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L_p_ Approximation by ReLU Neural Networks

Abstract

We know that we can use the neural networks for the approximation of functions for many types of
activation functions. Here, we treat only neural networks with simple and particular activation function
called rectified linear units (ReLU). The main aim of this paper is to introduce a type of constructive
universal approximation theorem and estimate the error of the universal approximation. We will obtain
optimal approximation if we have a basis independent of the target function. We prove a type of Debao
Chen's theorem for approximation.
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1. Introduction

There are many studies about the approximation by
neural networks with different types of activation
functions, for example, in Ref. [1] the authors inves-
tigate the error arising from the method of approxi-
mation operators with logarithmic sigmoidal function.
By the constructive method, the authors in Ref. [2]
introduced a direct theorem for simultaneous pointwise
approximation using neural networks with one hidden
layer. In Ref. [3], a new sigmoidal function is intro-
duced with parameter and considering constructive
feedforward approximation on a closed interval. The
Proof for the universal approximation ability of
recurrent neural networks in the state space model
form is introduced in Ref. [4]. Also, versions of direct
and inverse inequalities using neural networks are
proved in Ref. [5,6]. The questions about a quadratic
network approximation are asked in Ref. [7] with
demonstrating the merits of a quadratic network.

In the last decades, the ability of approximation by
single hidden layer feedforward neural networks
(SLFNNs) was studied in numerous works.

Since 1960, many papers proved that for any
continuous function, there exists a multilayer neural
network with one hidden layer as an approximation of
continuous real function on R". As the proofs given by
Cybenko [8], White [9], and Hornik [10]. These arti-
cles proved that the above results with few conditions
on activation function are not constructive and are not
elementary. They did not describe the number of new
neurons that should be used in the hidden layer and
they did not estimate the degree of the best approxi-
mation depending on the number of neurons. After
many years, many improvements of universal approx-
imation were introduced and their applications to lay
many types of research (see for example ([11—16]),
with a restriction on the set of weights of the neural
network. In these articles, the authors proved that any
restriction on the weight of SLFNN s does not affect the
universal approximation property. In Ref. [17],
Stinchcombe and White proved that the SLFNNs with
a polygonal, spline polynomial, or analytic activation
function and a bounded set of weights still have the
property of universal approximation. In Ref. [18], Ito
introduced the results of universal approximation using
SLFNNs with monotone sigmoidal functions, which
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converge to 0 at —oo and converge to 1 at co; he used
only weights on the unit sphere. In Ref. [12—14], the
authors used SLFNNs with various weights on a set of
directions and gave many conditions to get a good
approximation by such neural networks.

Such results hold for a wide variety of activations,
among these activation functions, a type called recti-
fied linear unit (ReLU) activation function [19]. In
Ref. [20], the authors present an approximation of
ReLU by relating wavelet. Some local approximation
constructions are proposed to represent general func-
tions including piecewise linear trapezoid [21,22], and
piecewise linear spike-shaped unit [23]. There are
some other constructions that first approximate poly-
nomials [24—27] and then used them as media to
approximate more general functions. It has also been
shown that compared with these deep ReLU network
constructions, shallow networks have to be exponen-
tially wider to achieve identical approximation accu-
racy. This comes from the fact that for sufficiently
smooth functions, there exist lower bounds of
approximation errors that are determined by the num-
ber approximating linear pieces, which in turn are
dominated by the depth. Recently [28], establish
L®, [? direct theorems of multivariate functions by
ReLU combination [29]. used the approximation by
deep convolution neural networks for functions in the
Sobolev space Hr (Q2) with r > 2 4 d/2 [30]. studied the
approximation by ReLLU neural networks depending on
depth and weights of functions in L? spaces.

The rectified linear unit is an interesting choice for
the activation functions of neural networks. For their
efficiency and simplicity practically and/or theoreti-
cally, we consider this important type of activation
functions which is given by ReLU(x) = max(x,0) and
we prove our results on L,(I), space for 0<p < .
The main aim of this paper is to introduce an
approximation theoretic structure for single hidden
layer neural networks.

Now, let us introduce some preliminaries that we
need in this work.

2. Preliminaries
Let L,(I), 0<p < oo denotes the space of all

measurable functions f on I, where I = [a,b] or R
such that:
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1/p
A V4o
/lf(x)lpdx , 0<p<00, ( rLf QZI: Q y yQ)
||f||Lp(1) F= ,
esssup |f(x)], p=oc. Besides, let us use the B-splines that are piecewise
xel functions coming from extending the following
Is finite, we also denote |||, = || fIl,, ¢ - and let functions:
L5(I) be the space of functions, which are k= fold i 1.1
1ntegrab1e of L,(I) or L,(R) functions where R is the Bi(x)= 2 —7 2
set of real numbers. Also, we need to use the modulus 0 otherwise
of smoothness given by:
) ) Similarly, for any n€ N, we write
@ m - m r m
W (70, OS<‘}1!I<’IHth )iy 7')Hp’ [31] B,=B*B,*...B; (n — times).
where fEB), We point out that m is equal to zero, and.
By :={f: |[f(”’>(p('”>||p < 4 oo}, lim a, = 0 then hm wf L ,an), = 0also Ye>0

Le) =€ where I is the identity function
Wix) : = ((1 —x — 60(x)/2)(1 +x — 69(x) /2)) "/ WP, €), = ¢,
o) (1 =x=0p(x)/2) (1 +x - 00(x)/2)) ™, (I(x) = x). Recall that the best approximation of

o(x): =V1—2. fE€L,(I) by a polynomial h€1II, given by
E, (g)]7 = hlenlgng — hy. [32]

and
- r r—RQ . —
(=) "gly+ (I —r/2)h) ifyFrh/2€],
Aj (9,9, 1) {Q_O(Q) [31]
0 otherwise.

We can construct the best approximation by where II, denotes the set of all algebraic polynomials
choosing the parameters of the approximation of degree < n.
(0<2<n):

Let yo =%Yand 7' =Z(f,0)— ZQ L7y, 3. Main results
where

Here, let us introduce the following results:

2.9~ sup {Zf(y—r/2)+ , (;)(—1)'Qf(y+(9—r/2)h)}

YE veyert)

+ inf {2f(y—r/2)+ r <£>(—1)’Qf(y+(9—r/2)h)}7

VE veyert)

Theorem 3.1(approximation with ReLU)
and Let o(.) be the ReLU function, then
for every gEL’p‘ (R),e>0,
there exists nE€N, 7'y, by €R, 2€{0,...,n}, and
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AD0)=3 Fwly+h),

=1

as an approximation of f(.), which satisfies

1A 0) —£ (), || <e.

Proof

Since gL (R), there exists KE€Z" such that
lg()| <AL, )8(y). When [y|>K, we divide the inter-
val [ —K, K] into 2K? equal points with length 1/K.

Let — K = yo<y1-' - <yxe = K, and let by =
YelEe (1 < Q< 2K?). Since o is a bounded activation
functlon so we assume that there exists a positive
integer N s.t. |o(x)|< 2K, for|x| >N, choose a
positive integer M such that 5 M 7> N.

Now, we construct the neural network as:

Ang)( Z A,

Then, |[M(y —bg )| > N and hence |o(M(y —byg )| <
1/2K , for @ =1,2,. 2K2

Choose by such that Z a(M(y — by)) = ¢, where
¢ is constant. So

1(A.g)(y) —gW)ll,

M(y—by)),

M(y —by)),

<c(p,k)wy!,(g1),,

c(p,k) is a constant that depends on p and k and it is
different from a step to others.
) since A, g converges to zero for g€ L’;(R) SO
that:

1(Ang) ()

We can prove the above result by another method
but we need the following Remark.

Remark 3.2: It is well known that if f is a contin-
uous function, then f can be approximated by a linear
combination of its translation and dilation.

Proof of Theorem 3.1

We can build the 1* order B-spline mother function

51 2)oe2)-o(s-2) -0

by using the previous remark, the proof is complete.
Theorem 3.3 (estimating the error)
foranyn€N,and f €L,(I), we have:

&l <&

If = A, < (1),

Proof:
First, we must prove for all 2€{1,...,
every x& [XQ7)CQ+1),

(Af)(x) =Z(f, ).

Fix  €{1, ..., n} and let x E[xg, x¢41), from the
construction of the activation function

- <1
a(x—x;z):{g s

n} and for

we have:
=Y 7o(x—x)
=1
3
Z x x]
Jj=1

-1

= WQ(X—_XQ) +Z %j(x—xj)

—1 -1
=Z(f,9— Z?/,x x,—i—Z/,x x;)
Jj=1 Jj=1
=Z(f,9).
Consequently:
If = Aufll, < c)If = Z(F, 9,

S w?(f’ t)p

Theorem 3.4 (optimality)

for every n€N, A,f
is optimal, in the sense that if the basis is indepen-
dent of f, then there is RE {1,
n} i xg#zEL or there is E{1,...,n} :

-1
WoEZE) =D W,
i=1
then, there exists f €L, (/) such that:

1
Il >0 (1)

P

Proof:

Since w; > w,, for r > 2;

therefore, we prove our result for case r = 1 and
hence it is true for any. r.

Case I: suppose. 8€{1,...,n} : xp#L1 .
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In that case, there exists i€{0,...,n}, such that:

Xip1 — X;i > . (x0=0,x,41=1).
Let 6 = x;11 — x;. It is clear that A, f is constant on.

[xzax1+l)
et f =1, then. f Anfp > (3>l = w“’(],%) .

Case suppose P that
forall Re{1, ,n} :xg =%1 otherwise, we already
proved in case 1.

Assume that there exists 2€{1,...
-1
Q)_ Z 7/[7 letf :I7
i=1
in this case, there exists i€ {0, ...,
Xit+1), such that:

ny e WoFE Z(f,

n},for all xE [x;,

(ASf)(x)=c# Z(I1,0) =x, +%.

If ¢>Z(f, %), then. |f(x;)) — (Af)(x:)] =c— x>

X,‘—F %— Xi = %
Ifc<Z(f, ), then lim |f(x) — (A.f)(x)] = xiy1 —
C>Xit1 + o Xitl i

n

4. Debao Chen's theorem

In this section, we prove a type of Debao Chen's
theorem for estimating the degree of approximation by
multilayer feedforward artificial neural network with
some hidden units.

Definition 4.1

If we fix the activation function ¢ and the integer
number n, we will get the class of function to have the
following form:

= i ao(mx+r;),
=1

For various types of parameters 4, €ER, m€E
Nandr; €7, we get a type of class which will be
denoted by ®(o, n). Now, what about the degree of
approximation of f€L,[0, 1] by elements of ®(a,n)?
To answer this question, we must define Dist(f, ®(a,
n) = inf {||f — hy|| : h €®(v, n)}, and prove the
following theorem. First, we have to introduce the
following remark.

Remark 4.2: ¢ is called an activation function if
and only if it satisfies X1_1>nol° ox)=a, X_l}moo o(x) =

(xER).

b, a#b, addition to its boundedness.

Theorem 4.3(Debao Chen)
For each f in L,[0, 1]

Dist(f, D(a, n)<||a\|p rm(f, ) .

p

| 1/p
Here,||ol|, = (/ |a(x)|”dx) ,XER
0

And Dist(f,
®(o,n).

®(o,n) is the distance between f and

Proof:
Define:

=iy, fi=f(x), (0<i<n),

and

(L)) = ot m S S (%)

(1) (o + (2= r / 2)h)a(mx — mx;).(4.3.1)

Assume that if m is a multiple of, then L,,f € ®(o,
n); so the operators L, are linear.

By Remark (4.2), an activation function ¢ is a
bounded function. The following function values
converge to 0 when ¢ goes to + oo :

9(r) =max{max|o(x) — 1|, max|o(x)[}.

Now, to prove our theorem, let us prove the
following estimate, in which ?, is the modulus of
smoothness of f, and 0 <6 < 1/2n

Vo 71, < o], <f ) Lt (F.9),
p

+0(m0) I, + 05 1 )} (43.2)

set = 1/4/m , then m— oo through the multiples of
n. Since Dist(f, ®(c,n)) < ||Lnf — f]|,, and the bound

in (4.3.2), this distance converges to. |[a||, 7, (f,%) .

p
Now to prove (4.3.2), we write:
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k—1 r

(Laf =18 =F =) laoms ) = 14 303 (1) - 1) (= 1) ot (2—r /2)h> (oms— ) — 1]

i=1 =

+ni rl (;)(l)er<xQ+(Qr/2)h>U<mx mx,-) 433

i=k Q=

Fix m and x. Let 0 < 6 < 1/2n, we have two cases Case 2
Case 1 |x — xi| <0 for some k in Suppose |x —x;| > ¢ for all i in
{1,2,...,n}. {1,2,...,n}.
We will write equation (4.3.3), as follows: Choose k, such that x;_; < x < x;.
k=1 r r L
(Lt =110 =10 flotmem) = 1+ 3 5 (1) (= 1ot @7/ 2o e mx) ~ 1
=1 %=1

+ (fir1 —fr)o(mx—mx;) + "2 i (;) (=) F+ (R —r /2)h) o (mx — mx;). 4.3.4

i=k+1 =1

For 1 <i<k-— 1, we have As in the previous steps and by using (4.3.3), we
1 1 1 obtain:
x—xizx—xk_lZxk—é—xk_1=——62——2— |
n n 2n
1 (taf =] <0 (1) 11,9000
=_—>0. p
2n ! ]
J _ @ _
Hence.(x — x;) > md and |o(mx — mx;) — 1| < TR, (f’n>p0(m6) S W (f’n)p”U”p
& (md).
Sumlarly, ifk+1<i<n-—1, then +0(m5) |:Hf|p+nwr¢;u <f,;> :| +w?m(fa 5)]).
| :
X=X <X = Xpy1 X+ 06— X = —+0 < —0. :
" Thus, from cases 1 and 2, the same upper bound has
In this case m(x — x;) < — moand |o(mx — been obtained and the estimate (4.3.2) is proved. This
mx;)| < ¥(mo). leads to the proof of Theorem 4.3.

Also, +m > m , so that |g(mx + m) — 1| < ¥(m).
From (4.3.4), it follows that:

(Laf )0 S0 5.0, + 1790 + (= )05, (127) 90) 2, (1.2) T,

p

k=)0 (1) ) <0t (11) el +9008) 1, 0 (11 | + 055.9),
P p P
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5. Conclusions

We know that we can use neural networks with an
appropriate activation function for approximating
continuous functions. In our work, we present function
approximation on L, space by using the ReLU acti-
vation function. We conclude that L, universal
approximation using neural networks with the ReLU
activation function can be estimated. This approxima-
tion is optimal in terms of basis independent of the
original function, then Debao Chen's theorem type for
this approximation can be proved.
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