
 ۱ 

Calculation of The Sensitivity and transitivity                                           

of   






 +−
=

x
bxya

yxf
||1

),(   

 

SAMAH  ABD ALHADI 

Babylon University 

College of Science For Women 
 

Dept. Of Computer 
 

 

 

 : المستخلص

    للدالة دراسة السلوك الفوضويعملنا على  في ھذا البحث         
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وذل�ك م�ن خ�لال  ),(

 (Matlab) دي واس��تخدمنا لھ�ذا الغ��رض برن��امجتع�الحساس�یة المعتم��دة عل�ى الش��روط الابتدائی��ة والخاص��یتي  دراس�ة 

ن�د ھ�ذه الق�یم وع    b≤0.2≥1.2-و    a≤1.7≥1.2 ن التع�دي للدال�ة متحق�ق عن�دما إ نامع�الم الق�یم حی�ث وج�د درس�ناو

 . تكون الدالة متعدیة ولا تكون حساسة والقیم التي تكون فیھا الدالة حساسة لا تكون متعدیة

 

 

Abstract  

      In this work ,We study the chaotic behavior for 
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employment sensitivity dependent on initial condition and transitive by using the 

software (Matlap) these are implement by varying the parameter of system.  We found 

the parameters which make f(x,y) sensitive does not make him transitive and vise versa. 
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1-Introduction : 

    A dynamical system is chaotic on a given invariant set X for a flow ϕ when it satisfied 

certain properties. Thus to apply this concept we must first identify an invariant set of 

course X could be a very small set in the phase space. And then the assertion of chaos on 

X would not necessarily be of much practical important thus, a chaotic flow mixes things 

up and is hard to predict, although this definition of chaotic is reasonably useful, it is also 

important to note that the term "chaotic" in the literature is used with many definition 

some researches simply use the loose sense we first discussed and some require stronger 

condition than sensitive dependent, while it is clear from the quotes that Poincare and 

Lorenz had clear notions of sensitive dependent Li and Yorke first gave a mathematical 

definition of chaos in 1975 the definition that we use is due to AVS Lander and Yorke 

(1980). However all definition include element comparable to transitivity and sensitive 

dependent [Devaney 1986; Robinson 1999; Wiggins 2003]. While another definition 

include sensitive or positive Lypanov satisfies [Gulick, 1992]. The study of discrete map  

such as piece wise Linear map [Devaney, 1984; Lozi 1978; Cao and Liu 1998; Aharonov 

and Devaney and Elias 1997; Ashwin and Fu 2002] is an interesting contribution to the 

development of theory of dynamical system , with many possible application in science 

and engineering [scheizer and Hasler 1996; Abel and Bauer and Kerber and Schwarz 

1997]. Discrete mathematical models arise directly from experiment or by the use of the 

Poincare for the study of continues models two of these models are the Henon [Henon 

1976] and the Lozi [Lozi 1978] maps given by : 








 +−
=

bx
yax

yxH ba

1
),(,  

And  








 +−
=

bx
yxa

yxL ba

1
),(,  

      The Ha,b map gives a chaotic attractor called the Hennon attractor , which is obtain for 

a=1.4 and b=0.3 as shown in fig (a) . there are many poper that discuss the original 

Henon and Lozi map such as [maorotto, 1979l Gao and Liv 1998] , moreover, it is 
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possible to change the form  of the Henon mapping H to obtain other chaotic 

attractor.[lozi, 1978; Aziz alaovi and Carl Robert and Gelso Grebogi 2001, Zeraoulia 

Elhadj 2005]. 

     Application of These maps include secure communication using the notions of chaos 

[Scheizer and Hasler, 1996; Abel and Bouer and Kerber and Schwarz 1997 ]. 

    The Lozi map L is a 2-D non–invertible iterated map that given chaotic attractor called 

the Lozi attractor which is obtained for a=1.4 and b=0.3 as show in fig (1b) [Zeraoulia 

and Protte, 2007 ] introduce a new simple 2-D  piecewise linear map given by : 
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    Where a and b are parameter and equation (3) is an interesting system has simple form, 

similar to the Lozi map [ Lozi, 1978]. 

 

 

 

 

 

 

 

 

 

 

 
 
 

 
 
 

Fig. (1): (a) The original Hénon chaotic attractor obtained from the H mapping with its 
basin of attraction (white) for a = 1.4 and b = 0.3. (b) The original Lozi chaotic attractor 
obtained from the L mapping with its basin of attraction (white) for a = 1.4 and b = 0.3. 
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2-Elementary Fundamental definition : 

In this section we refered to  many definition which we needed in this work 

Definition . 2-1 [meiss , 2007]: 
     A set A is invariant under a rule ft if  ft(A)=A for all t . that is for each x∈A, ft (X)∈A 

for any t. 

Definition. 2-2 [meiss, 2007] 

     A set A is forward invariant if ft(A) ⊂ A for all t > 0  

Definition. 2-3 [meiss, 2007] 

   A point X* is an equilibrium of X-=f(x), x(0) = X0 if   f(X*) = 0  

Definition. 2-4 [meiss, 2007] 
Let p be in the domain of f then p is fixed point of f if f(p)=p 

Def. 2-5  [Meiss, 2007] 
    An equilibrium is attractor  if all the eigen value has negative real part. 

Def. 2-6 : [Meiss, 2007] 
    An equilibrium is saddle if it is hyperbolic but not attractor  or a source. 

Def. 2-7 [Devaney,1984] 
      f :J→J has sensitive dependence on initial condition  if there exist δ>0  such that for 

any x∈J and any neighborhood Nof x there exist y ЄN and   n≥0, such that    | fn (x) - fn 

(y)| > δ 

Def. 2-8 [Devaney,1984 ]    
     f :J→J is said to be  transitive if for every pair of open set U, VCJ there exist k>0 such 

that fk(u) ∩ V ≠ φ. 

Def 2-9  [Devaney, 1984 ] 
     Let V be aset . f :V→V is said to be chaotic on  V if  

1- f  has sensitive dependence on initial condition       

2- f is transitive 
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3- periodic point are dense in V 

Theorem 2- 10[Gulick,1992] 

  Suppose that J is a closed interval and f:J→J.Then f is transitive if and only if there is an 

x in J whose orbit is dense in J 

 

3-Fixed Point of System [Zeraoulia and Prottle, 2007] : 

      Zeraoulia and Prottle are Studied the existence of fixed point and their determined 

stability type of the f mapping : 
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     The left and right hand vector are equal : 

if  y=x and x = 1-a|y|+bx 

which implies that : 

           x= 1-a|x|+bx   ⇒     -1 = -x – a|x| +bx  

           -1 = x(-1 + a + b)  ⇒
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       In The event 
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  which exist when  b< a+1 
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     To determine the eigen value of 
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det  ∆ f(x,y) = det 
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and the characteristic polynomial given as : 
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Note that 3-1 : 
     The map f in (3) has the same fixed point as the Lozi map but different stability due to 

different in the Jacobean matrix [Zeraoulia and Sporotte, 2007]. 

 

4-Stability of 
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      At the fixed point P1 is : 

(1) A repeller if a > 1.        0<b<a-1. 

(2) A regular saddle if a>1, 0<b<a-1. 

(3) A flip saddle if 0<a<1 , b>1-a. 

      

 While at the fixed point P2 : 

(1) A regular attractor if  0<a<1 ,   a2 <b<1+a 

(2) A flip saddle if  -1<a<0 , b < -1-a,   b<a+1   or   0<a<1   , b<-1-a 
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(3) A flip attractor if  -1< a<0 , -1-a<b<1+a   or   0<a<1   , -1-a<b<- a2  

(4) A clock wise spiral attractor  

     if  0<a<1   , 0<b< a2  

(5) A counter – clock wise spiral attractor  

      if  0<a<1   , - a2 <b<0 

(6) A repeller if a>1 , b < 1-a  

     

A schematic representation in fig. (2) where regions ( bi0<=i<=7) have respectively the 

following boundaries : 

b0=-a-1, b1=a+1, b2=1-a,  b3=a-1,   b4=- a−2 ,  b5= a−2 ,  b6=- a2 , b7= a2 . 

      Where the single number indicate the nature of single fixed point and two number 

indicate the nature of both fixed point [Zeraoulia and Sprottle , 2007]. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.(2): Stability of the fixed points of the map (3) in the ab-plane, where the numbers on 
the figure are as follow: 0: P1 repeller, 1: P1 regular saddle,2: P1 flip saddle, 3: P2 

regular attractor, 4: P2 flip attractor, 5: P2 flip saddle, 6: P2 a clockwise spiral attractor, 
7: P2 a counter-clockwise spiral attractor, 8: P2 repeller. * : There are no fixed points. 
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5- Calculation Chaotic of 
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     In this section we study the chaotic of system (3) by calculate the sensitivity and 

`transitivity of them. 

 

5-1 Calculate the Sensitivity of 
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      We can calculate the sensitivity to initial condition of system (3) by varying. The 

control parameter (a, b) by using (Matlap ) to analysis of view for sensitivity dependent 

on initial condition. 

     

 

 Consider The system (3) we get sensitivity on initial condition (xi,yi) as follow : 

 

 

(1) (0.05, 0) and (0.05, 0.05) with parameter a=1.5 , b=1.2  

     We get two orbit one of this orbil run away from the other see fig. (3)  

 

 

 

 

 

 

 

 

 

 

Fig. (3) :behavior of system f(x,y) when a=1.5, b=1.2 and initial point (0.05,0) and (0.05, 

0.05) when one orbit is (red) and the other orbit is blue. 

 

(2) (0.05, 0.05 ) and (0, 0.05) with parameter a=1, b=0.2 
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     There is two orbil each of these orbil like ring and one of these orbit  

      leave the other see fig. (4). 

 

 

 

 

 

 

 

 
 
 
 
 
Fig.(4) : Phenomena sensitive dependent on initial point (0.05, 0.05)is (red)and (0, 0.05) 

is  (blue) with parameter a=1, b=0.2. 

  

(3) (1.01, 1) and (1.01, 1.05) with parameter a=0.7 , b=0.2  

      These two orbit like as spiral and each of these orbil run away from other.    

 

 

 

 

 

 

 

 

 

 

 

Fig.(5) : Phenomena sensitive dependent to initial point with a=0.7, b=0.2, initial point is 

(1.01, 1)orbit is (red)and (1.01,  1.05)orbit is (blue) 
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  But when we change the value of parameter we did not get any sensitivity to initial 

condition since each of these orbil near from other see fig.(6) and fig.(7). 

 

 

 

 

 

 

 

 

 

 

 

 

 
 
 
 
 
 

 
 

 
 

Fig. (7) :behavior of system f(x,y) when a=0.2, b=0.2 and initial point (2, 1.05)orbit is 
(red) and (2.05, 1.05)orbit is(blue) 

. 

5.2 Calculate the Transitivity of 
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     We can calculate the transitive of system (3) and examined by varying the control 

parameter (a,b). Matlap is used to analysis the transitivity. 

When we study these Phenomena we have two case from system (3)  

Case one .Transitive 

Case two. There are local transitive we called them semi transitive 

 

Fig.(6) : Phenomena not sensitive 

dependent to initial point with a=-0.5,     

b=-0.5,and initial point  (-5, -5.05)orbit is 

(red) and  (-5.05, -5.05)orbit is (blue) 
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(1) a=1.3, b=0.2 

   There exists a point ∋ the orbit of this point covered all the plan except small region . 

we say in this case semi transitive see fig(8). 

 

 

 

 

 

 

 

 
 
 
 
 

Fig. (8) :behavior of system f(x,y) is semi transitive with a=1.3, b=0.2 , the transitive 
region is (red) and not dense (white) 

 

(2)  a=0.4  ,   b=0.2 

   In this case we have transitivity since ∃x∈dom(f) э orb (f)=X  see fig (9). 

 

 

 

 

 

 

 

 

 

 

 

 Fig. (9) :behavior of system f(x,y) is  transitive with a=1.4, b=0.2 , 
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 (3) a=1.2   , b=1.2 

   Also, In this case we have semi transitivity see fig (10). 

 

 

 

 

 

 

 

 

 

 

Fig.(10) : Phenomena of system semi transitive  with a=1.2, b=1.2, 

 

(4)  a=1.2 ,  b=1.2  

     We have semi transitive since not all the region dense see fig(11). 

 

 

 

 

 

 

 

 

Fig.(11) : Phenomena of system semi transitive  with a=1.2, b=-1.2, 

 

(5) But when we change the value of parameter we did not have transitivity since there 

are not exist an orbit which orb(x)=X .  

see(fig(12), fig(13),fig(14))  
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Fig. (12) :behavior of system f(x,y) with a=0.9, b=0.2 , 
 

Fig. (13) :behavior of system not 

transitive with a=1.5, b=-1.2 , 
 

Fig. (14) :phenomena not transitive 

with a=0.5, b=0.5  
 



 ۱٤ 

 

 

Reference  

• Abel A, Bauer A, Kerber K and Schwarz W., (1997), Chaotic codes for CDMA 

Application. Procecctd .ECCTD’ 97, pp.1, 306. 

• Aharonov D., Devaney R.I, Elias V, (1997), The Dynamics of Piecewise Linear 

Map and Its Smooth Approximation , international Journal of Bifurcation and 

Chaos, 7(2), pp. 351-372. 

• Ashwin P and Fu. X.C, (2002), On The Dynamics of Some Non-hyperbolic Area 

Preserving Piecewise Linear Maps in Mathematics in Signal Processing V, 

Oxford Univ. press IMA, conference ser 

• Aziz A Laoui M.A. , Robert C and Grebogi G. (2001) , Dynamics of Henon – 

Lozi map, Chaos , Solitons & Fractals 12(11), pp. 2323-2341. Proprint, 

• Devaney, R.L, (1984) , An Introduction to Chaotic Dynamical System Menlo 

park , NJ, Benjamin, cummings,Addison-Wesley Publishing Company,Inc.USA. 

• Devaney R.L. (1984), Apiecwise Linear Model for The Zones of Instability of an 

Area-preserving Map, physicalod 10D , p.p 387-393. 

• Elhadj Z, [2005], Anew Chaotic Attractor from 2-D Discrete Mapping via Border 

Collision Period Doubling Scenario, Discrete dynamics in nature and society, 

volume 2005, p.p 235-238. 

• Elhadj Z, sprott, J.C [2007], A new Simple 2-D Piecwise Linear Map,   Proprint, 

• Gulick D, [1992], Encounters with chaotic, McGraw-Hill,Inc.USA, 

• Gao y and Liu Z, [1998], Strang Attractor in The Orientation Preserving Lozi 

map, chos solution and fractals , 9(11), p.p 1857-1867. 

• Henon M, [1976], A two Dimention Mapping With a Strong Attractor commun 

math phys. (50), p.p 69-77. 

• Lozi R, [1978], Un Attracteur Estrange Due Type Attractor De Henon, Journal de 

physique colloque C5, supplement au.n 0 8, p.p 9-10, 39. 

• Maorotto F.R, [1979], Chaotic Behavior in The Henon Mapping, com, mat. Phys. 

(68), p.p 187-194. 



 ۱٥ 

• MeissJ.D, [2007], Differential Dynamical System, university of Colorado 

Boulder, Colorado,Society for Industrial and Applied Mathematics 

Philadelphia,USA.  

• Robinson C, [1991]. Dynamical System : Stability Symbolic Dynamics, and 

Chaotic . Boco Raton, FLCRC press. 

• Scheizer J, and Hasler M, [1996], Multiple Access Communication Using Chaotic 

Singals, proc.IEE-ISCAS 96, Atlanto, USA, p.p 3, 108. 

• Wiggins S. , [2003], Introduction to Applied Nonlinear Dynamical and Chaotic, 

NewYork, springer. VerLage. 

 

 

 


