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Abstract

This paper aims to define new and consequential types of the closed graph in topology

using Hpre-closed, we called them Hpre-closed graph, and generalizing and deepening them
by comparing them with the separation of the chapter and finding types of relationships
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among them, and the inverse examples that illustrate the difference between them are

mentioned.
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1. Introduction

The main element in the formation of any topology is the set, we
must implement the idea of generalizing the set in the normal topology,
as the topology is concerned with industry, agriculture, medical and
engineering sciences, and through this important thing we will present
our ideas in this research. The first to know Hpre-closed are Hadi, M.H.
and Al-Yaseen, M.A.A. K. [1], which is the basis for the construction of our
research, where they knew and studied the characteristics of them in terms
of closure, interior, complement and the development of schematics that
illustrate the relationships between them, and also presented applications
about that set and this was shown through illustrative examples and
there were many attempts on the development of topological concepts see
references [2,3].

Some references were interested in studying other types of sets that
are important in the topology, which are very different from our set, but the
goal is one and the same i.e. the development of topological applications
[4,5]. They clarified them with examples and diagrams through which the
researcher can compare them with the regular graph. In [6, 7] they study
approximate functions that are considered weaker in terms of application
in practice, but are considered useful for building more comprehensive
future research. [4,8] They were interested in studying analytic functions,
which in turn were constructed from the definition of ordinary groups.

In [1,2,3] they defined types of continuity by w — open and studied its
characteristics and generalizations and explained that through examples
and proofs because of its importance in the development of the various
and diverse branches of mathematics. For more information on the subject,
see [9,10]. We'll additionally prove and express the connections between
Hpre-closed and the chapter’s separation axioms based on a set of criteria
that must be present in the evidence.
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2. Hpre-Closed Graph

Definition 2.1 : [1] Let H < X is Hpre-closed set if Clg (Int(H)) < H. The
complement is called Hpre-open. Hpre C(X,x)and HpreO(X,x)are the
means Hpre-closed sets and Hpre-open respectively. Also, any Hpre-T, is
Hpre-T, however, this is not the case.

Let us introduce Hpre-closed graph and prove some theorems and
result around and give some instances of how this notion may be applied.

Definition 2.2: A function f:X — Y is called Hpre-closed graphif (x,y)e
V(XxY) \G(f), 3Ae Hpre O(X,x) andBe GO (Y,y), s.t. (AxClg B)N
G(f)=2.

Remark 2.3 : Obviously any closed graph is Hpre-closed in general, but the
inverse is not truly the case. See example:

Example 24 : Let X={s,,, 5} with the topologyr ={X,J, {%2}/
{%2/%3}} and Y ={¥ ¥, ¥ }with the topology o ={Y,J, ¥} {¥ ¥}
A function f:X —Ybe defined by f(s)= f(s,)=¥, andf(%) ¥
Now 7°={X,D, {3}, {3, preO(X)—{X,@,{%Z}, {50y, 505}, 12y, 50,1,
PreC(X)= {X,D,{x}, Ua)lix, ), GOX)= (X,@, {3,102},
ol GC(X)= (XD, (), {1, s}, 8, HpreO(X)= (X, 0,
{ 2}{ b b}, g, ), HpreC(X)= (X, 0, b)), 54,5,

{5, ¢ }} o ={Y,J, {¥3}, ¥, %), preO(V)= {Y,@, ¥} ¥
¥, ¥ }} preC(Y)— y,o, ¥}, ¥ }, ¥, 41 o= (Y.0, (4}, {4
¥, 60, GEY) = {v,@, Y.}, 1%, %), {¥1,¥3}} HpreO(Y)= {Y, 9, {¥,},
¥} {¥1,¥2} ¥, ¥, 1), HpreC(Y) = {Y, D, {¥,}, {¥,}, (¥, ¥}, {¥,,¥,}). Since
{% »x,}e HpreO(X, ) and {¥,}J€eGO(Y,¥,), but {{x,x,}e¢ O(X) and
{¥,}2O(Y). Then G(f) is Hpre-closed but not closed.

7
2}
)

Theorem 2.5 : A function f:X —Y is Hpre-closed graph iff V(x,y) € (X,Y)
\G(f), 3Ae Hpre O(X,x) and Be GO(Y,y) such that f(A)N Clg(B) =.

Proof : Suppose that fis Hpre-closed graph. So V(x,y) € (XxY) \G(f),
JAe Hpre O(X,x) and Be GO(Y,y) s.t. (A><Clg (B)NG (f)=L.therefore,
for each f(x)e f(A) and ye CI (B). Since y# f(x), f(A)ﬂClg (B) =&. Now,
for the converse, let (x,y)e (XXY)\ G(f). This implies that there exists
AeHpreO (X,x)and BeGO (Y,y)such that f(A)N Clg(B)=®. Therefore
f(x)2y Vxe Aand ye Clg(B) . Hence(AxClg BHYNG (f)=9.
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Theorem 2.6 : A function is Hpre-closed graph f:X — Y if V(x,y) e (X,Y)
\G(f), 3Ae HpreO (x,y), Be HpreO (Y,y), s.t.(AxCl pre N H(B)) NG(f)
=@.

Theorem 2.7 : Let f:X — Y is Hpre-closed if V(x,y)e (XxXY) I'(f), 3Ae
HpreO (X,x) and Be HpreO (Y,y)s.t. f(A)N Cl! (B) =@.

pre

Proof : Suppose f is Hpre-closed, then V(x,y)e (XxY) \G(f), 3Ae Hpre
O(X,x) and BeGO(Y,y)s.t. f(A)N Clg(B)z@. Since Cl;B(B) c Clg, f(A)
NCI! (B) < f(A) NCl(B)=2.

pre

Theorem 2.8 : Any surjection function f:X —Y and G(f)is Hpre-closed.
Then Y is g—T,.

Proof : Let c#din Y. Since fis a surjection, this means f(x,)=d for
somex, € X and (x,,c)e (XXY)\ G(f). Since the Hpre-closed of G(f)
equipping A, € HpreO (X, x,),B, € GO(Y ,c)s.t.(A)N Clg (B,) =2. Now,
x, € A, this implies f(x,) = de f(A,). This means that f(A)N Clg(Bl)z K,
warranty thatdg B|. Also from the subjectivity of f we obtain x,eX
such that f(x,)=c. Now, (x,,d)e (XxY)\ G(f) and the Hpre-closedness
of G(f)provides A,eHpreO (X,x,), B,eGO (Y,d) such that f(A,)N
Clg (B,) =@. Now x, € A, this implies that f(x,)= ce f(A,) then c¢B,
therefore, we obtain sets B, B, € GO(Y) such that ce B but d¢ B,, while
de B,but ce¢B,, therefore Yisg-T,.

Corollary 2.9 : Every surjection function f:X —Y and G(f) Hpre-closed. So
Y is Hpre-T,.

Proof : Direct from Theorem 2.5 and Theorem 2.8.

Theorem 2.10 : Every injective function f:X —Y and G(f) Hpre-closed. So
X is Hpre-T,.

Proof : Let a#bin X. Since fis injective this mean f(a)# f(b)when
of obtains that (a,f(b))e (XxXY)\ G(f). The Hpre—closedness of
G(f) provides A eHpreO (x,a),B € GO(y,f(b)) such that f(A)N
Clg(Bl)=®. So f(b)e f(A,) this means bg A,. Also (b,f(a))e (XxY)\
G(f) and Hpre-closedness of G(f)then A, e HpreO (X,b), B,eGO
(Y, f(@)with  f(A,))N Cl(B,)=0, warranty that f(a)e f(A,)and
thereforeag A,. Hence A, and A, € HpreO(X) such that ae A but b ¢ A
while be A,buta ¢ A,. Then X is Hpre-T,.
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Corollary 2.11: Every bijection f : X —Y and G(f) Hpre-closed. So X and Y
are Hpre-T,.

Proof : Direct from Theorem 2.10.

Theorem 2.12 : Every surjection function f:X —Y and G(f) Hpre-closed.
Then Y is g-T,.

Proof : Let a#b in Y. Since f is surjective this means f (x,) = a, for some
x,€ Xand (x;,b)e (XxY) \G(f). The Hpre-closed of G ( f ) provides
Ae HpreO(X,x,) and Be GO(Y,b)such that f(A)( CI (B)=©. Now
x,€ A this implies f(x,)=ae f(A). This means that f(A)(N Cl (B) =9,
warranty that a¢ Clg(B). Then there exists Me GO(Y,a) s.t. MB=.
So Yis g-T,.

Corollary 2.13 : Every surjection function f:X —Y and G(f) Hpre-closed. So
Y is Hpre-T, .

Proof : Direct from Theorem 2.12.

3. Discussion and Conclusion

1. By defining Hpre-closed graph in this paper, it is possible to introduce
new types of graph, develop them using the definitions found in the
[2,9,10,11] papers, generalize them and mention the relationships
and concepts between them and the definition found in our work
because of its great importance in the development of topology in
particular and mathematics in general.

2. The definition of Hpre-closed graph can be used in the field of
Neutrosophic and its applications through the first type to define
Neutrosophic and obtain a new type of graph called Neutrosophic

graph.
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