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Abstract Natural convection visualization by heatlines in three types of inclined wavy cavities

filled with Al2O3–water and Ag–water nanofluids and subjected to a discrete isoflux heating from

its left sidewall is investigated numerically in this work. The right sidewall together with remaining

regions in the left sidewall is insulated. The solution is based on the finite volume method. The

upper and lower cavity walls are maintained at a constant cold temperature and follow a profile

of sine wave. Numerical computations are carried out for various values of the solid volume frac-

tion [u = 0, 0.05, 0.1, 0.15 and 0.2], number of undulations [N = 1, 2 and 3], Rayleigh number

[Ra = 103–107], the ratio of heating element length to the cavity height [e = 0.2, 0.4, 0.6, 0.8 and

1.0], the cavity inclination angle [U = 0�, 30�, 60� and 90�] and the wave amplitude [c = 0.1,

0.15 and 0.2]. The results are presented in terms of heatlines, isotherms, streamlines together with

local and average Nusselt numbers. It is found that the geometry of the wavy cavity has a cursive

role on the flow and thermal fields pattern. The results also explained that streamlines and iso-

therms were affected significantly for high Rayleigh number and vertical cavity position

[U = 90�]. Also, when the solid volume fractions and wave amplitudes increase, the local Nusselt

number along the heat source increases. Furthermore, velocity profiles increase as [e] increases near
the left sidewall of the cavity while they decrease as [e] increases near the right sidewall of the cavity.
For all three types of horizontal wavy cavities the heat functions increase for both nano and base

fluids when the wave amplitude increases. Finally, results of the present work indicated that both

heatlines and heat functions techniques are applied efficiently to describe the natural convection

heat transfer inside wavy cavities filled with nanofluid.
� 2015 Faculty of Engineering, Alexandria University. Production and hosting by Elsevier B.V. This is an

open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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Nomenclature

Cp specific heat at constant pressure (kJ/kg K)

g gravitational acceleration (m/s2)
k thermal conductivity (W/m K)
L height or Width of the corrugated enclosure (m)
P dimensionless pressure

p pressure (Pa)
Pr Prandtl number (mf/af)
q00 heat flux (W/m2)

Ra Rayleigh numberðgbfL3DT=mfafÞ
T temperature (K)
Tc temperature of the cold surface (K)

N number of undulations
Nus local Nusselt number on the heat source surface
Nus average Nusselt number along the heat source
U dimensionless velocity component in x-direction

u velocity component in x-direction (m/s)
V dimensionless velocity component in y-direction
v velocity component in y-direction (m/s)

X dimensionless coordinate in horizontal direction
x Cartesian coordinate in horizontal direction (m)
Y dimensionless coordinate in vertical direction

y Cartesian coordinate in vertical direction (m)

Greek symbols
a thermal diffusivity (m2/s)
h dimensionless temperature (T � Tc/DT)

c sinusoidal wave amplitude (m)

W dimensional stream function (m2/s)
w dimensionless stream function
l dynamic viscosity (kg s/m)
m kinematic viscosity (l/q)(Pa s)
e ratio of heating element length to the enclosure

height (%)
u nanoparticle volume fraction (%)

U enclosure inclination angle with X-axis (degree)
DT ref. temperature difference (q00 L/kf)
b volumetric coefficient of thermal expansion (K�1)

q density (kg/m3)
P heat function

Subscripts
c cold

f fluid (pure)
P nanoparticle
nf nanofluid

s source surface

Abbreviations
Min minimum
b base heat source

max maximum
v vertical heat source
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1. Introduction
Nano is a Greek word which means ‘dwarf’. In recent times,

nanofluids are used in huge industrial applications such as con-
struction, nuclear reactor coolant, solar cells, oil industry, elec-
tronics, renewable energy and many others [1–4]. The reason of

these huge applications of nanofluid can be go back to its high
thermal conductivity compared with traditional fluids such as
oil, toluene andwater.Nanofluids can be defined as fluid suspen-
sions of nanoparticles with at least one of their dimensions smal-

ler than 100 nm [5–8]. For more comprehensive details about
nanofluids and their applications, the reader can go to the excel-
lent review papers byMurshed et al. [9],Wang andQuintard [10]

and Saidur et al. [11]. Natural convection or sometimes called
buoyancy-driven convection takes an increasing area of interest
by numerous researchers due to its importance in many signifi-

cant fields such as micro-electronics industry, lubrication sys-
tems, energy efficient of buildings and fire control. Natural
convection in cavities of classical geometry filledwith traditional

fluids is considered by many authors such as Calcagni et al. [12],
Hussain and Hussein [13] and Khezzar et al. [14]. While, Kolsi
et al. [15], He et al. [16] and Sheikhzadeh et al. [17] studied it
in classical cavities filled with a nanofluid. However, in many

practical and industrial applications the cavities are strongly
shifted from classical geometry such as in solar collectors, food
industries, heat exchangers, fuel cell technology and micro-

electronic equipments. One of the most important irregular
geometries of cavities is thewavy geometry.Numerous research-
ers studied the natural convection in wavy cavities filled with
classical fluids under different boundary conditions. Mahmud
et al. [18] investigated numerically the natural convection in

an enclosurewith vertical wavywalls and two insulated horizon-
tal walls. They concluded that the heat transfer was highly
enhanced when the enclosure aspect ratio was considered low.

Adjlout et al. [19] studied numerically the effect of a hot wavy
wall of a laminar natural convection in an inclined differentially
heated cavity. Two geometrical configurations were considered

with one and three undulations. The results obtained showed
that the hot wall undulation affected the flow and the heat trans-
fer rate in the cavity. Das et al. [20] studied the effect of surface
waviness and aspect ratio on heat transfer inside a wavy enclo-

sure. The top and bottom walls were considered wavy and
isothermal, while, two straight-vertical sidewalls were consid-
ered adiabatic. Simulation was carried out for a range of surface

waviness ratios [k = 0–0.25], aspect ratios [A= 0.25–0.5] and
Rayleigh numbers [Ra = 106–107] for a fluid having Prandtl
number equals to 1.0. They suggested that the natural convec-

tion was changed considerably when surface waviness changed
and also depended on the aspect ratio of the domain. Mushatet
[21] simulated numerically the natural convection inside an
inclined differentially heated square cavity with two vertical

wavy walls. The top and bottom walls were adiabatic. A curvi-
linear coordinate generation systemwas used to transfer a phys-
ical space into a computational one. The effect of inclination

angle, amplitude and number of undulations on heat transfer
and fluid flow was investigated for Ra = 105. The results
showed that the increase of the cavity amplitude led to decrease

the local Nusselt number. Bendehina et al. [22] studied the
influence of non-uniform boundary conditions on the natural
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convection in inclined differentially heated cavities. The hotwall
was considered wavywith three undulations. The aspect ratio of
the cavities was changed and various inclination angles were

performed. The results showed that the trend of the localNusselt
number was wavy for all inclination angles. More research
papers related with the natural convection in a wavy cavity filled

with traditional fluid can be found in [23–27]. From the other
side, researches involved the natural convection in a wavy cavity
filled with nanofluid are still limited. Chang Cho et al. [28] stud-

ied the natural convection heat transfer characteristics within an
enclosed wavy cavity filled with nanofluid. The complex-wavy-
surface was modeled as a superimposition of two sinusoidal
functions. They concluded that the heat transfer performance

was optimized by tuning the wavy-surface geometry parameters
in accordance with the Rayleigh number. Nikfar and Mah-
moodi [29] investigated numerically using themeshless local Pet-

rov–Galerkin method, the natural convection of Al2O3–water
nanofluid in a cavity with wavy sidewalls. The horizontal top
and bottom walls of the cavity were kept insulated. Two differ-

entmodels were considered for the effective dynamic viscosity of
the nanofluid. They concluded that the average Nusselt number
estimated for Brinkman formula increased with the increase in

volume fraction of the nanoparticles while it decreased forMai-
ga’s correlation. Esmaeilpour and Abdollahzadeh [30] analyzed
using a finite-volume numerical procedure, the free convection
and entropy generation of a nanofluid inside an enclosure with

different patterns of vertical wavy walls. The results indicated
that the average Nusselt number decreased nearly linear with
the increase of solid volume fraction. They concluded that the

entropy generation increased with increasing the Grashof
number and decreased with increasing the surface waviness.
Chang Cho et al. [31] simulated numerically the natural convec-

tion in a wavy-wall enclosure filled with Cu–water nanofluid.
The bottom wall of the enclosure had a wavy geometry and
was maintained at a constant high temperature, while the top

one was straight and maintained at a constant low temperature.
The left and right sidewalls were considered straight and
insulated. They examined the effect of the nanoparticle volume
fraction, Rayleigh number, the wave amplitude, and the wave-

length on the heat transfer characteristics. It was shown that
the heat transfer performance could be enhanced as the volume
fraction of nanoparticles increased. Recently, Mansour and

Bakier [32] investigated numerically the free convection in a
complex-wavy-wall cavity filled with nanofluid. The left and
right sidewalls of the cavity had a complex-wavy geometry

and maintained at low and high temperatures, respectively,
while, the upper and lower walls of it were considered flat and
adiabatic. The nanofluid was composed of Al2O3 nanoparticles
suspended in pure water. They examined the effects of the solid

volume fraction, the Rayleigh number and the geometry param-
eters on the streamlines, isotherm and Nusselt number in the
cavity. The results showed that the Nusselt number, increased

as the solid volume fraction increased. Further references can
be found in [33,34].

Recently, more attention was focused to notice the heat

transfer path inside enclosures especially for convection
heat transfer problems. Unfortunately, the classical method of
heat flow visualization by isotherms does not offer this important

observation. For this reason, the so-called heatline visualiza-
tion technique which was suggested by Kimura and Bejan
[35] was used efficiently in recent years to solve this problem.
Costa [36] in his excellent review paper about heatlines referred
that, the numerical values of the dimensionless heat function
were closely related to the average Nusselt number. They were
considered a very efficient tool to visualize and analyze the

convection heat transfer process. Oztop et al. [37] performed
a heatline analysis of natural convection in a square inclined
enclosure filled with a CuO nanofluid under a non-uniform

wall heating condition from a wall and cooled from
opposite wall, while other walls were adiabatic. Calculations
were performed for Rayleigh numbers of [103 6 Ra 6 105],

inclination angle of [0�6/690�] and nanoparticle fraction of
[0 6 u 6 0.1]. It was observed that heat transfer in the cavity
increased by adding nanoparticles. Visualization of heatline
was successfully applied to nanoparticle convective flows.

Basak and Chamkha [38] investigated numerically based on
heat flow visualization by heat functions or heatlines the
natural convection of various nanofluids [copper–water, alu-

mina–water and TiO2–water] in the presence of hot and cold
sidewalls (case 1) or uniform or non-uniform heating of
bottom wall with cold sidewalls (case 2). It was found that

heatlines with larger heat functions values for nanofluids
coincided with heatlines with smaller heat function values for
water at walls.

From the above peer literature survey and based upon
our experience, there is no paper up to date deals with the
natural convection visualization by heatlines in an inclined
wavy cavity of different geometries filled with nanofluids

and subjected to a discrete isoflux heating from its left side-
wall. Also, there is no study in the literature determined the
heat function for nanofluid inside classical or wavy cavities

with presence of isoflux boundary condition. Therefore; in
our opinion this work gives an original contribution in this
significant field.
2. Problem formulation and the mathematical model

The configuration which was considered in the present work is

illustrated in Fig. 1. Three types of two-dimensional wavy cav-
ity of height and width (L) are considered as shown in Fig. 1.
These types are represented as types I, II and III for clarity.

Both upper and lower walls of cavities are considered wavy
and maintained at an isothermal cold temperature (Tc). Some
regions in the straight left sidewall for all cavities are subjected
to a discrete isoflux heating, while the other regions of this wall

together with straight right sidewall are considered adiabatic.
All cavities are filled with Al2O3–water or Ag–water nanoflu-
ids. The fluid flow inside cavities is assumed to be Newtonian,

laminar and time-independent. The Al2O3 and Ag nanoparti-
cles are assumed in a thermal equilibrium with the base fluid
(i.e., water) while the slipping between them is assumed negli-

gible. Moreover, all the physical properties of both base fluid
and nanoparticles are assumed invariant with temperature
except the density which was treated according to Boussinesq’s
approximation. The thermo-physical properties of the water,

sliver (Ag) and Alumina (Al2O3) are given in Table 1 as given
by Aminossadati and Ghasemi [39]. The solid volume fraction
(u) is varied as [u = 0, 0.05, 0.1, 0.15 and 0.2] while the num-

ber of undulations is varied as [N = 1, 2 and 3]. The Rayleigh
number range is [Ra = 103–107], the ratio of heating element
length to the cavity height (e) is varied as [e = 0.2, 0.4, 0.6,

0.8 and 1.0], the cavity inclination angle which is measured
with X-axis (U) is varied as [U= 0�, 30�, 60� and 90�] and



Type I Type II Type III

Figure 1 Physical domain for three types of wavy cavity along with boundary conditions.

Table 1 Thermo-physical properties of base fluid (pure water)

and nanoparticles [39].

Properties Pure water Silver (Ag) Alumina (Al2O3)

Cp (J/kg K) 4179 235 765

K (W/m K) 0.613 429 40

q (kg/m3) 997.1 10,500 3970

b (1/K) � 105 21 1.89 0.85
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the sinusoidal wave amplitude is varied as [c = 0.1, 0.15 and
0.2]. The dimensionless mass, momentum and energy equa-

tions for the natural convection fluid flow and heat transfer
in the considered wavy cavities can be obtained by utilizing
the following dimensionless quantities:

X ¼ x

L
; Y ¼ y

L
; U ¼ uL

af
; V ¼ vL

af
; P ¼ pL2

qnfa
2
f

;

h ¼ T� Tc

DT
; DT ¼ q00L

kf
; Ra ¼ gbfL

3DT

mfaf
; Pr ¼ mf

af
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U
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� �
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qnfbf
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@V

@X
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@V

@Y
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@Y
þ lnf

qnfaf

@2V

@X2
þ @2V

@Y2

� �

þ ðqbÞnf
qnfbf
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U
@h
@X

þ V
@h
@Y

¼ anf
af

@2h

@X2
þ @2h

@Y2

� �
ð4Þ

The effective density (qnf), thermal expansion coefficient
ðbÞnf, heat capacitance ðCpÞnf and thermal diffusivity (anf) of

the nanofluid can be defined respectively as

qnf ¼ ð1� uÞqf þ uqp

ðqbÞnf ¼ ð1� uÞðqbÞf þ uðqbÞp
ðqCpÞnf ¼ ð1� uÞðqCpÞf þ uðqCpÞp
anf ¼ knf

ðqCPÞnf
The viscosity of the nanofluid is defined according to the
Brinkman model and considered as a function of the solid vol-

ume fraction as given by Hwang et al. [40]:

lnf ¼
lf

ð1� uÞ2:5

while, the Maxwell correlation of the thermal conductivity
of the nanofluid is considered in the present work as given by
Hussein et al. [41].

knf ¼ kf
ðkp þ 2kfÞ � 2uðkf � kpÞ
ðkp þ 2kfÞ þ uðkf � kpÞ

The flow field inside the wavy cavities can be represented by
the stream function which is defined as follows:

U ¼ @w
@Y

; V ¼ � @w
@X

This gives the following dimensionless equation:

@2w

@X2
þ @2w

@Y2
¼ @U

@Y
� @V

@X
ð5Þ

The local and average Nusselt numbers are given by

Nu ¼ 1

hjheat source wall

The average Nusselt number (Nu) is determined by integra-
tion local Nusselt number along the heat source.

Nu ¼
R

along
heat source

NudyR
along

heat source
dy

ð6Þ

The heat flow inside the wavy cavities is represented by

using the heat function (P) concept as given by Basak et al.
[42]:

@P
@Y

¼ Uh� anf
af

@h
@X

; � @P
@X

¼ Vh� anf
af

@h
@Y

ð7Þ

Or, it can be written in a single equation as follows:

@2P

@X2
þ @2P

@Y2
¼ @

@Y
ðUhÞ � @

@X
ðVhÞ ð8Þ

The dimensionless boundary conditions of the present
problem can be defined as



Table 2 Comparison between the calculated average

Nusselt number at the base, temperature distribution and

stream function in the present work with benchmark values of

[39] for Cu–water nanofluid at u = 0.1 & e = 0.4 and

[Ra = 103–106].

Ra Nub hmax wmax

[39] Present [39] Present [39] Present

103 5.45 5.44 0.205 0.203 0.023 0.022

104 5.47 5.51 0.205 0.204 0.251 0.249

105 7.12 7.14 0.172 0.171 2.988 2.986
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UðX;YÞ ¼ VðX;YÞ ¼ 0; h ¼ 0; w ¼ 0; n � rP ¼ 0

ForX ¼ 0 and 0 6 Y 6 0:5ð1� eÞ
Uð0;YÞ ¼ Vð0;YÞ ¼ 0;

@h
@X

¼ 0 ¼ 0; w ¼ 0; P ¼ 0

ForX ¼ 0 and 0:5ð1� eÞ 6 Y 6 0:5ð1þ eÞ
Uð0;YÞ ¼ Vð0;YÞ ¼ 0;

@h
@X

¼ � kf
knf

; w ¼ 0;
@P
@X

¼ anf
af

@h
@Y

ForX ¼ 0 and 0:5ð1� eÞ 6 Y 6 1

Uð0;YÞ ¼ Vð0;YÞ ¼ 0;
@h
@X

¼ 0 ¼ 0; w ¼ 0;P ¼ 0

ForX ¼ 1 and 0 6 Y 6 1

Uð1;YÞ ¼ Vð1;YÞ ¼ 0;
@h
@X

¼ 0; w ¼ 0;P ¼
Z 1

0

anf
af

@h
@n

dY

The upper and lower walls of the cavities can be defined as

Y ¼ c� sinð2pN� XÞ and 0 6 X 6 1
3. Numerical method of solution, verification and grid

independent test

The non-linear behavior of the dimensionless mass, momen-
tum and energy equations (Eqs. (1–4)) makes the analytical
solution of these equations very complex to achieve. To avoid

this problem, the finite volume method is used efficiently to
solve these governing equations together with their dimension-
less boundary conditions. The main object of the finite volume

method is to convert the non-linear set of partial differential
governing equations to a linear set of algebraic equations.
The computational approach to solve the present problem

starts by dividing the flow fields into various finite volumes
and then solves the governing equations together with grid
equations. More details about the method of solution can be
found in [43]. To increase the accuracy of the numerical solu-

tion, additional grids are clustered adjacent to the wavy walls
and near the discrete heat source in the left sidewall. The
numerical solution continues by iteration until the convergence

is satisfied. The cycle of numerical iteration stops when the
maximum of residues of momentum and energy equations
reaches less than or equal to 10�8. Now, in order to check

the accuracy of the present numerical results which are com-
puted by our Fortran program, a comparison between the cal-
culated average Nusselt number at the base together with
temperature distribution and stream function in the present

work with their corresponding results produced by Aminossa-
dati and Ghasemi [39] for Cu–water nanofluid at u = 0.1,
e= 0.4 and [Ra = 103–106] is performed and the final results

of comparison are explained in Table 2. A good matching
between the predicted results produced by the present program
and the results of Aminossadati and Ghasemi [39] can be

observed which gives a very good confirmation of the accuracy
of our Fortran program. The present code is further validated
against the existing numerical results of Adjlout el al., [19] for

a wavy cavity flow at Ra= 105 as shown in Fig. 2. The results
shown in Fig. 2 provide sufficient confidence for the present
code. Another important step which is considered very neces-
sary to ensure that there is no numerical divergence occurs

in the computed results due to the gird sizing. So, grid indepen-
dent tests are performed also. Table 3 shows these tests for
verification of the flow and thermal fields in the case of the
wavy cavity (Type I) filled with Ag–water nanofluid at
u = 0.2, e= 0.2, c = 0.2, N= 1 and Ra = 107. Ten groups

of uniform gird sizes in X and Y directions are selected in these
tests which are 30 � 30, 40 � 40, 50 � 50, 60 � 60, 70 � 70,
80 � 80, 90 � 90, 100 � 100, 120 � 120 and 140 � 140

respectively. Table 3 explains that the grid independence is
achieved at the grid size of 100 � 100 where there is no devia-
tion occurs in the flow and thermal fields after this grid size.

Therefore, this grid size has been selected for the present
numerical computations.

4. Results and discussion

4.1. Effect of heating element length to cavity height ratio [e] on
flow and thermal fields

Fig. 3 illustrates streamline contours for three types of hori-
zontal wavy cavity [U= 0�] filled with Ag–water nanofluid

at different values of the heating element length to the cavity
height ratio [e= 0.2, 0.4, 0.6, 0.8 and 1.0] and N = 1,
c = 0.2 with u = 0 (dashed red line) and 0.2 (solid blue line)

at Ra = 107. The flow field inside the cavities starts from the
left sidewall due to the discrete heat source embedded in this
region and moves upward due to the buoyancy force effect.

The natural convection currents arrive firstly to the cold wavy
upper wall and change their direction toward the adiabatic
right sidewall. After that, they move toward the cold wavy bot-
tom wall and return again to the hot region in the left sidewall.

This cyclic rotation of the natural convection currents is the
main reason for the flow vortices construction inside all types
of wavy cavities. In fact, the purpose of Fig. 3 is to explain the

effect of the heating element length to the cavity height ratio [e]
on the flow field inside the wavy cavities. It can be seen from
the results of Fig. 3 (for type I) that as the [e] increases from
[e= 0.2] to [e= 1.0], the stream function increases from [wmax

nf = 0.28114] to [wmax nf = 3.0121] for nanofluid (i.e., Ag–wa-
ter). Also it increases from [wmax bf = 4.3153] to [wmax

bf = 10.216] for base fluid (i.e., water). This is due to the
increase in the area of the region exposed to a discrete isoflux
heating in the left sidewall of the cavity as [e] increases. This
increase causes to enlarge the buoyancy force and natural con-

vection currents and increases the intensity of the flow circula-
tion inside the cavity. For type (II), the stream function
increases as [e] increases for nanofluid. With respect to the base

fluid, it increases from [wmax bf = 1.4462] to [wmax bf = 2.7944]
when [e] increases from 0.2 to 0.4. But, it decreases from [wmax

bf = 2.4215] at [e= 0.6] to [wmax bf = 1.8761] at [e= 1.0]. For



Figure 2 Streamfunction (W) on the top and isotherms (h) on the bottom, for a wavy cavity with cold left sidewall and hot right sidewall

and adiabatic top and bottom walls at Ra = 105, Pr = 0.71 for N = 1, U = 60� on the left and N = 3, U = 90� on the right with the

corresponding results of benchmark problem [19].

Table 3 Grid independence tests for verification in case of the

wavy cavity (type I) filled Ag based nanofluid at

u = c = e = 0.2, N= 1 and Ra = 107.

Grid |wmax| hmax |Gmax| Nus

30 � 30 17.3373 0.07192 0.25371 58.3783

40 � 40 17.3197 0.06982 0.24387 57.8783

50 � 50 16.8207 0.06592 0.23463 56.2783

60 � 60 16.6107 0.06112 0.23137 55.9783

70 � 70 16.3055 0.05862 0.22944 54.6783

80 � 80 15. 9673 0.05268 0.21253 53.5883

90 � 90 15.80921 0.04482 0.20587 51.4483

100 � 100 15.7665 0.04193 0.19592 50.3783

120 � 120 15. 7665 0.04193 0.19592 50.3783

140 � 140 15. 7665 0.04193 0.19592 50.3783
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type (III) the stream function decreases from [wmax

nf = �0.0968] to [wmax nf = �0.1351] for nanofluid as [e]
increases from [e= 0.2] to [e = 1.0]. With respect to the base
fluid, it increases as [e] increases from 0.2 to 0.4. After that,
it begins to decrease as [e] increases from 0.6 to 1.0. Different

modes of the flow field can be noticed for three types of wavy
cavity. For type (I), it can be noticed that the flow field inside
the cavity consists from rotating major convective vortices in

the core of the cavity in addition to the two minor vortices
adjacent to the upper and lower wavy walls. For type (II),
the flow field consists from major vortices and one minor vor-
tices near the lower wavy wall. For type (III), the minor vor-

tices disappear in this geometry and as a result, the flow field
consists from large major vortices. It is interesting to observe
that the flow field for all three types becomes strong adjacent

to the wavy walls. The thermal field inside the horizontal wavy
cavities is represented by isotherm contours as explained in
Fig. 4. The same parameters which are considered in Fig. 3

are used in this figure. First of all, it can be seen that isotherms
are concentrated strongly adjacent to the left sidewall. This is
due to the existence of the discrete isoflux heating at this wall.
This phenomenon can be noticed for all three types of wavy
cavities. Also, it can be seen that as [e] increases from 0.2 to

1.0, the concentrated zone of isotherms increases due to the
increase in the discrete isoflux heating region length as
expected. For type (I), it can be noticed that the temperature

distribution increases from [hmax nf = 0.0581] at [e = 0.2] to
[hmax nf = 0.1197] at [e= 1.0] for nanofluid, while, it increases
from [hmax bf = 0.0429] at [e = 0.2] to [hmax bf = 0.0828] at

[e = 1.0] for base fluid. Similar increase in the temperature dis-
tributions for both base and nanofluids can be seen again for
wavy cavities of types (II) and (III) respectively. The results
of Fig. 4 show that the maximum temperature distribution

for both base and nanofluids can be observed for the wavy cav-
ity of type (I). Therefore, it can concluded from this result that
the wavy cavity of type (I) can be considered as an optimum

geometry for natural convection enhancement inside the wavy
cavity. In fact, for the wavy cavity of type (I) it can be seen that
the left sidewall [where the heat source exists] is shorter than

the right sidewall. This of course makes the effect of the dis-
crete isoflux heating or (e) in this wall more pronounced and
strong which leads to improve the flow and thermal fields in
this type. With respect to the type (II), both left and right side-

walls have the same length, so the effect of the discrete isoflux
heating or (e) on the flow and thermal fields is moderate in this
type. But, for the wavy cavity of type (III), the left sidewall

[where the heat source exists] is longer than the right sidewall.
This reduces the effect of the discrete isoflux heating or (e) on
the flow and thermal fields and causes a clear reduction in both

the stream function and temperature distribution values for
both base and nanofluids as shown in Figs. 3 and 4
respectively.

4.2. Effects of number of undulations and wave amplitude on

flow and thermal fields

Fig. 5 explains streamline contours for three types of horizon-

tal wavy cavity [U= 0�] filled with Al2O3–water nanofluid at
different values of N (number of undulations) and c (wave
amplitude) with u = 0 (dashed red line) and 0.1 (solid blue

line), e = 0.4 and Ra = 106. With respect to the effect of



Figure 3 The contours of streamlines for three types of wavy cavity filled with Ag–water nanofluid at different values of e = 0.2, 0.4, 0.6,

0.8, 1 for N = 1, c = 0.2 & U = 0� with u = 0 (dashed red line) & 0.2 (solid blue line) and Ra = 107.
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number of undulations on the flow field, it can be seen that for

the horizontal wavy cavity of type (I), the stream function
decreases for nanofluid from [wmax nf = 0.0135] when
[N= 1] to [wmax nf = �0.0381] when [N= 3]. For base fluid,

it increases from [wmax bf = �0.0705] when [N= 1] to [wmax

bf = �0.0181] when [N = 3]. For type (II), it can be noticed
that the stream function increases for nanofluid from [wmax

nf = �0.0761] when [N= 1] to [wmax nf = �0.0384] when
[N= 3]. For base fluid, it decreases from [wmax

bf = �0.0164] when [N= 1] to [wmax bf = �0.0189] when

[N= 3]. For type (III), it can be noticed that the stream func-
tion increases for nanofluid from [wmax nf = �0.0755] when
[N= 1] to [wmax nf = �0.0587] when [N= 3]. For base fluid,
it increases from [wmax bf = �0.0709] when [N= 1] to [wmax

bf = �0.0522] when [N = 3]. Therefore, it can be concluded
from results of Fig. 5, that the wavy cavity of type (I) with
one undulation is the best option to increase the flow circula-

tion of nanofluid, while, for base fluid the wavy cavity of type
(II) with two undulations is the best option to increase the flow

circulation. For this reason, wavy cavities of one and two
undulations are better than the wavy cavity of three undula-
tions. The reason of this behavior, is due to the increase in

the flow separation for cavity with three undulations, which
makes the flow to move in the reverse direction and decreases
the stream function values. Furthermore, some minor vortices

can be seen near the wavy walls especially when the wave
amplitude is [c = 0.2] and for three number of undulations.
Fig. 6 shows isotherm contours for three types of horizontal

wavy cavity [U = 0�] filled with Al2O3–water nanofluid at dif-
ferent values of N (number of undulations) and c (wave ampli-
tude) with u = 0 (dashed red line) and 0.1 (solid blue line),
e= 0.4 and Ra = 106. It can be seen, that as the number of

undulations increases from [N= 1] to [N = 3] for the horizon-
tal wavy cavity of type (I), a slight decrease in the temperature
distributions can be observed for both nano and base fluids,

while a slight increase in the temperature distributions can be



Figure 4 The contours of isotherms for three types of wavy cavity filled with Ag–water nanofluid at different values of e= 0.2, 0.4, 0.6,

0.8, 1 for N= 1, c = 0.2 & U = 0� with u = 0 (dashed red line) & 0.2 (solid blue line) and Ra = 107.
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seen for both nano and base fluids in wavy cavities of types (II)

and (III) respectively. Anyway, the wavy cavity of type (I) with
[N= 1] is the best option to increase the thermal field for both
nano and base fluids. With respect to the effect of the wave
amplitude (c) on the flow field, it can be seen that when the

number of undulations is considered constant [i.e., N = 3]
and as the wave amplitude increases from [c = 0.1] to
[c= 0.2] for the horizontal wavy cavity of type (I), the stream

function increases for nanofluid from [wmax nf = �0.0381] to
[wmax nf = �0.0139], while, it increases for base fluid from
[wmax bf = �0.0181] to [wmax bf = 0.0168]. For types (II) and

(III), similar increase in the stream function values can be seen
for both nano and base fluids when the wave amplitude
increases from [c = 0.1] to [c = 0.2]. So, it can be deduced
from results of Fig. 5, that the wavy cavity of type (II) with

[c= 0.2] is the best option to increase the flow circulation
for both nano and base fluids. Also, it can be observed from
Fig. 5, that the streamlines coincide and take the geometry
of the crest length or the inter-wall space of the wavy wall.

On the other hand, the temperature distribution for all three
types of horizontal wavy cavities increases slightly for both
nano and base fluids when the wave amplitude increases from
[c = 0.1] to [c = 0.2] as shown in Fig. 6. It can be seen that as

the wave amplitude increases from [c= 0.1] to [c= 0.2], the
crest length or the inter-wall space of the wavy wall increases
and leads to increase the clustering of isotherms at this space.

However, the wavy cavity of type (III) with [c = 0.2] is the best
option to increase the thermal field for both nano and base
fluids.

4.3. Effects of number of undulations and wave amplitude on

heatlines contours

Fig. 7 illustrates contours of heatlines for three types of hori-
zontal wavy cavity [U= 0�] filled with Al2O3–water nanofluid
at different values of N (number of undulations) and c (wave



Figure 5 The contours of streamlines for three types of wavy cavity filled with Al2O3–water nanofluid at different values of N (number of

undulations) and c (wave amplitude) with u = 0 (dashed red line) and 0.1 (solid blue line), U = 0�, e = 0.4 and Ra = 106.
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amplitude) with u = 0 (dashed red line) & 0.1 (solid blue line),

e= 1 and Ra = 107. In fact, heatlines technique gives a better
overview about the heat transfer transport inside the wavy cav-
ity, if they compared with the classical representation of heat

flow via isotherms. The isotherms give an overview about the
temperature distributions inside the cavities only, while, heat-
lines give a good picture about the heat transfer intensity
and direction. With respect to the effect of number of undula-

tions on the heat function (P), it can be observed that for the
horizontal wavy cavity of type (I), the heat function increases

for nanofluid from [Gmax nf = 0.6777] when [N = 1] to

[Gmax nf = 0.7324] when [N= 3]. For base fluid, it increases

from [Gmax bf = 0.6668] when [N= 1] to [Gmax bf = 0.7301]

when [N = 3]. For type (II), it can be seen that the heat func-

tion increases for nanofluid from [Gmax nf = 0.7319] when

[N= 1] to [Gmax nf = 0.8814] when [N = 3]. For base fluid,
it increases also from [Gmax bf = 0.7302] when [N= 1] to

[Gmax bf = 0.8793] when [N= 3]. For type (III), it can be seen

that the heat function decreases for nanofluid from [Gmax nf =

0.7945] when [N= 1] to [Gmax nf = 0.7811] when [N= 3]. For

base fluid, it decreases also from [Gmax bf = 0.7892] when

[N= 1] to [Gmax bf = 0.7792] when [N= 3]. So, it can be
deduced from results of Fig. 7, that when the number of undu-
lations increases from [N= 1] to [N = 3], heat functions
increase for both nano and base fluids for wavy cavities of

types (I) and (II) respectively, while, for wavy cavity of type
(III), they decrease for both nano and base fluids when the
number of undulations increases from [N= 1] to [N= 3]. In

other words, the increase in the number of undulations causes
an increase in the heat transfer inside wavy cavities of types (I)
and (II), while the heat transfer amount decreases for wavy

cavity of type (III) with the increase in the number of



Figure 6 The contours of isotherms for three types of wavy cavity filled with Al2O3–water nanofluid at different values of N (number of

undulations) and c (wave amplitude) with u = 0 (dashed red line) and 0.1 (solid blue line), U = 0�, e = 0.4 and Ra = 106.
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undulations. With respect to the wave amplitude (c) effect on
the heat function (P), it can be seen that for constant number
of undulations [i.e., N = 3] and as the wave amplitude
increases from [c = 0.1] to [c = 0.2] for the horizontal wavy
cavity of type (I), the heat function increases for nanofluid

from [Gmax nf = 0.7324] to [Gmax nf = 0.8717], while, it

increases for base fluid from [Gmax bf = 0.7301] to [Gmax bf =

0.8711]. Similar increase in heat function values can be seen
for types (II) and (III) respectively for both nano and base
fluids when the wave amplitude increases from [c= 0.1] to
[c= 0.2]. Therefore, in order to increase the heat function

values or the heat transfer amount inside wavy cavities, one
can do this by making an increase in the wave amplitude.

4.4. Effects of cavity inclination angle and Rayleigh number on
flow and thermal fields

Fig. 8 displays streamline contours for the wavy cavity of type

I as a case study filled with Al2O3–water nanofluid at different
values of cavity inclination angle and Rayleigh number at

[c = 0.1, e = 0.2] with u = 0 (dashed red line) and 0.15 (solid
blue line). For the horizontal wavy cavity [i.e., U= 0�], it can
be noticed that as the Rayleigh number increases from
[Ra = 104] to [Ra = 107], a strong increase occurs in the

stream function values for both nano and base fluids. For
example, they increase for nanofluid from [wmax nf =
�1.74e�3] at [Ra = 104] to [wmax nf = 0.2763] at [Ra = 107].

For base fluid, they increase also from [wmax bf = �4.51e�3]
at [Ra = 104] to [wmax bf = 1.2484] at [Ra = 107]. This phe-
nomenon is expected previously, since as the Rayleigh number

increases, the buoyancy force and natural convection currents
increase strongly. Therefore, the flow circulation velocity
increases and leads as a result to increase the stream function
values for both nano and base fluids. Also, a clear change

occurs in the flow field patterns by converting it from symmet-
rical rotating vortices when the Rayleigh number is low
[Ra = 104] to unsymmetrical major and minor vortices when

the Rayleigh number is high [Ra = 107]. For inclined and



Figure 7 The contours of heatlines for three types of wavy cavity filled with Al2O3–water nanofluid at different values of N (number of

undulations) and c (wave amplitude) with u = 0 (dashed red line) and 0.1 (solid blue line), U = 0�, e = 1 and Ra = 107.

Heatline visualization of natural convection heat transfer 179
vertical cavities, Fig. 8 shows that as the cavity inclination
angle increases from [U= 30�] to [U= 90�], the stream func-

tion increases from [wmax nf = �1.26e�3] to [wmax nf = 0.0518]
for nanofluid. Also, it increases from [wmax bf = �3.35e�3] to
[wmax bf = 0.1481] for the base fluid. Also, the flow field
changes from uniform rotating vortices at [U= 30�] to sym-

metrical two rotating vortices at [U= 90�]. Some minor vor-
tices can be detected also at [U = 45� and 60�] respectively.
All these results are observed when the Rayleigh number is

low [Ra = 104]. At high Rayleigh number [Ra = 107], a clear
jump in the stream function values can be seen as the cavity
inclination angle increases from [U = 30�] to [U= 90�]. For
nano fluid, it increases from [wmax nf = 5.2879] at [U= 30�]
to [wmax nf = 18.167] at [U= 90�], while, it increases also from
[wmax bf = 9.9822] at [U= 30�] to [wmax bf = 21.581] at

[U= 90�] for the base fluid. Also, a clear change occurs in
the behavior of the flow patterns as the inclination angle
increases from [U= 30�] to [U= 90�] and this variation
becomes highly when [Ra = 107] due to the strong increase

in the natural convection effect as explained previously. There-
fore, the inclination angle plays an important role to increase
the flow circulation inside the wavy cavity. Fig. 9 explains iso-
therm contours for the wavy cavity of type I filled with Al2O3–

water nanofluid at different values of cavity inclination angle
and Rayleigh number at e = 0.2, c= 0.1 with u = 0 (dashed
red line) and 0.15 (solid blue line). For the horizontal wavy

cavity [i.e., U = 0�], it can be noticed that a strong deforma-
tion occurs in the isotherms for both nano and base fluids as
the Rayleigh number increases from [Ra = 104] to

[Ra = 107]. This is due to the strong natural convection at
[Ra = 107]. Also, when the Rayleigh number is low
[Ra = 104], isotherms are emitted uniformly from the heat

source at the left sidewall and distributed in a convenient pat-
tern inside the cavity. This is because the conduction heat



Figure 8 The contours of streamlines for the wavy cavity of type I filled with Al2O3–water nanofluid at different values of enclosure

inclination angle and Rayleigh number at c = 0.1, e = 0.2 with u = 0 (dashed red line) and 0.15 (solid blue line).
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transfer is dominant at low Rayleigh number. On the other
hand, a clear irregularity occurs in isotherms pattern at high

Rayleigh number [Ra = 107]. Also, an intense clustering of
isotherms is seen adjacent to the discrete heat source and the
convection heat transfer is dominant in this case. For inclined

and vertical cavities, Fig. 9 explains that as the cavity inclina-
tion angle increases from [U= 30�] to [U= 90�], the tempera-
ture distribution increases slightly from [hmax nf = 0.1071] to
[hmax nf = 0.1072] for nanofluid. Also, it increases from

[hmax bf = 0.1657] to [hmax bf = 0.1679] for the base fluid.
These results are computed when the Rayleigh number is
low [Ra = 104]. But, for high Rayleigh number [Ra = 107],

it increases for nanofluid from [hmax nf = 0.0457] at
[U= 30�] to [hmax nf = 0.0521] at [U= 90�], while, it increases
from [hmax bf = 0.0548] at [U= 30�] to [hmax bf = 0.0629] at

[U= 90�] for the base fluid. Again, the inclination angle and
the Rayleigh number have a clear effect on patterns of iso-
therms as explained previously.

4.5. Effects of cavity inclination angle and Rayleigh number on

heatlines contours

Fig. 10 illustrates contours of heatlines for the wavy cavity
of type I filled with Al2O3–water nanofluid at different val-
ues of cavity inclination angle and Rayleigh number at

e= 1, c = 0.1 with u = 0 (dashed red line) and u = 0.15
(solid blue line). The results explain that when the Rayleigh
number increases from [Ra = 104] to [Ra = 106], the values

of the heat function increase for nanofluid from [Gmax nf =

0.7424] to [Gmax nf = 0.7554], while, they increase for

base fluid from [Gmax bf = 0.7414] to [Gmax bf = 0.7431].

This increase is due to the enhancement in the natural



Figure 9 The contours of isotherms for the wavy cavity of type I filled with Al2O3–water nanofluid at different values of enclosure

inclination angle and Rayleigh number at e= 0.2, c = 0.1 with u = 0 (dashed red line) and 0.15 (solid blue line).
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convection when the Rayleigh number increases from
[Ra = 104] or conduction dominant case to [Ra = 106] or
convection dominant case. When the wavy cavity is consid-

ered in an inclined position, the results of Fig. 10 show that
at [Ra = 104] and when the inclination angle increases from
[U= 30�] to [U= 60�], the heat function decreases from

[Gmax nf = 0.7431] to [Gmax nf = 0.7041] for nanofluid. For

base fluid, they decrease also from [Gmax bf = 0.7413] to

[Gmax bf = 0.7334] for the same range of the inclination

angle. Similar decrease in the heat function values for both
nano and base fluids can be seen when the inclination angle
increases from [U= 30�] to [U= 60�] at [Ra = 105] and

[Ra = 106] respectively. On the other hand, when the cavity
is converted from the horizontal position [U= 0�] to the
vertical one [U= 90�], a clear decrease in heat function val-

ues can be seen for both nano and base fluids. This decrease
can be observed for [Ra = 103–106]. With respect to the
contours of heatlines at [Ra = 107], the results of Fig. 10
show that the values of the heat function for both base
and nanofluids begin to drop suddenly for [U= 0�–60�]. A
reverse behavior can be seen at [U = 90�]. Furthermore,
the heatlines give a clear representation of the heat transfer

path from the left sidewall where the heat source exists to
both cold upper and lower walls. Moreover, results of
Fig. 10 illustrate that the shape of heatline contours was
greatly affected by both the Rayleigh number and the cavity

inclination angle.

4.6. Effects of heating element length to cavity height ratio [e]
and inclination angle on the velocity profiles

Fig. 11 shows vertical velocity profiles along the mid-section of
the wavy cavity (type I) for various heat source lengths and for

(Ag–water, Ra = 107, U= 0�, N= 1, c = 0.2 and u = 0.1).
It is clearly seen that velocity profiles have positive values near
the left sidewall of the cavity [X= 0] and the values of the

velocity reach their maximum value when [e= 1]. After that,
the velocities begin to decrease gradually as [e] decreases until



Figure 10 The contours of heatlines for the wavy cavity of type I filled with Al2O3–water nanofluid at different values of cavity

inclination angle and Rayleigh number at e = 1, c = 0.1 with u = 0 (dashed red line) & 0.15 (solid blue line).
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they reach their minimum values at [e= 0.2]. The reason of
this increase in the velocity values at the left sidewall is due

to the location of the heat source which causes a clear increase
in the flow circulation. As the [e] increases from [e = 0.2] to
[e= 1.0], the heat source length increases and leads to increase

the vertical velocity values. At [X= 0.5], the velocity profiles
begin to fluctuate near their zero values. At [X= 1.0] or at
the adiabatic right sidewall, a reverse behavior in the velocity

profiles can be noticed while the velocities have negative val-
ues. Fig. 12 displays vertical velocity profiles along the mid-
section of the wavy cavity of type I for various inclination
angles and with Al2O3–water, Ra = 107, e = 0.2, N = 1,

c= 0.1 and u = 0.05. The results show that the velocity pro-
files have a linear variation and the vertical velocity values are
zero at [U= 90�]. In general, velocity profiles have minimum
values at the middle of the cavity and this observation can

be seen for various values of the inclination angles. This is
due to the increase in the cross-sectional area of the considered
cavity (i.e., type I). On the same manner, at the left sidewall

[X = 0], the cross-sectional area is small, and as a result the
velocity profiles have high values especially at [U= 45�]. At
the middle, they decrease due to the increase in the area as

explained above. After that, the area of the wavy cavity
(type I) begins to decrease again leading to increase the vertical
velocity profiles until they reach zero value which satisfies
the considered boundary conditions. Therefore, it can be

concluded that the wavy geometry plays a significant role on
the velocity profiles distribution.
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Figure 11 Vertical velocity profiles along the mid-section of the

wavy cavity of type I for various heat source lengths (Ag–Water,

Ra = 107, U= 0�, N = 1, c = 0.2 and u = 0.1).
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Figure 12 Vertical velocity profiles along the mid-section of the

wavy cavity of type I for various inclination angles (Al2O3–Water,

Ra = 107, e = 0.2, N = 1, c= 0.1 and u = 0.05).
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Figure 13 Variation of the local Nusselt number of a silver-

based nanofluid of a wavy cavity (type:III) along the heat source

for various heating element length to cavity height ratio at

Ra = 107, U = 0�, N= 1, c = 0.2 and u = 0.2.
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Figure 14 Variation of the local Nusselt number of an Alumina-

based nanofluid of a wavy cavity (type:I) along the heat source for

various inclination angles at Ra = 106, e = 0.2, N= 1, c = 0.1

and u = 0.1.
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4.7. Effects of heating element length to cavity height ratio [e]
and inclination angle on the local Nusselt number

Fig. 13 shows the variation of the local Nusselt number of

Ag–water nanofluid of a horizontal wavy cavity of type III
along the heat source for various heating element length to
cavity height ratio [e] at Ra = 107, U= 0�, N = 1, c = 0.2

and u = 0.2. It can be noticed from the results that as [e]
increases, the local Nusselt number along the heat source
decreases. This behavior is because, when [e] increases the heat
source length increases. This causes to increase the area
exposed to the convection heat transfer and leads to increase
the heat dissipation along the heat source. As a result of the

heat dissipation adjacent to the heat source, the temperature
gradient begins to decrease gradually and leads to decrease
the local Nusselt number. Fig. 14 illustrates the variation of
the local Nusselt number of Al2O3–water nanofluid of a wavy

cavity (type I) along the heat source for various inclination
angles at Ra = 106, e = 0.2, N= 1, c= 0.1 and u = 0.1. It
can be seen that when the wavy cavity is inclined at U= 30�
and 45�, the local Nusselt number along the heat source has
a maximum value. After that, it begins to decrease gradually

as the wavy cavity is converted from the horizontal position
[U= 0�] to the vertical position [U= 90�]. This result ensures
that, the local Nusselt number can be enhanced, when the
wavy cavity is inclined at U = 30� and 45� respectively.

4.8. Effects of solid volume fraction and wave amplitude on the

local Nusselt number

Fig. 15 illustrates the variation of the local Nusselt number of
Al2O3–water nanofluid of a wavy cavity (type II) along the
heat source for various solid volume fractions and wave ampli-

tudes at Ra = 105, e = 0.4, N= 3 and U = 0�. It can be seen
from the results of Fig. 15, that as the solid volume fractions
and wave amplitudes increase, the local Nusselt number along

the heat source increases. It can be seen that the maximum
local Nusselt number occurs for maximum values of solid vol-
ume fraction and wave amplitudes [i.e. u = 0.2 and c = 0.2],
while, the minimum local Nusselt number occurs for zero solid
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Figure 16 Variation of average Nusselt number along the heat

source with heating element length to cavity height ratio [e] of
Al2O3–water and Ag–water nanofluids in a wavy cavity (type:II)

for various Rayleigh numbers at c= 0.2, N= 1, u= 0.1 and

U= 0�.
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volume fraction [u = 0 or for base fluid only] and wave ampli-
tudes [c = 0.1]. Therefore, this result indicates that the addi-
tion of solid Al2O3 nano particles makes an important

enhancement of the local Nusselt number. The reason of this
behavior is due to the increase in the effective thermal
conductivity of nanofluid with the increase in the solid volume

fraction. The same enhancement can be satisfied by increasing
the amplitude of the wavy wall.

4.9. Effects of nanofluid type and Rayleigh number on the
average Nusselt number

Fig. 16 shows the variation of the average Nusselt number

along the heat source with heating element length to cavity
height ratio [e] of Al2O3–water and Ag–water nanofluids in a
wavy cavity (type II) for various Rayleigh numbers at
c= 0.2, N = 1, u = 0.1 and U= 0�. It can be noticed that

the average Nusselt number increases for both types of nano-
fluid as the Rayleigh number increases. The reason of this phe-
nomenon is due to the high effect of natural convection which

leads to increase the average Nusselt number along the heat
source. Moreover, it can be seen from the results, that the aver-
age Nusselt number with the addition of Ag nanoparticles is

greater than the corresponding value with the addition of
Al2O3 nanoparticles especially for Ra = 107. The reason of
this phenomenon is due to the high difference between the
thermal conductivities of Ag and Al2O3 nanoparticles as can

be seen in Table 1.

4.10. Effect of inclination angle on the average Nusselt number

Fig. 17 displays the variation of the average Nusselt number
along the heat source with inclination angles of Al2O3 and
Ag based nanofluids in a wavy cavity (type I) for various Ray-

leigh numbers at c= 0.1, N= 1, u = 0.1 and e= 0.2. It is
seen that for high values of the Rayleigh number [i.e.,
Ra = 107], the average Nusselt number reaches its maximum
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Figure 15 Variation of the local Nusselt number of Al2O3–water

nanofluid of a wavy cavity (type:II) along the heat source for

various volume fractions and wave amplitudes at Ra = 105,

e = 0.4, N= 3 and U= 0�.
value for both Al2O3–water and Ag–water nanofluids. This
behavior is due to the increase in the convection heat transfer
and flow circulation strength which leads to increase the

thermal energy transport inside the cavity and causes to
increase the average Nusselt number. It can be seen also from
Fig. 17, that there is a linear variation of the average Nusselt

number with the inclination angle when the Rayleigh number
is low [Ra = 103 and 104]. This is due to the conduction effect
which encountered at low values of Rayleigh number. So, it

can be concluded that the inclination angle has a very weak
effect on the average Nusselt number for low values of
Ag, Ra=103

Al2o3, Ra=103

Ag, Ra=104

Al2o3, Ra=104

Ag, Ra=105

Al2o3, Ra=105

Ag, Ra=106

Al2o3, Ra=106

Ag, Ra=107

Al2o3, Ra=107

Figure 17 Variation of average Nusselt number along the heat

source with inclination angles of Al2O3–water and Ag–water

nanofluids in a wavy cavity (type:I) for various Rayleigh numbers

at c = 0.1, N = 1, u = 0.1 and e = 0.2.
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Rayleigh number. Again, for [Ra = 106 and 107] the average
Nusselt number with the addition of Ag nanoparticles is
greater than its value with the addition of Al2O3 nanoparticles

for the same reason explained previously.

5. Conclusions

Natural convection visualization by heatlines in three types
of inclined wavy cavities filled with Al2O3–water and Ag–
water nanofluids and subjected to a discrete isoflux heating

from its left sidewall is investigated numerically in this work.
It is found that for horizontal wavy cavity (type I), the
stream functions for both base and nanofluids increase as

[e] increases from 0.2 to 1.0. The geometry of the wavy cav-
ity has an important role on the flow and thermal fields
where different patterns of these fields can be seen for three

types of wavy cavity. Also, it is found that for all three
types of horizontal wavy cavities, the concentrated zone of
isotherms near the left sidewall increases as [e] increases
from 0.2 to 1.0 and the temperature distributions for both

base and nanofluids increase. Moreover, the flow circulation
of both nano and base fluids inside the cavity increases
when the wave amplitude increases. The wavy cavity of type

(II) with [c= 0.2] is the best option to increase the flow cir-
culation for both nano and base fluids, while, the horizontal
wavy cavity of type (I) can be selected as an optimum geom-

etry for natural convection enhancement for both base and
nanofluids. On the other hand, the temperature distribution
for all three types of horizontal wavy cavities increases
slightly for both nano and base fluids when the wave ampli-

tude increases. Type (III) with [c = 0.2] is the best option to
increase the thermal field for both nano and base fluids.
From the computed results, it can be concluded that when

the number of undulations increases, heat functions increase
for both nano and base fluids for wavy cavities of types (I)
and (II), while, for wavy cavity of type (III), they decrease

for both nano and base fluids when the number of undula-
tions increases. The local Nusselt number along the heat
source decreases as [e] increases, while it increases when

the wavy cavity is inclined at [U= 30� and 45�] respectively
and when the solid volume fractions and wave amplitudes
increase. For high Rayleigh number, the average Nusselt
number with the addition of Ag nanoparticles is greater

than the corresponding value with the addition of Al2O3

nanoparticles. The relationship between the inclination angle
and the average Nusselt number is very weak for low values

of Rayleigh number. This behavior can be seen for both
(Al2O3) and (Ag) nanoparticles. Furthermore, the velocity
profiles have positive values near the left sidewall of the cav-

ity [X= 0] and increase as [e] increases. At [X= 0.5], they
fluctuate around zero values, while at the right sidewall of
the cavity [X= 1] they have negative values and decrease
as [e] increases. While, it is found also that they have a lin-

ear variation at [U= 90�] and a wavy behavior for another
values of the inclination angles. Finally, the results of the
present work illustrate that for all three types of horizontal

wavy cavities, heat functions increase for both nano and
base fluids when the wave amplitude and the Rayleigh num-
ber increase.
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