]+2

SA=b)Y [((r+2)! b +2j+1)!
- z T K (0)7+2i + (9)7+2i+2 >]

j=0

Based on part one from theorem (6.6), we get the expected value

oo 2(1+0)(-b)) | 8(2j+1)! b (2j+2)! o x( b) [[(2j+1)!
E(T)=2j==— (2(0))”" (z(e))””] 2j=07 (&

b (2j+2)!

)] (6.69)
Proof of the second part of the theorem (6.6)
Depending on the equations (6.63) and (6.65) , it is get
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E(T—w)" = Ykeo Ci ET)(—p) "
E(T-w" =

8k + 2j)!

b(k + 2j + 1)!

Transmuted Hazard General Proposed nth Degree Hazard Rate Distribution

_ z cr iZ(1+7;)'(—b)f

(2®)

A(— b)f (k + 2j)!
ZO ( (9)k+2j

k+2j+1

(2®)

k+2j+2

+b(k+2j+1)!> ) _iz<1+x)(—b)f 0(2j + 1)!
(9)k+2j+2 = j! (2(9))2j+2
r—k
b(2j+2)!| ix(—b)f K(Zj + 1) b(2j+2) )‘
(2(9))2j+3 = j! (e)1+2j (9)2j+3

Note Based on part two from theorem (6.6), it is get the variance ,

Var(t) = E(T — p)?

0(k+2j)!

b(k+2j+1)!

k+2j+1

2 2 o 2+ (=b)J
= _ C .

o0 h( b)J [((k+2))!
Z j! [((e)k+21

-b)J [((2j+1)!

b(2j+2)! ) X(
] Z j! (e)1+2j

(2(6))2]+3

Let
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k+2j+2

(2(8))

SK and KU .

9(2j+1)!

b(k+2j+1)! . 2(1+A)( -b)J
+ (9)k+2j+2 )])( Z

2—k
b(2j+2)!
+ (9)2j+3 )])

j!

| (2(8))

2j+2
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o -b)J 0(k+2))! b(k+2j+1)!
SK = E(T—uw)?3=Y%3_. (3 0 2(1+A)(=b) L : .
( ,Ll) Zk—o k (2]—0 j! (2(9))k+2]+1 (2(9))k+21+2

w A=DY [[(k+2))! . b(k+2j+1)! o 2(1+x)(b)1 0(2j+1)!
2j=0; [((e)k+21' MOGEE )D< Zj=0~— e

3-k
b(2j+2)! 0 A( b) [((2j+1)! | b(2j+2)!
2]+3] Som | (G + S )]) ...... (6.67)

(2(®)

KU = E(T — p)*

w 2(1+A)(-b)J 0(k+2))! b(k+2j+1)!
=Z£=o Cl? <Zj=0 [ S+ 7 ]_

]' (2(9))k+2]+1 (2(6))k+2]+2
o0 A( b)J (k+2j)! b(k+2j+1)! 00 2(1+}\)( -b)J 0(2j+1)!
Z j! [((9)k+2j + (9)k+2j+2 )]) ( Z ]! [(2(9))2j+2 +

4—k
b(2j+2)! o A( b) [((2j+1)! = b(2j+2)!
. (e))21+3] S50 [((e)mj i )]) ...... (6.68)

Note Based on theorem (6.6), it is get .
The Coefficient of Variation CV is

o -b)J 0(k+2))! b(k+2j+1)!
CcV = 2_ CZ 0 2(1+A)(=b) L . _
(Zk—o k <Z]—0 j! (2(6))k+2]+1 (2(9))k+21+2

o A=bY [[(k+2))! . b(k+2j+1)! o 2(14+0)(=b) | 8(2j+1)!
2j=0~5; [((e)k“j (6)k+2i+2 )]) (_ZJ':O J! (2(0)) 7"

1/2

k
b(2j+2)! . A( -b) [[(2j+1)! b(2j+2)!
(2(9))2]+3] Z -! [((e)1+2j + (9)2j+3 )]) ) *

. -1
o 2+0) PV g+ b(2j+2)! o A=DY [(@2j+1)! . b2j+2)!
(Z,-=0 J (z(e))2j+2+(z(e))2j+3 ~2jo J! [((e)“zi HNGEE )]

...(6.69)
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The Standard deviation is

o

S5, () () () o ms i)
Y

J1! Jo! J3! (a0)3+<0+25;,=1(<0+1) Jo

AWt Rt 2y (3+P+Zp=o(0+1iy)

Zaz)jz (2(13 Js

© ® o ( )2al1
ZZZa(p21+7\( ) (i!

©=0 j1=0 j,=0 j3=0

S (14t +1)),)
J3! (ag)2t P+ Zo=10+D) Jo

3
2
©=0
S EeY (®H R @t Digw)!
3555
3
).

) 2\ 1/2
o0 a1 J1 a, J2 as J3 .
2: ( )(?rﬂ @+¢+ZLM@+DMHQ!\
a(p — — 5 T =
! J3! ao( +@+35=o(@+Djy) /

ﬁhw
INGE
Ms

o

@=0 j1=0 j;=0 jz=

.. (6.70).
The Coefficient of Skewness of THTHRD .
‘y =

a j a j a j
213; 0 C,? D=0 27 0 2j0=0 2 7a=0 ay 2(1”\)(2 1) 1(232)2(2 3)3 (k+9+Xp=1(p+1) jp)!
= p= J1= J2= J3=

ja! J2t Jal (g ROt IpmaetD e

AXp=0271=05r=0Ljr=0 ()]1(3)]2(3“) (k+9+35=0@+Dicpen )!
J1= Ja= Ja=

dgp jy! ! Jja! 2 (1+k+<p+2(p 0((p+1)](p)

o v oo 21422 (2a2)/? (2a3 N
(_2‘3/’:02]'1=02j2:02j3=0 ay ( ) (3) ( ) (1+(P+Z 1(<P+1)](p)l_

Jja! 2! J3! (a0)2+<p+2(p=1(<p+1) Jo

Y g Jo! Jj3! ag (2+§0+Z3(p=0(g0+1)j(p)

()" () ()" Grorshastorvigm))
}\Z 0211_0212_0213_0 3 3+1 PT2p=0PT1)](p+1) > .
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2 J1 /2 J2 12
2(1”)( )" (222)" (29)° (ks prhi(orD) jg)!
jq! Jjo! Jjs3! (a0)1+k+(p+2(p 1((p+1)1<p

2 2 3

j1 J2
}\Z Z Z Z (al) (3) (3_+1) (k""l""Z(p o(<P+1)J(<p+1))'
=0 £4j,=0 21j,=0 21j3=0 ¢ TFUN I (1+k+0+55 = (p+Digp )

2(1+}\)(2‘11)]1 (Zgz)jz (2a3) (1+9+35=1(0+1) jp)!

3

jl! ]2' ]3' (a0)2+(p+2(p 1(<P+1)](p
(al)ll( )Jz( )1'3 (1+<p+23 (o+D)] ) 2-k773/2
341 =0 (p+1) )!
}\Zq) 0211—0212 0213 =0 (,0 X 3}2! 3"]‘_:! - (2+<;p+23(p=0(<p+1;pj(p) > (671)
0

6.3.2 Mode of THTHRD .

of (¢)

7 -0

ot

tP+1 tP+1
a
a<2(1+}\)23¢=0 ant‘Pe Z(P 0% p+1 _}\23 —Oa(p tPe Z(p 0 (p(p+1>

at

o+

=2(1+2) < 2’=1(a<p(P) tP~le “2Zp=0% T _
3 233 opap ~Thooapt
2(Z¢:Oa¢t¢) = P04 | A —(Z —oa t‘p) e "0 Yot +
P+1
Z(P 0od (P(p+1 Z(p 1(a(p(p)t(p 1) — 0
_yo o+l _y3 o+l
= 2(1+7\)< po1d,pt? e T Wort — 2(X3 0 t‘P) o HP=030 it ) =

A (_ (Z?p:O a(ptq))z + 2%:1(a<pfp)t(p_1 )
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Which can be solved numerically .

6.3.3 Moments generating function of THTHRD

SIS s, ) ) (@) ottt i)

! ! il | 1 3 1 i
=1 |9=0];=0j,=0 j3=0 J1: Jo! J3! (ao) +r+ @+ -1 (9+1) jg
3 o [e's) 00 ﬂ J1 % J2 a_3 J3 .
YV Y, NP @) () o Saot Digw)|
® j ! j ! 1 ! (1+r+<p+23= ((p+1)] arna s .
=0 j;1=0 j;=0 j3=0 J1 J2 J3 Ay $=0 o)

6.3.4 Characteristic Function of THTHRD

M. (ix) =

i (ix)" 23: i i i . 2(1+ A? (231)11 (zgz)lz (32?1)13 ot S+

Ji! J2! J3! (ag) 1+ +o+Eg=1 0+

_ i i i i 2 A(%)jl (%)1'2 (Sa-l?: 1)].3 (r+ ¢ +X5-0(@ + iy )!

J1! Jo! J3! a, (147 +@+X5-o(@+Diyp )

(6.73)

6.3.5 Order statistic of THTHRD .

the CDF of the min order statistic
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P+ n

-y3 aﬂ -¥3 _ap,——
Fr,(t) =1— e == ?eri| (1 +N)e “*="¢or1 — 4| | (6.74)

Then PDF of the min order statistic

t@+1 t@+1

_ 3 @ " Lo=020 0t ~Xp=03p 7T _
fr, () = nXy-0a,t? e e+1 | 2(1 + Ne P+l

n-1

o+l o+l
A) (e‘zz’ﬂa"’ﬁ ((1 + e Zo=0wgrr _ A) ) ...... 6 .75)

Then CDF of the max order statistic

tP+1

—-¥3 A, —— -3 _,a ot
Fr(t) = 1—e =9 Pex1 | (1 + e "= ¢ot1 —} (6 .76)

Then the PDF of max order statistic

-3 aﬂ -3 aﬂ
fis () = nEGgapt? e 7" or (2<1+x>e °”=°““”“‘A>X T

n—-1

P+1 o+1
((1 N 7\)8_2 Zo=0 a(pt(pT _ 7\6_2(3'0:0 a<pt¢T> (6.77)

6.3.6 Maximum Likelihood Estimators of THTHRD
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L= L(ao, al,aza?,,k; tl, tZ,,tm) = nfz( dg,dq,dp, ag,)\,' t])

t) Jp+1 t}‘P+1
= [Ij%, Yo—0ant;? e ~Zpmotu g (2(1+7\)e Zp=029gri —7\).

. (p+1 m 3 5 tj<p+1
o ToThe0% T l_[ Z a,t;® (2(1 + e Ze=0t0 i _ x)

(6 .77)

the log likelihood function for the parametersa,, as

InL =

m t(p+1
+Z (2(1+A)e Zp=029 T —A)

by taking the derivatives of L with respect to unidentified parameters (a,,) as
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m

dinL
a:o z Z(ao+2(p 134t )

=0

t P+l
(2(1 + W)t 2o G )

T=0( 2(1 + A)eotie” Tom1 20 gL o ),

K |

(6.78)
dinL _
da;
m
-5 Z
j=0 2 (a0 +Z<p 13,4%)
t P+1
(1+)t?e2le Xp=129 T
m
- z t](p+1
J=0 (2(1 + Ve obe Zp=120" g3 —A)
dinL _
da,

m 3.
2.3 Z
j=0 3 (aO+Z(p 1a(P (p)

t; p+1
( (1+M)t3e2%e Lo=130"g71 >

( )

T=0( 2(1 4 Ne2ote” 20127 gFT
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(6 .80)

dinL _
da;

M 4
Z% 2(a0+2(p 130t )

j=0

t P+l
m ( (14 )t¥+1e72e Zom120 g1 )
(6.81)

9

{0+
J=0 (2(1 + A)etie” o= G —A)

£ P+
-y3 _oa J____
2e “P=0T¢ o+l 4
olnL. _ «m

a}\ - ]=0 t.(P+1
-3 _-a J____
2(1+\)e “P=079 o+1 _)

(6 .82)

aan dln L

When=25= da,

= 0 There is no closed solution of(6 .78) (6 .79) (6 .80) ,(6

.81)and (6 .82)) therefor, numerical technique (Newton- Raphson method) should
be apply to solve.
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Conclusion and Future Work

Conclusions
Important findings from this research include the following:

1- Depending on the previous tables, we can see that the distributions that we found are
better than the original distributions.

2- The distributions obtained from the transmuted hazard formula are better than the
distributions obtained from the first general form GPHRD.

3- When comparing the distributions that we obtained from the first formula GPHRD,
we found the best distribution in the case of n = 2.

4-  When comparing the distributions that we got from the formula we got from the
previous formula THGPHRD, we found the best distributions in the case of n=2.

5- The obtained distributions are characterized by high flexibility.

6- We took an example of the survival transformation of the Landley distribution and
proved using the general possibility method that it is better than the original Lindley
distribution.

7-  Maximum likelihood sampling was employed to evaluate the distributions.

8- A formula was discovered that depends on the hazard function GPHRD, from which
we can generate a finite number of distributions.

9- A formula was discovered that depends on the risk function, from which we can
generate a finite number of distributions.

10- Likewise, with regard to the transmuted hazard formula that depends on the
risk function, we can generate from it a finite number of distributions, which are

characterized by high flexibility.
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Future Work.

Important ideas and notes that may be utilized for further research include:

1. Learning the transmuted hazard formula by practicing it with different types of
distributions.

2 .Studying the transmuted hazard formula and substitute any hazard function into it, so we
will get a new distribution.

3 .Determining other methods of estimating these parameters.

4 .Using the best predicted parameters of each distribution to analyse real-world sample
data, and then put that knowledge to use in a genuine experiment.

5. Generalized the transmuted hazard formula by increasing its parameters
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