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Bivariate Generalized Double Weighted Exponential Distribution

In this article we suggest a bivariate generalized double weighted exponential
distribution with discussion some of its properties , such as joint probability density
function and its marginal , joint reliability function , the mathematical expectation
, the marginal moment generating function and, we use the maximum likelihood
method to estimate its parameters.
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1. Introduction

Abed Al-Kadim and Hantoosh [1] introduced the double weighted distribution
and double weighted exponential (DWE) distribution.

So that our object of this article is to display a bivariate generalized double
weighted exponential (BGDWE) distribution , which is a special case of the
multivariate distributions . Its marginals are generalized double weighted exponential
(GDWE) distribution by using the method similar to those used by Marshall and
Olkin [2], Sarhan and Balakrishnan [3] defined a new bivariate distribution using
generalized distribution and exponential distribution and derived some properties of
this new distribution , Al-Khedhairi and EI-Gohary [4] presented a class of
bivariate Gompertz distributions , Kundu and Gupta [5] proposed the bivariate
generalized exponential distribution , EI-Sherpieny et al. [6] presented a new bivariate
distribution with generalized gompertz marginals and Davarzani et al. [7] studied
the bivariate lifetime geometric distribution in presence of cure fractions.

Plan of the Article:

In this article, we define the BVGDWE distribution and discuss its different
properties in Section 2. Section 3 present the reliability analysis. In Section 4 we
introduce the mathematical expectation. In Section 5 we derive the marginal moment
generating function. Section 6 obtains the parameter estimation using MLE. Finally, a
conclusion for the results is given in Section 7.



2. Bivariate Generalized Double Weighted Exponential Distribution

Suppose Y is a non-negative random variable with probability density function
(PDF) ,then the double weighted exponential distribution by using probability density
function is:

W) FMIF) _ wk) [FONDI?
fows () = L2 = SO Ty > 0 and = E[w() £0)] < 0

The first weight is w(y) =y and the secondis f(y), where f(y) is probability
density function of exponential distribution.

Then

fowe ;) = 42%ye 2 |y >0,1>0 (1)
also the cumulative distribution function is:

Fowe(v; 1) =1 — 2Aye 24 — 724y (2)

The univariate GDWE distribution has the following PDF and CDF respectively for
y>0;

feowe (v a, 1) = 4ad? ye‘z’ly(l — 2Aye ™ — e‘z’ly)a_l (3)
Fopwe(y; a, ) = (1 — 2Aye™ Y — e—z;ty)“ (4)
where a > 0 and A > 0 are the shape and scale parameters respectively.Suppose that
D, ~ GDWE(a,,A), D, ~ GDWE(a,,4) and D; ~ GDWE(a;,1) and they are
mutually independent . Here '~ ' means is distributed GDWE. Define
Y, = max(D;,D;) and Y, = max(D,,D;). Then we say that the bivariate
vector (Y3, Y,) has a bivariate generalized double weighted exponential distribution
with the shape parameters a;,a, and a; and the scale parameter 2. We will
denote it by BGDWE (a4, a5, a3, A).

2.1. The Joint Cumulative Distribution Function
We now introduce the joint distribution of random variables Y; and Y, considered
the following theorem of the joint CDF of the BGDWE (a4, a5, a3, A).

Theorem 2.1. [8] If (Y;,Y,) ~ BGDWE(a,, a,, @3,4), then the joint CDF of
(Y, Y,)fory, >0,y, > 0,is:

Fgepwe(V1,¥2) = (1 — 2y, e 72 — 6_2’13’1)0[1 (1 — 2y,e 22 — e—2/1y2)a2

X (1 — 2Ate”2At — e‘z"”)a3 (5)
where t = min(y;, y,)
Proof.
Since F(y,y;) =P(Y1 <y,Y, <)
we get F(yy,y,) = P(max(D,,D3) < y;, max(D,,D3) < y,)

= P(D; < y1,D; < y,,D3 < min(yy,y,))
where D; (j = 1,2,3) are mutually independent , we readily obtain
Fgepwe (V1,¥2) = P(Dy < y1)P(D; < y,)P(D; < min(yy,y,))
= Fepwe (V15 @1, D) Fopwe (V25 a2, DFepwe(t; az, 1) (6)
Substituting (4) into (6) we obtain (5) which completes the proof of the theorem 2.1.
Y



2.2. The Joint Probability Density Function
Lemma2.2. If (V},Y,) ~ BGDWE (a4, a,, a3, A), then the joint PDF of (Y;,Y,) for
y; >0,y, >0,Is:
fi(1,¥2) if0<y; <y, <o
feeowe (Y1, ¥2) =1 271, ¥2) if0<y,<y; <o (7)
0 y) if0<y;=y,=y<o
where
i1, ¥2) = fopwe (Vi a1 + a3, ) fepwe (V2; @z, 4)
= (ay + a3)162*y, e 721 (1 — 24y, e 7241 — e‘2’13’1)a1+a3_1
X ayy,e 22 (1 — 20y,e 7242 — e‘z’lyz)az_l (8)
21, ¥2) = fepwe V1; a1, A) fepwe (V2; az + as, 1)
= ay(a; + a3)162%y e 721 (1 — 22y, e ™21 — e‘Z’U’l)al_l

X )’23_2'13’2(1 — 21y,e" 242 — e—zayz)az+a3—1 o)
f3(yry) = ﬁfGDWE(y, a, n , + a3’/1)
= (ag)4Atye 2 (1 — 2Aye™ 4 — e—zay)a1az+a3—1 0

Proof.
Let us first suppose that y, < y,. Then, Fgepwe (71, v2) in (5) will be denoted by
F; (y1,v,) and becomes
F (v, y2) = (1 - 2Ay,e72M1 — e_myl)aﬁag (1-22y,e7272 — e-z/lyz)“z
0%F; (y1,y2) — f
Y102 1
f>(y1,y2) when y, < y,. But f5(y, y) cannot be derived in a similar way. Using the
facts that:
[ AGLy) dndy, + [ [ frmya) dyadys + [ fsGry)dy =1 (11)
Let
T, = fooo foyz iy, y2)dyrdy, and T, = fooo foyl f2(y1,¥2) dy2dys
Then

T, = fooo fgz(al + a3)162*y, e 721 (1 — 24y, e 721 — g7 2N

ap—1
X ayy,e 2M2(1 = 20y,e 722 — 724%2)2 " gy, dy,
a1+a2+a3—1

By taking (y1,¥2) ,we get equation (8). By the same way we find

)a1+a3—1

= fooo a, 422y 6”2 (1 — 22y,e 7242 — e 2Ay2) dy, (12)
Similarly
T, = fooo a, 422y e 21 (1 — 20y e 72 — e'z’lyl)almszl dy, (13)

By substituting (12) and (13) in equation (11) , we get
Iy foydy = [ (@ + ay + az)4a2ye W

X (1—2ye 2 — e‘z’ly)a1+a2+a3_1 dy
Ay



— [ ay4A%ye~* (1 - 2Aye 2 — e—ZAy)“1+“z+a3—1 dy
- fooo 422 ye 2 (1 — 20ye 2V — e—Z/ly)“1+“2+“3—1 dy
This is
£:,y) = az422ye 2 (1 = 20ye 24y — gm2hy) TG g (1€)

2.3. Marginal Probability Density Function
The following theorem gives the marginal density function of Y; and Y, .

Theorem 2. 3. The marginal probability density functions of Y; (i = 1,2) is given by
fr ) = (@ + @3) 422y, 2 (1 — 2y,e 721 — e~ 2) WTETE (15
= fGDWE(yi; a; + CZ3,A) » Vi >0 ’ (l = 112)
Proof.
The marginal cumulative distribution function of Y; , say Fy,(y;) , written as:
Fy,(vi) = P(Y; < y)
= P(max(D;, D) < y;)
=P(D; <y;, D3 <y;)
and since D; is independent of D5 , we simply have
Fy,(7) = (1 = 22y;e™2Mi — e7200)™ (1 — 20y,e72Mi — e 7200)™
= (1 — 22y;e™ 201 — e—ZAyi)“"+“3 (16)
= Fopwe (Vs a; +az, 1) y;,>0,i=1.2
By differentiating w.r.t. y; , we get (15) .
2.4. Conditional Probability Density Functions
We present the conditional probability density functions of Y; and Y, by using the

marginal probability density functions in the following theorem.
Theorem 2.4. The conditional probability density functions of Y;, given Y; = y;

denoted by fy, v, (vi/y;) , 1.j=12;i#],is:

y(l-l/)yj(yi/yj) if yi <y
fyi/yj(J’i/J’j) = fY(iZ/)Yj(yi/yj) ifvi <y (17)
vov, i/)) ifyi=yj =y
W(Tre (aitaz)aj422y; e 2MVi (1-24y;e~2Mi —e‘Z’U’i)aim?’_1
v, /1) = (aj+az)(1-22y; e i ) (18)
Y(iz/)Yj(yi/yj) = ;42 y;e 2 i(1 — 20y;e Vi — e_zayi)ai - (19)
arzj) as(1-22 ye=24y _g=227) "1
vy, Vil ¥;) = o= (20)



Proof.

We get (18),(19) and (20), using the joint PDF of (¥3,Y;) givenin (7) and fy (y;) in
(15) in the following formula :
Fyiy; (vi/vj)
3. Reliability Analysis [9]

We discuss some reliability measures , the joint reliability function , joint hazard
function and joint reversed hazard function .

3.1. The Joint Reliability Function
In the following Proposition , we find the joint reliability function of Y; and Y, .

Proposition 3.1. The joint reliability function of Y; and Y, is given by:

R, (y1,¥2) if yi <y
Reepwe (1, ¥2) = R2 (31, ¥2) if y, <y (22)
R;(y,y) ify1=y2=Yy

then
Ri(v1,¥2) = 1= (1= 2y 07201 — g 7200) 11

—(1 - 22y,e7*2 — 6_2,13,2)0!2+a3

+(1 - 22y,e7 21 — e‘z’b’l)alw3 (1 — 2Ay,e 22 — ¢=2492) (23)
Ry (1, y2) = 1= (1= 20y 6720 — g=2n) ™™™

—(1 - 22y,e™ %2 — e‘z’b’z)azm3

+(1 — 2y e721 — e 21) " (1 — 20y, e 22 — e‘2’13’2)a2+a3 (24)
and
Ry(y,y) = 1 — (1 — 22ye~2My — g=24y) "7

—(1 - 2aye™?» — (3‘2’13’)0[#0{3 +(1- ZAye‘z’ly—e‘Z’ly)alszr% (25)

Proof.
The joint reliability function of Y;and Y5 is:
Rpepwe (V1,¥2) =1 — [FY1 (y1) + FYZ (v2) — Fgepwe V1, V2) ] (26)

substituting from equation (16) and (5) in equation (26) , we get

Reeowe(y1,¥2) =1 _(1 — 20y,e7* — e—z)lyl)“ﬁ“?»
—(1 - 22y,e™242 — e‘“J’Z)azmg’
+(1 = 22y,e 21 — e721) ™ (1 = 20y, 2AV2 — g =2A¥2)
X (1—2Ate™ At — e'z’“)a3

where t = min(y;,y2),

if y; <y,,we have obtain the expression of given in (23),

if y, < y,,we have obtain the expression of given in (24) and
if y; = y, = y we have obtain the expression of given in (25).

o



3.2. Joint Hazard Function
Let (Y;,Y,) be two random variables with probability density function

feepwe (V1 ,¥- ) . defined joint hazard function as:
_ fBepweE(1,¥2)
hpeowe(V1,¥2) = Recows (V1.7 (27)

Then , the joint hazard function is:

hi(y1,¥2) if yi <y
hgepwe V1, ¥2) = Y ha(v1,Y2) if y, <y (28)
hs(y,y) ifyn=y.=Yy
if y1 <y, ,then
hy(yy, y,) = 22122) (29)

R1(y1.y2)
where f;(y,4,y,) from equation (8) and R, (y;, y,) from equation (23),

if y, <y, ,then

hy,(y1,y,) = % (30)

where f,(y;,y,)from equation (9) and R, (y,, y,)from equation (24),
if y1 =y =y, then

.y)
hs(,y) = 2225 (31)

where f5(y,y) from equation (10) and R;(y, y) from equation (25).

3.3. Joint Reversed Hazard Function

The joint reversed hazard function is defined as the ratio of the PDF and
the corresponding CDF .
1. The joint reversed hazard function of (Y;,Y,) is defined as:

fBepwE(V1,Y2) (32)

rBGDWE(yli yz) = FpepwE(V1,Y2)

so that
(v, y2) if yi <Y

Teepwe V1, Y2) = 11201, ¥2) if yo <y (33)
r3(y,¥) ifyi=y.=y

then

(¥, v2) = (a1 + a3) a,161%y, y, e 2A011y2)

X [(1 — Zﬂyle—zﬂyl _ e—zlyl)(l _ ZAyze‘Z’WZ _ e_ZAyZ)]—l (34)
r,(y1, ¥2) = ay(ay + a3) 164y, y, e 2A01+y2)

X [(1 - 22yse i —e ) (1= 22y,e e )] (@)
and
rs(,7) = a4y e 2 (1 — 22ye =2 — e—ZAy)‘l (36)
2.The gradient vector of the joint reversed hazard function is given by:



r(y1,y2) = (Ty1 (1), 1v, (yz)) , where
fr; i) 0 )
ryi(yi) = Fl;()’i) = a_ylln FYi(yi) y L= 1;2 ’ then (37)

v, (7)) = (a; + a3)4A%y; e 2Wi (1 - 22y,e™ Wi — e_zay")_l =12 (38)

4. The Mathematical Expectation
In the following Proposition , we can derive the mathematical expectation
of ¥;,(i = 1,2).

Proposition 4.1. If Y; ~ GDWE(qa; + as, 1), then the rt* moment of Y; as following:

EQY) = (a; +ag)), ), (—1)@taa—i-j+k (“”‘;3‘1) () (2p2+k
j=0 k=0
r(r+k+2) .
X G 2ias—2aj e L= 12 (39)

Proof.
EY)) = [ vl fr0) dy,

— fo"o(a,i + ) 4A2yTH @2 ((1 _ 2/1yie—2/1yi) _ e_myi)ai+a3—1 iy,
Since 0 < ((1 — 2Ay;e” i) — e‘“yi) < 1fory; > 0,then by using the
binomial series expansion we have

((1 — 2y;e” i) — (3'2’13”)“#0(3_1 = i (1- Z/U’ie_my")j
i=0

x (—1)%i+es—1-j (ai+c;3—1) (e_z)lyi)ai+a3—1—f (40)
also (1 - 2ay;e721) = 32 (-1) (J) (24y;e2)" (41)
then
B(V]) = (@i +a5) 427 [yt ey (—yetesmio) ()

x (e—zly)“i“L“S_l_j N (_1)k D (Z)Lyie_z’wi)k dy,

k =0

— (ai+a3)z Z (_1)ai+a3—1—j+k ((li+6f3_1) i)(21)2+k
j=0 k=0 J

9 fooo y;ﬂ+1+k e—(ZAai+ZAa3—ZAj+ZAk)yi dy;

E(Y]) = (o +a3)), ) (—1)atas itk (atas=t) (J)(a3)2+k

0
j=0 k=0



x r(r+k+2)
Aaj+2Aaz—22j+2Ak)r+k+2)

Then the r* moment of Y; is:

Y, (~1)ereimirk (aras=1) (7)(pq)2k

o0
0 k=0 J

0

EQ) = (a; +a5))

% r(r+k+2)
QAa;j+2 a3 —224j+22k)r+k+2) ’

i=1,2 [ ]

5. The Marginal Moment Generating Function

We find the marginal moment generating function of Y;,(i = 1,2) inthe
following lemma
Lemma5.1. If Y; ~ GDWE(«a; + a3, 1), then the marginal moment generating

function of Y;, (i = 1,2) as following:

0

My (6) = (@i + az) ), ), ), (—1)@tasmiojske (erkas=t) (1) ()24

j=0 k=0 =0

x tIr(r+k+2)
! QA +2 a3 —24j+22k)(r+k+2)

=12 (42)

Proof.
My, (t;) = E(e*?1)

= foooetiyi fri ) dy;
C e
;fo yi fyi(yl') dyl

Il
(!

o

r=

0 t‘r
> LE(YD

r=0

S@ta) Y Y (~Derei (a1 g2

J

j=0 k=0 TI=0
tir(r+k+2)
X
! 2QAaj+2Aa3—2Aj+22k)T+k+2)

6. Maximum Likelihood Estimation

To estimate the unknown parameters of the BGDWE distribution , we use the
method of maximum likelihood estimators (MLES) .
Let ((Yi1,Y21), (Yiz, Ya2),-.., (Yin, Yan)) is a random sample from
BGDWE(a,, a,, as, A), where

,i=1,2 [

n =Yy <Y)n, =Yy >Y)ns= @Y =Yy =Y)n=) n (43)

3
k=1

A



By using the equations (8) , (9) ,(10) and (43), we find that the likelihood of the
sample as following:

l(ay, a,a3,4) = H?il f1 Ui Y2i) H?=21 f2 010, Y2i) H?ﬁl f3 i yi)
The log-likelihood function becomes:

Ny
L(ay,a,, as,A) = nyIn(a; + a3) + ny;In(4) + 2n,In(1) + Z In(ys;)

i=1

My
—21), () + (g + az — 1)

i=1

My
X ) In(1— 22y, e — e72M11) 4+ ny In(ay) + ny In(4)
i=1

+2n,In(4) + Zl In(yz) — 2/1_21 (V2i) + (a2 — 1)

My
X Y, In(1 — 22y, e 22t — e72M21) + ny In(ay) + ny In(4)
i=1

+2n,In(A) + ZZ: In(yy) — 2/122: 1) + (¢ — 1)

i=1 i=1

Ny
X ) In(1 — 2dyy; e 21 — e 72W11) + ny In(a, + as)
i=1

N, Ny
1y In(4) + 2naln (D) + 2, In(ya) =222, ()
i=1 i=
Ny
+(ay + a3 — 1)), In(1 = 22y,; e W21 — e724921) 4 niin(a,)
i=1

+n3ln(4) + 2n;5in(A) +2 In(y;) — 2/12 ()

n3
+(ay +ay +az — 1)), In(1— 21y, e 2Wi — e=24i) (44)
i=1

Taking the first partial derivatives of (44) with respectto a4, a@,, a3 and 1, and
setting the results equal zero:



My
oM g Z In(1— 2y, e i — e~ 2’13’11)+

aa’1 (a1+a3)

2 Ny
+), In(1— 24y, e 21 — e72W1i) + 3 In(1 — 2Ay; e "2Wi — 72MVi) (45)
i=l i=1

My
a_l‘ M _ 5= 2AY5i 5, —2AY0i n2
da, B az T ; ln(l 2/1)]21 ¢ i ¢ i ) + (az+asz)
n, N,
+) In(1— 20y, e 2W2i — e7272i) 4+ ) In(1 — 24y;e"2Wi — e72MVi) (46)
i=1 i=1
oL n,g

My
= + ), In(1— 22y, e 21 — e72WVu) 22
i=1

das (ay+asz) (az+as)

2
+z In(1 — 2Ay,; e Wzt — g=2Avai) %
i=1 3

+i In(1— 2dy; e 2 — e=2M71) (47)
oL _ 4an L L 4A(y )2 e "2 i
2= 2; (1) + (g + az — 1); (12271, =tz _e—zayli)
n, n, N
_ZZ 2i) + (a2 = 1); (1—2/’1?2(3121)2/13121 3-2/13’21) 1 ZZ (y11)

4A(y1)? e =210 S
+(C¥1 - 1)2 (1-22y4; el 22Y1; e—zlyll) 22 (yZi) + (“2 + a31)

n

2
4A(y2)? e 2M2i
X; (1_213/21 —21y,i _ —e ZAyZL) ZZ (yl

Z/Iyi

4A(y)? e
+(a, + a, + az — 1)2 (1-2Ay; e 2i —e~22%1)

These equations cannot easy to solve , but numerically by using the statistical
software , to get the MLEs of the unknown parameters.

7. Conclusion

This article introduced the bivariate generalized double weighted exponential
distribution whose marginals are generalized double weighted exponential
distribution . Some statistical properties of this distribution . It is observed that the
MLEs of the unknown parameters can be obtained by solving four non-linear
equations using numerical technique.

(48)
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