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Abstract: Longitudinal and transverse electron scattering form factors for some selected positive and negative parity
states of stable odd-A nuclei ("Li, '*C and '70) in the p- and sd-shells are investigated by considering the higher energy
configurations outside the p- and sd-shells. The higher energy configurations, referred to as core polarization effects, are
considered by means of a microscopic theory that includes excitations from the core 1s-1p, 2s-1d orbits to the higher
allowed orbits with 4hm excitations. The calculations are performed in the p- and sd-shell model spaces by employing
Cohen-Kurath, Reehal and Wildenthal interactions respectively, while the core polarization effects are calculated with the
modified surface delta interaction as residual interaction. The predicted form factors are compared with the available
experimental data and it is shown that the inclusion of the higher excited configurations is very essential in the calculations
of the form factors and the reduced transition probabilities to obtain reasonable description of the data with no adjustable

parameters.
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1. Introduction

The fundamental goal of nuclear structure theory is to
understand the properties of complex nuclei in terms of the
nucleon—nucleon (N-N) interaction [1]. The conventional
multi-particle shell model with configuration mixing has
proved to be of great practical value in the interpretation of a
large number of experimental data such as static properties,
but it is not satisfactory to describe the inelastic electron
scattering data. In fact, one needs to include the effects of
higher configurations outside the p- and sd-shell model
space, called core-polarization (CP) effects. The concept of
the CP effects has been introduced in order to account for the
participation of configurations from outside of the model
space in the transition. The CP effects have been calculated
by using microscopic models to study the Coulomb form
factors for transition between single-particle (or- hole) states
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with LS closed shell [2]. The Coulomb form factors for E4
transition in sd-shell nuclei have been investigated by Sag-
awa et al. [3] taking into account core polarization effects
using self consistent Hartree-Fock + random phase
approximation calculations, which improve their calcula-
tions significantly and agree well with the experimental form
factors. A microscopic model has recently been used [4, 5]in
order to study the CP effects on the longitudinal form factors
of p- and fp-shell nuclei. For p-shell nuclei, Cohen and Ku-
rath [6] model explains well the low-energy properties of p-
shell nuclei. However, at higher-momentum transfer, it fails
to describe the form factors. Cichocki et al. [7] have
expanded the shell-model space to include 2hw configura-
tions in describing the form factors of '°B and have found
only a 10 % improvement in the calculations of form factors.
The effect of CP is considered by Sato et al. [8] to describe
the form factors of '2C and '3C. The first-order CP effects
have been considered by Sato et al. [9] with the p-shell model
space and it significantly improves their work in comparison
with the experimental data. The work of Radhi et al. [10-14],
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for nuclei in the beginning of p-shell and at the end of sd-
shell, have proved that the inclusion of the CP effect is very
important to be added to the model space calculations of the
form factors.

Large-basis no-core-shell model (NCSM) calculations
have been performed [15, 16] for p-shell nuclei using six
major shells (from 1s to 3p—2f~1h). Barrett et al. [17] have
performed ab initio NCSM) for p-shell nuclei for arbitrary
nucleon—nucleon (NN) and NN + three-nucleon (NNN)
interactions with exact preservation of all symmetries. In
these calculations all nucleons are considered as active.
However, constrained by computer capabilities, one can
use a truncated no-core calculation, where only a few hw
excitations of the lowest unperturbed configurations are
included. As the number of Zw increases, the result con-
verges and approaches to those of the full no-core
calculations [18].

The aim of the present work is to investigate the effect
of core polarization on the longitudinal and transverse form
factors of several selected positive and negative parity
states for p-shell ("Li, 13C) and sd-shell (!70) nuclei. The
one body density matrix (OBDM) element used in the
present work have been calculated by using Cohen-Kurath
(CK) [6] for p-shell and Reehal and Wildenthal [19] for
sd-shell, by generating the wave functions of a given
transition in the known nuclei using the modified version
of shell model code Oxbash [20]. The higher-energy con-
figurations outside the model are taken into account as
first-order core polarization by means of a microscopic
theory, which adds the shell model wave functions and
highly excited states. Transitions from the core 1s-1p, 2s-
1d-shell orbits to all the higher allowed orbits with exci-
tations up to 4hw are taken into account. The effective
charges are not included in the present calculations of the
form factors, which have been used by several authors in
this mass region [12, 21]. The modified surface delta
interaction (MSDI) [22] have been employed as the
residual interaction in the CP calculation. The harmonic
oscillator (HO) potential with size parameter b chosen to
reproduce the measured root mean square (rms) charge
radii of these nuclei have been used to produce the single-
particle wave functions.

2. Theoretical consideration

The core polarization effect on the form factors is based on
a microscopic theory, which combines shell model wave
functions and configurations with higher energy as first
order perturbations; these are called CP effects. The
reduced matrix elements of the electron scattering operator
T is expressed in terms of the residual interaction V., as
follows: as the sum of the product of the elements of the

one-body density matrix (OBDM) Xﬁ»ri(o" p) times the
single-particle matrix elements and is given by

(CANTANNT = TN TAT i) s + (TrIOTAN T cps
(1)

where the states | I';) and | I'y) are described by the model
space wave functions. Greek symbols are used to denote
quantum numbers in coordinate space and isospace, i.e.
I'i =0T, Iy =J;Tp and A = JT.

The model space (ms) matrix element is expressed as
the sum of the product of the elements of the one-body
density matrix (OBDM) 7', (%, ) times the single-parti-
cle matrix elements and is given by [23]

(CANTANT g = D 21, (o BIIITALIB), 2)

%

where o and f§ denote labels for single-particle states
(isospin is included) for the model space.

Similarly, the higher-energy configurations (CP) matrix
element is written as

(CASTAIT ) ep = > 2t (o Bl [STALlIB), (3)
o,
B 0
(l1oTAllIA) = (olllTa 5 Sy Vies| | B)
l (4)
0
+ <°‘H|VresmTA|Hﬂ>-

The operator Q is the projection operator onto the space
outside the model space. For the residual interaction, Vs, we
adopt the MSDI [22]. E; and E; are the energies of the initial
and final states, respectively. The CP terms are written as [22]
(_ 1 )/3+oc2+l"

wloTalllpy = a,za;reﬁ —ey — ey F ey, @r+1)
o p A
14 00)(1 + 65,
S A NI

X {00ty | Viyes| Bo) {oua || Ta [ or1)
+ terms with oy and o; exchangedwith

anoverallminus sign
(5)

where the index o and o, runs over particles states and e is
the single-particle energy. The CP parts are calculated by
keeping the intermediate states up to the 2p1f-shells. The
single-particle matrix element reduced in both spin and
isospin is written in terms of the single-particle matrix
element reduced in spin only [22].

GllTalln) = 25 S ) Gl Tl (6)

with
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In(t,) = 1, for T =0,
(=0 for T =1,

where ¢, = 1/2 for protons and —1/2 for neutrons. The
reduced single-particle matrix element of the Coulomb
operator is given by [24]

<<%z||T1||°f1>=/ drr?js(qr)(el[Ysllon) Rue Ruye, — (7)
0

where j;(qr) is the spherical Bessel function and R,(r) is
the single-particle wave function.

The electron scattering form factor involving angular
momentum J and momentum transfer g, between the initial
and final nuclear shell model states of spin J; s and isospin

Tis is [25]
S
=\~ 0 T

% ol Talllon) P Fean(@)I |Frs(q)* (3)

where T is the projection along the z-axis of the initial and
final isospin states and is given by T, = (Z — N)/2. The
nucleon finite-size (fis) form factor is Fr,(q) =
exp(—0.43¢?/4) and F.,(q) = exp(q*b*/4A) is the cor-
rection for the lack of translational invariance in the shell
model. A is the mass number and b is the harmonic
oscillator size parameter.
The electric transition strength is given by [22]

4n

2220+ 1)

2
IFs(q)[? ’

2 2
B(CJ,k) = 4Z—n [@J%)”] F2(k) 9)

where k = E,/hc.

3. Results and discussion

The parameters of the MSDI used in the present calcula-
tions of the CP effects are denoted by Ay, B and C [22],
where T indicates the isospin (0,1). These parameters are
taken as Ag = A; = B=25/A and C = 0, where A is the
mass number.

3.1. The "Li nucleus

The ground state of Li is JFT =3/271/2. According to
the conventional p-shell model, it is described in terms of
three nucleons outside a closed 1s-shell, with size param-
eter b,,; = 1.77 fm obtained from a fit to nuclear charge
radius [26].

"Li
0.000 MeV (3/2 1/2) §
M1+M3 (ms+CP)]
x M1+M3 (ms)
—————— M1(ms+CP)
- — M3ms+CP) ]
O Exp.
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Fig. 1 Transverse magnetic M1 and M3 form factors for 3/271/2
(0.0 MeV) in "Li. The data are taken from [27]

3.1.1. The 0.000 MeV, JiT = 3/271/2 state

Figure 1 shows the calculated transverse magnetic M1 and
M3 form factors for the ground state FT = 3/271/2)
including the CP effects respectively. The multipole
decomposition is displayed as indicated by M14+M3. The
1p-shell calculation for the total M1+M3 transverse form
factors is shown by the cross symbols curve, where the
experimental data are overestimated for ¢ <1.2fm~!. The
inclusion of the higher excited states enhances the calcu-
lation of the total M 1+M3 transverse form factor as shown
by the solid curve, where the experimental data are well
described at momentum transfer 1.2 <¢<2.6 fm~". The
inclusion of the CP effects enhances the calculations of the
transverse M1 + M3 form factors by a factor of 2 over the
1p-shell calculations and brings the total transverse form
factor near to the measured data. Our results as well as the
results obtained by Lichtenstadt et al. [27] using Woods-
Saxon radial wave functions including the meson-exchange
currents (MEC) are unable to reproduce the experimental
data for ¢ > 3fm~'. Calculations using more realistic
nucleon wave functions obtained from a well of finite
depth, for example, the Woods-Saxon potential leads to an
effective decrease of the form factor for high q values [28].
This problem still needs more investigation from the
microscopic point of view.

3.1.2. The 0.478 MeV, JiT = 1/271/2 state

Figure 2 presents the calculations of the transverse M1 and
E2 form factors and their multipole decomposition M1 +
E2 for the state JFT = 1/271/2 at 0.478 MeV. The dashed
and dash-dotted curves represents the transverse M1 and
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Fig. 2 Transverse magnetic M1 and electric E2 form factors for
1/271/2 (0.478 MeV) in "Li. The data are taken from [27]

E2 form factors calculated including the CP effects
respectively. The cross symbols curve represents the
transverse M1 + E2 without the CP effects. The inclusion
of the higher excited states improves the transverse M1 +
E2 form factors and reproduce the data very well up to
g<3fm~! as shown by the solid curve. The calculations
including the CP effects fail to describe the data at high
momentum transfer at g > 3fm~!, similar to the results
obtained by Lichtenstadt et al. [27] by using the Woods—
Saxon radial wave functions and meson exchange currents
(MEOQ).

3.1.3. The 0.478 MeV, JiT = 1/271/2 state

The harmonic oscillator HO single-particle wave functions
employed with size parameter b = 1.77 fm are chosen to
reproduce the nuclear charge radius [26]. Figure 3 presents
the calculation of the longitudinal C2 form factor, where the
model space calculations shown by the dashed curve are
unable to reproduce the measured data and underestimate by a
factor of 2.8 and the B(C2 1) value by a factor of 5 as dis-
played in Table 1. The results of the core polarization (CP)
effects are shown by the dash-dotted curve. The calculations
including the CP effects as shown by the solid curve are in
excellent agreement up to momentum transfer of 3 fm ! and
at q around 3.3 fm~! the measured longitudinal form factor
shows a diffractive structure. Our calculations as well as all
previous calculations [10, 21, 29, 30] fail to reproduce these
structures in all model spaces. Booten and Van Hees [31] have
included meson exchange currents (MEC) in their 1p-shell
calculations predicted second minimum at ¢ ~ 3.2fm™" in
their analysis for the M1 transition of the ground state in °Li.
Radhi et al. [10] have concluded that there is no conclusive
evidence for the explanation of the structures in the

10" T T T T T T
Li ]
107 0.478 MeV (1/2 1/2)
C2(ms+CP) ]
—————— C2 (ms)
10-3 - - — C2(CP)
O Exp. 4
. 10°
S
- E
= 3
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.
10 ?o 0 ]
107 | f’ 3
10° |
0 1 2 3 4
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Fig. 3 Longitudinal C2 form factor for 1/271/2 (0.478 MeV) in "Li.
The data are taken from [27]

longitudinal form factors of ’Li. The inclusion of the CP
effects enhances the calculations of the form factors as well as
the B(C2 1) in which, model space predicts 1.785 &2 fm*,
which underestimates the observed value
8.3 4+ 0.5¢2 fm* [32] by about 78 % and with the inclusion of
the CP effects the predicted value is 6.845 ¢ fm*, which also
underestimates the measured value by about 17.5 % with
improvement by a factor of ~4 over the model space calcu-
lations and more closer to the measured value than the value
calculated by Radhi et al. [10] as tabulated in Table 1.

3.2. The 13C nucleus

According to the conventional shell model, this nucleus is
described by taking the core at “He with nine valence nucleons
distributed over (lpss;, 1p;/2) orbits. The single-particle
radial wave functions used are those of harmonic oscillator
potential with size parameter brms = 1.64 fm [33] to match
the measured root mean square radius of '3C.

3.2.1. The 3.68 MeV, JFT = 3/271/2 state

Figure 4 shows a comparison of the calculated transverse
M1 and E2 form factors as dashed and dash-dotted curves
respectively, where CP effects are included. The multipole
decomposition M1 + E2 including the CP effects are
shown by the solid curve, where the data are reasonably
described. The peak value for the total M1 + E2 is found at
g ~ 0.7fm~! in the present work, while those calculated by
Millener et al. [33] is found at ¢ ~ 0.5fm™! by using the
Woods-Saxon potential, where they have normalized the



High energy configurations to longitudinal and transverse form factors

107 T L T T T T T
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Fig. 4 Transverse magnetic M1 and electric E2 form factors for
3/271/2 (3.68 MeV) in *C. The data are taken from [33]
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Fig. 5 Transverse E2 for factor for 5/271/2 (7.55 MeV) in 1*C. The
data are taken from [33]

M1 form factor by a factor of 0.53 to reproduce the
experimental B(M1) value. The core polarization effects
added to the model space calculations shift the peak posi-
tion toward higher momentum transfer.

3.2.2. The 7.55 MeV, JIT = 5/27 172 state

The transverse E2 form factor for the state JFT = 5/271/2 at
E, = 7.55MeV is shown by the solid line in Fig. 5 including

107 ¢ T T T T T
. 13c
3.68 MeV (312, 1/2) |
C2 (ms+CP) |
2 mmm == C2 (ms)
107 E —- —- = C2(cP)
o
T 42
= 107 E
3
10* E
10°

q(fm™)

Fig. 6 Longitudinal C2 form factor of 3/271/2 (3.68 MeV) in 13C.
The data are taken from [33]

the CP effects in which, the experimental data are well
described at ¢ < 1.0fm™~!. The dashed and the dash-dotted
curves represents the 1p-shell calculations and the CP cal-
culations respectively. The 1p-shell calculations as well as
the 1P4CP calculations overshoot the experimental data for
the momentum transfer region g~ 1.1 —2.1fm~!. Our
results as well as the results obtained by Millener et al. [33]
using Woods-Saxon wave functions are unable to reproduce
the transverse E2 form factor for ¢ >2.5fm™'.

3.2.3. The 3.68 MeV, JIT = 3/27172 state

The model space calculations underestimate the experiment
as presented by the dashed curve as shown in Fig. 6. The
results of the CP effects are shown by dash-dotted curve. The
inclusion of the CP effects as shown by the solid line
enhances the calculations of the C2 form factor appreciably
and reproduce the experimental data very well up to
momentum transfer ¢ <2.1fm~'. B(C2 1) calculated with
the model space is found to be 6.88 ¢? fm* in comparison with
the measured value of 12.92 4 0.55 ¢? fm* [33]. The calcu-
lated B(C2 1) including the CP effects predicts the value of
11.02 €2 fm* with improvement by a factor of 1.6 over the
model space calculations and are in better agreement than the
value calculated by Radhi et al. [10] by a factor of 0.99 in
comparison with the observed value as displayed in Table 1.

3.2.4. The 9.90 MeV, JIT = 3/25 172 state

The longitudinal C2 form factor are calculated with and
without the inclusion of the CP effects as shown by the
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Fig. 7 Longitudinal C2 form factor of 3/251/2 (9.90 MeV) in 13C.
The data are taken from [33]

solid and and dashed curves respectively while the dash-
dotted curve represents the CP results as shown in Fig. 7.
The model space as well as the (ms 4+ CP) calculations fail
to reproduce the experimental data in all momentum
transfer regions.

3.3. 70 nucleus

According to the conventional sd-shell model, this nucleus
is described by a single neutron distributed over the
1ds)>, 251/, and 1d;), outside a closed '°O core. In the
present work the core is taken at '2C with five active
nucleons distributed over 1pj, 1ds, 251, and 1d3),
active orbits. The oscillator parameter b is taken to be
1.678 fm to reproduce the rms charge radius [34, 35].

3.3.1. The 0.87 MeV, JFT = 1/21/2 state
Figure 8 shows the C2 form factor, where the solid curve

corresponds to the model space plus the CP effects, the
dashed curve represents the model space calculations only

107 T T T T T T T T
: 70

0.87 MeV (1/2," 1/2) |
C2 (ms+CP)
—————— C2(ms) -
- — Cc2(cP)
O Exp.

10° |

IF(a)l*

10° |

107

q(fm)

Fig. 8 Longitudinal C2 form factor of 1/2]1/2 (0.87 MeV) in 0.
The data are taken from [34]

and the dash-dotted curve are the calculations of the core
polarization. The model space calculations underestimate
the measured C2 form factor and unable to locate the
diffraction minimum. The inclusion of the CP effects
enhances the calculations and describes the data very well
at both first and second maxima and locate the diffraction
minimum at its right position. Our results and the results
obtained by Radhi et al. [36] are the same for the first
maxima and are in better agreement with the experiment
than those obtained by Horikawa et al. [2] using the
attractive triplet-odd interaction (ATO). The model space
predicts the value of B(C2 1) to be zero in comparison with
the measured value at 2.18 + 0.16 €2 fm* [34]. The inclu-
sion of the CP effects reproduced the measured B(C2 1)
value correctly, as displayed in Table 1.

3.3.2. The 5.09 MeV, JIT = 3/2{ 172) state
The longitudinal C2 and C4 form factors represented by

the dashed and dash-dotted curves respectively are calcu-
lated with the inclusion of the CP effects as shown in

Table 1 Theoretical values of the reduced transition probabilities B(C2 1, k) (in units of e* fm*) and in comparison with experimental values and

other theoretical calculations

Nucleus ]j’} Tr E, (MeV) b (fm) ms ms+CP Other Exp.

Li 1/2- 12 0.478 1.77* 1785 6.845 6.507" 8.3 £0.5°
B¢ 3/27 1/2 3.68 1.64¢ 6.88 11.02 10.94° 12.92 4 0.55¢
70 1/2F 12 0.889 1.678° 0.0 2.09 2.02° 2.18 + 0.16
70 3/2f 12 5.09 1.678° 0.0 2.0 2.05 4 0.20"

2 Ref. [26], ® Ref. [10], © Ref. [32], ¢ Ref. [33], © Ref. [35], f Ref

. [34]
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Fig. 9 Longitudinal C2 and C4 form factors of 3/2{1/2 (5.09 MeV)
in '70. The data are taken from [34]

Fig. 9. The solid curves are the multipole decomposition
C2 + C4, which are able to reproduce the data very well in
the range ¢ ~ 0.86—1.92fm~'. Our calculations agree with
the calculations made by Manley et al. [34], where they
have used weak-coupling model with an oscillator param-
eter b =1.779 £0.016 fm. The model space calculations
for B(C2 1) gives zero value in comparison with the
measured value of 2.05 & 0.20 > fm* [34] and the inclu-
sion of the CP effects predicts the value 2.0 ¢? fm*, which
is correctly reproduced.

3.3.3. V'The 0.87 MeV, JIT = 1/211/2 state

Figure 10 presents the transverse M3 form factor for the
JFT =1/2{1/2 state. The inclusion of the CP effects
succeeded in describing the measured form factor in all
momentum transfer regions and the location of the dif-
fraction minimum are correctly reproduced. Our results are
similar to those calculated by Manley et al. [34] using the
weak-coupling model with an oscillator parameter
b=1.779 £0.016 fm.

4. Conclusions

The inclusion of the CP effects are found to be very
essential in the calculations of the longitudinal and trans-
verse form factors and gives remarkably good agreement
over the model space calculations for the form factors and
the absolute strengths. The calculations with (0 + 2 + 4)iw
gives 96 % of the matrix element. The 1p-shell and sd-shell

10‘4 F T T T T T T T T
b 170
0.87 MeV (112, 1/2) T
M3 (ms+CP) |
o o O Exp.
10° |
o
G
o
- ¢
10°F
107 : :
0 1

q(fm™)

Fig. 10 Transverse M3 form factor 1/2{1/2 (0.87 MeV) in 70. The
data are taken from [34]

models are able to predict the static properties and energy
levels of nuclei lies in the 1p and sd-shell regions but it can
not describe the dynamic properties such as C2 transition
rates and electron scattering form factors. The choice of
MSDI as residual effective interaction for core polarization
calculations is adequate. The inclusion of higher-excited
configurations by means of CP enhances the form factors
and brings the theoretical results closer to the experimental
data. These calculations can be extended to study more
nuclei in this mass region.

Acknowledgments Authors are grateful to Prof. R. A. Radhi for
helpful discussion and suggestion to improve the work.
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