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Abstract

Due to the ease of connecting mathematics to real-life situations within
the proximity space, this study aims to find new mathematical concepts in
the proximity space. The study examines its properties and their
relationship to the agreed upon mathematical concepts. Thus, the study
attempts to obtain useful results to solve some of the mathematical

problems to cope with the increasing requirements of daily life.
The dissertation consists of five parts:

Part one presents the concept of c-Topological Proximity based on a
binary relationship built in this study with the assistance of the cluster
concept. This family fulfills the conditions of the topological family,
except for the feature of union and intersection. Hence, it will give us the
opportunity to study the concepts of internal, external, and boundary
points, as well as the limit points within this family, and to clarify the
difference between them and the study of these concepts in terms of
topology. As a result, we have three spaces in this study: (X,t,§,0)
,(X,6,15,0), and (X,8,0,15), where X is a non-empty set. All the
mathematical concepts presented in this dissertation are studied in terms

of these three spaces.

Part two presents two types of follower and takeoff points. The set of all
these points are named follower set and takeoff set. Through these sets the
researchers managed to generate topologies based on Kuratowsk theory.
Additionally, via the follower set, the researchers were able to provide a
parallel definition for density, which we called bushy set, and the space
that contains at least one bushy set, it called Co bushy space, where many

properties and results can only be achieved within this space.

X



Part three is dedicated to the concept of bushy in studying the ability of
dismountable space by two disjoint bushy sets, which represents a
reduction of the concept of resolvable space that every dismountable
space is resolvable. The concepts of Bushy space and Attached space and
the relationship between them and submaximal, and hyper connected

space were also introduced.

In part four three types of disjoint sets that generate space were studied.
These were called cluster outer, cluster brim, and cluster disputed sets.
They were built based on follower and takeoff points that focus on
studying the most important properties that were obtained based on these
sets and their relationship to the space to dismountable ability. Thus, the
ability of space can be resolvable. In addition, a special type of open and
closed sets were presented within the proximity space. Therefore, they
can be exploited in constructing finer or coarser topological spaces than

the topology generated in the proximity space.

Part Five of this dissertation deals with a synonymous concept of the
cluster family, where the complement of all the sets of the cluster family
were taken to generate a family that we called Sporadic family. It became
possible to study all the previous concepts with this family. Although the
study of this family was brief, we were able to obtain some important
results that relate this family with the clusters as well as other results that
distinguish it from the clusters family.

In part sixth, the researchers provide some applications about proximity

space and link the results reached by the researchers to the healthy reality.

XI



Introduction

Topological ideas emerged in the nineteenth century, leading to the classic
definition of a topological space. This definition was established either
through the closure operator Kartowisky [1] or through open sets, which
Is the more popular approach. Consequently, contemporary researchers

have focused on studying open or closed sets through of metric spaces.

Metric spaces are important in various fields of engineering, applied and
pure sciences. Although they determine the distance between points and
sets, some problems have confused scientists and researchers including
when the distance between points or sets is zero. Scientists provide
different interpretations of this issue, and different views on its

Importance.

The scientist Riesz solved these problems and described this situation by
finding a definition that is in line with metric spaces, namely the relation
of proximity. Proximity is an easy concept to understand even for non-
mathematicians as people use the words near and far in everyday life.
Scientist Lagrange said that proximity can be explained to the first person

we meet on the street.

Riesz [2] put forward the concepts of proximity spaces in the "Theory of
enchainment”. In 1909, at a conference in Switzerland, however, his idea

did not receive the attention of researchers at that time.

In 1952, Efremovic reintroduced proximity and gave a definition of the
proximity zone based on distance [3]. He stated that two sets in a metric
space are close if the gap between them is zero. Based on this idea,
mathematicians turned to the study of the concept of proximity, the likes
of Smirnov, Leader, Lodeto and other researchers who discovered many
important results by applying them to many life problems.
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.................................

Smirnov in 1952 has shown that EF-proximity can be used to generate all
T,- copactifiction of a given Tychonov space [4]. Additionally, Leader
studied the non-symmetric case and his student Lodeto studied the
symmetric in 1966 [5]. Moreover, in 1959 Leader introduced the
concept of Cluster, which is a generalization of ultrafilter [6]. We know

that L is called ultrafilter if and only if £ satisfy three conditions:
)H,D e Lifandonlyif HNnD =+ @.
2JHUD € LifandonlyifH € LorD € L.

3YHND + @foreveryD € L,then H € L.

If the above conditions, intersect is replaced by near one gets a cluster in
proximity space. The cluster is one of the important concepts and has
many applications in proximity space, which forms a fundamental pillar
within this work [7].

All these results have been inspiring researchers to study this space to
this day. Thus, scientists and researchers were inclined to study these
new spaces on the one hand, and to develop mathematical concepts on
the other. [8, 9, 10, 11].

It is important to mention some contemporary researchers who have used
these spaces to study and create new sets or concepts. Among them is the
researcher Dargham [12], who used proximity space in a different
direction by creating new sets called Center Set and building the theory
of (c-Algebra) set. Another researcher, Ghassan [13], in 2022, constructed
functions and new spaces within central topological spaces using the
theory of proximity. He studied all the topological concepts that can be
explored within those spaces, as well as the relationships between them
within this space.

2
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Other contemporary researchers have attempted to enrich this space with
many interesting concepts. In 2022, the researcher Yiezi [14] introduced
a family of sets in proximity spaces called focal set, which relies on the

relationship of ideality with the open set within i-topology space.

I- topology space presented by Irina Zvina in 2006 [15], which used the
symmetry relationship with ideal to provide a binary relationship called
~asthat A = Bifandonly if (A—B) U (B — A) € I where [ is ideal.

During this relationship he was able to build a family called i-topology
and if the following conditions are satisfies:

1NX,0€T,

2) For any collection U of T, there exists V € T such that UU = V;

3) For any U,V € T, there exists W € T such that (U NV ) = W;

4T NI = {B}.

Then (X, T, 1) is called i — topological space.

In this work, symmetry was also used, but within the cluster in the
proximity space, to present a binary relationship called ~, where
A=, Bifandonlyif (A—B)U (B — A) € g where o is a cluster. We
created a parallel family to the i-topology family within the proximity
space, based on the concept of the cluster. We studied most of the
mathematical concepts within this family and their relationship with
topology and whether this family can satisfy the conditions of topology
and under what conditions. All of this and more is explained in the
dissertation.

The dissertation is divided into six chapters:

Chapter I. Consists of four sections. The first section includes the
foundational definitions required for this work. The second section

focuses on the generated topology within the proximity space and some

P!
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necessary theorems. The third section introduces two binary relationships
(=), and (o<, ) based on the symmetry relation and the difference between
two sets, along with studying the important properties of these
relationships. The fourth section builds a family based on the binary
relationship (=,) called o —Topological Proximity (ts). We are
studying this family, mentioning its important properties, and its
relationship with the topology family, and exploring which one implies
the other and whether this family can form a topology or not, and under

what conditions.

Chapter Il: Focuses on three sections. The first section introduces the
concept of takeoff set, which is parallel to the concept of an operator, v,
studying its important properties. The second section introduces the
concept of follower set, which is parallel to the concept of the local
function, studying its properties. The follower set is then employed to
construct topology based on the theory of Kuratowsk. The third section
presents a special type of closed and open sets, studying their important

properties and the relationships between them.

Chapter I11: Focuses on three sections. The first section introduces the
concept of the bushy set and studies its relationship with dense sets and
the important results obtained when each bushy set is an open set or vice
versa. It also examines its relationship with hyper connected and
submaximal concepts. The second section introduces the co-bushy space
and studies its important properties. The third section presents the
dismountable space and non-dismountable space and their relationship

with resolvable and irresolvable spaces.

Chapter 1V: Centered on two sections. The first section disjoint sets
aggregates that divide the space into separate aggregates was presented,

we called them: cluster outer, cluster brim, and cluster disputed sets with

PV
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the study of the characteristics of each set. As for the second section, the
definition of cluster too intense, clutter semi intense, and cluster intense
sets was presented and their properties and their relationship to open and

closed sets were studied.

Chapter V: In this chapter, a family synonymous with the cluster family
was presented. It called the Sporadic family, and all the results and
characteristics that were studied on the cluster family were re-studied on
the sporadic family. This is clarifying the difference between the two
studies and if there is a relationship between these two families. It also
focuses on the most important spaces, and the most results and

characteristics.

Chapter VI: Contains the application of proximity space, and

conclusions that we have reached as well as future work.
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1. 1 Proximity space

Proximity is an intuitive everyday notion of life. For instance, we become
skilled in identifying the similarities among things in our environment at
an early age and we can quickly evaluate the degree of similarity. Phrases
such as “those cars look alike” or “those pictures have the same frame”
serve to illustrate how frequently we make analogies to things that are not
exactly identical but share some common properties. In this section we
will recall some of the basic definitions related to proximity space, cluster

and some theorems need in this work.

Definition 1. 1. 1 [16]: Let X be a nonempty set. A relation & on the
family P (X) of all subsets of a set X is called a proximity on X if § satisfies
the following conditions:
[P1] AJB, then BSA;
[P2] A6B,then A+ @ and B # @;
[P3] ANB # @,then AdB;
[P4] AS6(B U C)ifand onlyif ASB, or ASC;
[P5] AdéB and {b}5C for each b € B, then ASC;
[P6] ASB, then there exists E € P(X) such that ASE and X — ESB;
[P7] {x}6{y} thenx = y.

Strictly speaking, one should use the notation (A,B) € § or (4,B) € §

when the sets A and B are either near each other or not, but we shall simply

write ASB or ASB. The pair (X, &) is called a proximity space.

A Basic proximity 6 or Cech's axioms is one that satisfies from [P1] to
[P4]. A Lodato proximity & is one that satisfies from [P1] to [P5].

Efremovic or EF- proximity & is one that satisfies from [P1] to [P4], and



[P6]. Further proximity 6 is separated if it satisfies [P7]. In this work we

using a basic proximity.

Example 1. 1.2: LetX=1{1,2,3},6={({1},{1}),

({13, {1,2}), ({1}, {1,3}), {1}, X), ({1}, {3}, {1}, {2,3}), ({2}, {2}),

({2}, {1,2}), (2}, {2,3}), ({2}, X), ({3}, {3}, ({3}, {1,3}), ({3}, {2,3}),

({33, %), ((31{1.2}), ({1,2},{1,2}), ({1,2},{1,3}) , ({1,2}, {2,3}), ({1,2}, X),
({1,3%{2,3}), ({1,3},{1,3}), ({1,3}, X), ({2,3}, {2,3}) , ({2,3}, X), (X, X),
(1.2} {1H 133, {1, (X, {1}, ({3}, {1, ({2,3}, {1}), ({1,2},{2}),
(2,3}, {2, (X, {2}), ({1,3}, {3}), ({2,3}, {3}, (%, {3}), ({1,2}, {3}),
({1,31{1,2}), (2,3}, {1,2}), ({X, {1,2}), ({2,3}, {1,3}, ({X,{1,3}),
({1,3},{1,3}), ({2,3},{2,3}), ({2,3}, X) }.We see that 6 satisfies from [P1]
to [P6], thus & is proximity define on X.

Example 1. 1. 3 [16]: LetX =1{ab,c}, and &; define
byA6B if and only if A #+ @ and B # @.Then

6; = {({a}, {b}), ({a}, {c}), ({a}, {a, b}), ({a}, {b, c}), ({a}, {a, c}),

({a}, {a}), ({b},{b}), (b}, {c}), ({b},{a,b}), ({b},{a,c}), ({b}.{b, c}),
({0}, X), ({c} {c]), ({c} {a, b}) , ({c} {b, e}, ({c} {a, c}), ({c}. {a, c}),
({c}, X), ({a, b}, X), ({a, b}, {b, c}) , ({a, b}, {a, c}), {a, b}, {b, a}),

X, {b,c}h), (b, ct.{a,c}), ({b, c}, X), ({a, c}.{a, c}), ({a, c}, X), ({b},{a}),
({c}. {a}), ({a, b}, {a}), ({b, c},{a}), ({a}, X), (X, {a}), ({c}, {b}), ({a, b}, {b}),
({a, c}, {b}), ({b, c}, {b}) , (X, {b}), ({a, b}, {c}), ({b, c}, {c}), ({a, c}, {c}),
({a, c}{ch, (X, {c}), ({b, c}.{a,b}), ({a, ¢}, {a, b}), ({a, c}, {a}), (X, {a, b}),
({a,ch {b,c}), ({b,c}, {b,c}), ({a,c}, XD}

&, satisfies the conditions [P1] - [P6]. Hence &; is proximity say

indiscrete proximity.



Example 1. 1. 4 [16]: LetX ={ab,c}. Let &, define by
AbpB if and only if AN B # @. Then

6p = { ({a}.{a, b}), ({a}, {a,c}), ({c}, {c}), ({c}, {b,c}), ({c}.{a, c}),
({c}.{a, c}), ({c}, X), ({a, b}, {a, b}), ({a, b}, {b, c}) , ({a, b}, {a, c}),

({a, b}, X), ({b, c},{b, c}), ({b, c}, {a, c}), ({b, c}, X), ({a, c}. {a, c}),

({a, c}, X), ({a, b}, {a}), ({b, c}, {a}), ({a, c},{a}), (X, {a}), ({a, b}, {b}),
({b, c}, {b}), (X, {b}), ({a}, X), ({b, ¢}, {c}), ({a, ¢}, {c}), ({a, c}, {c}),

(X, {c}h), (b, c},{a, b}), ({a,c}{a,b}), (X,{a,b}), ({a, c},{b, c}),
(X,{b,c}), {a, c},X) }. We see that &, satisfies the conditions [P1] -

[P7]. Thus & Is a separated proximity say discrete proximity.

Butif § = {({a}, {b}), {a}, {c}), ({a}, {b, c}), ({a}, X), ({a}, {a}),
({b}.{a, c}), (b}, X), ({c} {c}), ({c}, {a, b} {c}, X), ({a, b}, {a, b}),
(X, {a,b}), ({a, b}, X), ({b, c},{b, c}), ({b, c}, X) (X, {a}), ({c},{b}),
({a, c},{b}), (X, {b}), (X, {c}), ({a, c}, X), ({b}, {a}), ({c}, {a}),

({b, c}.{a}), ({a, b}, {c}), (X, {b, c}), ({b},{b}), ({b}, {c}), ({a,c}, X)},
then & is not proximity because {a, b} N {a, c} # @, but {a, b}6{a, c}.

Definition 1. 1. 5 [16]: If §; and &, are two proximities, we define §;
> §, ifand only if A5, B implies A, B. In this case we say that 6, is finer

then §,, or &, is coarser than §;.

By above Examples we see that 6, > §;. Hence a discrete proximity finer
then indiscrete proximity. Therefore it is obvious that &, > § > 6, for

any proximity § on X.



Examples 1. 1. 6 [17]: Let X be a nonempty set. § is a proximity define

by:
1. A6B if and only if clA N clB # @.( fine Lodato proximity)

2. ASB if and only if cIAnclB # @ or both A and B are infinite.
(Coarsest Lodato proximity).

3. AéBifand only if clA N clB # @ or both A and B are uncountable

4. A6B ifand only if d(4, B) = 0. (Metric proximity).

Theorem 1. 1. 7 [16]: Let (X,0) be a proximity space. A, B nonempty
subsets of X. Then
1. If A5B, then BSA.
2. If ASB,and B c C ,then ASC.
3. If ASB,and C c B ,then ASC.
4. If there exist a point x € X such that Ad{x} and {x}6B, then ASB.
5. A8Q for every A € X.
. {x}6{x} for each x € X.
7. IfASB,then AN B = Q.
8. If ASB, then {x}8B for each x € A.
9. ASC and B5C if and only if (A U B)4C.

(@]

Definition 1. 1. 8 [14]: The proximity & defined on a nonempty universal
X is called o — proximity if for any arbitrary family {u; ; 1 € B} of subsets
of X, it has the following feature B §(U,ep uy,) if and only if B & uy,

for some 4, € 5.

Definition 1. 1. 9 [16]: Let (X,d8) be a proximity space, and A, B are
subset of X . Then B is called a proximity neighborhood or § -

neighborhood of A if and only if A5(X — B) and is written A « B.

=10



Theorem 1. 1. 10 [16]: Let (X, ) be a proximity space, and 4,B,C,D

are subset of X. Then the relation « satisfies the following properties:

1

2
3
4
S5,
6
7
8

. AKX ,and @ < A for any subset A of X;

. IfA < B, then A4 c B;

. Ac B« CcDimpliesA < D;

. A KL B,implies (X —B) < (X — A4);

A KL Bjistruefori =1,2,...,nifand only if A KNi-, B;;

. If A K B, then there exists a set C c X such that A < C < B;
. If{x} K Athen x € 4;

. If A K< B, then {x} « B for all x € A.

Definition 1. 1. 11 [16]: Let (X, §) be a proximity space, and A, B subset

of X

. The family F(4) = {B € X; A < B} isall § — neighberhood of a

set A in a proximity space (X, ).

Proposition 1. 1. 12 [16]: Let(X, §) be a proximity space. Then

1.

2
3.
4

If B € F(A),then A c B.

If B € F(A), then X — A € F(X — B).

If B c A, then F(A) c F(B).

If B € F(A), thenthere existsa C € F(A) suchthat B € F(C).

Proposition 1. 1. 13 [18]: Let (X,5) be a proximity space. Let Y a
nonempty subset of X. A,B c Y, and AdyB if and only if A6yxB. Then

(Y, 6y) is a proximity subspace.
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Definition 1. 1. 14 [6] A nonempty family of nonempty subsets of X
denoted by o is called a cluster in proximity space (X, 8) if o satisfying
the conditions:

[C1] Forall A,B € 0 = ASB,;

[C2] (AU B)eo <= A€ecoorBEo;

[C3] AéB foreachB € 0 = A € 0.

Proposition 1. 1. 15 [6]: Let (X, 6) be a proximity space. A, B nonempty
subsets of X. Then

1. Forany E € XeitherE €eocorX —E €o.

2. IfA€ecgandA c B,thenB € o.

3. oy ={A € X; A6{x}} is cluster.

4. If {x} € o for some x € X,then g = g, is called point cluster.

5

. If 6 is indiscrete proximity, then ¢ = {A € X; A # @} is cluster.

Example 1. 1. 16: Let X = {a, b, c}, 6 be a discrete proximity defined on
X,theng, = {{a}, {a,b},{a,c}, X}, op = {{b}, {a,b},{b, c}, X}, and o, =
{{c},{c, b},{a, c}, X} are point clusters.

We can see that if § defined on X is an indiscrete proximity, then there is
only one cluster:o = {{a},{a, b},{a,c}, {b},{c},{b,c}, X}, say point

cluster.

Notes 1. 1. 17: Let (X,8) be a proximity space. A, B nonempty subsets
of X. Then
1st If A,B€ g,then AUB € o, but An B is not necessary belong in

cluster.
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2nd

3rd

4th

5th

6th

Because A,B € A U B by Proposition 1. 1. 15 part 2, we get AU
B € o. Therefore by Example 1. 1. 3, {a} and {b} € o, but {a} N
{b} =0 ¢o.

If ANnB € o, thenAand B € 0. Immediate consequence of

Proposition 1. 1. 15 part 2.

@ ¢ o. Because BS54, for everyA C X.

By Proposition 1. 1. 15 part 1, if A € o, then (X —A) € ¢. But
convers not always is true, that is, if (X — A) € o that not necessary
A & o because if we take § is indiscrete proximity, then A and (X —

A) € o for every nonempty subset A of X.

The union and intersection of any two families of clusters are not
necessary to be a cluster. For example 1. 1. 16, o, and g, are

clusters, then we see that o, a3, and a,Uay, are not clusters.

Every proximity space has a family of cluster at most equal to the

number of space elements or it has at least one.

Lemma 1. 1. 18 [18]: Let g, , 0, be a two clusters define on (X, 8). If

0, C 0, thenag; = o,.

Theorem 1. 1. 19 [17]: Let (X, 6) be a proximity space. If A6B, then there

exists a cluster o containing A and B.
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Theorem 1. 1. 20 [17]: Let (X, 8) be a proximity space, and o is a cluster
inX.LetA c Xand A € o. Then the cluster 64, = {H < A; H € g} is the

only cluster in (A, 8,) contained in o.

Example 1. 1. 21: Let (X, ) be a proximity space. Let & is a discrete
proximity and X = {1,2,3}. Theno = {{1},{1,2},{1,3},X} . {1,3} € o
and {1,3} € X we have that o3 = { {1},{1,3}}. And oy = {{1}},

0-{1,2} = { {1}; {11 2}}'JX = { {1}; {1r 2}1 {1r 3}1 X} =J0.

Definition 1. 1. 22 [18]: A mapping f : (X,dx) — (Y, 6y) is called a
proximity or § — continuous if A6yB, then f(A)déyf(B) foreach A, B ©
X.

Proposition 1. 1. 23 [18]: A mapping f :(X,dx) = (Y,8y) is § —
continuous if and only if for every DHcY, Dé&,H,
then f~1(D)éx f~1(H).

Theorem 1. 1. 24 [18]: Let f be a proximity mapping from (X, dy)

to (Y,6y). Then for each cluster oy in X, there corresponds a cluster
oy in Y such that f(oy) = {A € Y; Ay f(B) for every B in oy}.
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1.2 Proximity Topology
In this section, we introduce the definition of topology in the proximity

space and the most important characteristics that we need in this work.

And discuss some properties of the proximity space.

Definition 1. 2. 1 [16]: Let (X, &) be a proximity space. A subset F c X
Is defined to be 75 — closed if and only if {x}6F implies x € F. Thus if

x & F implies {x}8F, then F is t5 — closed set.

By 15 denote the family of complements of all the sets defined in such a

way. It is easy to notice that, X and @ are t5 — closed set.

Example 1.2.2: LetX=1{1,2,3}, 6 ={({1},{1}),

({1} {1,2h), ({1}, {1,3}), ({1}, %), ({2}, {2}, ({2}, {1,2}),

({2}3,{2,3), ({2}, X), ({3}, {3H, ({3}, {1,3}), ({3}, {2,3}), ({3}, X),
({1,2},{1,2}), (1,2}, {1,3}) , ({1,2},{2,3}), ({1,2}, X), ({1,3},{2,3}),
({1,3%,{1,3}), (1,3}, %), ({2,3},{2,3}) , ({2,3}, X), (X, X), ({1,2}, {1}),
({1,335 {1}), (X, {1}), ({1,2},{2}), ({2,3}, {2}), (X, {2}), ({1,3}, {3}),
(2,3}, {3D), (X, {3}), ({1,3},{1,2}), ({2,3}, {1,2}), ({X, {1,2}), ({2,3},{1,3}),
(£, {1,3h), ({1,3},{1,3}), ({2,3},{2,3}), ({2,3}, X) ({2}, {3}), ({3}, {2}),
({2},{1,3}), (1,3}, {2}), ({1,2},{3}), ({3}, {1, 2} }.

We see that , X, @, { 2,3}, {1} are t5 — closed sets. Because

{1}6{1} implies 1 € {1},

{2}6{2,3} implies 2 € {2,3},

{3}6{2,3} implies 3 € {2,3}.

1,2 and 3¢ @ implies{1}, {2} and {3}50.

But, { 2}, {3}, {1,3},{1,2} are not 6 — closed sets. Because

{316{2} but 3 ¢ {2},
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{(2}6{3} but 2 ¢ {3},
{2}6{1,3}but 2 ¢ {1,3},
(3}6{1,2} but 3 ¢ {1,2}.
Thus7s = { X, 0, {1},{2,3}}.

Proposition 1. 2. 3 [16]: If G is a subset of a proximity space(X, §), then
G is 75 —open in topology 75 if and only if {x}6X — G for every x € G.

By Example 1. 1. 4, 75, is a discrete topology because every subset of X
is 75, — open.

That is, a € {a} implies {a}5,{b, c},

b, ¢ € {b, c} implies {b}5,{a}and {c}5,{a},

a, ¢ € {a,c} implies {a}s,{b}and {c}6,{b},

a,b € {a, b} implies {a}6,{c}and {b}6,{c},

b € {b} implies {b}5,{a, c},

¢ € {c} implies {c}6,{a, b},

a, band c € X implies {a}, {b} and {c} 6,9,

a,band c & @ implies a, b and {c} 6,X.

In the same way we note that, by Example 1. 1. 3, 74, is indiscrete

topology, hence 75, = { X, 0}.

Theorem 1. 2. 4 [16]: If (X, ) is a proximity space, then the family s
Is a topology on the set X.
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Moreover, if (X,8;) is a proximity space, then there exists a unique

topology 75, generated by 6;. For example &, generated indiscrete

topology, and &, generated discrete topology.

Proposition 1. 2. 5 [16]: Let 6, and &, be a two proximity defined on X.

If 62 > 51, then Té‘l C Té‘z.

Proposition 1. 2. 6 [16]: Let (X, ) be a proximity space. Then the
75 —closure A of a set A is given by: 75 — cl(A) = {x; {x}6A}.

Proposition 1. 2. 7 [16]: Let (X, §) be a proximity space. Then t5 —

cl(A) is a Kuratowski closure operator.

Proposition 1. 2. 8: Let (X, §) be a finite proximity space. Then ’UE(X —
W) ifand only if U is 5 — open.

Proof.

Let U is 75 —open set. Then {x} §(X —U) for every x € U. By axiom
[P4], (Uyeq {xDS(X —U) for every x € U. But (U,ey {x}) = U, thus
U §(X — U). Conversely, Let U §(X — U), then by Theorem 1. 1. 7 part
3, {x} 5(X — W), for every x € U by Proposition 1. 2. 7, U is 75 —open

Setm

Proposition 1. 2. 9 [16]: U is 5 — open set if and only if U € t5. Also

Fists —closed setifand only if X — F € 7.
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Remark 1. 2. 10 [16]: Let U bea 15— open of a point x. Then t5(x)
denoted of all T5 — open set of the point x. Thus 75(x) = {U € 75;x €
us.

Proposition 1. 2. 11 [16]: The topology 75 generated by a proximity

relation § in a space X is regular.

Proposition 1. 2. 12: Let 75 be a topology generated by a proximity
relation & on a finite nonempty set X. Then every 75 — open set is t5 —

closed set.

Proof.
Let U € t5 . Then for every x € U , {x}6(X — U). By Theorem 1. 1. 7
part 3, {x} 6{y} for every y € (X — U). Hence {y}5{x} for every x € U

By Theorem 1. 1. 7 part 9, we have that {y}& U,cy{x} thus {y}6U for
every y € (X —U). In other word foreveryy € (X—U),y K X—U By
Proposition 1. 2. 7, (X —U) € t5. Thatis U is 5 — closed setm

Note 1. 2. 13: If § defined on a nonempty universal X is o — proximity,

then every ts — open set is ts — closed set.

Theorem 1. 2. 14 [17]: Let (X,5) be a proximity space. x € X. Then
F({x}) is induced topology by the proximity §.

Proposition 1. 2. 15: Let(X, §) be a proximity space, and A € X.
x € t5 — cl(A) if and only if USA for every U € 745(x).

Proof.
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Let x € t5 — cl(A). Then {x}6A, by Theorem 1. 1. 7 part 2, USA for
every U € t5(x).

Conversely, let USA for every U € t5(x). If possible x & 75 — cl(A).
Then {x}&4, but (X — A) is § — neighborhood of x, by Theorem 1. 2. 14

there exists V € 745(x) such that {x} < V « X — 4, that is, V5§ A which

Is a contradiction with hypothesis. Hence x € t5 — cl(A)m

Definition 1. 2. 16: The quadruple (X,8,7s5,0) is called cluster
topological proximity space, where (X, d) is a proximity space.
That means the topology proximity and cluster depend upon the proximity

space.

Definition 1. 2. 17: The quadruple (X, t, §,0) is called proximity cluster
topological space, where (X,t) is a topological space and (X,6) is a
proximity space.

That means the topology independent upon the proximity space, but

cluster depend upon the proximity space.
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1. 3 Binary relation ~, and Binary relation o,:
In this section, we introduce binary relation ~ and binary relation o,.
First, the symmetry relationship needs to be defined, which depends on

the cluster set. Also, the properties of this relation are examined.

Definition 1. 3. 1: Let o be a cluster in (X, §), and A, B are subsets of X.
The binary relation =, defined on (X, 6) as follows:

A=, B © (A—B)U(B—A)€ao. We denoted by A =, B & (A —
B)U(B—-A) ¢o.

Example 1. 3. 2: LetX = {1,2,3} and & is a discrete proximity, ¢ =
{{13,{1,2},{1,3}, X}, then {1} =, {2}. Because ({1} — {2}) U ({2} -
{1) ={1}u{2}={1,2} €. But {1} =, {1,2} because({1} —
{L2huvAL,2}-{1)) =0u {2} ={2} ¢ 0.

Proposition 1. 3. 3: Let (X,8) be a proximity space. A, B are subsets
of Xand o is cluster define on X. Then

1. A=, X, forevery A € o;

2. A=, Aforevery A C X;

3. A =, 0, foreveryA € o;

4. If A=, B,thenB =, A;

5. Forevery A € g,there exsist B € o,such that A =, B,

6. Forevery A € g,there exsist B € o,such that A =, B;

7. IfA¢&oandB ¢ o,then A=, B.

Proof.
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1) Let A ¢ o. Then by proposition 1. 1. 15 part 1, X —A € 0. But X —
A=Q0UX-A)=UA-X)UX —-A4), thatis,(A—-X)U (X —A) eo.
Hence A =, X .

2) By Remark 1. 1. 17, @ ¢ 0. But 6 = (A—A)U (A4 — A), hence
A=, AforeveryA C X.

3)SinceAecandA=AUd=A—-0)U(@—A),weget(A—0Q)U
(0 —A) €0, hence A =, 0.

4) Thatisclearbypart2 A =, Bifandonlyif(A—B)U(B—A) eoif
andonlyif(B—A)U(A—-B) ecgifandonlyif B =, A.

5) This is an immediate consequence of part 3, because @ & o.

6) This is an immediate consequence of part 1, because X € o.

7) Let A€ o, B € o, and let us suppose that A =, B. Then (A —B) U
(B—A) € o . By axiom [C2] either A—B € o or (B —A) € g. Since
(A—B) € Aand (B — A) € B, by Proposition 1.1 15 part 2, we get A €

o or B € o this contradiction , thus A=, Bm

Definition 1. 3. 4: Let o a cluster in a proximity space(X, §), the binary
relation oc; defined on (X, &) as follows:

Ax;, B ©A—-B€oc . WedenotedAx, B &A—B¢o

By Example 1. 3. 2 we see that, {1,2} «, {2,3} because {1,2} —{2,3} =
{1} € 0. But {2} <, {3}.
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Proposition 1. 3. 5: Let (X, 8) be a proximity space, and A, B are subsets

of X, o is a cluster define on X. Then

1.

2
3
4.
5
6
7

A x, X, forevery A C X;

A «<, @,for every A € o;

X <, A, forevery A € o,

For every A € o, there exsist B & o,such that A «, B;
Forevery A ¢ o,then A <, B, forevery B C X;

IfAc Hand A <, B,then H <, B;

If D c Band A <, B,then A <, D.

Proof.
1) This is an immediate, because (A — X) = @, and @ € o.

2)Let A€ og.Then (A— Q) = A € g, hence A <, 0.

3) Let A € o . Then by Proposition 1. 1. 15 part1, (X — A) € o.

Hence X «, A.

4) Let A € g, and suppose B = @.Then @ & o, thus by part 2, A o<, B.

5)If A= 0@,then @ «, B forevery B € X. If A # @, then suppose that
A «, B thisimpelsthat (A—B) € c but(A—B) € A € ¢ this

contradiction, because A & o. Thus A o, B for every B C X.

6) Let A <, B.Then (A—B) € 0.SinceAc H,(A—B) c (H—-B).By
Proposition 1. 1. 15 part 2, (H — B) € g, hence H <, B.
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7) LetAx, B. Then (A—B)€o.Since Dc B, (A-—B)c (A—-D).
By Proposition 1. 1. 15 part 2, (A — D) € o, hence A «, D.
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1. 4. o —Topological Proximity
In this section, we will build a family relying on the binary relationship =,
with the cluster. And study its most important characteristics and its

relationship with topology.

Definition 1. 4. 1: Let (X, 8) be a proximity space, o is cluster define on X,
then o —Topological Proximity denoted by t, the family nonempty subsets
of X satisfies the conditions:

1. X,0 € 1,

2. For every sub collection U of T, there exists V € 1, such that

Ul =, V;

3. Forevery U,V € 1,4, there exists W € 1, suchthat (U NV) =, W;

4. 1,No = {X}.
Thus the quadruple pair (X,8,0,1,) is denoted of o — Topological

Proximity Space.

Definition 1. 4. 2: Uist, —openif and only if U € 1, and it’s

T, —Closed if and only if the complement is T, — open set.

Examples 1. 4. 3: Let X = {1,2,3}. Then
I) Let 5be a discrete proximity. Ifo = {{1},{1,2},{1,3},X}, then
{X,0,(3},{2}}, {X.,0,{3}}, and{X,0,{3},{2,3}} are o- Topological
Proximity.

In order to clarify more, let's take the collection t, = { X, 9,{2},{3}} to

show that T, is a o- Topological Proximity.
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1-X,0 € 1,.

2- For every sub collection {2}, {3}, X of T, there exists {2} and X € 1, such
that {2,3} =, X, {2} =, X {3} =, Xand X =, {2}.

3- For every {2},{3},X and @ € T, then there exists {2} and X € 1, such
that @ =, X and {2} =, X {3} =, X and X =, {3}.

4- 1, N o = {X}. Hence 1, is o0 — Topological Proximity.

II) If dis an indiscrete proximity, then o =
{{13,{23,{3},{2,3},{1,2},{1,3}, X} and T, = { X, @} is only o- Topological

Proximity.

Examples 1. 4. 4: LetX = {a, b, c}, and § be a discrete proximity. If o =
{{c}.{a,c},{b,c}, X}, then ©, ={X,0,{a},{b}}, T, ={X,0,{b}},
and T3 = { X, ®,{a},{a, b}} are o- Topological Proximity.

The Definition indicates that ¢ — Topological Proximity can be topology as
in 1,,,T3,, also we see that t,_ is o — Topological Proximity but not
topology and discrete topology is not ¢ — Topological Proximity. Therefore,
it is concluded that T, is an independent concept than the classical topology.
Therefore, o — Topological Proximity is not amortizable topology, that is, it
is not generated from a metric space.

According to above, it is noted that the intersection of any two t, — open
sets is not necessarily an t, — open set, i.e., the power set is divided into
three parts, a part containing the t, — open sets, a part containing the cluster

family, and a part that does not belong to either of the two classes
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However, if the power set is separated into two parts only, one part will
certainly contain the open sets and the other part will contain the cluster so
that the common set between them is only X, then the intersection of any two
Ts — opensSetsisan t, — open set, thatis, ifl andV € 14, thenU NV €
T, . Because if possible U NV ¢ 14, thenthereexistsosuchthatU NV €

o thismean U € o andV € o which is a contradiction, hence U NV € ;.

According to earlier results, we get the following remarks:
Remarks 1. 4. 5: Let (X,6,0,1,) be a o — Topological Proximity Space.
A, B nonempty subsets of X. Then

1st  For any subset U of X such that U ¢ o ,then t, ={X,0,U}isc —

Topological Proximity

Proof.
1-X,0€ 14
2-For every sub collection ‘U of T, such that U € o, X & (U U) because X €
o. Then there exists X € t, such that (UU) =, X;

3-Forevery U,VE 15, (U NV)&obecause V=XorV=UorV = 0@,
then there exists X € 1, suchthat (U NV) =, X,

4- t,No = {X}. Hencety, = {X,0,U } is o — Topological Proximity.

2nd  Lett, ={X,0,U;;U; €0,i € N}. Thent, IS o— Topological

Proximity

Proof.
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1-X,0€ 15,

2-For every sub collection U; of t,, (Ujz; U;) € o. If not, there exists sub
collection i, ..... k such that (U¥_, U;) € o by axiom [C2] there exists U; €
UK, U; such that U; € o which is a contradiction with hypothesis, thus
(UL, U;) € o by Part 1 there exists X € 1, such that (UL, U;) =, X;
3-Forevery U,VE 1,,U NV &o.lfnot, U NV € g. By Note 1. 1. 17
part 2, U,V € o which is a contradiction with hypothesis, thus U NV ¢ o
by Part 1 there exists X € 1, such that (U N V) =, X;

4- 1,No={X}. Hencet,={X,0,U;;U; &0, iEN}. IS o0—

Topological Proximity.

3rd Inthe case of indiscrete proximity space, T is a topology, in addition
IS T5.
That is clear by Example 1. 1. 3 and Example 1. 4. 3 part 2, because
o = {X,0}, t={X 0}and t5 = {X, 0}.

4th  Let  be a non-indiscrete proximity space. Then topology proximity
Tg IS NOt 4.
That is clear by Proposition 1. 2. 12, because ‘U and X — U belong
in ts but by Proposition 1. 1. 15 part 1, U or X — U belong in o, this
implies that tg N o # {X}.

5th  If (X,7) be a topological space withzN o = {X}, then T is o —

Topological Proximity.
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6th

7th

8th

Proof.

For every sub collection U of t then(UU) € 7, thus (UU) € o.
Then by part 2, there exists X € t such that (UU) =, X. Also, if
U, Vet thenUNV etthusUNYV & o. Then by part 2, there exists
X €ersuchthat (U nV) =, X.

(Hint: If (UU) = X, that not problem because by proposition 1.3.3

part 3 there exist @ € T such that X =, 0).

If U,V € 14, thenitis not necessary U NV and U UV belong in t,.
That evident by Examples 1. 4. 3.

Every proper member of cluster is not t, — open.
That is evident by axiom 4 of Definition 1. 4. 1, because if C € o, then
C & 15.

For every o — Topological Proximity there exists a topology 7 on X
contains it.

The reason of that when using a o — Topological Proximity, we are
not bound by achieving intersection and unions between sets, which is

not the same case in topology.

More clarification let X = {1, 2,3,4},5 is discrete proximity and o =
{{2},{1,2},{2,3},{2,4},{1,2,3},{2,3,4},{1, 2,4}, X} we see that Ti, =
X,0,{3} , 1, =X003L{4}} twu, ={X01{1,3}{34}} and
T4, = {X,0,{3},{1,3},{3,4},{1,4}} are o — Topological Proximity.
There existst, = {X,0,{3}}, 1, ={X,0{3},{4},{34)}, 13=
{X,0,{3},{1,3},{3,4},{1,3,4}, and Ty =
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{X,0,{3},{4},{1,3},{3,4},{1,4}, {1, 3,4}} sequentially, are topologies

contain t,.

9th If 7, , Tt,, are two o — Topological Proximity define on same
cluster o, thent; NTt;.and 1, U7, are also o — Topological

Proximity.

Proof.

Let t,,, T, be atwo o — Topological Proximity. Let U € (ty, N T3,)-
Then U € 1., andU € T, by Definition 1. 4.1, U € o thus by part 2,
(t1, NTy,) is o — Topological Proximity. So that for every U € (14,
Ut,,).then U € 1, or U € T, byDefinition1.4.1U € o thus by part

2, (t1, U 1y,) is 0 — Topological Proximitym

Definition 1. 4. 6: Let (X,6,0,t, ) be a o — Topological Proximity Space.
A point x € A € X is called 7, — interior point of A if and only if there
exists 7, — open set G such that x € G < A and the set of all 7, — interior

point of A is denoted by 7, — int(A4).

Proposition 1. 4. 7: Let (X, T4, 0,6 ) be a o — Topological Proximity Space
and A, B nonempty subset of X then:

1. 7, - int (A) € A.

2. A € 14 then t, - int (A) = A.

3. 1,- int(X) =Xand t, - int (Q) = Q.

4. t5,- int (A) =U{G € 15, G S A}.
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5. If Ac B, thent, - int(A) € 1, — int(B).
6. 7, —int(ANB) € 1, — int(A) N t, — int(B).

7. t,—int(A)Vt, —int(B) € t,—int(AUB).

Proof.
1) Evident, by Definition 1. 4. 1.

2) By part 1,7, - int (A) c A. Let x € A. Since A € 1, , forevery x € A
there exists T, — open set Asuchthatx € A € Athus x € 7, - int (4). So
that 7, - int (4) = A.

3) It is an immediate consequence of part 2.

4) x € 15 - int (A) if and only if there exists 7, — open set G such that x €
GC<A if and only if x e G for some G €1, if and only if x eu

(G € 1,;G C A}.

5) Let x € 7, - int(A). Then there exists T, — open set G such that x €
G €A ButA c B,thatis,x € G € B. Hence x € T, - int(B).

6) It is an immediate consequence of part 5.

7) It is an immediate consequence of part 5m

The following example shows that 7, - int(4A) is not necessary

T, — open setand also if A = 7, - int(A), then it is not necessary that A €
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T, as in the example below .Also the converse of cases (6) and (7) are

explained.

Example 1. 4. 8: LetX ={1,2,3,4},5 is discrete proximity, and 1, =
{X,0,{1,2},{2,4}}, where g =

{{3},{1,3},{2,3},{1,2,3},{3,4},{1,3 ,4},{2,3,4}, X}. If A ={1,2,4}, then
A=1,—int(A)butt, —int(A) & 1,,andwhenwetake H = {1,2},B =
{2,4} then 1, —int(H)nt, —int(B) ={2} ¢ 1, —int(HNB) = Q.
Therefore, let 7, = {X,@,{ 1}, {4}}. If we take H = {1,2},C = {3,4}, then
T, —int(HUC) =X & 7, — int(H) U 7, — int(C) = {1,4}.

Definition 1. 4. 9: Let (X,6,0,t,) be a o — Topological Proximity Space,
and A is T, — opensetifandonly if 7, — int(A) = A. Then Aiscalled o —

open Set.

Definition 1. 4. 10: Let (X, 6, 0, T5) be ao — Topological Proximity Space.A
pointx € Aiscalled T, — exterior pointof A € X if and only if there exists
T, — open Set H such that x € H € X — A and the set of all 7, — exterior
point of A is denoted by 7, — ext(A).

By Example 1. 4. 8 ext({1, 2,4}) = @, ext({4}) = {1, 2}.

Proposition 1. 4. 11: Let (X, , 0, t,) be ao — Topological Proximity Space
and let A, B are subset of X. Then

1. 7, - ext (A) =1, - int (X —A).

2. Ant, - ext (A) =0.

3. 7, - ext(X) =0 and 1, - ext () = X.
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. Ty,-ext(A) =U{H et;;H S X — A}

4
5. If A< Bthent, —ext (B) S 1, —ext (A).

6. 7, —ext(ANB) 2 1, —ext(A) N1, — ext(B).
7. 1, —ext(AUB) € 1, —ext(A) U1, — ext(B).
8. 7, —ext(AUB) € 1, —ext(A) N t, — ext(B).

Proof.
1)x €1, - ext (A) ifand only if there exists T, — open set H such that x €
HcX—-Aifandonlyifx € t, - int (X — A).

2) If possible AN t, - ext (A) # @. Then there exists x € Aand x €
T, — ext (A). Thus there exists G € 7, suchthat x € G € X — A, that is,

x € X — A which is a contradiction, henced N 7, - ext (A) = @.

1,-extX = 1,-int(X —X) =1, - int(®) = 9. So that,
T, - ext () = 7, - int(X — Q) =1, - int(X) = X.

4) By Part 1. 4. 10, t, - ext (A) = 1, - int(X — A). Butt, - int(X —
A)=U{GEe1,;G<S X—A}. Hencet, - ext (A) =U{G E€1,;G <X —

A,

5) Let x € T, — ext(B). Then there exists G € T, suchthatx € G € X —
B.Since AC B, x € G € X — A, hence x € t, — ext(A).

6) It is an immediate consequence of part 5.
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7) It is an immediate consequence of part 5.

8) 1, —ext(AUB) =1, - int(X —(AUB)) S 1, —int(X —A) N1, —
int(X —B) =1, —ext(A) N1, —ext(B)m

By Example 1. 4. 8 if we take A = {4} and B = {1, 2,4}, then

1, —ext(A) = {1,2}, 1, —ext(B) = @ and so 7, —ext(A U B) = Q.
But 7, —ext(4) U 7, —ext(B) = {1, 2}.

Also, we noted that 7, —ext({3,4}) = {1, 2}, 7, —ext({1,3}) = {2,4},
and so 7, —ext({3,4} N {1,3}) = 1, —ext(3) = {1, 2,4}.

But 7, —ext({3,4}) n 7, —ext({1,3}) = {2}. Also, 7, —ext({3,4} U
{1,3}) = 1, —ext({1,3,4}) = 0.

Definition 1. 4. 12: Let (X, 8,0,1,) be a 0 — Topological Proximity Space
and A € X ,then x is called t,— limit point of A if and only if for each t; —
open set G of x such that G N (A/{x}) # @ .The set of all T, —limit points
of A is called the t, — derived set and denoted by t, — D(A).

Example 1. 4. 13: Let X = {a,b,c,d}, d is discrete proximity . Let o =
{X,{b,c},{a,c},{c}, {c,d},{a, b, c},{a,c,d} {b c,d}} 1, =
{X,0,{a,b},{a,d}}}. If we take A = {a,b,d}, then 7, — D({A}) = X and 7,
—~D({a,c}) ={b,c,d}, butt, — D({c}) = 0.

Proposition 1. 4. 14: Let (X, 6, 0, T5) beao — Topological Proximity Space

and A, B are subset of X, then each of the following are achieved:

1. Ac B, thent, —D(4) € 7, — D(B).
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2. 7,—D(AUB) 21, -D(4) U1, — D(B).
3. 7,-D(AnB)<c 1t,-DA)nt,-D(B).
4. t,—D(A) € A, for each 7, -closed set A of X.

Proof.
1) Evident, by Definition 1. 4. 12 and by hypothesis that A < B.

2) It is an immediate consequence of Definition 1. 4. 12 and part 1.
3) It is an immediate consequence of Definition 1. 4. 12 and part 1.

4) Letx € T, — D(A). Then GN A/{x} # @, for each G € 7,(x). If x € A,
thenx € X — A.Since X — A is T, —open set, X — AN A/{x} # @ which is
a contradictionm

The converse of case (3) and (4) is not true as in the following example:

Example 1. 4. 15: Let X ={a,b,c,d},let § is discrete proximity o =
{X,{a},{a, b},{a,b,c},{a,b,d}, {a,c} {ad, c} {a d}} and 7, =
{X,0,{b,d},{c,d}}.1fA={a b}, B ={c} thent, —D(4) S Abut A isnot
7, —Closed setand t, —D(A) = {a},t, —D(B) = {a}. Butt,—-D(AUB) =
7, - D({a,b,c}) = {a,d}thust, —D(AUB) o 7, — D(4) U 7, — D(B).

Definition 1. 4. 16: Let (X,8,0,T,) be a o — Topological Proximity Space
and A is a subset of X ,the t, — closure of A is a intersection of all 7, — closed
sets contain A, denoted by 7, — cl(A) , i.e, 1o —cl(A) =N {F:F is 7, —
closed set, A C F}.
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Proposition 1. 4. 17: Let (X, §, 0, t;) be ao — Topological Proximity Space
and A, B are subset of X . Then

1. A S 1, —cl(A) for each subset A of X.

2. If Aist, — closed set, then A = 7, — cl(A).

3. 1, —cl(X) =Xand 7, — cl(®) = @.

4. If A< B, thent, — cl(A) € 1, — cl(B).

5. 1, —cl(AUB) 21, —cl(A) Ut, —cl(A).

6. AU (1, — D(A)) =1, — cl(A).

Proof.

1) It is an immediate consequence of Definition 1. 4. 16.

2) Let A ist, —closed. Then A itself is a smallest 7, — closed set

containing A. Thus A = t, — cl(4).

3) By fact X and @ are 1, — closed sets.

4) Evident.

5) It is an immediate consequence of part 4.

6) Letx € (AUt, —D(A)). Thenx € Aorx € T, — D(A). If x € Aby Part
1, x €1, —cl(A). Ifx ¢ Aand x € 7, — D(A). Then for each 7, —open set
Gofx,GNA/{x}+ @,hence G NA =+ Q. If possible x & T, — cl(A), then

x & F, for some F is 7, — closed contain A. By Proposition 1. 4. 14 part 4,
x &1, — D(F),thatis, U n F/{x} = @ forsome U € 7,(x),but A C F, this
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impliesto U N A/{x} = @ which is a contradiction. Conversely, letx € 7, —
cl(A) , if possible x ¢ (AU T, —D(A)), then x ¢ A and x ¢ T, — D(A),
hence G N A/{x} = @, for some 7, —open set G of x. Sincex € A,GNA =
@, thusAc X — G butX — G is t, —closed set contain Aand x € X — G by
Definition 1. 4. 16 x & t, — cl(A) which is a contradiction. (Since 7, —
clA) c X —G)m

Proposition 1. 4. 18: Let (X, §, 0, t;) beao — Topological Proximity Space.
x €1, —cl(A)ifand only if G N A # @ for each 7, —open set G of x.

Proof.

Letx € T, — cl(A) and supposethat GN A = @, forsome G € t,(x), hence
AC X —G . Since t, —cl(A) is the intersection of all 7, — closed set
containing A, t, — cl(A) € X — G, thenx € X — G which is a contradiction.
Conversely if possible that x & 7, — cl(A), then Proposition 1. 4. 17 part
6, x¢ (AUut, —D(A)), then x¢ A and x &1, —D(A), hence G n
A/{x} = @, for some 7, —open set G of x. Since x € A,GNA =@ which

1s a contradictionm

Proposition 1. 4. 19: Let (X, §, 0, t;) beao — Topological Proximity Space,
and let A is a subset of X. Then

1 X — (15— cl(A)) S 15— cl(X — A).

2. 75— ext (A) =X — (t, — cl(A4)).

3. 15— int (A) =X — (1, — cl(X — A)).

Proof.
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1) Let x € X — (1, — cl(A)), that is, x & T, — cl(A) . Then there exist 7,-
openset G of x suchthat GNA =@ ,hence G € (X —A),andthenx € X —
A.ButX -Acrt,—cl(X—A).Hencex €1, —cl(X —A).

2) x € T, —ext(A) if and only if x € T, —int(X — A) if and only if there
existsG € t, such that xe G S X —Aif and only if GNA=0 by
Proposition 1. 4. 18 if and only if x & 7, —cl(A)ifand only if x € X — (7,

—cl(A)).

3) By part 2 and by Proposition 1. 4. 11 part 1 we have that 7, -int (A) =
Ts,—ext(X—A)=X—cl(X—A)m

Examplel. 4. 20: Let X = {1, 2, 3,4}, § is a discrete proximity, o = {{3},
{1,3}, {2,3,4}, {1,2,3}, {2,3}, {3,4}, {1,3,4}, , X}, and 7, =
{X,0,{1,2},{2,4}}. Then we can see that:

T, — closuer is not necessary is 7, — closed set. Because if we take A =
{3}, then 7, — cl({3}) = {3}, which is not 7, — closed set.

Also, if H=1{3,4} and C = {1,3}, then t, —cl(H) = {3,4} and 7, —
cl(C)={1,3},butt, —cl(HUC) =X, hencet, —cl(H)Ut, —cl(C) c
T, —cl(HU C). Also, if D = {1}, then 7, — cl(D) = {1,3}. T, — cl(A) N
T, —cl(D)={3} , butty,—cl(AnD)=@. Thust, —cl(A) N1, —
cl(D) o1, —cl(AND).

Moreover, if U € 14, that not necessary (U N1, — cl(A)) S ts —cl(UN
A). Because if X = {1, 2, 3,4}, d is a discrete proximity, ¢ = g,, and T, =

{X,0,{1,3},{1,4}}, then X, 0,{2,4},{2,3} are 7, — closed sets, and if we
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take A = {2,3,4}and U = {1,3}, thent, —cl(A) = X, 17, —cl(UNA) =14
—l({3} ={2,3},butUNnrt, —cl(A) ={1,3}.

Therefore, the relation is true in the two cases:
1. IfAist, —closed, then (UN Tty —cl(A)) S 15, —cl(UNA).
2. 1f (UNG) €1, forevery G € 14, then (U N7, — cl(A)) S
T —cl(UNA).

Definition 1. 4. 21: Let (X, 8,0, 1,) be a o — Topological Proximity Space,
and F is T, — closed if and only if T, — cl(F) = F. Then F is called o —

closed set.

We can see that, if U,V are o — open sets, then that it is not necessary U N
Vand UUV are o — open that is clear by Example 1. 4. 8, because {1, 2}
and {2,4} are o —open but{1,2} n {2,4} ={2}and {1,2} U {2,4} =
{1,2,4} are not ¢ — open sets. Also, If F,K are ¢ — closed sets, then that
not necessary F N K and F U K are ¢ — closed that is clear by Example 1.
4. 8, because {1,3} and {3,4} are o —closed but{1,3}n {3,4} =
{3}and {1,3} U {3,4} = {1,3,4} are not ¢ — closed sets.

Proposition 1. 4. 22: Let (X, §, 0, t;) beao — Topological Proximity Space,
and every t, —int(A) is 7, —openset and everyt, —cl(A)ist, —
closed sets then the following statements are hold:

1. Gis 0 —opensetifandonly if G is t, — open.

2. Fis 0 —closed setifand only if F ist, — closed.
3. fU, Ve, thenUUV € 1.
4

. IfF,K are t; — closed,then F N K is T, — closed.
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Proof.
1) Let G is 0 —open setifandonly if G = 1, — int(G) if and only if G €

T, ifandonly if G is 7, — open.

2) Let Fis o — closed setifand only if F = 7, — cl(F) if and only if F is

T, — closed set.

3) Let U and V € t4. By Proposition 1. 4. 7 part 2, U = t, — int(U) and
YV =1,—int(V). ThusUUV = (t, —int(U)) U (z, — int(V)) Cc 7, —
int(WLU V). By Proposition 1. 4. 7 part 1,7, —int(UUV)c UUY.
Hence UUV =1, —int(U U V). By hypothesisU UV is t, —open Sset,
thus U UV € 1,.

4) Let F,K are 1, — closed. Then F= 1, — cl(F),and K = 1, — cl(K).
ThenFNK =1, —cl(F) N t, —cl(K) D 1, — cl(F n K),by Proposition
1. 4. 17part 1, FNK ct,—cl(FNK), hence FNK =1, —cl(F NK).
By hypothesis F N K is T, — closed setm

Definition 1. 4. 23: o — Topological Proximity Space satisfies the conditions

of Proposition 1. 4. 22 is called o — weekly Topological Proximity denoted

by T,

It is to be noted that, according to earlier results, if U,V € T4y, then that not
necessary U NV is belong in t4y, also if F,K are t, — closed, then that
not necessary F U K is T4y, — closed. That is clear by Example 1. 4. 20 if
we take 1,y = {X,0,{1,2},{2,4},{1,2,4}}, then{1,2}and {2,4} € T4y,
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but {1,2} n {2,4} = {2} & 7,. Also, {3,4} and{1, 3} are 7,,,- closed, but
{3,4} v {1,3} = {1, 3,4}is nott,y — closed.

Lemma 1. 4. 24: Let (X,6,0,T,) be a o — Topological Proximity Space.

Then T4y IS 7,.

Proof.

It is an immediate consequence of Definition 1. 4. 23m

Proposition 1. 4. 25: Let (X,68,0, 7,4) be a o —weekly Topological
Proximity Space, andU NV € t,y, for everyUW,V € 1,y,. Then the
following statements are hold:

1. 1, —int(ANB) = 14y —int(4) N T4y — int(4).

2. Tow —Ccl(AUB) = 15y —cl(A) U 14y — cl(A).

3. T,y IS topology.

Proof.

1) By Proposition 1. 4. 7 part 5 and Lemma 1. 4. 24, 1, —int(ANB) c
Tow — int(A) N 14y — int(B). Again, let x € 15y —int(A) N 15y —
int(B). Then there exists U,V € 1, (x) suchthatU c Aand V c B, then
NV c AN B, by hypothesisU NV € 1,y (x) thus x € T4y — int(A N B),
that is, T,y — int(A) N 1,y — int(B) = 1,y — int(A N B).

2) Let x € 174 — cl(A U B). Then by Proposition 1. 4. 18, G n (AU B) #

@ for each 7,y —open set G of x. if possible x & (1, — cl(A) U 15y —
cl(A)) ,thenx & 1,y —cl(A) and x & 7,y — cl(B).
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Thus there exists U,V € 14y (x) such that UNA=@and VNB =0
hence (UNA)U(VNB)=0¢. But U,V € 1,4, by hypothesisUN7V €
Tow and UNV CcUUNV CV, thend=(UNA U@ NB)D((UN
Y)NA)U((UNnVY)NB)=((UNV)n (AU B) which is a contradiction
thusx € (1, —cl(A) U 15y —cl(A)) and SO 7,y —cl(AUB) =
Tow — cl(A) U T4y — cl(A).

3) i.Xand @ € 1 y.
ii. Let U and V € 1,y by hypothesis U NV € 14y.

iii. Let {U;}; o be an arbitrary collection of the t,,, — open subsets of
X. Then U; € T,y for everyi €A, thus U; = 1,5y — int(U;), and so
Uiea U; =VUjenr (T — int(U;)) but by Proposition 1. 4. 7 part
7,Ujepr (Tow — int(U;)) € toy — int(U; ep U;), by Proposition 1. 4. 7
part 1, U;ea U; = T4y — int(U; ep Upthis means U; cp U; € T4y, hence

Tow 1S topologym

Definition 1. 4. 26: Let (X, 5,0, T, ) be a 6 — Topological Proximity Space.
A point x € A is called T, — Frontir or 7, — boundary point of A € X if
and only if it is neither an interior and exterior of A and the set of all 7, —
Frontir point of A is denoted by t,—Fr(A). Hencex & t, —
int(A)and x & 1, — ext(A).

Proposition 1. 4. 27: Let (X, 6,0, 1, ) beao — Topological Proximity Space
and A, B are subset of X then:

1. 1, — Fr(4),7, - ext (A),and t, - int (A) pairwise disjoint.

2. T,—Fr(A)Urt, - ext (A) U, - int (A) = X.
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Proof.

Do=AnX—-A21,-int(A)Ntz-int(X—A) =1,-int(4) N

T, - ext (A).So that, x € T, - Fr (4) if and only if x & 7, - int (4) and
x & 1,- ext (A) if and only if x € (t, - int (A) U 7, - ext (A))if and
only if xeX—(t,-int(A)Ut,-ext(A)) if and only if 7, —
Fr(A) =X — (15 - int (A) U t, - ext (4)). Thus T, - Fr (A) n
T,—- int(A) =0and 1, - Fr (A) N1, -ext (A) = Q.

2) By Definition 1. 4. 26, Fr(A) = X — (t,- int(A) U t, - ext (A)). Thus
T, —Fr(A)Ut, - ext (A)Ut, - int (A) = Xm

Proposition 1. 4. 28: Let (X, 6, 0, T, )be a 0 — Topological Proximity Space
and A, B are subset of X then:

1. 1,- Fr(X) =0,and 1, - Fr (@) = 0.

2. 1,- Fr(X) S t,—Fr(A)forevery A C X.

3. 7, —Fr(A) = (tr, — cl(A)) — (r, — int(4))

4. 1, - Fr(X — A) = Fr(A).

Proof.

1) It is an immediate consequence of Proposition 1. 4. 27.
2) It is an immediate consequence of part 1.
3) By Definition 1. 4. 26, we get 7, — Fr(4A) = X — ((7, — int(A) U (1, —

ext(A))) = X — (1, —int(A)) N X — (1, — ext(A)).
By Proposition 1. 4. 19 part 3 and part 4, 7, — ext(A) = X — (1, — cl(A))
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andt, —int(4) = X — (15 — cl(X — A). Then
T,—FrlA)=X-X—-(t;,—clX-A)nX—-(X—- (TU — cl(A)) =
T, —clX—A) Nt —cl(A) = (15 —cl(A)) — (X — (t5 — cl(X — A))
= (15 — cl(A)) — (75 — int(4)).

A)Bypart3, 1, - Fr(X —A) =1,—clX—A)NX— (1, —int(X — A))
=T, —clX—A N1, —cl(A) =1, — cl(A) — (X — (1, — cl(X — 4))
=1, —cl(A) — (1, —int(A) =1, — Fr(A)m

By Example 1. 4.8 7, = {X,0,{1,2},{2,4}}. Ifwetake A = {1,3}and B =
{3,4}, then t, —-Fr(A) ={13}, t, —Fr(B)={3,4} , hence 7, —
Fr(AUB) =1,-Fr({1,3,4}) =X > 1t,-Fr(A) Ut, -Fr(B) ={1,3,4 }.

But, if A ={1}and B = {2}, then t, —Fr(A4) = {1,3}, T, —Fr(B) = X, and
1, —-Fr(AUB) =1, -Fr({1,2}) = {3,4} c 1, —Fr(A) U t, —Fr(B) = X.

Also, we noted that 7, —-Fr({1,4}) = X, 7, -Fr({2,3}) = X,

thus 7, —Fr({1,4}n{2,3}) =1, -Fr(®) =0 ct, -Fr({1,4}) n, 7, —
Fr({2,3}) = X.

But, 7, —Fr({1,3}) = {1,3}, 7, -Fr({1, 2, 3}) = {3,4},

then 71, -Fr({1,3}n{1,2,3)={13}>1, -Fr{1,3)nt,
Fr({1,2,3}) = {3}.

We see also, 7, — Fr(A) not necessary is t, — closed. That is clear because
T, —Fr({3}) = {3}, but {3} not 7, — closed.
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Definition 1. 4. 29: Let (X, 6,0, t;) be a o — Topological Proximity Space,
and A € X. Then A is called t; - dense setif 7, —cl(A) = X.

In the indiscrete t, — topological space every subset of X is t,- dense set.

Proposition 1. 4. 30: Let (X, §, 0, ;) beao — Topological Proximity Space,
and A, B are subset of X . Then

1. A€ Band A is t,- dense set then B is T, - dense set.

2. AN B ist, - dense set ,then A and B are T, — dense Set .

3. If Aor B are 1, - dense set, then AU B is T, - dense set.

Proof.
1) Proposition 1. 4. 17 part 4, t, —cl(A) c t, —cl(B).Since A is t,-dense,

X c 1, —cl(B), hence B is t,-dense set.

2) Evident by part 1.

3) Evident by part 1m

Proposition 1. 4. 31: Let (X, §, 0, t;) beao — Topological Proximity Space,

then Aist, — denseifandonlyif G N A # @, for each T, — open set G.

Proof.

Let A is 7, - dense . Then T, — cl(A) = X. By Proposition 1. 4. 18, G N
A + @ foreach G € 15(x). Conversely, letG N A # @ foreach G € 7, , that
mean for every x € X and each G € t5(x),G N A # @ hence by Proposition
1.4.18, 15 — cl(4) = Xm

™44



Definition 1. 4. 32: Let (X, 6,0, t,) be a o — Topological Proximity Space,
then a subset A of X is called t, — nowhere dense set if 7, —

int(z, — cl(4)) = 0.

Proposition 1. 4. 33: Let (X, §, 0, T;) beao — Topological Proximity Space,
and A, B are subset of X, then the following statements are hold:
1. A € B and B is t,— howhere dense ,then A is T, — nowhere dense.
2. If Aor B is ty; —nowhere dense, then A N B is T, — nowhere dense set.
3. If AU B is t; — nowhere dense set, then A and B are t, — nowhere

dense set.

Proof.
Evident by Definition 1. 4. 32 and Proposition 1. 4. 7 part 5m

Proposition 1. 4. 34: Let (X, §, 0, t5) beao — Topological Proximity Space.

If A is T, — nowhere dense set, then T, — int(4) =0 .

Proof.

Evident, because t, — int(A) S 1, — int(ts — cl(A))m
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2.1 Takeoff Points
Jankovic, D. and T. R.Hamlet [19] in 1990 defined the concept of ideal,

which it is a nonempty of sets closed by hereditary property and Limited

union. The ideal is a basic concept in topological spaces and it plays an
important role in the study of topological problems. The concept of local
function given by: A'(r,)={xeX;VUEeET(x), UNA¢I}.
Moreover, further Hamlett and Jankovic in [20] and [21] studied the
properties of ideal topological spaces and they have introduced another
operator called y -operator given by: Y (4) ={x € X; 3U € t(x), UN
(X —A) el}.

In this chapter, we use the idea of focal function and operator, to find
follower points, and takeoff points, which will be an introduction to many

of the mathematical concepts that this dissertation offers.

Definition 2. 1. 1: Let (X, §, 0, T,) be a o — Topological Proximity Space.
A point x € X is said to be takeoff point of a subset P of X if and only if

there exist U € t5(x) suchthat (U N X — P)&C for some C € a.

All the takeoff points of a set P is denoted by P, . Thus P;_(ts,0) =

(x€X;3UE 1,(x)s.t (UN X —P)5C forsome C € ¢ }.

Example 2. 1. 2: LetX ={1,2,3,4},6is a discrete proximity, c =
oy, and let T, = {X, 0,{2}, {4}, {3,4}}, then

Xis t; —openof 1,

X, {2} are T, — open of 2,

X,{3,4}are 1, — open of 3,

X,{4},{3,4} are t; — open of 4,
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If we take P, = {2,3}, then X — P, = {1,4} thus X € t5(1),and X n
{1,4}6C forevery C € g, Hence 1 ¢ Py, .

But there exists {2} € t,(2) suchthat ({ 2} n {1,4})8C forevery C € o.
Hence 2 € Plta'

And there exists {3,4} € t,(3)and{1} € ¢ such that ({3,4} N
{1,4)8{1}. Hence 3 € Py, .

Also, there exists {4} € 15,(4)and{1,2} € ¢ such that ({4} n
{1,4})6{1,2}. Hence 4 € Py, .

It follows that Plta = {2,3,4}. In the same way, let P, = {1,2},P; =

{2,4}. Then P, =X, and P;, ={2,3,4}.

The following proposition shows the most important characteristics of this
set.

Proposition 2. 1. 3 Let (X,5,0, ;) be a o — Topological Proximity
Space, and P,, P, subsets of X. Then

1. If P, Cc P, then Plta C Pzta.

2. (PLUP,);, 2Py, UP,, .

3. (PlnPZ)ta-zplt

NP, .
P, =U{UE 1,,(UN (X — P))5 C for some C € a}.
If G € 7,,thenG < G, .

Pta < (Pta)ta-

X, =X.

If (X —P) ¢o,thenP, =X.

© 0O N o o1 M

Ts — int(P) € Py .

10. (@), < P, forevery P < X.
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Proof.
1) Let x € Py, . Then there exists U € ts(x)such that (U N (X —

P,))5 C for some C €. By hypothesis (X—P,) € (X—P;). By
Theorem 1. 1. 7 part 3,(U N (X—P,))6 C for some C € o, Hence

X €P,, .
o

2) By part 1.

3) Letx € Plta N Pzta . Thenx € Plt(, and x € Pzta, that is, there

exist U and V € t,(x), suchthat (U N (X—P,))8 C;, and (V N

(X — P,))8C, forsome C;,C, € o .....(1)

If possible, x & (P, N P,),, ,then forevery W € 1,(x), ( WNX —

(P, N P,))4C forevery C € o.

Thus WnNnX-P))u(Wn X-P,) )6C ,thatis, Wn (X —
P;))6C or (W n (X— P,))S8C which is a contradiction with (1). Hence
x € (P N Py)¢, .

4) x € P, ifand only if there exists U € t(x) such that (U N (X —
P))&C forsome € € gifand only if x €U {U € t,(x), (UN (X —
P))&C for some C € o}.

5)Letx € G.SinceGE T4 GiS T, —openofx,butGN (X —-G) =
@, and (G N (X — G))& Cfor every C € a. Hence x € G, .

6) Letx & (P )., . Thenforevery U € t,(x), (UN (X — P ))SC for
every C € g,thismean U N (X — P, ) # @, thus there exist y € (UN
(X — P ))suchthaty € Uandy € (X — P, ), thusy & P,_,thatis, for
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every Ve 1,(y), Wn (X —P))SC for every C € a. Since U is also

Ts —openof y, (U N (X — P))&C forevery C € o, its follows that x &
P, ,hence P,_ < (P.,)

ty

7)Foreveryx € X andevery U € t,(x), (UN (X — X)) = @6 C for

every C € a. Hence X; = X.

8) Forevery x € X, X € t,(x).Since X — P ¢ o, X — P§ C for some
C € 0. Thus (X N X — P)§ C forsome C € o, thatis, P, = X.

9) Letx € t,— int(P) . Then there exists U € t,(x), suchthatU <
P, thus (UNX—P) =@, by theorem 1. 1. 7 part 5, (UNX — P)EC for

every C € o, thatis, x € P, _.

10) If (@),, = @ the prove is done. Otherwise Let x € (@), . Then there
exists U € t,(x), such that (U N X —@)5C for some C € o thus
USC for some C € o. Since (U N X — P) € U by Theorem 1. 1. 7 part 3,
(U N X — P)&C for some C € o, That is true for every P € X. Hence x €

P, m

(o

The following examples shows that the converse of cases (2), (5), and (9)

Is not always is true.

Examples 2. 1. 4:
1. LetX ={1,2,3,4}, § is proximity define by: A6BVA + @,B + @

except the relation: {1}6{2,3}, {4}6{2,3}, { 2}6{1,4}, {3}6{1, 4},
{136¢ 2}, {2}6{1}, {136{ 3}, {3}6{1}, {4}6{2}, {2}6{4}, {4363},
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{336{4}, {2,3)6(13, {2,3)6{4}, {1,4}5(2}, {1,436(3},

{1,4}6{2,3}, {2,3}6{1, 4}.

Then o = {{2}, {1,2}, {2,3,4}, {1,2,3}, {2,3}, { 3,4}, {1,3,4}, {3},
{1,3}, {1,2,3}, {2,3}, X},and let 1, = {X,0,{1},{4}} , if we take
{1,2},{3,4}, then{1,2}, ={1,4},{3,4};, ={1,4}. We see that
1,2}, U {34}, ={1,4}c ({1,23U{3,4}), =X, =X.  Let
P = {2}. thent, —int({2}) =@, but {2}, ={1,4}, thus t,—
int({2}) c (2),.

2. LetX =1{1,2,3}, if &is a discrete proximity, then o=
{{23.{1,2},{2,3}, X}, and t, = {X,0,{1},{3}}, then{3},{1} € 1, but
{3}, = {1};, ={1,3}. Thus G c G;_,andsothat{1,3}isnotz, — open

set.

Through the Proposition 2. 1. 3, it is noted that: Takeoff set is not always
an 7, —open set. That is clear by Example 2. 1. 4 part 2, {3}; = {1,3} ¢
T, . Also, In case of X — P € o of Proposition 2. 1. 3 part 8 that not

meaning P;_ = @, but that means P _is equal @ or P,_is less than X.
According to earlier results, we get the following remarks:

Remarks 2.1.5: Let (X, 8,0, 1, ) beao — Topological Proximity Space.
P nonempty subsets of X. Then
Ist @, =@ ifandonlyif Xisonlyz, —open of x.

Proof.
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Suppose Xis only t, —open of x. Then (X N X — @)6C for every

C € o, thus @, = @. Conversely, let@, = @. Then for every G €
T5,(GNX —@)S6C for every C € o , by axiom [C3] its follows

that G = (G N X — @) € o which is a contradiction because 7, N o =

{X}, thus that is true only in case of ¢ = X.

If & is an indiscrete proximity defined on X, then P, _ = @ for

every proper subset P of X.

Proof.
If possible P,_ # @, then there exists x € P;_. Since X is only
T, —open of each point, (X N (X — P))é C for some C € o, it

follows that X — P§ € thus X — P ¢ o, which is a contradiction
because X — P # @. This means only X, # @. Moreover, X, =X,

because X — X =0 ¢ o.

3rd If § isanon-indiscrete proximity on X, then P, # @ for every P

subset of X.

Proof.

If possible P,_ = @, then for every U € t5(x), (U N X — P)6C for
every C € o. By axiom[C3] we havethat U NnX—P € o, by

Proposition 1. 1. 15 part 2, U € ¢ which is a contradiction

because t;No = {X}m
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Definition 2. 1. 6: Let (X, T, §, o)is proximity cluster topological space. A

point x € X is said to be takeoff point of a subset P of X if and only if
there exist U € t(x), such that (U N X — P)SC for some C € o.
Thus P, (t,0) = {x € X; 3U € t(x) 5.t (UN X — P)5C for some C €
o}

Note 2. 1. 7: Let (X, T, §, o)be a proximity cluster topological space. Then
1. All the parts of the Proposition 2. 1. 3 are satisfied.

2. Takeoff setisan T —open set. That is clear by part 1 all the parts

of Proposition 2. 1. 3 are satisfied and by part 4 P; is7 — open

because the union of T — open sets is T — open Set.

3. P, forms a base, and therefore, by adding to unions, Tp,, U

{@} is a coarse topology generated from P, .

Note 2. 1. 8: Let (X, 5, ts,0) be a cluster topological proximity space.
Then all the above results are achieved because every cluster topological

proximity space is proximity cluster topology.

Examples 2. 1. 9: Let X = {1, 2, 3}, § is proximity define by: AGB VA +
®,B # @ except the relation: {1}6{2,3}, {1}6{ 2}, {2}6{1}, {1}6{3},
(316{13, {2,3}6{1}.

Theno = {{2}.{1, 2}, {2,3}, {3}, {1,3}, X}, and t5 = {X, @, {1},{2,3}}.
{1,3};, ={1},and {2,3}; , = X.
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2.2 Follower points

This part sheds light on a complementary definition of the takeoff point
in the proximity space, and the characteristics of these points and their

relations to the takeoff points are also highlighted.

Definition 2.2.1 Let (X, 8, t5, o) be a cluster topological proximity space.
A point x € X is said to be follower point of a subset P of X, if and only

if for every U € t5(x), (UN P )SC forevery C € o.

All the follower point of a set P is denoted by Py . Thus Pr, (ts,0) =
{xeX;VUEeTs(x), (UNP)SCVC € o}

Example 2.2.2 Let X = {1,2,3}, § is a proximity define by: A6B VA # @,B +
@ except the relation: {1}6{2},{2}6{1}, {2}6{3}, {3}6{ 2}, {2}6{1, 3}, {1, 3}6{ 2},

then o = {{1},{3},{1,2},{1,3},{2,3}, X}, and

s = {X,0,{2},{1,3}}. Then

Ts(1) = {X,{1,3}},

15(2) = { X, {2}},

©(3) = {X,{1,3}}.

If we take P, = {2,3}, P, = {2},P; = X , then

{1,3} € t5(1), ({1,3} N {2,3})6C forevery C € g,and X € t5(1),(X N
{2,3})6C forevery C € 0. Hence 1 € Plfa'

But there exists {2} € t5(2) such that {2} n {2,3}6{1} for some {1} € &.
Hence 2 ¢ Plfa'

Also, X,and {1,3} € t5(3) such that ({1,3}n{2,3})6C and (X N
{2,3})6C forevery C € 0. Hence 3 € Plfa'

That is, P, = {1, 3}. In the same way, Py = @, and Py, = {1,3}.
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According to the aforementioned discussion about the importance of

optimal construction of synonymous cumulative points, the questions
arise:

What are the characteristics of these points?

What operations can be performed on them?

Is it possible to create these points, topology or base or sub-base? The

following Proposition answers:

Proposition 2.2.3: Let (X,d,715,0) be a cluster topological proximity
space. P, P, nonempty subsets of X. Then

1. IfPl CPZ then Plfa’ szfa';

2. (PLUP)f, =Pi, UP,, ;

w

(PN Py)f S P, NP,
P =15 — cl(Pfa) C 15 — clP;
If P & o,then P, = @;
Pr,)s, S Pr,
@)f, = 9;
If G € 15,thenG N Pr < (Gn P)fa;

© N oo a &

9. If PSC forsomeC € o, then P ¢ o.

Proof.
1) Letx € Plfa . Then for every U € 15(x), (U N P, )6C forevery C €

o. Since P, ¢ P, by Theorem 1. 1. 7 part 2, (U N P, )SC. Hence x €

Py .

2) Evident, Plfa U sza < (PLUP,)f,. So, letx € (P, U P,)y , then for

every U € t5(x), and every C € g, (UN (P, UP,))éC, thus ((UN
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P,)Uu(UnP,))C . By axiom [P4], (U N P,)SC or (U N P,)SC this

meanxePlf oresz . Hence xe(Plf Usz).

3) Straight from part 1.

4) Obviously, Pr. c t5 — cl(Pf,). Letx € 15 — cl(Pr,). Then {x}6P .
Since x € U for every U € t5(x), {x}6U. By Theorem 1. 1. 7 part 4,
USP; . Thus either (W N P;) # @ . Then there exist y € (U N Py ),
thus y € Uandy € Py, thatis, forevery V € t5(y), (W n P )SC for
every C € o, but U is also an - open of y this implies that (U N P )6C
forevery C € o thus x € Py, .

Or (UnPp;) =0 thismeans P, X —U.Since X —U ists —closed
set, s — cl(Pr,) & X — U. But by hypothesis x € 75 — cl(Py, ), thusx €
X —U which is a contradiction. Hence P; =75 — cl(Pf).

New we show that Pr € 75 — cl(P). Let x € P;_, Then for every U €

T5(x), (UNP)SC forevery C € a.By [C3], (UNP) €o.Since D ¢ o,
we have that U N P # @ for every U € t5(x), thus by axiom [P3], USP
for every U € t5(x), thus by Proposition 1. 2. 15, we have that x € t5 —
cl(P).

5) Suppose Py # @ .Thenthereexist x € Py, thus forevery U € 75(x),
(P NU)SC for every C € o. By axiom [C3] and Proposition of 1. 1. 15

part 2, we have that (P NnU) € o,and P € o which is a contradiction

with a hypothesis, hence P, = @.

6) Letx € (Pg)f,. Then for every U € 75(x), (U N Py )SC for every

C € g, that means (U N P ) # @. Then there exists y € (U N Py, ) such
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thaty € Uandy € P, thusforevery V € t5(y), (V n P )SC for every

C € g. Since U is also an 75- open of y, (U N P )SC for every C € o,

hence x € P .

7) It is an immediate consequence of part 5. Because @ ¢ o.

8) Let x€G NP,. Then x € Gandx € Pr, thus for everyU e

T5(x), (U N P)SC for every Ceo. SincexeG,(GNU)E
75(x), hence U N (G N P)SC forevery C € o, thatis, x € (G N P)y, .

9) It is an immediate consequence of by axiom [C3] =

We cane noted that, when studying the follower points on the o —
Topological Proximity Space there will be three cases. The following

remark explain that.

Remark 2. 2. 4: Let (X,8,0,t, ) be ac — Topological Proximity Space.
P nonempty subsets of X. Then

Py,

ag

_ {X if X isonly 1, —openofxandP € o
1) othewise

Proof.

1) Let X is only T, — open of x and P € g . Then for every x € X the
only t, — open set is X, thus (XN P)SC for every C € o, because P €
o. Hence (P); = X.

2) Suppose(P)f, # @. Then there exist x € (P), such that for every U €
T5(x), (U N P)SC for every C € a. By axiom [C3], (U N P) € o and by
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Proposition 1. 1. 15 part 2 U € ¢ which is a contradiction because T, N
o = {X}. Hence (P); = @m

For example, in case of indiscrete proximity clear that t, =
{X,0}and o = {A < X; A # @}, thus follower set is equal X for every
nonempty subset of X, because every nonempty subset of X is near all
nonempty subset. Hence the follower set of the empty set is only equal

empty set.

Note 2. 2. 5: when studying the follower points on the proximity cluster

topological space(X,t,d,0) we have same of these result because ts is

topology.

Definition 2. 2. 6: Let (X,8,75,0) be a cluster topological proximity
space, P € X. Then the closure of P with respect to 75 and o denoted

by cl (P) is given by cle (P) = P U P .

By Example 2. 2.2 P, = {2,3},P, = {2},P; = X,P, = @, then
P, = {1, 3}, Py = @, and Py, = {1,3}, Py = @. We have that:

leO'(Pl) = X, leU(PZ) = {2}, leo'(P?’) = X, and leO'(P4') = Q).

Proposition 2. 2. 7: Let (X, 8, t5, o) be a cluster topological proximity
space, A and B subsets of X, the following statements are hold:

1. cle (X)=X and cl¢ (0)=0.

2. ASB = clg (A) € cl (B).

3. clg(AUB) =cle (A) Ucl (B).

4. clg (AnB) ccly (A) ncly (B).
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Proof.
1) leo(X) =X U Xfa =X aISO, le0(¢)=¢ U ®fa = Q.

2) Let A < B. By Proposition 2. 2. 3, As € By ,thus AU A, S BU
Bfa' that iS, lea(A) - lea(B)'

3)clg, (AUB) =(AUB)U (AUB)f,

=(AUB)U (A, UB; )= (AUA;)U(BUB;)
= clg (A) U clg (B).

4)cls,(ANB)=(ANB)U(ANB),

C (ANB)U (4, NB;)
=((ANB)UA)N((ANB)UB)

c (AUAg )N (BUBg) = cle (A) ncle (B).

5) cly, (cly, (A)) = cly, (4) U (cly, (A)),

=(AVAL)U(AUAL); = (AUAL) U (A, VU (A)y,)

=(AVAg) U4y, = (AU4y,) = cl, ().

6) Clear cls (A) =AU Ar, 2 A, hence A € cl; (A)m
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Definition 2. 2. 8: Let (X, §, t5,0) be a cluster topological proximity

space, A and B subsets of X, the closure operator with respect to 75 and o
Is defined by:
cly : P(X) — P(X), satisfying the following four conditions:

1 clg (0)=0.

2. Accl (4).

3. cg(AuB) =cls (A) Vcl (B).

4. clp (lea(A)) = cl; (A).

Remark 2.2.9: Let (X, 6, ts, o) be a cluster topological proximity space.
Let cl; be a closure operator such that cl; : P(X) — P(X), satisfying
the four conditions in Definition 2. 2. 8, then by Kuratowski closure
operator there are unique topology generated by cl¢ denoted by 7 , that
is, 7, ={U S X;cly (X —U) =X —U}.

Moreover 7_finer than 75.We can see that by Example 2. 2. 2, 7, = 14,

but Example 2. 2. 10 show that 7;_finer than .

Example 2. 2. 10: : LetX ={1,2,3,4}, & is proximity define by:
ASBVA + @,B # @ except the relation: {1}6{3}, {1}6{4}, {2}6{3},
{2}6(4}, (136(3,4}, {2}6(3,4}, (1,2)6{3 .4}, {3}5(1}, {436{1}, {3}6{23,
{4}6(2},(3.436{1}, {3:4}6(2}, {34}5{1,2}, {3}6{1,2}, {1,2}6(3},
(4}6{1,2}, {1, 2}6{4}.

Then o = {{1},{1,2}, {1,3}, {1,4}, {1,2,3}, {1,2,4}, {1,3,4}, {2},
{2,4},{2,3,4}, {2,3}, X}, and 75 = {X,0,{1,2},{3,4}}. Then we can
see that:

{1}r, ={1,2} and cl;, ({1}) = {1, 2},
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(2}, = (1,2} and cl, ((2) = {1, 2},
3}, = pand cl, ((3)) = (3),

(4}, =0 and cl, ({4)) = (4},

{1,2}; ={1,2}and cl; ({1,2}) = {1,2},

{1,3};, = {1,2}and cl; ({1,3}) = {1,2,3},

{2,3};, ={1,2}and cl; ({2,3}) = X,

{1,2,4};, = {1,2}and cl ({1,2,4}) = {1,2,4},
{1,3,4}; = {1,2}and cl; ({1,3,4}) = X,

{1,4}; ={1,2}and cl; ({1,4}) = {1,2,4},

{2,3,4}; = (1,2} and cl; ({2,3,4)) = X,

{1,2,3};, = (1,2} and cl; ({1,2,3}) = {1,2,3},

{3,4}r, = @andcl ({3,4}) = {3,4},

{2,4};, ={1,2}and cl; ({2,4}) = {1,2,4},

X; ={1,2}and clfa(X) =X,

@r =@ andcl; (0) = 0,

Thent, = {X,0,{3},{4],{1,2},{3,4},{1,2,3},{1, 2,4}}.

Proposition 2. 2. 11: Let (X, 6, ts, o) be a cluster topological proximity

space. Then 75 < ¢ .

Proof.
Let U € 5. Then 75 — cl(X —U) = X —U. Therefore cl (X —U) =

X-WUX-Wg cX-WUTs—clX—U) =15 — cl(X —
U) =X —U),thatis, clp (X —U) = (X —U), by Remark 2. 2. 9, U €

Tr . Hence 15 S 7, m
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Definition 2. 2. 12: Let (X, 6,15, 0) be a cluster topological proximity

space, P € X. Then the interior operator of P with respect to z5 and o

denoted by int; (P) is given by int; (P) =P N P, .

By Example 2. 2.2 P, = {2,3},P, = {1,3},P; = 0, then
Py, = {2}, P, =X, and Py, = { 2}. We have that

intfa(Pl) = {2}, inth(PZ) = {1, 3}, and intfo(P3) = Q.

Proposition 2. 2. 13: Let (X, §,ts, o) be a cluster topological proximity

space, for any two subsets A and B of X, the following statements are hold:

1. int; (X)=X and int; (0)=0.
2. A< B = ints (A) € ints (B).
3. inty (AN B) = ints (A) N ints (B).
4. inty (A) Vints (B) € inte (AU B).
5. intg, (intfa(A)) = intg (A).
intg (A) € A.
Proof.

1) inty (X) =X n X, = X also, int; (0)=0 N @, = @.

2) Let A < B. By Proposition 2. 1. 3, A, € B, _,sothatAn A, < BN

By, hence int¢_(A) € inty (B).

3)int, (ANB)=(ANB)N(ANB),,

=(AnB)n(4,nB, )= (An4, )n(BnB,)

= intg_(A) N ints (B).
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4) intg (AUB) =(AUB)N (AUB),,
2 (AUB)N (A, UB,)
=((AuB)NA; )U((AUB)NB; )

2(ANnA4,)u(BnB, )= int, (A) Vint, (B).

5) inty, (intfa(A)) = intg (A) N (intg, (A)),
=(ANnA,)NANA):, = (AnA, )N (A, N (A)e,)

=(AnA4;,)nA, =(ANnA4,) = int; (A).
6) Clear int; (A)=ANA; € Am

The following proposition shows the relationship between

follower set and takeof f set, with respect to 75 and o on X.

Proposition 2. 2. 14: Let (X, 6, ts, o) be a cluster topological proximity
space. P subsets of X. Then
L Py=X—(X~-P) ;
. P = (P ), ifandonlyif (X —P)r =((X—P)f )y,
P =X — (X —P)y,;
X =P =X =P,

. (®)t0 == X - Xfo_,
int (P) = X —cl, (X — P);

2
3
4
5. X— P, =(X—P) ;
6
7
8. clg (P) = X — inte (X — P);
9

. Ts —int(P) < ints (P) < P.
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Proof.
1) x € P,_ifand only if there exists U € t5(x)such that (U N (X —

P))é C forsome C € gifandonly if x & (X — P)g ifandonly if x €
X—(X—P)s , hence P,_ =X — (X — P)y,.

2) (Pta)%:X_(X_Pta)fG: X=(X=X=(X-P) s, =

X—((X=P))p=X—(X—-P), =P, .
NX—(X—P),=X—(X—(X—(X—P))=Ps .
HX—P,=X—-X-X-P))=X-P),.
5)X— P, =X—(X—(X—P); )=(X—P) .
6) (@), =X—(X—0)r, =X — X

7)X—clfa(X—P)=X—((X—P)U (X—P)fa)z

X — ((X ~P)u (X - Pta)) = PN P, =int; (P).

8) X —int;, X—P) =X —((X=P)n (X—P),,) =

X — ((X —P)n (X - Pfa)) =PUP; =cl; (P).
9) Let x € 5 — int(P), there exists U € t5(x), such thatU < P this

mean (U N X — P) = @, thus (U N X — P)&C for every C € o, hence x €
P,_, it follows that x € (P N P, ), that is, x € int; (P)m
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Note 2. 2. 15: When studying the Proposition 2. 2. 14 in the o —

Topological Proximity Space (X, 8, o, T, ), the result is trivial because by

Remark 2.2.4 P, = @ or P, = X. Thus every parts of Proposition 2. 2.

14 are achieved.

Remark 2. 2. 16: Let (X,6,t5,0) be a cluster topological proximity
space. P nonempty subsets of X. The following statements are hold:
1. If (X, 6) is a discrete proximity space, then Pr_ € P, .
2. If (X, ) be a indiscrete proximity space, then
i. P CP.

il. 15 —int (P) =P, =int; (P).

Proof.

Letx € Pr . ThenforeveryU € t5(x), (U N P)SC forevery C € o.By
axiom [C3], (UN P) € o, by Proposition 1. 1. 15 part 2,P € o. If
possible x & P,_,thenforevery V € 75(x), (V N (X — P))é C forevery
C € g. axiom [C3], (X —P) € o, thatis following to P and (X — P) €
o ,butP Nn (X — P) = @ which is a contradiction because § is a discrete

proximity. Hence Pr < P, .

2)i. Let x € P,_. Then there exists U € 75(x) such that(U n (X —

P))§ C,for some C €o. Since & is indiscrete proximity, (U N
(X—=P)) =09 [if not (UN (X —P))S C for every C € o because § is
indiscrete proximity]. This implies U € P, i.e. x € P, thatis, VNP + @
for everyV € t5(x), buté is indiscrete proximity, this means (V n

P)&C forevery C € o, thus x € Py .
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ii. By Proposition 2. 1. 3, t5 — int (P) c P;_. Let x € P,_. Then there

exists U € t5(x) such that(U n (X — P))& C, for some C € . Since &
is indiscrete proximity, (U N (X —P)) =@ . This implies to U < P,
thus x € 5 — int (P). Hence 5 — int (P) = P;_. Moreover, int; (P) =

PNnP,_=Pnts—int(P)=15—int (P) =P, m

Lemma?2.2.17: Let (X, §, t5, 0) be acluster topological proximity space.

P nonempty subsets of X. If P is a closed set, then P; < P.

Proof.

Let us suppose that, P isats -closed set. Then (X — P) is an ts —open.
By Proposition 2. 1.3, (X —P) € (X — P)¢,,thusX — (X — P), < P.
By Proposition 2. 2. 14, P; < Pm

Proposition 2. 2. 18: Let (X, 6, ts, o) be a cluster topological proximity

space. P nonempty subsets of X. If Pists — clopen set, then Pr < P, _.

Proof.

Suppose P is a T -closed set. By Lemma 2. 2. 17, P, < P, but P is 75 -

open by Proposition2.1.3 P € P, . Hence P, € P, m

Proposition 2. 2. 19: Let (X, §,t5,0) be a cluster topological proximity

space. X = X,_if and only if for every G € 75, G, = 75 — cl(G).
Proof.

Suppose X = Xy . Then for every x € X, x € X . Thus for every G €

T5(x), (G NX)SC for every C € o. If possible there exists x € 75 —
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cl(G),and x & Gy, then there exists U € 75(x), such that (G N U)SC for

some C € o. thus (G NU) N XSC for some C € o, this contradicts X =

Xy . Hence Gr = 15 — cl(G). Conversely is clear m

We can conclude through the above proposition if X = X ,then G < G .

Corollary 2. 2. 20: Let (X, 6,15, 0) be a cluster topological proximity
space, then the following statements are equivalent:
1. If G € 75, then G < G, .

2. X = Xfa'
3. If G € 74, then Gfa =15 — cl(G).

Proof.

1= 2 Suppose G € 75 and G < Gy . Since X € 15, X S X, hence X =
X .
2 = 3 Suppose X = X, by Proposition 2. 2. 19, G¢ = 75 — cl(G).

3=1 Supposets—cl(G) =Gr. Then G S 715—cl(G) = Gy,

hence G < Gy m

Proposition 2. 2. 21: Let (X, §,t5,0) be a cluster topological proximity
space. If Aor Bisats —openset, then 75 — int(As ) N 75 — int(By,) =

s — int(ANB)g .

Proof.

Let us suppose that A € 75. By Proposition 2. 2. 3 part 8, ANBf <
(AnB);, thus 15— int(ANB;) S 15— int((ANB);), that is
follows Ts — mt(A) NTs — int(Bfa) C 15— mt((A N B)fa)'

Since 75 — int(A) = A, ANts—int(Br) € 15 — int((ANB)g ).
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By take the follower set and interior of two said we have that, t5 —

int((A NTg — int(Bfa))f ) € 75 — int((ts — int(A N B)fa)f )----- (D).

Also, 75 — int(By,) € 5. Then by Proposition 2. 2. 3 part 8, we have
that 75 — int(Br,) N Af, € (15 — int(Br,) N A), . By take the interior,
of two said we have that, 75 — int(ts — int(By)) N 15 — int(4f) =

15 — int(By) NTs — int(4s,) S 15 — int((15 — int(Br) N A)fa)' By

(1), we get 75 —int(By) N1s — int(4f) S 75 — int((r(g —int(AN

By (2) and (3) we have 75 — int(Af) N5 — int(Bf,) € 75 — int(A N
B)¢ . Also, evident 75— int(As) N 15— int(By) D 15 — int((AN

B)r ). Hence 15 —int(Ay ) N 15 — int(Br) = 15 — int(AN B) . m

Corollary 2. 2. 22: Let (X,6,t5,0) be a cluster topological proximity
space. If A or B is open set, then

1. ts —int((A;, N B)s, ) =15 — int((A¢,)r,) N Ts — int(By,).

2. 75 — int((A,)z) N Ts — int((Be,)z.) = 75 — int((A N B). )7 ).

Proof.

1) By Proposition 2. 2. 21, 75 — int((A,, N B)f ) = 15— int(Ag, )y, N

15 — int(By,).

2) Directly by Proposition 2. 1. 3 and Proposition 2. 2. 21, we have
that, 75 — int((A N B),,)s) = 15 — int(((4,,) N (Be,))s,)
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=Ts5 — int(Ata)fa NTs— int(Bta)fal

Proposition 2. 2. 23: Let (X, 6, ts, o) be a cluster topological proximity

space. P is a nonempty subset of X. Then
1. IfP, c P,,then (Plfa)ta c (Pch,)ta , and (Pltc,)fa c (Pzt,,)fa'

2. (P,), =X —(X =Py, .
3. (Pfa)tG:X (X =P, -
4 X=(P,), =(X=P),, .

5. X-— (Pfa)ta =(X =P, .

Proof.

1) It is an immediate consequence of Proposition 2.1.3 and 2.2.3.

2) (Pe,), =X = (X =Pe)e,= X = (X = (X = (X =P)p))y,

=X = ((X = P)g, ),

3) (Pr,), =X =X =P)p=X = (X = (X = (X =P),))y,
=X — (X =Py,
4) By part 2, (X — P)taf =X—-((X—-X—-P)e),=X—(P,)

ty

5) By part 3, (X — Py, =X = ((X =X =P),)p, =X = (Pta)fan
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Proposition 2. 2. 24: Let (X, 1,6,0) be a proximity cluster topological

space. Y is a nonempty subset of X, and P c Y. Then P¢ (ty) < P (7).

Proof.
Let x € P¢_(ty). Then for every U € Ty (x), (U N P)SC for every C € o.

Since U € 1y (x), thereexists V € t(x) suchthatV nY = U, thatis, U c
V, by Theorem 1. 1. 7, for every V € t(x), (V n P)6C for every C € o.
Thus x € P¢ (7).
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Definition 2. 3. 1: Let (X, 38,15 0) be a cluster topological proximity
space. P nonempty subsets of X. Then
Piscalled f, —setifandonlyif P = (P ).,

Piscalled f;; — set ifandonly if P S (Pr )¢,
Pis called t;, — setifand only if P < (P;_ ) .
Piscalled t, —setifandonly if P = (P )y,

o B~ w poE

Pis called f; — perfectifandonlyif P < Py .

Example 2. 3. 2: Let X = {1, 2, 3,4, 5}, 6 is proximity define by: A6B VA +
@, B #+ @ except the relation:

{136(3}, {136{43, {136{ 5}, {2}6(3}, (2)6{4},{2}6(5}, {1}6(3,4},
(1}6{4,5},{1}6{3,5},{1}6(3,4,5}, {2}6{ 3,4}, {2}6{4,5}, {2}6{3,5},
(216{3,4,5},{1,2}6{ 3,4}, {1,2}6{4,5}, {1,2}6{3,5}, {1,2}6{3,4,5},

{1,236 {3},{1,2}6{4}, {1,2}6({5}, and {3}6{1}, {4}6{13, {5}6{1},
{3}6(2},{436{2},{5}6{2},(3,4}6{1}, {4,5}6{1},{3,5}6{1},
(3,4,5}6{1},{3,4}6{2},{4,5}6{2},{3,5}6{2}, {3,4,5}6{2},{3,4}6{1,2},
(4,5}6{1,2},{3,5}6{1,2},{3,4,5}6{1,2}, {3}6 {1,2},{4}6{1,2},{5}6{1,2}.

Then t5s = {X,9,{1,2},{3,4,5}}. And 0 = o, Uag, is cluster define on X.
Then {3,4,5} is f; — set because ({3,4,5}f),, =1{3,4,5}, and
{1,2}and @ are t, — set because ({1,2}; ) = {1,2}, and (@, )r = O.
{1,3,4} is f;s — set because ({1,3,4});, =X, And{2} is a f; —
perfect because{2}, = {1, 2}.

It is to be noted that, according to earlier results,

e Every f, —setis fi; — set and every t, — setists, — set.

e Everyt, — setisats —closed set. Because Pr is 15 —closed set.
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e @ and X are not always t, — set and f; — set.

e |f § is an indiscrete proximity, then @ and X are t, — set and f,, —

set, because X, = X and @, = @.

Definition 2. 3. 3: Let (X,7,8,0) be a proximity cluster topological

space. P nonempty subsets of X. Then P is called scant set if and only if
(Pfa)ta = @

For example, letX ={1,2,3}, d&is a discrete proximity, o =
{{13,{1,2}, {13}, x}, and T={X,0,{1},{1,2}}. fA={23} K=

{3}, then A and K are scant sets.

Note 2. 3. 4: Let (X, §, 0, T5)is o — Topological Proximity Space. If § is
non-indiscrete proximity, then we cannot get subset of X is scant set.

That is clear by Remarks 2. 1. 5 part 3.

Remark 2. 3. 5: Let (X,d,745 0) be a cluster topological proximity
space. If § is non-indiscrete proximity, then we cannot get subset of X is

a scant set.

Proof.

If possible (P ), = @, then for every x € X and every U € t5(x), (U N
(X — P ))4C for every C € g, that is true for every U € 5. By axiom
[C3], it follows that U € a. By Proposition 1. 2. 12, (X —U) € 1, thus
(X —U) € .Byaxiom [C1], US(X —U), But by axiom [P4], {x}6(X —
U), for some x € U which is a contradiction because U is ts —open.
Hence (P, )¢, + Om
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Proposition 2. 3. 6: Let (X, §,15,0) be a cluster topological proximity

space. If every nonempty open set is a member on cluster, then (U ), =

X.

Proof.

If possible there exist x & (U, )., then there exist V € 75(x) such that
(V n(X—"Ug,))8C for every C € g, that is, (V N X —Ug ) # @, thus
there existy € Vandy € X — Uy =y & U this implies, there exists
W € 145(y) such that (W N U)SC for some C € o this mean (W N U) ¢

o this contradiction with hypothesis because (W N U) € T5m

Note that, in case of T, Proposition 2. 3. 6, is true only § is an indiscrete

proximity, because t, N o = {X}.

Proposition 2. 3. 7: Let (X, 8,15, 0) be a cluster topological proximity

space. If P is fi, — set andts— int(P) = P, then (P;). =
((Pr)e,)r e,

Proof.
Let us assume that P is fi; — set. Then (Pr ). < (((Pr,)e,)f ey --- (1)

Since Ptcr =Ts5 — lnt(P) c P, (Pfo_)to_ =Ts — lnt(Pfo_) - Pfa' This
implies to ((Pr, )¢, ) s, € (Pr)f, < Py, andso that (((Pr,)e, ), )e, S
(Pr )ty wvveees (2). By (1) and (2) we get (Pr )¢, = ((Pr,)¢, )5, )c,™

Corollary 2. 3. 8: Let (X,6,15,0) be a cluster topological proximity

space, and P is a nonempty subset of X. Then

1. fic — setof f;, — setisalso f;, — set
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2. Every f, —setis ts —open set.

3. IfPis fs-set and 5 — int(P) N (Pfo)t = @, then 75 — int(P) =

.
4. Every subset of the scant set is a scant set.

Proof.

1) It is an immediate consequence of Proposition 2. 3. 7.

2) It is an immediate consequence of Proposition 2. 1. 3 and Note 2.1.7,

because takeoff set is 75 —open set.

3) Let P is f;; — set. Then P C (Pf ), . Since 15 — int(P) c P and
P+ @, 15— int(P) c (Pfa)t . Hence t5 — int(P) = Q.

4) Let P be a scant set and A subset of P. Then by Proposition 2. 2. 23
part 1, (Af )¢, € (Pr,)e, = @. Thus A is a scant setm

Remark 2. 3. 9: Pis f; — set if and only if the complement of P is

t, —set.

Proof.
Pis f; —setifandonly if P = (P; ). ifandonlyifX — P =X — (P ).,
ifandonly if X — P = (X — P)tfffa ifand only if (X — P) is t, — setm

Remark 2. 3. 10: Let (X, 6,15 0) be a cluster topological proximity
space:
1. The intersection of two f, — sets is f; — set.
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2. The union of two t, — sets is t, — set.

Proof.
1) By Proposition 2. 1. 3 and 2. 2. 3, ((AnB)fa)t c (Afa)t N

Now, since (4;), is an open, (4;) n By, < ((45,), NB)y,

(4r,), 0 (Br,), < ((4r,), e, 0 (Br)e, © (((Ar,), N B)g,)e, but
Aand B are f, —sets ,hence ANB < ((ANB)g )¢ -vvnee-- (2). By (1)
and (2) the proof is done.

2) Let A and B are t; — sets. Then X—A and X — B are f, — sets. By
part (1) X—AN X—B isf, — set,hence X —(AUB)=(X—-(AU
B))fe, SO AUB=X—-((X—(AUB))r):, = X—X—-((AU
B))t,)r, = (AU B))¢, )s,thismean AU B is t, — setm
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3.1 Bushy Set

For the role played by resolvable and irresolvable spaces [22, 23, 24,
25] in mathematical programming and solving mathematical systems,
many researchers have shown interest in studying these spaces and
focused on finding highly connected and inseparable spaces within
different spaces. In this section, we will present a concept parallel of
resolvable and irresolvable spaces, which we called the dismountable and
non-dismountable space, which was built, based on the concept of the
bushy set in the proximity cluster topological space, and it was studied on
some of the topology concepts. We will recall some of the basic

definitions needed in this work.

Definition 3. 1. 1: [22] Let (X, T) be a topological space. Then the space
is an irresolvable space if and only if X cannot contains two disjoint dense

subsets. Otherwise X is resolvable space.

Definition 3. 1. 2: [24] Let (X, T) be a topological space. Then the space

Is a submaximal space if and only if every dense set is open set.

Definition 3. 1. 3: [24] Let (X, T) be a topological space. Then the space

is hyper connected space if and only if every open set is dense set.

Definition 3. 1. 4: [26] Let (X, t) be a topological space. The space is

called door space if and only if every subset is open or closed.
Definition 3. 1. 5: Let (X, T, §, 6) be a proximity cluster topological space.

A is a nonempty subset of X is called Bushy set denoted by & (A) if and
only ifeveryU € 7, (UN A)6C forevery C € o.
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In other words A is a bushy set if and only if for every x € X, x is a

follower point of A. The family of all bushy set on X denoted by B(X, §).

Example 3. 1. 6: LetX = {1,2,3},6be a discrete proximity,o =
{{13,{1,2},{1,3}, X}, and lett= {X,0,{1},{1,2}}. Let A=
{1,3}and B = {3}. Then Ais a bushy set because every U € 7, (U N
A)SC forevery C € o . B is not bushy set because {1,2} € 7 but ({1,2} N

{3)5C foreveryC € 0.

Example 3. 1. 7: Let X = {1,2,3}, & be a indiscrete proximity , then o =
{{13,{1,2},{1,3},{2},{3},{2,3}, X}, and letts = {X,0} . Let A=
{1,3} and B = {3}. ThenAand B are bushy sets because every U €
7, (U N A)SC and (U N B)6C for every C € o . Moreover A is a bushy
set for every A # Q.

Example 3. 1. 8: Let X = {1,2,3}, 6 define by: A6B <= A+ @andB #
@ except: {3}6{1,2}, {3}6{1}, {3}6{2}, {1,2}6{3}, {1}6{3}, {2}6{3}.
Thus 15 = {X,0,{3},{1,2}},and 6 =6, U, =

({13, {2}, {1,2},{1,3},{2,3}, X}, or 6 = {{3},{1,3}, {2, 3}, X}. Evident

(X, 8, T5, 0) has not contain bushy set.

Note that by Examples 3. 1. 7 and 3. 1. 8 the space generated from the
indiscrete proximity has a bushy set, but if change the proximity to any
other proximity, it is difficult to obtain the bushy set in the finite space.
The reason is that the topology generated by proximity, each ts —open
set is t5 —closed set, hence it is difficult to obtain the bushy set in this

space.
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Due to the difficulty of finding the bushy set in this space, we use the
classical topology to obtain the bushy set necessary to achieve most of the

topological properties.

Proposition 3. 1. 9: Let(X, 5,15 0) be a cluster proximity topological

space. If § is non-indiscrete proximity, then the space has no bushy set.

Proof.

If possible there exists subset A of X is a bushy set. Then every U €
Ts, (U N A)SC for every C € o. By axiom [C3],'U € o for every U € Ts.
By Proposition 1. 2. 12, (X —U) € T, thus (X —U) € 0. By axiom
[C1], US(X —U) which is a contradiction with Proposition 1. 2. 8

because U is ts — open. Hence A is not bushy setm

Proposition 3. 1. 10: Let (X, T, 8, 0) be a proximity cluster topological
space. Then:

1. Every super set of the bushy set is a bushy set.

2.  Finite union of bushy sets is also a bushy set.

3. Every bushy set of X is a member of cluster. In other word B(X, §)

is subset of cluster.

Proof.

1) Suppose that A is a bushy set and A € B . Then every U € 7, (U N
A)SC for every C € 0. Since A € B, by Theorem 1. 1. 7 part 2 we have
that, (U N B)4&C for every C € o. Hence A is bushy set.

2) Suppose that A and B are bushy sets. Then every U € 7, (U N A)6C
and (U N B)4C forevery C € o. By axiom [P4] we have that (U N A) U
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(U N B))6C forevery C € o, thatis, (U N (AU B))46C for every C € o.
Hence A U B is a bushy set.

3) Suppose that A is a bushy set. Then every U € 7, (U N A)SC for
every C € ¢. By axiom [C3] and Proposition 1. 1. 15 part 2, we have that
(UNnA)€eo,andsothat A € om

Remark 3. 1. 11: If & define of X is a discrete proximity, then
N B(X,8) = 0.

Proof.

If possible N B(X, §) = @, then there exists A € B(X, ) such that An
B = @ for some B € B(X,6). But A and B are bushy set by Proposition
3. 1 10 part 3 A,B € ¢ this means A6B which is contradiction
because § is a discrete proximity but AN B = @. Hence N B(X,§) # Om

Lemma 3. 1. 12: If the space has at least one subset of X is a bushy set,

then X is a bushy set.

Proof.

Evident by Proposition 3. 1. 10 partlm

Proposition 3. 1. 13: Let (X,8,0,t,) be a 0 —Topological Proximity

space. Then

P(X) /D ifé is indiscrete

B(X,6) = { 1) otherwise

Proof.
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Case one: If § is indiscrete proximity, then 7, = {X, 0}, and 0 = {A <
X; A # @}. Then only nonempty t, — open setis X for every nonempty
subset A of X, that is (X N A)SC for every C € . Hence B(X,6) =
PX) /0.

Case two: If possible there exists nonempty subset A of X is bushy set,
then every proper U € 14, (U N A)SC for every C € o , by axiom [C3]
UNAEe€oand by Proposition 1. 1. 15 part 2, U € o which is a
contradiction with 7, N o = {X}. Hence B(X, ) = 0m

Remark 3. 1. 14: Let (X, T, 8, 0) be a proximity cluster topological

space. If A is a bushy set, then A is a dense set.

Proof.
Let A be abushy set. Thenevery U € t, (U N A)SC forevery C € o, that

IS, UN A+ @ forevery U € 7. Hence A is adense setm

Remark 3. 1. 15: Let (X,74,6,0) and (X,7,,6,0)be a two proximity
cluster topological spaces. If ; € 1, and A be 7, — bushy set, then A is

T, — bushy set.

Proof.
LetA is t, —bushy set. Then foreveryU € 7,, (UNA)SC for
everyC € g . Sincet; S 1,, (VN A)SC for everyV € t,. Hence A is

T, — bushy setm
Definition 3. 1. 16: Let (X,1,6,0) be a proximity cluster topological

space. Then the space is called Bushy space if and only if every bushy

subset of X is open with respect to t.
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Note 3. 1. 17: The complement of every bushy set in Bushy space is a

closed set.

Note 3. 1. 18: Every Bushy space is a submaximal space.

That is clear because every bushy set is a dense set.

Proposition 3. 1. 19: If (X,1,6,0) be a Bushy space has at least one
subset of X is bushy set, then every member of cluster o is a Bushy relative

subspace.

Proof.

Assuming that X isa Bushy space, Y C X,andY € o.Let AC Y bea
bushy setin Y. Then for every V € 7y, (V N A)SC for every C € oy , that
is, Ar =Y. Itis sufficient to show that A is 7, —opensuch thatA =U N
Y for some U € .

LetU=AUX-Y)=> U, =(AUX=Y));, =4, UX —Y);.
According to the space has at least one bushy set we have that X = X, =
YUX-Y), =Y, UX-Y) =

(A ), UX —Y)p €S A UX —Y)e = U , hence U is bushy setin
X, and from X is Bushy space we have that U is open setin X.

So, UNY=(AuX-Y))nY=ANY = Athatis, 4 is Ty —open in

Y i.e., Y is Bushy relative subspaces
The converse don’t always be true, Example 3. 1. 20 explain that.
Example 3. 1. 20: LetX = {1,2,3},6be a discrete proximity,o =

{{1},{1,2},{1,3}, X}, and lett = {X,0,{1},{1,2}}.
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LetA = {1,3} be asubsetof X. Then, t, = {4,0,{1}},and g, = {{1}, 4},
we can see that, {1} c A is T4, —bushy set and t, —open, also

A ={1,3} is t4 —bushy and t, —open , hence A is Bushy subspace.
But {1,3}is subset of X is a bushy set of X but not open, thus X is not
Bushy space.

Proposition 3. 1. 21: If every member of cluster is open (o < t), then X

Isa Bushy space.

Proof.

Let us suppose that A is bushy set in X. Then by Proposition 3. 1. 10 part
3 every bushy set of X is member of cluster, that is, A € . Since every
member of cluster is open it follows that A is open set and so X is

Bushy spacem

Proposition 3. 1. 22: The intersection of finite family of bushy sets in

Bushy space is a bushy set.

Proof.

Let {A4;}, be a family of bushy set. Since X is a Bushy space then A4;
is an open set for every i € n. We prove that by Induction Law. First, to
prove the result is true when i = 2. Let A; and A, are bushy sets. Then
for every Uer, (UNA)SC for everyCeg. Since X is a
Bushy space, A; € t, thatis U N A;is nonempty open set. Since A, is
bushy set then for every (U N 4;) € 7, (U N (A; N A,))6C forevery C €
o, hence A; N A, is a bushy set. Second, suppose the result is true for i =

n—1.
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Finally, to prove the result is true for i = n. Let A,, is bushy set. Then for
every nonempty U € T, (U N A4,)8C for every C € . But {n 4;}1= is
nonempty open set this implies that (U n ({n 4}~ N A,))8C for

every C € o . Hence {n A;}]-, is a bushy setm

Corollary 3. 1. 23: The intersection of finite family of dense sets in

Bushy space is a dense set.

Proof.
By Remark 3. 1. 14 every bushy set is dense set. Then by Proposition 3.
1. 22 the intersection of finite family of dense sets in Bushy space is a

dense setm

Corollary 3. 1. 24: If A is a bushy set in Bushy space X, then A builds a

chain of open and dense subsets of X.

Proof.
This is an immediate consequence of Proposition 3. 1. 10 part 1, Remark
3. 1. 14 and Definition 3. 1. 16m

Proposition 3. 1. 25: If X is a Bushy space and {4; € X,i € N} is a

finite closed cover of X, then int(A4,) # @ forsome k € N.

Proof.

Suppose X = UL, (4;). By De-Morgan’s Law, @ = N7~ (X — 4;). Since
X is a Bushy space and X — A; is an open set for every i, clear that by
Corollary 3. 1. 23 not every X — A; is dense set, hence there exist at least

one X — A, is not dense set. Thus there exists nonempty open set ‘U such
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that UNn (X —A,) =0 that is U < A, for at least one k, hence
int(A;) + Om

Proposition 3. 1. 26: Let f be an open and § —continuous proximity
mapping from (X,t,3d,,0y) into(Y,p,dy,oy). If Ais a bushy set in X,
then f(A)is bushy setinY.

Proof.

Suppose A is a bushy set inX. Then everyU € 7, (U N A)6,C for
every C € ay. Since f is § —continuous, /(U N A)d, f(C) . By Theorem
1. 1.7 part 2 (f (W) N f(A))6,f(C) for everyf(C) € f(ax). Since f is
open and § —continuous, f(U) € pand by Theorem 1. 1. 25 f(oy) IS
cluster in Y. Thus f(A) is bushy setin Y'm

Proposition 3. 1. 27: Let f be an injective open § —continuous mapping
from (X, 1,6,,0y) Into (Y, p, 6y, ay) . If Y is Bushy space, then X is

also Bushy space.

Proof.

Let A € X is bushy set in X. By Proposition 3. 1. 26, f(A) is also bushy
setinY.SinceY is Bushy space, f(A) is p —open. Further, f is injective
continuous this implies f~1(f(4)) =A is t—open, hence X

IS Bushy spacem

Definition 3. 1. 28: The space (X, T, §, o) is called Attached space if and

only if every nonempty open subset of X is a bushy set.
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Example 3. 1. 29: LetX ={1,2,3},8is a discrete proximity, o =
{{3},{1,3},{2,3}, X}. Lett = {X,0,{3},{2,3}}. Then {2,3},{3} are open

and bushy sets, hence X is attached space.

It is to be noted that, according to earlier results:

e |If (X, 1) is a discrete topology, & is any proximity relative on X,
and o any cluster define on (X, 8), then X is not attached space.
Because every singleton set is an open set but not necessary is a
bushy set.

e Also can be note that, attached space cannot be separated by two
open nonempty subsets.

Because if possible X can be separated by two nonempty open subsets

A and B such that ANB=0,AUB =X, that is, A=X-B.

Since A is a bushy set, A is a dense set, hence cl(A) = X, thus B =

int(B)=X—-cl(X—B)=X—-cl(A)=X—-X =0, which is a
contradiction.

In addition, it concludes from the above the following proposition:

Proposition 3. 1. 30: Let (X, 1,6,0) be a proximity cluster topological
space, the following statement are equivalent:

1- X is attached space.
2- 7/{0} € o.

Proof.
1 = 2 Let us assume X is attached space. Then every nonempty open
subset is a bushy set. Let us consider G is honempty open set. So it’s a

bushy, that is, every U € 7, (U N G)SC for every C € g, hence G € o.
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2 = 1 If possible G € t is not bushy set. Then there existsU € 7, (U N

G)5C for some C € o hence U NG ¢ o this is a contradiction with

hypothesis. Thus G is bushy setm

Corollary 3. 1. 31: Let (X,t1,6,0) be a proximity cluster topological

space. If U € o for every nonempty U € T, then U is a bushy set.

Proof.
There could exist x & Uy, then there exists V' € tsuch that (V n U)SC
for some C € g. By axiom [C1], VY NU & o butV NU € T this is a

contradiction with hypothesis. Thus U is a bushy setm

Therefore, it can be concluded from the above corollary, if every non-

empty open subset of X is a member on cluster, then U < U .

The following proposition shows that the space can have the characteristic

of being a Bushy space and attached space together.

Proposition 3. 1. 32: Let (X, 1,5, o) be a proximity cluster topological
space, T has F. I. P. (finite intersection property) and every member of

cluster is open. Then X is a Bushy space and attached space.

Proof.

Let us suppose that A is a nonempty open set. By F. I. P. of T we have
that  # U N A € 7. Since every C € o isopen, (UNA)NC) € 7T and
(UNA) N C #= @ by axioms [P3], (U N A)SC for every C € a, hence A
is bushy set, hence X is an attached space. Evident X is a Bushy space

by Proposition 3. 1. 21m
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Corollary 3. 1. 33: Let (X,1,8,0) be a proximity cluster topological

space. If thasF. I. P, then X is a attached space.

Proof.

Obvious by Proposition 3. 1. 32m

Proposition 3. 1. 34: Let (X,t,8,0) be a proximity cluster topological
space. Then

1. If @, = @, then @ is scant set

2. If Aisbushy set then (X — A) is a scant set forevery X — A ¢ o.

Proof.
1) Evident.

2) Since (X — A) & g, by Proposition 2. 2. 3part 5 (X — A) = @, thus
X—X=0m

It is also clear that the takeoff set is an open set in the space (X, T, §, 0),

thus this set becomes dense when the space carries an “attached” property.
Note 3. 1. 35: Every Attached space is hyper connected space.

Remark 3. 1. 36: Let (X, 1,6,0) be a proximity cluster topological
space. If A is bushy setand U € t, then U < ((U N 4),)

ty

Proof.
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Let U € 7. By Proposition 2. 2. 3 part 8 we have that U N Af <
(UNA)g, thatis, (UNAf ), S ((UNA), ), But (UNAf ), =
U, N (Ap)e, = U, 0 (X)e, = Uy, Thus U, = (UNAf ), By
Proposition 2. 1. 3 part 8 we have that U < U, . Hence U <

((un A)fa)ta-
Proposition 3. 1. 37: If A is a bushy set, then A, _is also bushy set.

Proof.

If not, there exists x & (Ata)f , then there exist U € T, and C € o such

that (U N A, )8C. Thus U N A, & o by Proposition 1. 1. 15 part 2
(UNnA;,,)NA¢o. Butd, €t which means that U N4, €7 and

implies that (U N A, ) N ASC for some C € o. Hence Ay # X. Hence

our assumption leads to a contradictionm
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3.2 Co-bushy space.

In this section, we introduce the concept of the co-bushy space,
through which it is possible to study the characteristics and properties of
the topological proximity concepts. The co-bushy space, presented in this
study, means the inclusion of non-empty open sets within the cluster
family. This further plays a significant role in the take-off points and the

follower points.

Definition 3. 2. 1: (X, T, 8, 0) is called co bushy space if and only if there

exist at least one subset of X is a bushy set.

We can see that, By Example 3. 1. 7 (X, §, t5, 0) is co bushy space if § is
indiscrete proximity but by Example 3. 1. 8 (X, 8, ts, 6) is not co bushy
space when & is non-indiscrete proximity.

Example 3. 2. 2: Let X = {1, 2, 3,4}, § is discrete proximity, let ¢ = a4,
and let t = {X, 0,{1, 4}, {3, 4}, {1, 3,4}, {4}}, then (X, T, 8, 0) is co bushy

space because {1, 2, 4}is a bushy set.

Lemma 3. 2. 3:If X is co-bushy space, then X = X .

Proof.

It is an immediate consequence of proposition 3. 1. 10 part 1m

Proposition 3. 2. 4: Let (X,7,6,0) be a proximity cluster topological
space, if X is co-bushy, then P, < P .

Proof.
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Letx € P,_. Thenx & (X — P)y,_,thusthere exists U € t(x), and C € o
such that (U N (X — P) )6C. By Theorem 1. 1. 7, for every V € t(x) we
have that (U N V) N (X — P))&C....(1)

Now, if possible x & Pf_, then there exist W € t(x), and C € o such
that (W n P )8C. By Theorem 1. 1. 7 part 3, ((U N W) N P)6C.....(2)
By (1) and (2) we have that [(U N V) n (X —P)] U [(U n W) n P]éC.
By Theorem 1. 1. 7 part 3, [(UNVNW)Nn (X —-P)IU[(UNnWn
V)N P]6C, that is, [(UNV N W) N (X—P UP)SC, thus [(UNV N
W) NX]6C ie. (UNVNW)SC, that is, (UNVNW)¢o. By
Proposition 2. 2. 3, part 5, (UNV N W), = @, this is a contradiction
with Proposition 2. 2. 19 (If X = X , then G < G,,_for every G € 1) but

(U NV NW)is nonempty open set. Hence P, < Pr m

Corollary 3. 2. 5: Let (X, 7,6, o) be a co-bushy space. Then @ = @, _.

Proof.

By Proposition 3. 2.4 @, < @_but by proposition 2. 2. 3@, = @, thus
(Z) = Q)ta.

Proposition 3. 2. 6: Let (X, 1, d,0) be a co-bushy space. Then for every
closed subset P of X the following statements are hold:

1. P,_cP.

3. fiec — Set IS f; — set.

4. trs — set is t, — set.
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Proof.

1) Since P is a closed set by Lemma 2. 2. 17, Pr_ < P and by Proposition
3.2.4P; < Pr,thus P, < P.

2) By Proposition 2. 1. 3 P,_ < (P )¢,. By part 1, P,_ c P, that is,
(Pta)ta c Pto" Hence Pto_ == (Pto_)to_.

3) Let P is f;; — set. Then P < (P; ) . Since P is a closed set, by
Lemma 2. 2. 17 we have P;_ € P . By part 1 we ge, (Pr,);, € P, € P,
thus P = (P )¢, thatis, P is f; — set.

4) Let P ists; — set. Then P < (P )y, , by Proposition 3. 2. 4 we have
P, < P; . Then (P )r S (Pr,)ys, S Pf,. Since P is a closed set, Pr <
P, thatis, P = (Pr )¢, thus Pis t; — setm

Proposition 3. 2. 7: Let (X, 1, 8, 0) be a co-bushy space. Then for every
nonempty open subset P of X, the following statements are hold:

L Py, = (Pr)p,

2. Pis f;; — set.

3. Peo.

4. PSP, <P, =cl(P).

5. Every nonempty open set is a bushy set.

6. Every nonempty open set is a dense set.

Proof.
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1) By Proposition 2. 2. 3 part 6, (Pr,)r, < Pr . By Proposition 3. 2. 4,
P._ < P . Since P is open by Proposition 2. 1. 3 part 5, P ¢ P, _, thus

Pfa c (Pfo)fo" Hence Pfa = (Pfa)fo'

2) By Proposition 3. 2. 4, P,_ < P, then P,_ S (P, ). < (Pg, ), butP

is an open, by Proposition 2. 1. 3 part 5 we have that P < (FPy, );, .

3) If not, P ¢ o then by Proposition 2. 2. 3 P, =@ which is a

contradiction with Proposition 2. 2. 19 because P is open.

4) It is an immediate consequence of propositions 2. 1. 3, 3. 2. 4 and
2.2.19.

5) Let P is open set. Then by part 3 P € o so that by Corollary 3. 1. 31,
P is bushy set.

6) Clear because every bushy set is a dense setm

Corollary 3. 2. 8: Let (X,t,8,0) be a co-bushy space. The following
statements are hold:

1. (@5 )¢, = 9.

2. (Xp)e, = X.

3. P, S (P,

Proof.
1) By Corollary 3. 2. 5.

2) By Lemma 3. 2. 3.
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3) By Proposition 3. 2.4, P,_ < Pr butP,_ < (P )¢, thus P, <

(Pr,)¢,m

Proposition 3. 2. 9: (X, 1,6, 0) is co-bushy space if and only if X is

attached space.

Proof.

Let P € T by Proposition 3. 2. 7 part 3 P € ¢ that is t/{@} € 0. By
Proposition 3. 1. 30, X is attached space. Conversely, suppose X is
attached space. Then every nonempty open set is a bushy set, that is, X is
has at least one nonempty open set is a bushy set. Hence X is a co bushy

spacem

Note .3. 2. 10: Let (X, 7,6, 0) be a co-bushy space. Then
1. If P is a bushy set, then P, and (Pf ). _are bushy sets.

That is clear because Py =X thus (P )f, =X, =X. And

also((Pfa)ta)fa = ((X)ta)fa = Xfa =X

2. If P¢_is abushy set, then P is a bushy setand P is f;, — set.
Because X = (Pr,)r, © P, thus P =X. Also P c P, but
(Pfa)t()' == X, thUS P c (PfO')tO"

Proposition 3. 2. 11: If U and V are bushy sets in proximity cluster
topological space and U or V is an open set, then U NV is also bushy

set.

Proof.
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LetU and V are bushy sets. Then U, =V, = X. Let us suppose that U
is an open set. By Proposition 2. 2. 3itfollowsthat U NV, < (U N V),

thus U € (U NV), andsothatU, < ((UN v)fa)f c (UNV), but

U isabushyset, thusX c (U N7V)f ,thatis, (UNV), = X,hence U N
V is a bushy setm

Remark 3. 2. 12: Let (X,7,6,0) be a co-bushy space. Then every
nonempty open subset of X is a dense set if and only if every nonempty

open subset of X is a bushy set.

Proof.

Let U is a bushy set. Then for every V € 7, (VN ‘U)SC foreveryC € o
this implies V. N U # @ for every V € t thus ‘U is a dense set.
Conversely, since X is co-bushy by Proposition 2. 2. 19, U, = cl(U) =

X, hence U is bushy setm

It is to be noted that, according to earlier results:

1. Every bushy set is f, — perfect

2. Every open set in co bushy space is f,;, — perfect.

3. If X is co bushy space, then @ and X are t, — setand f, — set.
The proof is evident

Lemma 3. 2. 13: Let (X, T, 8, 0) be a co-bushy space, then
(Pr,), = (((Pfa)ta)fa)

to

Proof.
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By Corollary 3. 2. 8 part (3) we have that ((Pfa)t )e, C (((Pfa)t )r)e,

-since (P,), < ((P,), e, (Pr,), © (((Pfa)ta)fa) ---------- (1)

to

Also, Ps_ is a closed set, By Proposition 3. 2. 6 part 1, we have that

(Pr,), <P, hence ((P;,), )y, © (Pfa)f c P, that is,
(((Pfa)to_)fa)t = (Pfa)to_ ____________ (2)
By (1) and (2) it is following that (Py,) = ((P;,), ) fa) .

o o ty

Proposition 3. 2. 14: Let (X, 8, 1,0) be a cluster topological proximity
space, X is a co-bushy. Then the following statements are equivalent:

1. Pis f;, — set.

2. There exist G is f; —setsuchthat P < G and Py = Gy, .

3. P isthe intersection of f, — set and bushy set .

Proof.

1=2 Suppose Pc(P,) . By Lemma 3. 2. 13 (P,) =

(((Pfff)ta)fd) but (Pfa)tg €, if put G = (Pfa)ta, then G is f, — set

to

and P c G this implies to P, < G . So by Proposition 3. 2.4 P, c Pf,
thus (Pfff)ta c (Pfff)fa C P butG = (Pff’)t(,’ thatis, G € P;_and G, C

(Pfa)fg C Pf(7 . Hence Pf(7 == Gfa'
2=3 let D=PU(X—G) this implies Dy = P, U(X —G)f, by 2

Pr =G thusDe = G U (X —G)r, = Xr, = XhenceD isabushyset.

Hence P = G N D where G is f, — setand D is a bushy set.
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3 =1 Suppose P =GN D whereG is f, — set and D is a bushy set.
Since G is f; — set, G is open set. By Proposition 2. 2. 3, G N Dy <

(GND)s =P, .Sothat P S G S (G ND)g = P . But by Proposition
2.1.3, G € G, itfollowsthat P S G S G, < (Pfo)t .Hence Pis f,, —

setm

Proposition 3. 2. 15: Let (X, 1,6,0) be a proximity cluster topological
space, X is co-bushy, P is f;, — set if and only if P is the intersection of

open set and bushy set.

Proof.

Suppose P is f;, — set and P= (PUX — P ) N (Pfa)t , by Note 2. 1.
7, (Pr,), € T Toprove (PUX — Py,)isabushy set. If not, there exist
x ¢ (PUX—P;), . Then there exists U € t(x),(UN(PUX —
P;))8C forsome C € o thus (U N P) U (UNX — P ))SC thisimplies
to (U N P) & o by Proposition 2. 2. 3, we have that (U N P); = @. But
UNP, € (UNP), =0@thisimpliestoU NP, = @,thusU S X — Py
CAlso (UNX —P;) &o,hence (UNX — P ), = @ this means Uy =
@ but U # @ hence U, < U which is a contradiction with Proposition 3.

2.7 part4,thus (P UX — Py ) is abushy set.

Conversely, Suppose P = U N D where U is open set and D is a bushy
set. Since Uis an open set then by Proposition 2. 2. 3, U N Dy <

(UND)s =P .Sothat P < U< (UND)y = Py .Butby Proposition
2.1.3, U< U, it follows that PCSUCS U, < (Pfa)t . Hence P is

fto — Setm
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We can note that by Proposition 3. 2. 15, each open set in the co-bushy

space is an intersection of f;, — set and bushy set.

Proposition 3. 2. 16: Let (X, 1, §, 0) be a co-bushy space, f;,({X}) = tif
and only if X is a Bushy space. where f;,({X}) the family of all f;, —

set.

Proof.

Suppose f;,({X}) = t, and P is a bushy set. Then (Pfa)t = X hence

Pc (Pfff)ta thismean P is f,, — set, thus P € f,,({X}), thus P € T, that

IS, X is a Bushy space. Conversely, since X is a co bushy then X =
Xy this means X is bushy set, and for every U € T, then U = U N X by
Proposition 3. 2 15, U is f;, — set thismean t C f;,({X}).

Let P € f;,({X}) by Proposition 3. 2 15 P = U n D where D is a bushy
set. Since X is a Bushy space, D is an open set, thus U N D € t, so that
P € 7. Hence f;,({X}) = ™n
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Chapter Three.. Section Three ....Dismountable Space

3.3 Dismountable Space

In this section, we find new concepts parallel to resolvable, and
irresolvable space and study them within this space. This section is
concerned with studying the ability of space to be dismountable or non-
dismountable and the effect of the co-bushy space on topological

proximity spaces.

Definition 3. 3. 1:(X, T, §, 0) is a non-dismountable space if and only if X
cannot contains two disjoint bushy subsets. Otherwise X is a dismountable

space.

It is easy to see that:
e (X,8,0,1,) is anon-dismountable space when & is non-indiscrete

proximity because it doesn’t have any bushy subset in this space.

e (X, 8,15 0) is anon-dismountable space when & is non-indiscrete

proximity because it doesn’t have any bushy subset in this space.

Proposition 3. 3. 2: Let (X, T,5,0) be a dismountable space. Then X is a

resolvable space.

Proof.
Suppose that X is a dismountable space. Then there exist two disjoint
bushy sets 4, B suchthat AN B = @, A U B = X. Since every bushy set is

a dense set, A and B are dense sets, hence X is a resolvablem

Example 3.3.3: Let X = {1, 2, 3,4}, § is proximity define by: ASB VA +
®,B =@ except the relation: {1}6{2}, {1}6{3}, {1}6{4}, {2}6{3},
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{2}6{4}, {136{2,3}, {1}6{2,4}, {136(3,4}, {1}6{2,3,4}, {2}6{3.4},
(2}6{1,3}, {2}6{1,4}, {2}6{1,3,4}, {1,2}6{3,4}, {1,2}6{3}, {1,2}6{4}

{236(1}, {336{1}, (4}6{13, {3}6{2}, {436(2}, {2,3}6{1}, (2.4}6(1},
(3,4}6{1}, {2,3,4}6{1}, {3,4}6{2}, {1,3}6(2}, {1,4}6{2}, {1,3,4}6{2},
(3,4}6{1,2}. {3}6{1,2}, {4}6{1,2}.

Then o = {{3}, {1,3}, {2,3,4}, {1,2,3}, {2,3}, (3,4}, {1,3,4}, {4},
{1,4},{1,2,4},{2,4}, X}. Lett = {X, 0, {3,4}}, we can see that {1,3} and

{2,4} are bushy disjoint sets, thus X is dismountable space.

Proposition 3. 3. 4: Let (X, T, 8, 0) be an attached space and submaximal.

Then X is a dismountable space if and only if X is an resolvable space.

Proof.

Assume that X is a resolvable space. Then there exist two disjoint dense
sets A, B suchthat An B = @, AU B = X. Since every dense set is open
and X is attached space, A and B are bushy sets, that is, X is dismountable

space. Conversely, clear by Proposition 3.3.2 m

Proposition 3. 3. 5: Let 7, and 1, be two topological defined on X, such
that t, S 7,. If (X, 74,6, 0) is non-dismountable space, then (X, 1,, 8, 0)

Is non-dismountable space.

Proof.

Let us suppose that 7, is dismountable space. Then there exist two disjoint
T, —bushy sets A,B such that AN B =@, AU B = X. By Remark 3. 1.
15 every 7, —bushy set is 7; —bushy set, that is 7, is dismountable space,

this is a contradiction, hence (X, §, 75, 6) is non-dismountable spacem
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The above proposition can be generalized to any topology that is finer

than the non-dismountable topology defined on the same cluster.

Definition 3. 3. 6: (X, T, §, 0)is called:
1- Hereditarily non-dismountable space if and only if every subspace
Is non-dismountable.
2- Strongly non-dismountable space if and only if each open subspace

IS non-dismountable.

For example, (X, 6, t5,0) or (X, 5,0, T,) if § is non-indiscrete proximity,
then the spaces:

¢ s non-dismountable space.

e The subspace of X is also non-dismountable space.

¢ |s hereditarily non-dismountable space.

e |[s strongly non-dismountable Space.

Because has not have two disjoint bushy sets.

Proposition 3. 3. 7: Let (X,1,6,0) be a proximity cluster topological

space. Then every Bushy space is non-dismountable space.

Proof.

If possible that X is a dismountable space. Then there exist two nonempty
disjoint bushy sets A, Bsuchthat AN B = @,AU B = X,thatis,A = X —
B and B = X — A. Since A is bushy set, A is dense set, thus cl(4) = X,
butB=int(B)=X—cl(X—B)=X—cl(A) =X —X = @,whichisa
contradiction with hypothesis. Thus X is a non-dismountable spacem

(Hint:B = int(B) because X is Bushy space and B is bushy set)
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Proposition 3. 3. 8: Let (X,1,8,0) be a co bushy space. The following

statements are equivalent:

s

X is Strongly non-dismountable space.

N
1

Every takeoff set of bushy set is also bushy set.

%

Every complement bushy subset of X is scant set.

S
1

Every closed subset of X is the union of open set and scant set.

Proof.

1 = 2 Suppose every open is non-dismountable. Let A is bushy subset of
X, that means Ay =X .

If possible (A; )rs # X, then G = X — (A; ) e # @. Since (A¢ )fq IS
closed set, G is open set, and so G NAg; S (G NA)s,, hence
G =GN (GNA)s, thatis, (AN G) isbushyinG.

Since A, is open set, by Proposition 3. 2. 7 part 4 A, < (Atd)fo-’ it

followsthat G=X —(4,,), SX—4;, =X — Ay .

fo
Since G is open set, G = G N (X — A)rs € (G N X — A) g, this implies

toG =GN (G—A)y this means (G —A) is bushy set in G.
Further,G = (GNA)U(G—A) and (GNA)N(G—A) =0, that is,
(GNA),(G— A) are bushy set in G hence G is dismountable subspace,
which is a contradiction with hypothesis. Hence (A;, ), = X.

2 = 3 Suppose X — A is bushy set. By part 2, ((X — A4),,), =X. By

fo
Proposition 2. 2. 23 part 3, @ = X — ((X — A)ta)fa = (4y,),, hence A

IS scant set.
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3 = 4 Let A closed subset of X. Then A,_ =@ or A, # @. In case of
A, = @ thisimplies @ = A, =X — (X —A)f, > (X—A); =X, that
IS, (X — A) is bushy set. By part 3, A is scant set, hence A = @ U A where
@ € Tand A is scant set.

Incase of A, #®. (A—A ), =(ANKX—A ), =4, N ((X -
Atd))t(, = A )e, N(X— A )e, = (A, NX — At )¢, = D¢, = D .Thus
(A—A¢ )¢, =0, and so that by Proposition 2. 2. 14 part 1, we have
that = X —(X—A—A, )y, = X —A—A; ), = Xthismeans (X —
A — A, ) is bushy set, that is, (4 — A, ) is scant set, and so A = A;_U
(A — A )where A, _isopenand (A — A, ) is scant set. (Hint: Since A is

closed set, A, < A).

4 = 1 Suppose that G is nonempty open dismountable. Then there exist
A,B  subsets of G suchthat G=AUB, ANB=0¢ and G =Af,

G = By . Since Ay is closed set, Ar. = U U C where U is open set and C
is scant set, so that U + @ otherwise Ar = C, this mean A is scant set
thus  ((Af,)f,)e, = @ but G = A by Proposition 3. 2. 4, G c Gy, =
(Af, ) thisimpliesto G < (A )r,and sothat G, < ((Af,)f, )¢, DUt G is
open set we get by Proposition 2. 1. 3 G € G, € ((Af,)r)e, =0 =
G = @ this is a contradiction, hence U # @ . Clear that int(U) = U and
int(U) < int(A). Since B is bushy setin G, int(A)NB+@®=ANB +

@ which is a contradiction. Thus G is non-dismountablem

Proposition 3. 3. 9: Let (X, T, §, o) be a co bushy and Bushy space. Then

X is hereditary non-dismountable.

Proof.
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Let Y is nonempty dismountable subspace of X. Then there exist
nonempty A,B are subsets of Y such thatY =AUB, ANB=0
andY =Ag, Y =B, thatis, X — A = X —Yand also we have that
(X o Afa)fo = (X o Y)fa'

Since X is co bushy and by Proposition 2. 2. 24, X = X = ((X — Az, ) U
A, = (X —4). U4, € (X —4p,), VA, = (X —Y), U

A =(X=Y)UA)s, = (X — B)g,, thismean (X — B); = X, hence X —
B is bushy set in X. Since B is closed and by Proposition 2. 2. 24,
Y = Bf (ty,0) € By (1,0) € B that is, Y = B this implies that A =
@ which is a contradiction with hypothesis. Thus Y is nonempty non-

dismountable subspacem

Proposition 3. 3. 10: Let (X, 1,6,0) be a proximity cluster topological
space. X is non-dismountable space if and only if there is no bushy set A

for which X — A is also bushy set.

Proof.

If possible there exist Ay, = (X —A);, =X .ThenX =AU (X — 4),and
AN (X —A) =0, thus X is dismountable space, which is a contradiction
with hypothesis.

Conversely, if X is dismountable space, then there exist nonempty A, Bare
bushy subsets of X suchthat A, = B =X ,butX =AUB,ANB =0,
thus B=X—-A,andB;, = (X —A), thatis, Ay = (X—A4); =X,
this is a contradiction with hypothesis. Hence X is non-dismountable

spacem
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Corollary 3. 3. 11: The space is dismountable if and only if there exists a
set and complement of these set are bushy sets.

The proof clear by Proposition 3. 3. 10.

Proposition 3. 3. 12: Let (X,1,6,0) be a cluster topological proximity
space, and X =Y, UY, ,,nY,=0 and Y; is closed set. If
(Y1,8y,,ty,, 0y, ) and(Y,, 8y,, Ty, 0y,) are hereditarily non-dismountable

subspaces, then (X, T, 8§, o) is hereditarily non -dismountable space.

Proof.

Suppose P is nonempty subset of X and P € g, and (P, 8p,Tp,0p) iS
dismountable. Then there exist nonempty A, Bare bushy subsets in P such
that Ax, = B, =P ,P=AUB,ANB =0 .since Y; is closed set this
implies Y, is open set . If possible Y, N A # @ and Y, n B # @. Since
A, Bare bushy subsets in P, then forevery G € 7, (G N P) n A8, C for every
C € gp. But(Y, N G) € t thisimpliesto ((Y, N G N P) N A)8,C for every
Ce€oap=>[GNY,NP)N (Y2 N A)]Sy,npC, hence (Y, NA)f =Y, NP,
similarly (Y, N B)y =Y, NP this mean (Y,NnA) and (Y;NB) are
nonempty disjoint bushy subset of (Y, nP) this mean (Y, NP) is
dismountable subspace of (YZ, 8y, Ty, GYZ), this is a contradiction.

If possibleY, NnA =@orY, n B =@. LetussupposethatY, nA = @and
Y; nB # @. Then A c Y;. By hypothesis A = P, that is, for every U €
7(x), (UNP)N Ad,C for every C € g. By Theorem 1. 1. 7, U N (P N
Y;1)6pC for every C € 0. Thus P = (PNY;)r € P N Ylfa C Ylfa cY.

That means P is a dismountable subspace of Y; which is a contradiction.
SimilarlyforY; n B =@ and Y, n A # @. Hence (X, T, §, o) is hereditarily

non -dismountable spacem
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Proposition 3. 3. 13: Let (X, 1,8, 0) be a proximity cluster topological

space. For every x € Pand P is a bushy set, then {x} is not open set.

Proof.

Suppose P is bushy subset of X. Then P =X, thus for every U €
7, (U N P)SC for every C € o this impliesU N P + @ for every U € 7. If
possible {x} is open set . Then {x}NP # @ , thus x € P which is a

contradiction, thus {x} is not openm

Corollary 3. 3. 14: If the space is a door space the singleton set is a closed

set for every {x} not belong in the bushy set.

Proof.
Clear by Proposition 3. 3. 13, {x} is not open set. But X is a door space

that must {x} is closed setm

Corollary 3. 3. 15: If the space has a singleton open set, then the space

IS non-dismountable.

Proof.

If X is dismountable space, then there exist nonempty A, Bare bushy
subsets of X suchthat A, = B, =X,X=AUB,ANnB = @.Then for
every U € 7,(U N A)SC and (U N B)SC for every C € o.Since {x} €T
this implies {x}N A # @ and {x} N B # @ thus An B # @ which is a

contradictionm

Remark 3. 3. 16: If the space is dismountable and the door, then the space

Is T, -space.
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Proof.

Suppose X is a dismountable and the door space. Then there exist
nonempty A, Bare bushy subsets of X suchthat Ay = By =X, X =AU
B, AnNB =@ . Then for every x € X either x €A andx € B . By
Proposition 3. 3. 13 {x} is not open set. Since X is a door space, {x} is
closed set. Or x € B and x € A . Similarly {x} is closed set. Thus the

space is T, -spacem

Definition 3. 3. 17: Let (X, T, §, 0) be a proximity cluster topological
space. P subset of X is called dismountable set if and only if there
exists subset two bushy sets P, and P, suchthat P = P, UP, and P <

P, PSPy, .

Proposition 3. 3. 18: Let (X, 1,8,0) be a proximity cluster topological

space. The union of any family of dismountable set is dismountable set.

Proof.

Let {P;, 1 € A} the family of all dismountable subsets of X , for every 1 €
A there exist nonempty A,,Bjare bushy subsets in P such that
P, © Alfa’ P, c B)Lfa , Pp=A,UB,;. Since P, C A,lfawe get
Urea(P2) € Uzea( 43, ) € (Upeadny,.  Similarly Uaea(Pr) E
(UaeaBy)y, - Since there exist 4 € A such that Py = 4, U By,

Uaea(P1) = Upea(42 U By) = Ujzea(42) U Ujzea(By)- Thus Uzea(Py)
is dismountable setm

Remark 3. 3. 19: If (X, 1,6, 0) is dismountable space, then there exist

disjoint takeoff sets is empty sets.
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Proof.
Suppose X is dismountable, there exist two sets A, B € X, such that

Ar =B =X, AUB=X,AnNB =20 this implies to X—Ap =X—
By = @. By Proposition 2. 2. 14 we have that (X — A); = (X — B),, =
@ but (X —A) = Band (X — B) = A, Hence (4);, = (B),, = Om
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4.1 Cluster outer, Cluster disputed, and Cluster brim

sets

This part introduces the definition of three disjoint sets and studies the
relationship between them, as well as their relationship to the non-

dismountable space.

Definition 4. 1. 1: Let (X,7,8,0) be a proximity cluster topological

space. A point x € X is said to be cluster outer point of subset P of X,

if and only if there exists U € t(x), such that (U N P)&C for some C €

0.

All the cluster outer points of set P is denoted by P,_. Hence P,_(t,0) =

{xeX;3Uet(x)s.t(UN P)&C for some C € o }. The collection of
all cluster outer set denoted by 0, (X).

Example 4. 1. 2: LetX={123},t={X,0,{3},{1},{1,3}},6is
discrete proximity, hence o = {{2},{1,2},{2,3}, X}. If P, ={2,3},P, =
{3},P3:X,thenploo_={1,3},P206=X,P300_={1,3}.

Proposition 4. 1. 3: Let (X,1,8,0) be a proximity cluster topological
space. P is a non-empty subsets of X, the following statements are
equivalent:

1. x€Py,.
3. XEX—Pfa

Proof.
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Let x € Py_. Then there exists U € t(x), such that (U N P)&C for
some C € g. By Definition 2. 1. 6 if and only if x € (X —P), . By
Proposition 2. 2. 14 part 4, ifand only if x € X — P, . Thus x ¢ Py if and
only if by Definition 2.2.1 there exists U € t(x), such that (U N

P)&C for some C € 0. Hence x € Py m

It easy to see that, (X — P),_and (X — Py ) are equivalent definitions of

the cluster outer set.
Remark 4. 1. 4: The cluster outer set is an open set.

Proof.
That is clear because the cluster outer set is complement of the follower

set. By Proposition 2. 2. 3 part 4, Py is closed set. Thus cluster outer set is

an open setm

Proposition 4. 1. 5: Let (X,1,8,0) be a proximity cluster topological
space. P;, P, are subsets of X. Then

1. IfP, € P,,then PZO(, c Ploa'

2. If Py € Py, then(Py, )o, < (P2, o,-
(PLU Py)o, =P1y NPy .

0
Py, = int(P, ) 2 int(X — P).
If P ¢ o,then Py, = X.

Po, € (X =Po,), = (Pr,)o,

8. (0), = X.

N o a &~ W
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9. Xo,=X-—X.

10-(P0,,)0(, = (Pf(,)t(,-

Proof.

1) Letx € PZOU . Then there exists U € t(x), such that (U n P,)8C for
some C € g, but P, c P, then by property of proximity space (U N

P,)&C for some C € o, hence x € Piy -

2) Evident through part 1.

3)(P1UP2)0(,=X_(P1UP2)fG=X_(P1fGUP2f)=X_

(Plfa)nX_(PZf)z PloanPZOJ'

4) By part 1.

5)Po, =X — P =X —cl(P;,) = int(X — Py ) = int(P,,) . Also, X —
cl(P;,) 2 X — cl(P) = int(X — P).

6) Let P ¢ 0. Then PSC for some C € ¢. By Theorem 1. 1. 7 part 3, for

every x € X there exists U € t(x) such that (U N P)&C for some C €

o, hence x € P,_, its complete result.

7)P00=X—Pfa§X—(X—(X—PfU))fa=X—(X—Poa)fa=(X—

POJ)Oa = (Pfa)oa'
8)(®)00=X_®fa=X_®=X
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9) Evident.

10)  (Po)o, = (X =Pr)o, =X = (X =Py, = (X=X —Pp), =

(Pr,), m

Corollary 4. 1. 6: Let (X, 7, §, o) be a proximity cluster topological space.
P;, P, are subsets of X, then:

1. If(Pp,)o, = @, then P is ascant set, and the opposite is true.
2. IfPy = @,then P isamember of the cluster family.

3. If Xis co bushy space, then(Py_)o, < Pf,.

4. If Pis closed set, then (Py_)o, < P, .

5. (X—=P)o,=P,.

Proof.
1) By Proposition 4. 1. 5 part 10, (Pp_)o, = (Pf,)¢,. Thus P is scant set.

2) By Proposition 4. 1. 5 part 6, if P,_ = @, then P € 0.

3) Since X is co bushy space, by Proposition 3. 2. 4 (P),_ < (P)y,. Then
(Pe)e, < (Pr,)f, € Pr, thus by Proposition 4. 1. 5 part 10, we get that

(Po,)o, < Ps,-

4) Since P is closed by Lemma 2. 2. 17, (P), < P, thus by Proposition
4.1.5part 10, (Py,)o, = (Pr,)t, S (P)¢,-

5) By Proposition 4. 1. 3, Py, = (X — P);_, thus (X = P)p_ = (X — X —
P)to = P m
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Proposition 4. 1. 7: If (X,1,6,0) is a dismountable space, then there

exists AC X, suchthat A, = @.

Proof.
Suppose X is dismountable. Then there exist two sets A, B € X, such that
Ar =B =X, AUB=X,and AnNB =0. Thus X — A = @, and by

Proposition 4. 1. 3, A, = Om

It can be conclude by Proposition 4. 1. 7 that a space is dismountable if

and only if there are at least two empty disjoint cluster outer sets.

Definition 4. 1. 8: Let (X,7,6,0) be a proximity cluster topological
space. P is said to be cluster disputed set denoted by Ds(P) if and only if
Ds(P) = P; NP,

Example 4. 1. 9: Let X = {1,2,3,4, 5}, ¢ is discrete proximity , and
o =og,and T = {X,0,{1,3,5},{3}}. If we take {2,5},{1,2},X and 0,
then:

{2,5}r, ={1,2,4,5} and {2,5};_ = X, thus Ds({2,5}) = {1,2,4,5},
{1,2};, = 0,and {1,2}, = {3}, thus Ds({1,2}) = 0,

Xr = {1,2,4,5}, and X, =X, thus Ds(X) = {1, 2,4,5},

@, =@, and @, = {3},thus Ds(®) = 0.

Proposition 4. 1. 10: Let (X, t,6,0) be a proximity cluster topological
space. P,, P, are subsets of X. Then

1. Ds(®) = @,and Ds(X) = X .

2. If P, € P,then Dg(P;) € Dg(P,).

3. Ds(PLUP,) 2 Ds(P) U Ds(Py).
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. Ds(PyNP;) € Ds(Py) N Ds(Py).
. 1fC & o,then Ds(C) = @,and Ds(X —C) = (X — O)y,.

. If Pisaclopen set, then Ds(P) = P _.
. D5(P) = Pfo- - (X - P)fo"

4
5
6. If P is closed set, then Ds(P) < ints (P) € P.
7
8
9

. Ds(P) =0 ifandonly if P € (X —P)porP,_ S (X —P),,.
10. Ds( D5(P)) € Ds(P,) n Ds(P;,).
11. Ds ( Ds ( Da(P))) < Ds((Pr)yr,) N Ds((Pe,)e,) 0 Ds((Pr)e,) N

Ds((Pe,)s,)-

Proof.

1) Evident, because @, = @, and X;_is not necessary equal X.

2) Ds(P) =Pi, NPy, S P, NPy = Ds(Py).

3) Clear by part 2.

4) Clear by part 2.

5) Suppose C & o by Proposition 2. 2. 3 C, = @, thus Ds(C) = 0.

By Proposition 1. 1. 15, (X — C) € a. Also, by Proposition 2. 1. 3 part 8,
(X—C), =X, thusDs(X — C) = (X — C)y,.

6) Ds(P) = Pr, N P,_but P is closed so by Lemma 2. 2. 17 we have P; ©

P,hence P, NP,_ < PNP,_=int; (P) <SP,
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7) By fact, if P is a both open and closed, then P; < P; .
8)D5(P) =PfaﬂPta =Pfaﬂ(X—(X—P)fa) =Pfo-_(X_P)fo-'

9) Suppose Ds(P) = @. Then P NP, = @, by Proposition 2. 2. 23
either P, € (X —P, )=X—P)g, or P, S (X—Pc)=(X—P),.
Thus P, € (X —P)gor P._<S (X —P), . Conversely, supposePs <
X —P,_.Then P NP, =@, thus Ds(P) = Q.

10) Ds(Ds(P)) = Ds(Pr, N Pe,) = (P, N P,), N (P, NP,),
(), 0(B), 0B, 0 (R, =(P)_ 0 (7)) " (P,

(Pta)ta): Ds(Pr,) N Ds(Pr,)-

11) By part 10, Dy (Ds(Ds(P))) < Ds( Ds(Py,) N Ds(P.,))

=Ds ((Pfa)fa n(P,), n(P,), n(P,), )

= (), 0 (), 0P, 0 (R,

0 (), 0 (), 0 (), 0 (),.),

S [((P) e 0 ((Pr), )5 0 (Pe) ) 0 ((Pr,), D ] 0
[((Pr,) e, 0 ((B) ey 0 (Pey) deg 0 ((P,), )]

= ((P,) D5 N ((Ps) e, 0 (Pe,), )p) 0 (Ps,), e, N
(Pr) )5 0 (Pr) ey 0 (Pe,)  )p, 0 ((Pr,) e

= Ds ((Pfa)fa) N Ds ((Pta)ta) N Ds ((Pfa)ta) N Ds ((Pta)fa)'
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Definition 4. 1. 11: Let (X,7,6,0) be a proximity cluster topological
space. P is said to be cluster brim set denoted by Bs(P) if and only if
Bé‘(P) - Pfa N (X_P)fa

By Example 4. 1. 9, Bs(P) = @ for every subset of X, we can conclusion
that Bs(P) # @ if and only if Pand X — P belong to cluster family,
because if P or X — P not belong to cluster by Proposition 2. 2. 3 part 5,
P or X — P equal empty set.

It is noted that the cluster brim set depends on the proximity relationship
defined on the cluster. So if we assume that the proximity relationship is
indiscrete proximity on any topology, then the cluster brim set is non-
empty, but in the case of the discrete proximity relationship defined on
the cluster, the cluster brim set is always equal to the empty set. This does
not mean that the topology has no effect, but the effect of the proximity

relationship is stronger than the effect of the topology.

By Examples 3. 1. 8, 15=1{X,0,{3},{1,2}}, and o=
(13,41, 2}, {1,3}, {2}, {2,3}, X}.. If P = {2}, then X — P = {1,3}, thus
{2}, =1{1,2},and {1,3}; = {1,2} thatis, Bs({2}) = {1,2}.

Examples 4. 1. 12: LetX = {1,2,3}, § is discrete proximity. Then
and ts = {X,0,{1},{2}, {3}, {1,2},{1,3},{2,3}}. And leto =
{{2},{1,2},{2,3}, X}. If P ={2},thenX — P = {1, 3}, thus

{Z}fa = {2},and {1, 3}fa = @, that is, Bs({2}) = @.

Proposition 4. 1. 13: Let (X, t,6,0) be a proximity cluster topological
space, x € Bs(P) ifand only if x € (P, — P;_).
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Proof.

Let x € Bs(P). Then x € Prand x € (X — P)¢, and so that x € X —
(X — P)f, , by Proposition 2. 2. 14, x & P,_hence x € (P;, — P;_).
Conversely, let x € Pr. — P,_. Thismeans x € Pr and x € P,_sothatx €

X—P_butX—P_=(X—P)s , hencex € Bs(P)m

The above proposition is an equivalent definition to the cluster brim. This
could be used to prove some elements of the following proposition, where

the most important properties of cluster brim are mentioned.

Proposition 4. 1. 14: Let (X, t,6,0) be a proximity cluster topological
space. Then
1. Bs(®) = @, and Bs(X) = Q.
Bs(X) < Bs(P), for every nonempty subset of X.
Bs(C) = @, forevery C ¢ o.
Bs(P) is closed set.
Bs(Py U P;) € Bs(Py) U Bs(P,).
Bs(Bs(P)) < Bs(P).
Bs(X — P) = Bs(P).
clg (P) = Ds(P)U Bs(P) UP.

© N o 0o B~ w N

Proof.
1) BS(X) = Xfa N (X _X)fa = @

2) Evident by 1.

3) That is clear because by Preposition 2. 2. 3 part5, ¢ = @.
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4) Evident, because Py is closed set.

5)Bs(P,UP,) =(PLUP), N(X—(P U PZ))f C (P, UP )N
(X =Pl N(X—=Py)p) = (Plfan(X_Pl)fa NX—P)g) U
(szan(X—Pﬂfan (X —Py)f)) € ((P1fan((X—P1)f(,)U (szan

((X = P)y,) = Bs(Py) U B5(Py).

6) Bs(Bs(P)) = Bs(P, N (X — P)y)
=(P,n (X =P)y,) N(X=(P,n(X—P )fa))f
= (P, nX=P)s,), n((X=P)U(P)p)),

S ((Pr)p, N (X =P)p)p) N (X = Pr,), U((P)g,)p,)

c Pfa N (X_P)fa = Bé‘(P)

7)Bs(X — P) = (X—P)f(I N (X—X—P)f(r = Pfa N (X—P)fU =
Bs(P).

8) Ds(P)UBs(P)UP = ((P, NP, )U (P, N(X—P);)UP
=P, NP, UX—P) )UP=(P,N(P,UX—P, ))UP

:(PfanX)UP:PfaUP=leo'(P)-

Proposition 4. 1. 15: Let (X, t,6,0) be a proximity cluster topological
space, Bs(P) = @ ifandonly if P, € P, .

Proof.

If P = @ the proof is done.
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Suppose Bs(P) = @and Pr, # @ . Then forevery x € Pr ,x & (X — P)¢,
thatis, x € X — (X — P)f,, hence x € P;_.

Conversely, suppose P, € P, , that is, P, N (X — P, ) =@ but by
Proposition 2. 2. 14, X — P,_ = (X — P)f_, hence B5(P) = {m

By Propositions 4. 1. 13 and 4.1. 15, as well as by relying on some
properties of the follower and takeoff sets, we have some results

mentioned in the following proposition:

Proposition 4. 1. 16: Let (X, 1,6, 0) be a proximity cluster topological
space the following statements are hold:
1. If P is open set, then Bs(P) € P — P.

2. If Pis closed set, then Bs(P) € P — P, _.
3. If P isclopen set, then Bs(P) = @.

Proof.
1) Let P be an open set. Then by Proposition 2. 1. 3 part 5, we have P <

P.,.So that Bs(P) = P, — P, S P; —P.

2) Let P be a closed set. Then by Lemma 2. 2. 17 we have Pr < P. So
that Bs(P) =P, —P,, S P —P,.

3) Let P be a clopen set. Then by Lemma 2. 2. 18, we have Py < P;_. SO
that Bs(P) = Py, — P, = (m
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After examining the properties of the disjoint sets, it is important to study
the relationship among them and their effect on the proximity space. The
following proposition explains the most important relationships between

these sets.

Proposition 4. 1. 17: Let (X, 1,6, 0) be a proximity cluster topological
space, then the following statements are hold:

1. Bs(P) =P, N (X —P,).

2. Bs(P)nDs(P) = 0.

3. P, = B5(P) U Ds(P).

Proof.
1) Clear.

2)  Bs(P)NDs(P)=(P;,n (X—P)s) N (P, NP )=(P,NX—
Pta)ﬂ(PfaﬂPta)= Pfaﬂ(PtUﬂX—Pta)=Q.

3) Bs(P)U Ds(P) = (P, N(X—=P)f )V (P;, N P)
:Pfan((X_Pta)UPta-)) =PfaﬂX=Pfal

Proposition 4. 1. 18: Let (X, t,d,0) be a proximity cluster topological
space, then the cluster outer, cluster disputed and cluster brim divided

space into three pairwise disjoint sets.
Proof.

By Proposition 4. 1. 17 part 2, Bs(P) N Ds(P) = @, to prove Bs(P) N
POU =®a.ndl)6(F))r]F)0(7 =®
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Bs(P)NPy =P, N(X—=P)e)NX— P =P, NX—P )N (X —
P); =@ . Also,Ds(P)NPy = (P, NP, )N X—P, =P,_n (PN
X — P; ) = @.Also, by Proposition 4. 1. 17 part 3, Bs(P) U D5(P) = P,
thus (Bs(P) U Ds(P))UP,, =P U (X— P;)=Xm

Note 4. 1. 19: If P is a bushy set, then P divides the space into two disjoint
sets Bs(P) and Ds(P). Because if P is bushy set, then:

.POO' - @
eBs(P) =X — P, .
eDs(P) = Py,.

Proposition 4. 1. 20: Let (X, 1,6, 0) be a proximity cluster topological
space, and A, B are subsets of X. If X is a dismountable space, then the

following holds:

1. Bs(A) = X.

2. Ds(A) =0

3. AOO‘ = Q
Proof.

1) Suppose X is dismountable space, then there exist nonempty
A, B disjoint bushy subsets of X, such that A, = B = X,and B =X —
A. B(S(A) - Afa N (X _A)fa ES (X _A)fa - Bfa - X

2)Ds(A) =A;, NA,, =A, =X—(X—A);, =X—X=0.

3) Evident.
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4. 2 Cluster Too Intense and Cluster Semi Intense sets

This section presents new concepts for four of the sets that were built by
depend on the concept of follower set and takeoff set with the study of the
most important properties and characteristics of these sets and their
relationship to open and closed sets in proximity cluster topological space
as well as their relationship with each other. Moreover, it is building other
sets that depend on those sets and studying their most important

characteristics within the co bushy spaces.

Definition 4. 2. 1: Let (X,7,6,0) be a proximity cluster topological
space, A is subset of X is called:
1. Cluster too intense set denoted by Cr,;(A) if and only if A, =
(Afa)ta'
2. Cluster semi intense set denoted by Cg;(A) if and only if A; =
(A5, -
3. Cluster intense set denoted by C;(A) if and only if A, =

(Afa)taand Afa = (Ata)fcr'

Hence A is cluster intense if and only if A is Cy;(A) and Cg;(A).
So that Cy;(X), Cg;(X), C;(X) denoted the collection of all cluster too

intense, cluster semi intense, cluster intense, sequentially.

Note 4.2.2: Let (X, 7, §, o) be a proximity cluster topological space. Then

1. Xisacluster semi intense. Because by Proposition 2. 1.3, X; = X.

2. @isacluster too intense. Because by Proposition 2. 2. 3, @, = @.
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3. Ifthe space is co bushy, then X and @ are cluster intense sets. That
Is clear by Lemma 3. 2. 3, and Corollary 3. 2. 5.

4. 1f Ais an open set, then every cluster too intense is f;  —set.

5. If Ais open in co bushy space, then every cluster semi intense is

t; —set. because by Proposition 3. 2. 7 part 4, A < Ay, .

Examples 4. 2. 3: LetX ={1,2,3,4},if8is indiscrete proximity,
theno = {A € X; A+ 0} Lett = {X,0,{3},{1,3}},

P, = {3}, P, = {1,2}, P; = {1,3,4}, P, = {1,2,4}then

P;is cluster semi intense, P, is not.

P, is cluster too intense, P; is not.

It is possible to use the previous results on the cluster proximity
topological space(X,d,1ts,0), for Example 2. 2. 2 , X = {1,2,3}, 15 =
{X,0,{2},{1,3}}, and let 0 = {{2},{1, 2}, {2,3}, X}. Then

{Z}fa ={2}, and {2}, =X, that is, ({Z}fo-)ta = X. But ({2}, )y, =

{2}. Thus { 2} is cluster intense set.

Proposition 4. 2. 4: Let (X,1,8,0) be a proximity cluster topological
space, A is a cluster too intense if and only if the complement of A is a

cluster semi intense.

Proof.

A is a cluster too intense if and only if A, = (Ag ). if and only if X —
Ar, =X — (Ap ), ifandonly if (X — A); = (X — A)¢, )y, ifand only if

the complement of A is a cluster semi intensem

™121



Proposition 4. 2. 5: Let (X, 1, 8, ) be a co bushy space. Then:
1. If A is closed set, then A is cluster too intense if and only if
(Ar)e, € A.
2. If A is open set, then A is cluster semi intense if and only if
AC (A)f,
3. If A is clopen set, then A is cluster intense if and only if
(Afo-)ta = (Ata)fa'

Proof.

1) Suppose A is Cr;(A) . Then A, = (Ay, )¢, By Proposition 3. 2. 4, and
Lemma 2. 2. 17 we get (A )., = A, © Ar S A. Conversely, suppose
(Af, )¢, S A. Since A is a closed set in co bushy space by Proposition 3.
2. 6 part 2, (Ag)e, = ((Af)e e, S Ar,, that is, (Ag )¢, S A¢,. By
Proposition 3. 2. 4, P, < P¢ for any P € X, that is follows A, =
(At )e, © (A e, thus A S (Af )., that is, (Af )., = A, -Hence A

Is cluster too intense.

2) Let us asumme that A is a cluster semi intense. Since A is open set by

Proposition 3. 2. 7 part 4, we have that A € Ay = (A )y, .
Conversely, let A € (A4, )y, , thatis, A; < ((Ata)f e, = (A¢,)y, - By
Proposition 3. 2. 4, P,_< P ,for anyP € X, that is, (A ) S

(4f,), = A . Hence A is a cluster semi intense set.
g fO' g

3) The proof is easily because if A is open and close by Proposition 3. 2.

6, and Proposition 3. 2. 7 we get A,_ = A = Ay_. Since A is a cluster

intense, (A¢ ), =Ar, =A and (4f),, =A,, =A hence (4);, =
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(At )y, Conversely, since A is clopen we have that A, = A = Ag_, thus

(Ar,)r, = Ar andsothat (Ag ). = A, ,thus A isacluster intense setm

Proposition 4. 2. 6: Let (X, t,8,0) be a co bushy space. If A or B is an
open set, then (Af )¢ N (Br)e, = (AN B)f )y,

Proof.
Evedint by propositios 2. 1. 3, and 2. 2. 3, ((ANB)f, )¢, € (Af):, N

(Bf,)¢,- It suffice to show that (A ). N (B )¢, © ((ANB)f )y,

Let us assume that A € t. By Proposition 2. 2 .3 part 8, ANB; C
(ANB); ,sothat (4N Bfa)ta c ((AnB) fa)to, thatis, 4,, N (B¢, C
((An B)fa)ta . Since A is an open set, and by Proposition 2. 1. 3 part 5,
we haved c A, thus AN (Bg)., €A, N (B, € ((ANB) fa)td,

and by Lemma 3. 2. 13, we have that ([An((de)td]fG)t c

((@nByy), dp) = (AnB)y), . Thus (AN (B, l7,), ©

to
Since (B isanopenset, A: N (Bf):. < [AN ((Bf): ] bytake the
fo ty fo fo/ts fo/tolfo

takeoff we have that, (4 ). N ((Br):,)e, < ([AN ((Bf):,] fa)t that

is, (Af, )¢, N (Br e, € (Af)e, N ((Br, )t )e, € ([An ((Bfg)tg]fa)ta'“
----- (2). By (1) and (2) it is following that (Af ). N (B )¢, C

((ANB)f )¢, Thus (Af )¢, N (Bf)e, € ((ANB)f ) m

We can see that in case of 7, , the above proposition is not true because

takeoff set is not 7, — open set.
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Corollary 4. 2. 7: Let (X, 1, 8,0) be a co bushy space. If A or B is open,
then
1. The intersection of cluster too intense sets is a cluster intense set.
2. The union of complement too intense sets is a cluster sime intense

set.

Proof.

1) Suppose A, B are cluster too intense. By Propositions 2. 1. 3, and 4. 2.
6, we get,(ANB), = (4, N (B, = (Af, )¢, N (Br,)e, = (AN

B)f )¢, Hence (A N B) is a cluster too intense set.

2) Let A, B be a cluster too intense sets. Then A, = (Ay, )¢, and B, =
(Bf, )¢, By Propositions 2. 2. 3, 2. 2. 14, and 4. 2. 6, its follows that:
(X=AUEX-B)r=K-A); UX—-B)r=X—-4, UX—B)
= X— (45D, UX = (B),)e,= X = ((Ap)e, 0 (Br,)e,)
=X—=(ANB)r), =(X=(ANB)),)r,= (X—AUX=B) )r,

thus (X — A) U (X — B) is a cluster sime intensem

Proposition 4. 2. 8: Let (X, T, §, o) be a co bushy space. Then

1. His f,—setifandonly if H = H,_and H is cluster too intense.

2. His t, —setifand only if H = H_and H is cluster semi intense.

Proof.

1) LetH is f; —set. Then H = (Hg ), . Since X is co bushy, H; < Hf .
Then H, < (H; )¢, © (Hf )., = H.

Also, H = (Hg )., < ((Hf,)t,)e, = He,. Hence H = Hy_.
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Now, to prove H is cluster too intense. Since X is co bushy, H, c
(He,)e, < (Hp,)r, and sothat (Hy,)e, < ((Hy,), )i, = Hz,. This means

H is cluster too intense. Conversely, H = H,_ = (Hg )¢ ,hence His f; —

set.
2) Let us suppose that H is t, — set. By Remark 2.3.9, X—-H is f; —
set.Bypartl, X—H=(X—H), and X — H is a cluster too intense.

So,X —H = (X—H);, =X —Hy.Hence H= H .Since X —H is a
cluster too intense, (X — H),, = ((X — H),).,, by Proposition 2. 2. 23
X — chr =X — (Hta)fa' Hence Hfa = (Hta')fo"

Conversely, suppose H is a cluster semi intense and H = He , X — H =
X —Hy = (X—H)..ButH is acluster semi intense, by Proposition 4.
2.4, X — Hiscluster too intense and (X — H),_ = ((X — H), )¢, hence
X —His f; — set, thatis by Remark 2. 3.9, H is t, — setm

Proposition 4. 2. 9: Let (X, 1,8,0) be a co bushy space. H is a cluster

intense set if and only if cluster brim of H consider by: Bs(H) =
(He,)p, 0 (X = H)edp,-

Proof.

Suppose H is a cluster intense. Then Hy = (H. )r and H,_ = (Hf )¢, -
So that X — H,_ = X — (Hf,)., by Proposition 2. 2. 23 part 5, (X —
H)f = ((X —H)¢, )y, hence Bs(H) = He N (X —H)g) = (He )f, N
(X = H)e, )y,

Conversely, Bs(H) = H;, —H,,. Then H; =Bs(H)U (H;, NH, ) =
(Bs(H) U H,,) N (Bs(H) UHy,) < Bs(H) U Hy, = ((Hy,)p, N ((X =
H). )s) UH, < (H¢ )s UH,_.ButbyProposition3.2.7part4, H,_<
(He,)g,- Thus(He )p, UH,, = (H: s, , thatis, He S (H; )f,. Again,
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since X is a co bushy space, H, c Hy_, and so that (H,_)s < (H)f, C
He . Hence H is cluster semi intense set.

Now,by Proposition 4. 1. 14 part 7, Bs(H) = Bs(X — H) = (X — H)f, —
X—-H), =(X- H)ta)fa — ((X—=H)g,)e,. Then (X —H)p = ((X —
H). )¢ ifandonlyif X — H,_= X — (H ), ifandonlyif H, = (Hf);,.

Hence H is cluster too intense so H is cluster intense setm

Definition 4. 2. 10: Let (X,7,6,0) be a proximity cluster topological
space. H is called f, — brim if and only if H = (H¢), N ((X -
H)¢ )¢, = (Bs(H)),, denoted by B, _(H).

Note 4. 2. 11: Let (X,7,6,0) be a proximity cluster topological space.
Then f; — brim is open set.
That is clear because B, _(H) = (Bs(H)),,, but by Note 2. 1. 7 part 2,

takeoff set is an T —open set. Thus B, (H) is open set.

Remark 4. 2.12: Let (X, 7, 8, o) be a proximity cluster topological space.
1. If H¢othenB, (H) = 0,,.
2. If X is co bushy space and H € o, then B,_(H) = @.
3. If Hisscantset, then B, (H) = .

Proof.
1) (Bs(H))¢, = (Hr)e, N ((X — H)y )¢, = (Hp, 0 (X — H)g, )¢, but by

proposition 2. 2.3 Hy = @thatis, (Bs(H))¢, = (D)¢,.

2) Clear by part 1 and Corollary 3. 2. 5.
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3) Clear because if H is scant set, then((H)f, )., = Om

Proposition 4. 2. 13 : Let (X, 7,8, 0) be a co bushy space. Then B, _(H)

IS fy — set.

Proof.

Since X is a co bushy space and Bs(H) is a closed set, by Prposition 3. 2.
6, (Bs(H))¢, € Bs(H). So that B, (H) = (Bs(H))., € Bs(H).

By Lemma 2. 2. 17, we have (B (H))f, € (Bs(H))f, € Bs(H), and so
that (B, (H))z,)e, € (Bs(H)), = Br, (H).

Since X is a co bushy space, and B,_(H) is open by Proposition 3. 2. 7
part 2, B, _(H) € ((B,(H)),):,- Hence B, _(H) is f, — setm

Proposition 4. 2. 14: Let (X, 7, §, ) be a co bushy space and . Then

1- H is a cluster too intense if and only if H, _is f, — setand B, _(H) = @.
2- H is a cluster semi intense if and only if Hf_is t, —setand B, (H) =

@.

Proof.

1) Suppose H is cluster too intense. Then H, = (Hf ), so that

((He,), e, = (((Hfa)ta) r,) = (Hg)e, = He,. Thus H, _is f —set

to

Now, H,_ is an open set by Proposition 3. 2. 7 part4, H, < (Hta)f . Since

N

H is acluster too intense, (Hy ), = H; S (Hta)f that is X — (Hta)f

X = (Hy,),, Ut Be, (D) = (Hy)e, 0 (X = H)p,)e, = (Hye, NX =

(He,), < (Hp)e, N X = (Hp,), = @.Hence B, (H) = 0.
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Conversely, let B, (H) = ® we have that (Hg ), < (Hta)f. So that

(Hf )¢, = ((Hf(,)t )e, € ((Hta)f )¢, = H,_. Also by Propositon 3. 2. 4,
H, € (H,), < (Hy,), . Hence He, = (Hp,)

ty

2) Let H be a cluster semi intense. Then H; = (Hta)f . To show that

Hy = ((Hfa)ta)fa' Since X is a co bushy, H, < Hf, that follows it

((Hy,), )5, € (H,) p, € (Hy,) . S Hp,ooono (D).
Also, Hy = (Hta)fa c ((Hta)ta) = ((Hfo)ta) foeenen(2).

By (1) and (2), Hy, = ((Hfa)t )r,- Hence H_is t —set.

So that B, (H) = (Hy)¢, N (X —H)g)e, = (He)e, N X — (Hto)fa =
(Hfa)tcr N (X —_ Hfa) c (Hfa)fa N (X — Hfa') c Hfa N (X — Hfd) = @
Hence B, _(H) = 0.

Conversely, let B, (H)=0 , (Hg)., S (Hta)f- Then  H; =

((H,), )5, € (He,) ), € (He,), . But(Hg,), < (Hy,), S Hy,.

Thus H is a cluster semi intensem

Corollary 4. 2. 15: Let (X,t,8,0) be a co bushy space. H is a cluster
intense set if and only if

1- Hy s fo — set.

2- Hg ist, — set.

3- B, (H) = 0.

Proof.
Let H be a cluster intense. Then H is a cluster too intense by Proposition

4.2.14, H_1is f, — set. Since H is also cluster sime intense by Proposition
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4.2. 14, Hf_is t, — set, and also B;_(H) = @. Conversly, since H,_is
fe —setand B,_(H) = @ by Proposition 4. 2. 14, H is a cluster too intense
and also, since Hf_ s t, — set and B, _(H) = @ by Proposition 4. 2.

14, H is a cluster sime intense, thus H be a cluster intensem

Remark 4. 2. 16:Let (X, 7, §, o) be a proximity cluster topological space.

H is a subset of X, then the following statements are hold:

1- If H satisfy (Hfa)tag(HtO')f’ then (X — H) also satisfy

(X =H)g)e, € ((X=H)y,), -

2- If H satisfy (Hta)fag(Hfa)t’ then (X — H) also satisfy

(= H))p, < (X~ 1)),

Proof.

1) LetH satisfy (Hy,)., < (Hy,), . Then X — (H, ), © X — (Hy,) by

Proposition 2. 2. 23, (X — H)f )¢, © (X —H)¢, )y, -

2) LetH satisty (Hy,);, < (Hy,), . Then X — (Hy,),, < X — (Hy,), by

Proposition 2. 2. 23, (X — H)¢,)r, € (X —H)f, )¢, m

Proposition 4. 2. 17: Let (X, 1, 8, o) be a co bushy space, and (Hfa)t c
(HtU)fa' Then
1' (Hfo')to. = ((Hto_)fa)to_.

2- (He,), = ((Hg,) s,

3- If 1and 2 are holds, then (Hy,), = (Hta)f .
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Proof.
1) Let (i), < (H,), . Then (Hy,), < ((Hy,), e, < (Hs,), e,

Since X isaco bushy, H, c H; , thatis, (Hta)f c (Hfa)f C Hy_andso

that ((Hy,) . Je, © (Hy,), - Hence(H,) = ((He,), e,

2) By Remark 4. 2. 16 part 1, (X —H);) & ((X—H)ta)f by 1,

to

((x - H)fa)t =(((x - H)ta)f )¢, by Proposition 2. 2. 23, we have that

X = (H,), =X=((Hg,), ), then (H,) . = ((Hz,), ).

3) If (Hto')fa = ((Hff’)tg)ff’ hold. Since X is a co bushy, by Proposition 3.
2. 4, ((Hfa)ta)tff c ((Hfa)ta)fff = (Hta)fab“t Hy is closed set by
proposition 3. 2. 6, (Hfa)ta = ((Hfa)ta)ta thus (Hfa)t(, c (th)fa'

Also, (Hff’)ta = (((H)ta)fa)ta is hold. Since X is a co bushy, by
Proposition 3. 2. 4, (((H)ta)fa)ta c (((H)ta)fd) £ C (va)f,,’

hence(Hy,), < (Hta)f n
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5.1 Focal Cluster §_

After formulating the major relation of construction, we will introduce a
class of sets whose construction is based on open sets in the o — proximity
topological space t, with the cluster o. The properties of this family are
studied.

Definition 5. 1. 1: Let(X,8,0, t;) be a o — Topological Proximity
Space, then focal cluster denoted by gﬁc is family of all subsets of X
satisfies the condition:

$_ = {A c X;there exist U € T, such that U «, A}.

Example 5. 1. 2: Let X = {1,2,3} and § is a discrete proximity.
o ={{3},{1,3},{2,3}, X}, and let t, = {X,®,{2},{1},}. Then

¢, = {0,{1},{2},{1,2}}.

It is noticed that, if we replace there exist U € T, in above definition

by every U € 14 the result will not be the same, because 956 = {0}.

The following is a review of the most important properties of the focal
cluster, which have a direct and indirect effect on building density space,

resolvability, as well as their transferability between functions.

Theorem5. 1. 3: Let (X, 6, 0, T,) beao — Topological Proximity Space,

and A, B nonempty subsets of X, and ﬁo focal cluster. Then
1. Ae ¢_ifandonlyif X o, 4;
2. If Aé&o,thenAE€ fﬁo;
3. IfBcAandAE€ gﬁo,then B € ﬁo;
4. AorB € $_ifandonlyifAnB € ¢ ;
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5. IfAisaproper t, —open set,then A € 560?
6. Xe¢ $ and@de §_;
7. If(AuB)e §_thendand B € §_.

Proof.
1) Let A€ $_. Then there exists U € T, such that U «, A, thus (U N
X—A)Eo. But (UNX—A)c(XNX—4), thus(XnX—A4) €,

this means X «, A. Conversely, obviously by Definition 5.1.1.

2) Let us suppose A ¢ o. By Proposition 1. 1. 15 part 1, (X — A) € o.
Then there exists X € ty,such that ( XNX—-A)=X—-A)€o ,
hence X o, A4, thatis,A€ §_.

3) LetA € $_and B c A. Then there exists U € T, such that U o, 4,
thus (UNX—-A)ecbut(UnX—-A) c(UnX—B), this implies
toU «, B, thus B € §_.

4) Suppose Aor B € §_. Then by part 3, (AnB) € $_. Conversely,
let (AN B) € $_. Thenthereexists U € t, suchthat U o, (A N B), this
means ((U—A)U(U—-B))eo.By[C2],(U—-A)ecor(U—B)E
o,thatis, A € 515007’ B € gﬁo.

5)Let A€ 1,. Then A ¢ o, by part2we havethat A € §_.

6) Clear by 3.

7) Clear by 3m
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Remark 5. 1. 4: Let (X, 6,0, t5) be a c — Topological Proximity Space
and & be a discrete proximity. Then

1. AgoifandonlyifAe ¢_;
2. AB e ¢_ifandonlyifAUBE€ §_.

Proof.
1) Let A € $_. Then there exists U € T, such that U o<, A . But U —
AcX—A,thusX —A € g. If possible A € . This implies that A N

X — A = @ which is a contradiction because § is a discrete proximity,

hence A4 ¢ o.

2) AB € $_bypart 1if and only if A ¢ o0 and B ¢ o if and only
if (AUB) goifandonlyif (AUB) € §_m

Remark5.1.5: Let (X, §, 0, T5) be a o — Topological Proximity Space.
Then

1. Focal cluster in discrete proximity space is ideal.

2. $, ={AcX; x5 A} is a focal cluster.

Proof.

1) By Theorem 5. 1. 3 part 6, @ € gﬁc, and by part 3, we have that, for
every Bc Aand A € gﬁc, then B € fﬁc. Also by Remark 5. 1. 4 part
2,A,B € §_ifandonlyif (AUB) € §_. Thus $_is ideal.

2) Let x6A. Then A ¢ o, . By Proposition 1. 1 15 part 1, X — A € oy,

hence X «, A, that is, gﬁcx is focal clusterm
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Proof.

Let A ¢ gﬁcx. Then for every U € 145, U x; A i.e. X <, A this implies
X—A¢&o,thusX —A¢&o,. Ifnot, X — A € o, thisimpliesto o,, C o,

which is a contradiction, hence A & gﬁcy , that is, gﬁcx = 5663,'

Proposition 5. 1. 7: Let f: (X,t,) — (Y, t5) be a proximally open and
f~is continuous function, then f(§_) = {A € Y; f*(A) € $_}isfocal

clusterin .

Proof.

LetAe f($, )= f"1(A) e $_. Since $_is a focal cluster in X, then
there exists U € 7, such that U — f~1(A4) € o by Theorem 1. 1. 7,
X—f14) €oao. SinceX — f71(4) = f~Y(Y — A) € o, then
f(fY (Y —=A) e f(o),and f(f~1(Y —A)) c Y — A. By Theorem 1. 1.
24, f (o) is acluster relationon Y,and Y — A € f(o) by Definition 5. 1.

1, we have that f( $_) is focal cluster set in Ym
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5.2 Sporadic

In this section, we introduce the definition of a Sporadic using the concept

of cluster and thus obtain a family negative to the cluster family.

Definition 5. 2. 1: Sporadic denoted by S is a family of all subsets of X
satisfies the condition:
S ={H cX; suchthat (X —H) € a}.

Examples 5. 2. 2:
1) Let X = {1,2,3} and ¢ is a discrete proximity.
o ={{3},{1,3},{2,3}, X}. Then § = {0, {1},{2},{1,2}}.

2) If § is an indiscrete proximity, then § = {A c X; A # X} is sporadic.

That is clear because if A € S, then A is proper subset of X, thus (X —
A) # @, but § is indiscrete proximity, thus (X — A) € a, by Definition 5.
2.1, S is sporadic.

It is to be noted that, according to earlier results, every Sporadic is a focal

cluster.

Theorem 5. 2. 3: Let (X,8) be a proximity space. H,D subsets of X.
Then

If He¢ o,thenH € S.

IfD c Hand H € §S,then D € S.

HorD eSifandonlyifHNnD € S.

XeéSand @ €S.

If(HUD) €S, thenHand D €S.

o ~ w0 e
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Proof.

1) Let us suppose H ¢ o. By Proposition 1. 1. 15 partl, X —H € o, that
is, H € S.

2) LetH € Sand D c H. Then X — H € ¢ . By Proposition 1. 1. 15 part
2, we havethat X —Hc X —D € o,thusD € S.

3)LetHorD € S.Bypart2, (HnD)eS.Conversely,leteHND €
S. ThenX—(H nD)€og,and (X—H)U(X—-D)€o,thusX —H €
corX—D€o,thatis, H €SorD €S.

4) Clear.

5)Let (HUuD)€eS. Then ((X—H)n (X — D)) € o. By Proposition 1.
1.15part2,(X—H)€oand (X —D) € o,thus Hand D € Sm

Proposition 5. 2. 4: Let 8§, and 6, be two proximity defined on X such
that 6, > §,. Then

1. 0(6,) € o(6y).

2. §(6,) € 8§(6,).

Proof.
1) Let H € 6(6,). Then HS,D for every D € 6(8,). Since 6, > 6;, by
Definition 1. 1.5, H6,D implies H5;D for every D € 6(8,). Thus H €

o (81).

2) Let H € §(6,). Then (X — H) € 6(6,). By partl, (X —H) € 6(6;).
Thus H € §(6;)m
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Definition 5. 2. 5: The quadruple (X,6,15,8) is called a sporadic
topological proximity space, where (X,75) is a topological proximity
space and (X, &) is a proximity space.

That means the topology proximity and sporadic depend upon the

proximity.

Definition 5. 2. 6: Let (X,5,75,8) be a sporadic topological proximity
space. A point x € X is said to be sporadic follower point of a subset H
of topological space (X, t5) , if for every U € t5(x), there existO € §
such that (U n H)60. All the sporadic follower points of a set H are

denoted by Hs, as s —follower set.

Proposition 5. 2. 7: Let (X, §,75,S5) be a sporadic topological proximity
space. H, D are subsets of X. Then
1. IfH c D, then Hs, c Ds,.

(H U D)s, =Hg, U D;,.

(HND)s, € Hs, N Ds,.

(Hs,)s, € Hs,.

@), = 0.

IfG € 75, thenG N Hy, S (G N H)s,.

S A T R A

(H—=Ds,) N (H—Ds)s, = D.
8. Hs, = 15—cl (Hgf) C ts—cl(H).

9. IfHS60 foreveryO € S, then H =@orH ¢ S.

Proof.
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1) Letx € Hs,. Then for every U € T5(x) there exists O € § such that

(U N H)60. Since H € D, by Theorem 1. 1. 7 part 2, (U Nn D)&0 for

every U € 15(x),thusx € Ds,.

2) Evident Hs, U Ds, < (H UD)Sf. We show that (H U D)gf C Hs, U
Ds,. Letx € (HU D)s,. Then for every U € 75(x) thereexists 0 € §

such that(U n (H u D ))&§0, thatis, ((HNU) U (D NnU))S0 thus (H N
U)SC or (DNU)SC e, x € Hs, or x € Ds, hence x € (Hs. U Ds,).

3) Straight from the part 1.

4) Letx € (Hs,)s,. Then for every U € s(x), (UN Hs.)60 for some
0 € S, thatis, U N Hs, # @ thusthereexists y € (U N Hs,) suchthaty €
Uandy € Hs, and so that for every V € t5(y), (V N H )60 for some
0 € §.Since U isalsoantgs —openofy, (U N H)S0 forsome O € S this

is true for every U € t5(x), thus x € Hs,.

5) Suppose((z))gf #+ @, Then there exist x € ((Z))gfsuch that (U N ©)60
for every U € t5(x), and some O € § which is a contradiction because

@A for every A € X, thus (@), = .
6) Let x € (G nHSf). Then x € Gandx € Hs,, thus for everyU €

T5(x),(UNH)S0 forsome O € S. Sincex € G, GNU € t5(x), hence
UN(GNH)S0 forsome 0 € S, thatis, x € (G N H)s,.
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7) Suppose(H — Hs.)n(H = Hs,)s, # @. Then there exists x € (H —
Hs.) andx € (H— Hs.)s - This is follows x € Hand x ¢ Hs,. Then
there exists U € t5(x) such that (U N H)50 foreveryO €S....... (1).
andx € (H — Hs,)s, 1.e., foreveryV € t5(x) , (V N (H — Hs,))60 for
some O € Sthis implies (VN H)80 for some O € S, but this is a
contradiction with (1), thus (H — Hs.) N (H — Hs,)s, = ®.

8) Letx € 75 — cl(Hs,) . Then USH;, for every U € Ts5(x), thus U N
Hs, # @ if not we have Hs, € X =, thus 75 — Cl(Hgf) C X — U that
means x € X —U which is a contradiction, thus U N Hs, # @ for
every U € ts(x). Then there exists y € UN Hs,=> ye U andy €
Hs,. That is, forevery V € t5(y), (VW N H )80 forsome O € S, but U is

also an ts —open of y this implies (U N H)30 for some O € S thisis true

for every U € t5(x) hence x € Hs..
Now we show that Hs. S ts — cl(H) . Let x € Hs . Then for every U €
T5(x),(UNH)S0 forsome O € §, thatis, UNH # @ for every U €

T5(x), by [P3] we have USH for every U € t5(x)by Proposition 1. 2. 15,
x € cl(H).

9) Suppose H = @ and H50 for every O € S, by Theorem 1. 1. 7 part 9,
HNO =@ forevery O € S. If possible H € S, thatis, H N H = @ which

Is a contradiction with hypothesis, hence H ¢ Sm
Proposition 5. 2. 8: Let (X, §,75,8) be a sporadic topological proximity

space. H is nonempty subsets of X. Then the following statements are

equivalent:
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l. |fHﬂH5f=(Z),'[henH5f=(Z)

2. (H—Hgf)gfzw.
3. (H nHSf)Sf == HSf'

Proof.
1 = 2 By Proposition 5. 2. 7 part 7, (H — Hs,) N (H — Hs,)s, = @ and

by (1) we get (H — Hs,)s, = @.

2=>73 S|nce H = (H—Hsf) U (HﬂHSf), Hé‘f == (H—Hsf)sf U (Hﬂ

Hsf)sf. By (2) we get HSf ES (H N H5f)5f'

(H N Hgf)gf = Hgf, hence Hgf = @.

Note that from what has been mentioned that Xs, € X, but it is possible

to obtain equality, that is, X = Xs, In two cases:

First case: If the topological defined on X is indiscrete topology. That is

clear because X is only t5 —open of each point.

Second case: If the topological defined on X is t,. The following

proposition explains that:

Proposition 5. 2. 9: Let (X,8,t,,8 ) be a 0 — Topological Proximity

space. Then
l. X - ng
2. HEHs,.

3. Hs, =15 — cl(H).
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Proof.
1) EvidentIyXSf c X, we show that X CXs, . Let x€X. Then for

every U € 1,(x) ,(UNX)5U. SinceU € 14, U & 0. By Theorem 5. 2.

3partl, U € §,thus x € Xs;- In case of U = X this is also true because

X 60 forevery O # .

2) Letx € H. If possible x & Hfsﬁ’ then there exists U € t,(x) such

that (W N H) §0 for every 0 € S, but UNH # @ because x € (U N
H) that is follows for Proposition 5. 2. 7 part 9, (U N H) & S by Theorem
5.2. 3 part 1, UNH € o thus U € o this is in contradiction with the

definition of T, thus x € Hs,, thatis, H < Hs,.

3) Letx € T, — cl(H). Then USH forevery U € t5(x),thus UNH # @
if not we have H € X — U, thus 75 — cl(H) € X — U this means x €

X — U which is a contradiction, thus U N H # @ for every U € t,(x). If
possible x ¢ Hs, there exists U € T, (x) such that (U N H) 60 for every
O € §. By Proposition 5. 2. 7 part 9, implies that U N H & §. Thus by

Proposition 5. 2. 3part 1 U N H € o, thus ‘U € ¢ this is a contradiction

with the definition of t, thus x € Hs,.Hence Hs, = 1, — cl(H)m

Proposition 5. 2. 10: Let (X, §, t5, ) be a sporadic topological proximity
space, and H € S. Then the following statements are hold:

1. HCHs,.

2. TS—CZ(H)ZHSf.

3. X=X5f'

Proof.
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1) Let x € H. Then for everyU € 175(x),(UNH)NH # @, that is,
(UNH)SH ,butH € §, thus x € Hs, .

2) By Proposition 5. 2. 7 part 8, t5 — cl(H) D Hs,. We show that 5 —
cl(H) c Hs,. Let x € 75 — cl(H). Then for every U € T5(x), USH,
and (UNH)S(UNH),byTheorem1.1.7 (U N H)SH forsome H € S,

thus x € H‘Sf'

3) Evident by 2m

Note that by definition of sporadic follower set, we cannot replace

(there exists O € S)by (for every 0 € 8) because @ € S, thus H&® for
every H € X. But if replace (for every U € t5(x) ) by (there exists U €

Ts5(x)) the result Hs, = @ or Hs, = X. In case of (there exists U €

ts5(x), for every 0 € S suchthat (UNH )80 ) the result , sporadic

follower set equal X — Hs,.

Proposition 5. 2. 11: Let (X,5,8) be sporadic proximity space. Let

15, Ts, are two topologies defied on X. If 15, & 154,

then HSf(TSZ) c Hgf( T(gl).

Proof.
Letx € Hs,(15,). Then every U € t5,(x), (UN H)50 for some O €

§ . Since 15, € T4, foreveryV € ts5,(x), (WNH)60 for some O €

Sthusx € Hs (15,) m
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Definition 5. 2. 12: Let (X, §,15,8) be a sporadic topological proximity
space. H nonempty subsets of X, then H is called Sy — set if and only if
H ¢ 15 — int(Hs,). Therefor§¢(X) ={H S X, H S 15 — int(HSf)}.

Definition 5. 2. 13: Let (X, 5,15, 8) be sporadic topological proximity
space. A point x € X is said to be sporadic takeoff point of a subset H of

topological space (X,t5) , if there exists U € t5(x), such that
(U N (X —H))S0 forevery 0 € S.

All the sporadic takeoff points of a set H are denoted by Hj,.
Thus Hs,(t5,8) = {x € X; 3U € t5(x) s.t (UN X — H)S0 for every
0 € §}. By Example 5. 2. 2 part 1, ({2,3})s, = {2,3}, ({1})s, = {1,3},
X)s, = X.

The following Proposition shows the most important characteristics of
this set.
Proposition 5. 2. 14: Let (X,75,6,8) be sporadic topological proximity
space. H, D subsets of X. Then

1. |IfH c D,then Hg,  Ds,;
(HUD)s, 2 Hs, UDs,;
(H N D)s, = Hs, N Ds,;

Hs, = U{U € t5; U N (X — H)S 0, for everyO € S};

t

Hg,is T5 —open set;

If G € 75, then G € Gg,;

Hs, © (Hs,)s,
XS = X,

t

© 0o N o g B~ D

75 — int(H) < Hg,;
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10.  (@)s, € Hg forevery H € X.

Proof.
1) Let x € Hs,. Then there exists U € 75(x),such thatU n (X —

H))6 O for every 0 € S. Since Hc D , (X —D) € (X — H), that s,
(U N (X —D))5 O forevery 0 € S. Hence Hg, < Ds,.

2) By part 1.

3) By part 1, we get (H N D)5, © Hs, N Ds,, we show that Hg, N Ds, C
(HND)s,. Let x € (Hs, N Dg,). Then x € Hg, and x € Dg,, and so that
there exists U and V € 75(x) suchthat U N (X —H)60and V n (X —

D)& 0, forevery O ES....... (1)
If possible x & (H N D)s,, then forevery W € 75(x) , W N (X — (HN

D)) 0 for someO €S this impliess town[(X—H)U (X —
D)]6 O for some 0 € §, that is W n (X —H))é 0 for every W €
T5(x) or(WnNn (X —D))5 O foreveryW € t5(x) which is a
contradiction with (1), thus x € (H n D)s,and so, Hs, N Ds, = (H N

D)s,.

4) x € Hg,if and only if there exists U € 75(x) such that

(U N (X —H))50forevery 0 € Sifandonlyifx € {U € t5(x); (UN
(X —H))6 0 forevery 0 € S}ifandonlyifx € U{ U € T5(x) ; (UN
(X — H))8 0 forevery 0 € S}.

5) It is obvious from part 4 and a fact the union of t5 —open sets is an

T5 —Open set.
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6) Let x € G and G € T4, thisimplies (G N (X — G))& O forevery O € S,

thus x € Gg,.

7) Letx & (Hs,)s,. Then for every U € 15(x), (U N (X — Hg,)) 60 for
some O € §, thus (UN (X —Hs,)) # @. Then there existsy € (U N
(X —Hg,))suchthat y € Uand y € (X — Hs,).

Thus y & Hs,, and so that for every V € t5(y), (V N (X — H))40 for
some O € S, but U € 15(y), that is, (U N (X — H))S50 for some 0 € §

this means x & Hs,, thus Hs, S (Hs,)s, -

Moreover, we can also prove part 7 by parts 5 and 6. That is, by part 5,

Hg, ists —open set, and by part 6, Hs, & (Hs,)s, -

t

8) Forevery x € X thereexists X € t5(x), suchthat (X N (X — X)80 for

every O € §, thus x € X,.

9) Let x € t5 — int(H). Then there exists U € t5(x), suchthatU € H
this mean U N (X — H) = @, thus (U N (X — H))S0 for every 0 € S,

thus x € H‘St'

10) Let x € (@)s,. Then there exists U € t5(x), such that (U N (X —

$))80 for every O € S this mean USO for every 0 € S. Since U N (X —
HclU (Un(X— H))EO forevery O € SandeveryH € X, hencex €
HS |

t

We can use Definition 5. 2. 13 on (X, 8,1, 8) and have same result

because T4 is topology. But if use (X, §, T, §) Proposition 5. 2. 13 part 5,
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IS not true because the union of t, —open sets is not necessary is

T, —Open set.

The following proposition shows the relationship between § —

follower set and S — takeof f set.

Proposition 5. 2. 15: Let (X,74,6,8) be sporadic topological proximity
space. His a subsets of X. Then

1. H5t=X_(X_H)5f;

2. Hs, = (Hs)s, ifand only if (X — H)gf = (X — H)ngf;

3. Hs,=X— (X —H)s,;
4, X_H5f=(X_H)St;
5. X — H5t=(X_H)Sf;
6. (D)5, =X — Xs.
Proof.

1) x € (H)s, if and only if there existsU € t5(x), such that
(U N (X — H)))80 for every 0 € Sif and only if x & (X — H);,if and

onlyifxeX — (X — H)s,.

2) (Hs)s, =X = (X —Hs)s;, = X—(X—X - (X—H)Sf)sf =X-
(X —H)s.)s, =X — (X —H)s, = Hs,, so part 2 is true.
HX—X—H)s,=X—(X—X—(X—H))s, = Hs,.

4)X—H5f =X-(X—-(X—-H)s,)=X—-H)sg,.
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5) X — Hs, =X—(X—(X—H)5f) = (X — H)s,.

6) (Q)st =X-(X- Q)sf =X - Xsfl

Remark 5. 2. 16: Let (X,7,6;,8) be sporadic topological proximity
space. H is nonempty subsets of X. Then

1. Hs < Hgf;

2. int (H) = Hs,;

3. (D)s,=90.

Proof.

1) Let x € Hs,. Then there exists U € 7(x) such that (U N (X — H))5 0
for every O € S. By Proposition 5. 2. 7 part 9, eitherUn (X — H) ¢ S,
thus by Definition of Sporadic X — (U N (X —H)) € o,thus(X —U) U
H ¢ o By axiom [P4] H ¢ o which is a contradiction because & is
indiscrete proximity and H # . OrUnN (X —H) =@ , thatis, U S H,
thus x € H , that mean (V N H)J§0 for some O € S ,this is true for every

VY € 1(x),hencex € Hs,.

2) By Proposition 5. 2. 14 part 9, int (H) < Hs,, we show that Hs, <
int (H). By the same method of proof above we getU < H thus x €

int (H) for every x € H,.
3) By part 1 and Proposition 5. 2. 7 part 5, (@)s, < ( D)s, = Om

The Remark is also true when using ts. Because (P)s, = @, for every

proper P subset of X.
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5. 3.8 — Bushy set

Now, we construct a special kind of density through the concept of

sporadic. Also, the properties of this concept are examined.

Definition 5. 3. 1: Let (X, §,75,8) be a sporadic topological proximity
space. A nonempty subsets of X, then H is called § — bushy set if and only
if forevery x € X and every U € t5(x), (U N H)50 for some O € S.

In other words H is § — bushy set if and only if for every x € X, x is
§ — follower point of H. The family of all § — bushy set on X denoted by
S(X,06).

Example 5. 3. 2: (X, 8p, T5,S) is not contain § — bushy set.

Example 5. 3. 3: In space (X, §;, 15, S) every nonempty set is § — bushy
set.
Because X is only nonempty ts —open set, thusevery H € X, (X N H)60

forsome O € S.

Proposition 5. 3. 4: Let (X, §, t5,S) be a sporadic topological proximity

space. Then every singleton set is not § — bushy set.

Proof.
If possible {x} is § — bushy set, then every U € T4 such that (U N {x})50
forsome O € S but by Proposition1.2.12, X — U is ts —openand ((X —

U) N {x}) = @ whichisacontradiction. Hence {x} isnot S — bushy setm

Proposition 5. 3. 5: Let (X, §,15,8) be a sporadic topological proximity

space. Then

=148



Chapter five............ Section Three........ S — bushy set

1. Every super set of the § — bushy set isa § — bushy set.
2. IfHorDisS —bushy set, then (H U D) is also § —bushy set.

Proof.

1) Suppose that H is a § —bushy set andH € D . Then every U €
75, (U N H)S0 for some O € §. Since H € D, by Theorem 1. 1. 7 part 2
we have that, (U N D)0 for some O € S. Hence H is § —bushy set.

2) Suppose that H or D isa § —bushy set. Then every U € 15, (U N H)60
or (UN D)S0 for some O € §. By axiom [P4] we have that (U N H) U
(U N D))SO for some O € S, thatis, (U N (H U D))S0 forsome O € S.
Hence (H U D) is § —bushy setm

It is possible to rely on part 1 in the above proof.

Proposition 5. 3. 6: If Hisa § —bushy set, then U N H # @ for every
nonempty U € Tg.

The proof is clear because @50 for every O € S. The convers is not

always is true, Example 5. 3. 7 explain that.

Example 5. 3. 7: Let X = {1, 2, 3}, §; is proximity define by:

AS;BVH #+ @,D + @ except the

relation: {2}6{1}, {2}6{1}, { 3}6{1}, {1}6(3},{1}6{2, 3}, {2, 3}6{1}.
Then 15, = {X,0,{1},{2,3}}.

And S; = {0,{2},{3},{2,3}}. We can see that {1, 2} N ‘U # @ for every
nonempty U € 74 but {1,2} is not § —bushy set.

Remark 5. 3. 8: Let (X, §,15,8) be a sporadic topological proximity

space. If Hisa§ —bushy set, then H is a t5 —dense set.
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Proof.
Let H be a § —bushy set. Then by Proposition 5. 3. 6, U N H # @ for
every U € t5 . by [P3] USH for every U € 15, by Proposition 1. 2. 15,

ts —cl(H) = X, thatis, H is a t5 —dense setm

The convers is not always is true. For Example 5. 3. 7, {1,3} is a

15 —dense set but not S —bushy set because {1, 3} N [1} = {1}but {1}50
forevery O € S thatis ({1,3})s, # X.

Proposition 5. 3. 9: Let (X, §,75,5) be a sporadic topological proximity
space. If H is a proper § —bushy subset of X, then H is not t5 —open
subset of X.

Proof.

Suppose H is aproper § —bushy subset of X. Then forevery U € t5, (U N
H)S0 for some O € §. By Proposition 1. 2. 12, U is also t5 —closed set,
thus (X —U) is ts —open set. Thus UNH = @ and (X —U) N H + O,

thus t5 — int(H) # H. That mean H is not ts —open subset of Xm

The converse is not always true, by Example 5. 3. 7, {1, 2} is not

Ts —open, and also it is not § —bushy set.

Remark 5. 3. 10: Let (X, 8, 75, S) be a sporadic topological proximity
space. If Hisas —bushy setand U € t45,thenU < ((u n H)Sf)s :
t

Proof.
Let x € U. By Proposition 5. 2. 7 part 6, we have that U n Hs, <

(’U N H)Sf! that iS, (‘U N Hsf)st c (('U N H)Sf)st' But (’U N Hsf)st ==
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'cht N (Hsf)st == “cht N (X)St = 'Ugt. ThUS “cht = (u N Hgf)gt. Slnce
U € 15 By Proposition 5. 2. 14 part 6, we have that U < Us,.
Hence U & ('U N H‘Sf)‘st c ((‘U N H)Sf)“st.

Proposition 5. 3. 11: Let (X, §, t5, ) be a sporadic topological proximity
space. If § N o + @, then every bushy set is § —bushy set.

Proof.

Let H is a bushy set. Then every U € 745, (U N H)SC for every C € o.
Since S N o # @, there exists 0; € (§ N o), that is, 0; € § , thus H is
S —bushy setm

Proposition 5. 3. 12: Let (X, §, 15, S) be a sporadic topological proximity
space. If Hisa S — bushy set. Then
1. Only s —closed set contained H is X.

2. Only 5 —open set disjoint from H is @.
Proof.
1) Let H is § — bushy set. Then by Proposition 5. 3. 6 (U N H) # @ for
every U € 5. Since U, and (X —U) € 15, X is only ts —closed set
contained H.

2) That is clear because (U N H) # @ forevery U € tsm

Proposition 5. 3. 13: Let (X, §, 15, S) be a sporadic topological proximity
space. Then Hg, = @ if and only if (X — H) is § — bushy set.

Proof.
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Hs, = @ ifand only if X — (X — H)Sf = @ if and only if (X — H)Sf =X
ifand only if (X — H) is § — bushy setm

Proposition 5. 3. 14: Let (X,64,Ts1,8;) and (X, 8,, T5,,5,) be a two
sporadic proximity topological spaces. If §, > 8, and H be §, — bushy
set, then H is §; — bushy set.

Proof.

LetH is S, —bushy set. Then forevery U € t5,, (U N H)S0 for
some O € §,. Since §, > 6;, by Proposition 1. 2. 4, t5; S 14, and by
Proposition 5. 2. 4, §, © &, thus for everyV € 15, , (VN H)S0 for
some 0 € §; . Hence H is §; — bushy setm

Convers of this proposition not always is true Example 5. 3. 17 explain
that.

Example 5. 3. 15: Let X = {1, 2, 3,4, 5}, §; is a proximity define

by: H6,D forevery H += @ ,and D # @ except the relation:

(236{13, (236(43,{ 2)6(1, 43, {236{5}, {2}6{(1, 5}, {2}6{4, 5},

(2}6(1, 4,5}, {3}6{4}, (3)6{1}, {3}6{1, 4}, (3}6( 5}, {3)6{(1, 5},
{3}6{4,5},{3}6{1, 4,5}, {4}6{2,3}, {5}6{2,3}, {1}6{2,3},
{2,3}6{1,4},{2,3}6{ 1,5},{2,3}6{4,5},{2,3}6{ 1,4,5}, In addition to the
commutative relationships. Then ts, = {X,9,{2,3},{1,4,5}}.

And §; = {0,{1},{2}, {3}, {4}, {5},{1,2},{1,2,4},{1,2,5},{2,4,5},
{1,2,4,5},{1,4},{1,5},{1,3,4},,{1,3,5},{1,4,5},{3,4,5},{1, 3,4, 5}}.

And let §, is proximity define by: H6,D VH # @,D # @ except the
relation: {4}6{1}, {4}5{2}, {4}6{1, 2}, {4}6(3},{4}6{1, 3}, {4}6{2,3},
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{4}6(1,2,3},{4}6(5}, {4}6{1,5}, {4}6{2, 5}, {436{ 3,5}, {436{1,2,5},
(5}6{2,3,4}, {4}6{ 1,3,5},{4}6{2,3,5},{ 4}6{ 1, 2,3,5},{2,3}6{1,4,5},
{236{ 13, {236(4}, and{2}6 (1,4}, {2}6{5}, {2}6{1,5},{2}6{4,5},
{236(1,4,5},{3}6{1}, (3}6{ 4},{3}6(1,4},{3}6{5},{3}6{1,5},
{3}6{4,5},{3}6{1, 4,5}, {5}6{ 4},{ 2,3}6{1,4},{2,3}6{1, 5}, {1}6{2,4}
{2,3}6{4,5},{1,5}6{2,3, 4}, { 136{2}, {1}6{3}.{136{ 2,3}, {1}6{4},{1}6{3,4},
{136{2,3,4},{5}6{2}, {5}6{3},{5}6{2,3},

{(5}6{2,4}, {5}6{3,4},{1,5}6 {2,3},{1,5}6{2,4}, {1, 5}6{3,4}. In addition to the
commutative relationships.

Then 15, = {X,0,{4},{2,3},{1,5},{1,4,5},{2,3,4},{1,2,3,5}}.

And S, =8 Is

Let H = {1,2}. Then H is a §; —bushy set with respect t5 but H is not

S, —bushy set with respect s, .

Proposition 5. 3. 16: Let (X,8,t,y,8) be a 0 — weekly Topological
proximity space with sporadic and 7, is atopology. H is Sy — set if and

only if H =U N D where U € 14y, and D is § — bushy set.

Proof.

Suppose H = U N D where U € T4y and Ds, = X. Since U € T4y, U N

DSfQ(UnD)sz Hs_, thus U < Hs,, and so that U S Ty —

fl
int(Hs,).ButH = UND & U E 15y — int(Hs,), thatis, H is §¢ — set.
Conversely, suppose H is 8¢ — set . Then H € 74y, — int(Hs f) so that
(HU (X —Hs.)) Nty —int(Hs,) = (H N Toy — int(Hs,) U ((X —

Hs.) N tow — int(Hs,)) = HU @ = H , evident 7,5y, — int(Hs,) € Top-

It remains to show that (H U (X — Hsf) Isa S —bushy set. Let x € X if
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possible x ¢ (HU (X — Hgf))sf, then there exists U € 7y, such that
UN (HU (X —Hs,))8 0 forevery 0 € S, thus (U N H)6 0 and (UN

(X —Hs.))5 0 forevery 0 €S ........ (1).
This implies (U N (X — Hsf)) # @ otherwise for every x €
U, x¢& X - Hsf) thisimplies x € Hgf,thus foreveryV € 1, (x), there

exists 0 € § suchthat (V n H)60 but x € U this implies (U N H)S0 for
some O € S this is in contradiction with (1), thus (U N (X — Hs.) # 1)

this mean (UN (X — Hs.)) €S, thus (UN X — Hs.)) €0 that

implies U € ¢ this is in contradiction with definition of 74y,. Thus x €
(HU (X — Hgf))gf, and sothat H U (X — Hgf) Isa S — bushy setm

The following proposition shows the most important possible results if a
set of the intersections between the topology and the sporadic is an empty

set.

Proposition 5. 3. 17: Let (X, §, T5, ) be a not trivial sporadic topological
proximity space. Ifts NS = @. Then
1. 15— int(0) = @ forevery O € S,
2. The tg —interior set of the S —follower set is empty, for every non
§ —bushy set;
3. IfH e SandH isnon§ —bushy set, then Hs, €S;
4, IfH—HSfES,His non § —bushy set, then Hs, €S;

5. If H has a cover of ts —open sets each of whose intersection with
Hisin§,then H € S.

Proof.
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1) Suppose t5 — int(0) # @. Then there exist U € t5(x) such that U S
0.Since 0 € §, U € §, which is a contradiction with hypothesis, thus
5 — int(0) = Q.

2) Since Hs, is Ts —closed, X — Hgfis Ts —open. But ts NS =@, we
have that X—Hs &S, but @ e Sand @ = (Hgf N (X—Hgf) ) and by
Theorem 5. 2. 3 part 3, it is must Hs, € 8,50 by part(1), t5 — int(Hgf) =
@.

3) If H = @,then by Proposition 5. 2. 7 part 5, and Proposition 5. 2. 3 part
4, Hs, = @ € §. Otherwise H # @, if possible Hs, &5, we have two
cases: First (X — Hs,)es which is a contradiction because (X — Hgf)is
Ts —open set. Second case (X — Hgf) ¢ Sthis also is in contradiction
because (X — Hs,) ¢ Sand Hs, & S thismean( (X —Hs, )N Hs,) =0 &

S, hence Hy, € S.

4) Suppose HN (X — Hgf) € S by Theorem 5. 2. 3 part 3, either X —
Hs, €$ which is a contradiction because (X — Hgf) IS Ts —openor H €

S,thus H € §. By part 3, Hs . €S.

5) Let H € X such that H CU,¢, (G),. Then for every A € A, G, € 15,
and by hypothesis H N G, € S by Theorem 5. 2. 3 part 3, either H €

SorG, €S.SincetsNS =@wehavethatH € Sm

=155



Chapter five............ Section Three........ S — bushy set

The cls: P(X) - P(X), defined by cls(H) =HU(Hs,) is a
Kuratowski closure operator. It is denoted by t of the topology generated
by cls, that is, s ={U S X;cls(X—U) =X —U}.So that (X —
H) is t5- closed ifand only if H is t5- open ifand only if H € 5 .Already
observed that ifS = {H c X;H is proper subset }, thencls(H) =
cl(H) and t5 = t (where t is any topology on X). In general case, T <

Ts, because by Proposition 5. 3. 8, Hs, = cl(HSf) C cl(H), thus HU

Hs, S H U cl(H), that is, cls(H) S cl(H).

Example 5. 3. 18: LetX ={1,2,3},§ ={9,{1},{3},{1,3}}, and t =
{0,X,{2},{2,3}}. Then

cls({1) ={1}s5, {1} = {1} U {1} = {1} = {23} € 5.

cls({2) ={2}s5, {2} =0V {2} = {2} = {1,3} € 15.

cls({3) =1{3}5, {3} ={1,3}Uu{3} ={1,3} = {2} & 15.
cls({1,3}) = {1,3}5, U {1,3} = {1,3} U {1,3} = {1,3} > {2} € T;.
cls({1,2]) = {1,2}5, u{1,2} = {1}u {1, 2} = {1,2} = (3} € 15.
cls({2,3) = {23}5, U {23} = (1,3} U {23} =X => {1} & Ts.
cls(@) =05, UP=0UP=0=XETs.

cls(X) =Xs, UX = {1,3}uX=X= 0 € ;.

Thus 5 = {0, X, {2}, {3 },{1,3},{2,3}}.

Note 5. 3. 19:
. IfUe t,thenUNncls(H) S clg(UNH). Because U Nclg(H) =
un (Hgf UH)=(UnN Hgf) U (U n H). By Proposition 5. 2. 7
part 6, (U N Hgf) c(Un H)Sf. Thus U Ncls(H) € clsg(UNH).

=156



Chapter five............ Section Three........ S — bushy set

VI.

VII.

(cls(H))s, = Hs,. Because(cls(H))s, = (H U Hs,)s, = Hs, U

f
(HSf)Sf = HSf'

H is t5- closed if and only if Hs, S H. Because H is Ts- closed if
andonly if( X — H) is ts-openifandonly if (X — H) € tsifand
onlyifclgs(H) = H ifand only ingf U H = H ifand only ingf -
H.

If H < Hs,, then Hys, = cl(Hs,) = cl(H) = cls(H) . Because by
Proposition 5. 2. 7 part 8, Hs, = cl(Hs,) © cl(H). ButH c Hs,,

thatis cl(H) c cl(Hs,). And so that Hs, =Hs, UH = cls(H).

H € t5if and only if H=ints(H) (where ints(H) =X —
cls(X —H)). Because H € 15 if and only if H is t5- open if and
only if X —H is ts- closed if andonly ifcls(X —H)=X—H if
and only if X —clsg(X—H)=X—-X—H=H if and only if
ints(H) = H.

Every § —bushy set is t5- bushy set (H is called t5- bushy set if
and only if clg(H) = X). Because clg(H) = Hs, UH=XUH =

X.

Every t5-bushy set is dense. Because X = clgs(H) = Hs, UH <

cl(H)UH = cl(H).
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Proposition 5. 3. 20: Let (X, §, 8) be proximity sporadic space. Then
1. T4, T, aretwo topologies. If t; € T, and H is ts,- bushy set,
then H is T4, - bushy set.
2. |IfHC Hs., then H is t5- bushy if and only if H is t-dense.

3. IfHists-bushysetand U € t,then U < cls(U N H).
4. IfHisS —bushysetandU € t,thenU < (U N H)gf.

Proof.

1) Forevery x € X, x € cl;_,(H)thus x € (Hs,, UH), that is either x €
H,thus x € (Hs,, UH), thus cl. (H) = X, that is, H is t¢;- bushy set.
Or x € Hs,,, this implies for every U € t,(x), (U N H)50 for some

O € § since t; € T,, thatis forevery ¥V € t,(x) such that (V n H)60
for some 0 € Sthus x € Hs,, that is cl. . (H) = X.

2) Let H S Hs,. By Note 5. 3. 21, cl(H) = clg(H). Thus H is ts- bushy.
3) Clear.
4) Clearm

Definition 5. 3. 21: (X, §, 14, S) is called Co § — bushy space if and

only if there exist at least one subset of X is a § — bushy set.

Lemmab. 3.22: If X is Co S — bushy space, then X = Xsp-

Proof.
It is an immediate consequence of Proposition 5. 3. 5 part 1m
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Proposition 5. 3. 23: If X is Co § — bushy space. Then

1. Hg, < Hs,;
2. 0 =0s,;

3. (@5,)s, = 8;
4. (Xsp)s, = X,
3)

. HSt - (H‘Sf)fst'

Proof.
1) Let x € Hg,. Then x & (X — H)s,. By Definition 5. 2. 1, there exists

U € t5(x), such that (U N (X — H) )50for every 0 € S. Now if possible
x € Hs,, then there exist V € 15(x) such that (V n H )§0for every 0 €

S. By axiom [P4] we get (U N X —H) U (VN H)S0 for every 0 € S.
By Theoreml. 1. 7 part 3, we have that ((UNV)NX—H)U

((UNV)NH)))S0.And so that (UL NV)Nn (X—HUH))SO that is,

(UNV)SO foreveryO €S...... (1).
But the space is co § — bushy that implies X = ngthus for every G €

75, (G N X)60 for some 0 € §. But (UNV) et thatis (UNV)N

X)60 forsome O € § which is a contradiction with (1). Hence Hs, < Hs,.

2) It is an immediate consequence of Proposition 5. 2. 15 part 6, and
Lemma 5. 3. 22.

3) By Proposition 5. 2. 7 part 5 and by part 2.

4) By Lemma 5. 3 22 and Proposition 5. 2. 14 part 8.
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5) By part 1, we get Hg, < Hs., that is, Hs, € (Hs,)s, (Hgf)gt-

Proposition 5. 3. 24: Let (X, 5,75,8) be a Co § — bushy space. Then H
Is 75 —closed subset of X the following statements are hold:

1. Hs, € H;

2. Hs, € H;

3' Hgt = (HSt)St'

Proof.

1) Let H is a t5 —closed set. Then X — H is a ts —open set. By
Proposition 5. 2. 14 part 6, (X — H) € (X — H)s, ,thus X — (X — H)s, &
H, that is, Hs, S H.

2) By Proposition 5. 3. 26, Hs, © Hs, and by part 1, Hs, € H.

3) By Proposition 5. 2. 14, Hs, c (Hs,)s,- By part 2, Hs, € H, that is,
(H‘St)‘gt C Hgt. Hence Hgt = (Hgt)st.

Proposition 5. 3. 25: Let (X,6,15,8) be aCo § — bushy space. Then H

Is nonempty 75 —open subset of X the statements holds:
1. Hs, = (Hs)s,:
2. H € (Hs.)s,;

3. HQHS QHS = T(S—ClH.
t f

Proof.
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1) By Proposition 5. 2. 7, (Hgf)sf C Hs,.By Proposition 5. 3. 26, Hg, <
Hs,. Since H is 75 —open, H ¢ Hg,, thus Hs, c (Hgf)sf. Hence Hs, =

(HSf)Sf'

2) By Proposition 5. 3. 26, Hg, < Hs,, then Hs, © (Hs,)s, S (Hgf)gt but

H is tsg —open, thus H € (Hs.)s,-

3) By Proposition 5. 2. 7, Hs, S 15— cl(H). Now let x € 75 — cl(H) .
Then for every G € t5(x), USH, that is, (G N H) # @. If possible x ¢
Hs,. Then there exists U € t5(x) that is (U N H)S0 for every O €

Since(U N H) € tgand X is S — bushy set, thatis, ((U N H) N X)50 for

some O € § which is a contradiction with (1). Thus Hs, = cl(H)m

Note 5. 3. 26: Let (X,6,t5,5) bea Co S — bushy space. Then
1. If Hisa§ —bushy set, then Hs, and (Hs,)s are s —bushy sets.

That is clear because Hs, =X thus (Hgf)gf = Xs, = X. And

also((Hs,)s,)s, = ((X)s)s, = Xs, = X.

2. IfHy, iIs S —bushy set, then H is § —bushy set.

Because X = (Hgf)sf C Hs,, that is, Hs, = X.

Lemma 5. 3. 27: Let (X, 6, 15,8) be a Co § — bushy space, then
(Hs,)s, = ((Hs,)s,)s s,

Proof.
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By Propositions 5. 2. 7 and 5. 2. 14, we get (Hsf)gt c (((Hsf)gt)gf)st.
Agian, by Proposition 5. 3. 26, Hs, < Hs,, thus (Hgf)st c (Hsf)gf c
Hs,, and so that ((Hs.)s,)s, © (Hs.)s, © Hs,, hence(((Hs,)s)s,)s, ©

(Hs.)s,. thatis, (Hs,)s, = ((Hs/)s,)s;)s,™

Definition 5. 3. 28: (X, §, 15, 8) is a dismountable space with respect to
sporadic if and only if X contains two disjoint § — bushy sets. Otherwise

X is non-dismountable space with respect to sporadic.

Example 5. 3. 29: Let X = {1, 2, 3,4, 5}, § is proximity define by: ASB VA #
@, B #+ @ except the relation:

{136{3}, {1}6{4}, {136( 2}, {5}6{3}, {5}6{4}, {5}6{2}, {1}6{3,4},
{136{4,2},{136{3,2},{1}6(3,4,2}, {5)6( 3,4}, {5}6{2,4}, {5}6(3,2},
{5}6{3,4,2}, {1,5}6{ 3,4}, {1,5}6{4,2}, {1,5}6{3,2}, {1,5}6{2,3,4},

{1,5)6 (3}, {1,5)6{4}, {1,5}6{2}, and {3}8{1}, {4}6(13, {2}6{1},
{336{5},{4}6{5},{5}6{2}, {3,4}6{1}, {4.2}6{1},{3,2}6{1},

{2,3,4}6{1}, {3,4}6{5}, {4,2}6{5}, {3,2}6{5}, {3,4,2}6{5}, {3,4}6{1,5},
{4,2}6{1,5},{3,2}6{1,5},{3,4,2}6{1,5}, {3}6 {1,5}, {4}6{1,5},{2}6{1,5}.
Thents = {X,0,{1,5},{2,3,4}},and § =

{0,{4}3, {1}, {5}, {1, 2}, {1, 3}, {14}, {2,4}, {2,5}, {3,4}, {3,5}, {4,5}, {1,2,3},
(1,2,4},{1,3,4},{2,3,4},{2,3,5},{2,4,5},{ 3,4,5},{2,3,4,5},{1,2,3, 4}}
Then X is dismountable with respect to sporadic because there exists

{1,4}and {2, 3,5} such that {1,4}5f ={2,3, S}Sf =X,{1,4}n
{2,3,5} =0,and {1,4} U {2,3,5} = X.

Proposition 5. 3. 30: Let (X,d,75 8) be a dismountable space with

respect to sporadic. Then X is a resolvable space.
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Proof.

Suppose that X is dismountable with respect to sporadic. Then there exist
two disjoint § — bushy sets H, D suchthat H N D = @,H U D = X. Since
every § — bushy set is dense set, H and D are dense sets, hence X is

resolvablem

Proposition 5. 3. 31: If (X, §, 75, S) is a dismountable space with respect
to sporadic, then NS (X, §) = @.

Proof.

Let X is a dismountable space with respect to sporadic. Then there exists
at least two disjoint § — bushy set H,D such that HND =0 ,
thus NS (X, 6) = Om

Corollary 5.3.32: If NS (X, §) # @, then X is a non-dismountable space

with respect to sporadic.

Proposition 5. 3. 33: Let (X,t5,,6;, §7) and (X, 15,,8,, S,) be two
topological defined on X, such that §; > &,. If (X,1ts,,8,, S1) IS non-
dismountable space with respect to sporadic, then (X, ts,, 65, S,) is hon-

dismountable space with respect to sporadic.

Proof.

Let us suppose that(X, ts,, 65, S,) is a dismountable space with respect to
sporadic. Then there exist two disjoint T, —bushy sets H, D such that H n
D =¢,HUD = X. By Proposition 5. 3. 14, every 1, —bushy set is

T, —bushy set, that is (X, t5,,8;, 81) is a dismountable space which is a
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contradiction, hence (X, ts,,6,, S;) IS a non-dismountable space with

respect to sporadicm

Proposition 5. 3. 34: Let (X, §,ts,8) be asporadic topological proximity
space. X is a non-dismountable space with respect to sporadic if and only
if there isno § — bushy set H for which (X — H) is also § — bushy set.

Proof.

If possible there exist Hs, = (X —H)s, = X, thenX =HU (X — H),and
so that H N (X — H) = @, that is, X is a dismountable space which is a
contradiction with hypothesis.

Conversely, if X is a dismountable space with respect to sporadic, then

there exist nonempty H, Dare § — bushy sets of X such that Hs, = Ds, =
X ,butX=HuUD HnD=¢ thus D=X—-H , and so that D5, =
(X —H)s,, that is, Hs, = (X —H)s, = X, this is a contradiction with

hypothesis. Hence X is non-dismountable space with respect to sporadicm

Corollary 5. 3. 35: Space is a dismountable with respect to sporadic if
and only if there exists a set and complement of these set are sporadic

bushy sets.

Proposition 5. 3. 36: Let (X, §,ts,8) be asporadic topological proximity
space. Forevery x ¢ H and H isa S — bushy set, then {x} is not ts —open

set.

Proof.

Suppose H is § — bushy subset of X. Then Hs, =X, thus for every U €
5, (U N H)S0 forsome O € S thisimpliesU N H + @ forevery U € .

=164



If possible {x} is ts —open set. Then {x} N H # @, that is, x € H which

Is a contradiction, thus {x} is not ts —openm

Corollary 5. 3. 37: If the space has a singleton t5s —open set, then the

space is a non-dismountable with respect to sporadic.

Proof.
If X is dismountable space with respect to sporadic, then there exist

nonempty H, Dare § — bushy sets of X such that Hs, =Ds, =X , X =

HUD,HND =@ . Then forevery U € ts, (U N H)S0 forsome 0 € §
but {x} € ts this implies {x} N H # @, and so that for every V €
5, W N D)S0 for some O € S but {x} € t5 this implies {x}ND # @

thus H N D # @ which is a contradictionm

Remark 5. 3. 38: If (X,6,15,8) isadismountable space with respect to

sporadic, then there exist disjoint § — takeoff sets is empty sets.

Proof.

Suppose X is dismountable with respect to sporadic. Then there exist two
sets H,D < X, such that Hs, =Ds, =X, HUD =X,HND = @ this
implies to X — Hs, =X — D5, = @. By Proposition 5. 2. 15 part 4, we
have that (X — H)s, = (X —D)s, =@but(X—H)=Dand (X —D) =
H,Hence Hs, = Ds, = ¢m
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6. 1 Applications of proximity space

One of the most important problems facing mathematicians is how to link
mathematical concepts to life.

The space of proximity is to solve this problem, as most mathematical
concepts can be linked to our lives. Proximity plays an important role in
solving a lot of problems that depend on human perception that emerged
in the fields of image analysis, image processing, facial recognition, and
Information Systems, as well as science problems, forgery, medicine,
engineering, chemistry, physics, and various other sciences, due to the
ease of linking this space to various sciences [27, 28, 29, 30, 31, 32, 33,
34].

e For example, we can use proximity in what is known as visual
promotion that the owners of the shops use to display their marketing
products, where similar products are displayed on vertical or
horizontal shelves according to the type of category, size, or color that

helps in promoting these goods.

In the picture below A it represents the Makki Mouse Games collection.
C is the Mashha Games set, but B also represents Masha games of lower

sizes. Efromovic proximity can be used to display these products.

Where: ASB, then there exists C s.tCSA and (X — C)SB
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e The atom represents a good example of the proximity space, where we
notice that if the electrons are near to the nucleus, the more the core
attractiveness strength of it. This requires a large energy to free these
electrons from the atom. However, if electrons are far from the nucleus

the easier it is to free these electrons from the atom.

2. Figure Atoms

Electrons energy also differs in the atoms isolated from each other,
according to their different locations in the external covers of the atom,

and it is classified according to its capacity to two bands:

1- Valence band: It is the band in which the electrons are not ready for

movement from one atom to another.

2- Conduction band: It is the band in which the electrons can move freely

and move from one atom to another.

We notice through the drawing:
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Overlap of
Band

Band Energy

Conductors Semiconductors Insulators
A B C

3. Figure Energy Bands in the Atoms

A- There is a large gap between the valence band and conduction band.
This means there is a far between the two bands, called the materials in

this case with insulating materials.

B - There are a few gaps between the two bands, so these materials are

semiconductors.

C - We notice that there is a common area between the two bands,
meaning that the two bands are near each other, which facilitates the
process of electronic transmission, called the materials in this case

conductive materials.

e Let X be a collection of all people in the hospital. A, B, and C subset
of X. Let § be a binary relationship between two people with diabetes,
meaning:

AéB if and only if A and B are infected with diabetes, that is A near B,
in the relationship of proximity if and only if A and B are infected
with diabetes. Then & fulfills Cech's axioms, and therefore, (X, &)

represents proximity space.
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1- If A is near B, then A and B are infected with diabetes, thus B is also
near A4, that is, ASB = BJSA.

2- If Aisnear (B U (), that mean B or C is infected with diabetes. Thus
Aisnear Bor Aisnear C. Also, if A isnear B or A is near C we have that
Aisnear (B U (), thus A§(B U C)if and only if A6B or ASC.

3- If A is near B, this means that both of them carry diabetes, meaning that
A and B people are not without disease, thus if A6B = A # @, and B #
@.

4- If A intersects with B in carry diabetes, this leads to A near B, that is,
ANB + @ = AB.

Accordingly, Cech's proximity axioms are achieved, meaning that (X, 9)

represents a proximity space.

Let o represent the family of all people whose blood insulin level is more

than 200. We note that the axioms of Definition 1. 1. 14 are achieved.

1- If A and B are subsets of o, then 4 and B are infected with diabetes,
thus A6B.

2- We note that 4 union B is a max of the infected with diabetes between
A and B, thus either A4 is infected with diabetes or B is infected with

diabetes, meaning A is an element of the o or B is an element of the o.
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3- If A is near each element of B, and B € o. This means A4 is infected

with diabetes, thus A belongs to o, that is, if A§{b} for each b € B, then

A€Eo.

Example 6. 1. 1: Let X = {a, b, c}. Where a represent the people with

diabetes whose diabetes ranges between (80-140), b represent the people

with diabetes whose diabetes ranges between (140-250), and c represent

the people with diabetes whose diabetes ranges between (250-350). Let §

be a binary relationship between two people with diabetes. Let o represent

the family of all people whose blood insulin level is more than 200.

Lett = {X, @, {a}, {a, C}}, o= {X: {C}: {Cl, C}: {b, C}}1

S ={0,{a},{b},{a, b}}. Then

sets follower set | Takeoff set | S -follower set | § -Takeoff set

{a} 0 {a} X {a,c}
{b} 0 {a} {b} ¢
{c} {b, c} X 1) )
{a, b} 0 {a} X

{a, c} {b, c} X X {a,c}
{b, c} {b, c} X {b} ¢
X {b, c} X X X
0] 0) {a} @ 0]
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We note through the table that the follower set gives people with diabetes
and people at risk of developing diabetes. As for the takeoff set, it gives
people who do not have diabetes. As for the § — follower set, it gives the
people at risk of diabetes. As for the § — takeoff set, it was given to

people with and without diabetes. As for the X, it appeared with people

with no diabetes and the empty set appeared with people with diabetes.
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6. 2 Discussion and Conclusions

In this study, the topology generated within the proximity space
was discussed. We concluded that each t5 —open set is t5 —closed within
this topology. Due to the method of generating of the T —open andtg —

closed sets within proximity space. Proposition 1. 2. 12 explains that.

The symmetry relationship was also employed between two sets AAB and
the relationship of the difference A — B and linking it to the concept of a
cluster to create two new binary relationships =, and «, . The first had a
great role in building a 0 —Topological Proximity space, while the second

relationship was building a focal cluster family.

Family (t,) does not represent a topology because the conditions of
intersections and union are not achieved, as well as the converse is not
achieved. Nevertheless, under certain conditions, each one can lead to the
other. Therefore, classical topology is o —Topological Proximity if satisfy
condition four of Definition 1. 4. 1. Converse, we need to satisfy the
intersection and union conditions. In other words, the families are

independent in general cases. Example 1. 4. 4 explains that.

In addition, we can see that t, — int(A) and t, — cl(A) are not t, —
open and t, — closed sequentially. We say o — weekly topological
Proximity denoted by T, if every T, — int(A) is T, — open and every
T, — cl(A) is 1, — closed. Hence, t,,, IS a special case of t,, that is,

Twe IS T4, DUt the converse is not always true.

The question here is whether t,,, represents topology? The answer is no
because the conditions of intersect and the union are still not achieved.
This is explained by Proposition 1. 4. 22, Definition 1. 4. 23, and
Proposition 1. 4. 25.
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In this dissertation, we used topology as well as the topology generated
within the proximity space and the family (t,) to build three types of

spaces. The question that arises here is why we didn’t settle for one space?

The answer to this question is that the basis of work and the construction
of concepts mathematical include topology were on the space (X, t,) that
was built within this dissertation. However, these concepts were studied
in the spaces (X, t) and (X, ts) to clarify the difference if these concepts
were built within these spaces. In addition, the results of some concepts
are unsatisfactory in this space, so we try to study them wider in another

space, for example:

Follower points when studying it in space (X, t,), then the results either
X or empty set. While inside the space (X, t) or (X, ts), the results were
satisfactory. Additionally, takeoff points, are effective within the three
spaces where we get almost equal results within the three spaces except

that P, is not T, —open. Proposition 2. 1.3 and Remark 2. 2.4 shows that.

Another concept of density was presented in this dissertation called Bushy
set. The findings of this concept are ineffective within the space of T, or
Ts. This mean cannot be get a bushy set within t, or ts when t, or tg
are nontrivial, because the space has a bushy set if and only if every open
Is @ member of cluster, but that is impossible within t, due to the fourth
condition of Definition 1. 4. 1. Also in case of tg, because A is bushy if
andonly if v A € 15 = A§(X — A) but that difficult because V x € A =
{x}5(X — A) and by [P3] we get U {x}5(X — A), thus A5(X — A) but
Aand (X — A) € tsand by [Cl]Aor (X —A) ¢ 0. Remark 3. 1. 9,

shows that.
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Hence, we use a space 1 in order to obtain better results, but this does not
mean that t, or ts are ineffective spaces. However, we concluded that
these spaces are connected spaces which cannot be separated by two
disjoint bushy sets. When using the dense set yes it can be separated but

by bushy it's totally different.

The reader may have the following question: How to build mathematical
concepts within this work?

The answer is that first concept follower set: Definition 2. 2. 1 each open
Is corresponding to each element of the cluster. If the definition is changed
to3UET(x),V CE€os.t(U NP)SC,thenP,, =@ ifP & gand P =
X if P € g, thus the most characteristics are achieved, compact, regular,
normal, connected etc

Also if the definition is changedto VU € t(x),3 C € os.t (U N P)4C,
then P¢ = cl(P), thus most of the results will be equivalent to the results
achieved in the closure set.

In addition , if the definition is changedto 3IU € t(x),3 C€aos.t (U N
P)&C , then P, = X for every nonempty subset of X.

Second concept Takeoff set: Definition 2. 1. 1 there exists open is

corresponding to there exists element of the cluster. If the definition is
changed to VU € t(x),V C € os.t (U n (X — P))5C, then P._ = @ for

every P € X. Because X € t(x) and X is near every nonempty set.
Also if the definition is changedto VU €€ t(x),3 C€os.t(U N (X —

P))8C,then P, =Xif (X —P) ¢ cand P, = @if (X — P) € 0.

Also, if the definition is changedto 3IU € t(x),V C€os.t (U N (X —
P))&C, then we have two cases. Case one P.,=0ifU NnX-P)+0.
Twocasex € P,_ifU N(X—P) = Q.
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Three concept cluster outer set: The same results as those of the second
case. In summary, the construction of mathematical concepts was not

arbitrary or by chance.

The last question remains, is it possible to build the concept of a follower
set on the t,? Answer. Yes, through the building of a new mathematical
concept, which we called Sporadic, during which all the problems that

appeared previously were solved. Whereas, Follower points are effective
in aspace (X, §, 15, 8) as well as the bushy set concept that can be studied
in the space (X, 6, ts5, 8) as well as space (X, §, T4, S). In addition to that X
inside a space(X, 8, t,,S) always is a bushy set. Therefore a space
(X,68,1,,8) is always Co § — sporadic. But we found that when using

the concept of sporadic, the space could not be Bushy Space, and the

attached property cannot be achieved in this space.
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6. 3 Future works

There are some issues that we did not address inside the dissertation due

to the time factor, so we leave them as future works:

1- Most of the mathematical concepts presented in this dissertation did
not touch on the possibility of transferring these concepts by functions.
For example, follower set and takeoff set, we did not touch on the transfer
of these sets from one space to another by functions. Additionally, do
these sets have a topology property that can preserve their results when

moving from one space to another?

2- The sets: f, — set, f;, — set, tg; — S€t, t, — set,and f; — perfect.

In the future, they can be studied more extensively. For instance, if we
take the intersection of all complements of t;, — set and denoted by
cle (X) as well as the unions of all sets of t;, — set and denoted

byint, (X). What are the properties of these two sets? Are they open or

closed sets or not. And is it that cl (P) = P U (Py;,), ,and int,, (P) =

P N (P,)y, orthe relationship is not true?

3- In addition, the concept of Sporadic, we hope in the future to study it
in more details, where all the results obtained by researchers when
studying the concept of cluster can be re-studied on the concept of
sporadic. For example, Smirnov taking the family of all the clusters, and
build a topology accordingly, and expanding the space of real numbers to
a compact space. It could be re-studied and Smirnov, but on Sporadic

families and find out the results.
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4- Although there is an abundance of research on fuzzy topology, further
study is still needed. The mathematical concepts presented by this

dissertation can be re-studied on important spaces such as fuzzy, soft or
Neutrosophic spaces, etc.
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