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Abstract

The important science tools in a different kinds and specialties , that
considered the basic mainstay of ( the set theory ) and because of huge development
in all life fields. This causes great problems , that need solution and parallel tools for
those developments , so the scientis become responsible to work on the development
of number theory and open new horizons , that a new science had appeared which is
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( soft figures theory ) which is considered the important tool to solve most difficult
problems or overcome them ,in these sciences and their specific life specialization ,
economy , medicine , geometry and others . Also the theory of soft numbers had
entered in general topology in power full and active way . The last years a new
science has appeared is ( soft topological space ).

The main idea of this research is to define the separation axioms in ( soft
topological space ) and practically in certain point , and to study the most important
properties and results of it .

Introduction

Life problems are many and various and need to be solved by human to make
his life easier . Scientist didn’t stop to find these solutions or trying to do that , in
which scientist Molodtsov in 1999 , defined ( the soft set ) which was regarded
quality change and important mathematic tool , to solve these problems that it can’t be
solved using ordinary methods such as , fuzzy set , especially ( mathematical
function ) membership . Also the problem that existed in most branches of Math.,
Geometry , economy and computer science and other sciences this field attracts
many researchers to work deeply in studying features and laws of ( soft sets theory )
and developed it by , groups of researches

[P.K.Maji , R.Biswas and A.R.Roy (2003) ] the scientist begin to define a
(topological space ) based on (soft set theory) namely (soft topological space )
Many groups of researchers and scientis have joined to study the new properties of
this space and depending of the family of soft sets , every family depends on the
concepts which were found (soft sets) or symbolizes ( F, ) itis.

Through this definition , many types of families have appeared (i.e.g soft set)
. In [Cagman & Englinglu , (2011)] the researcher depended on (soft set ) to confirm
function ( F) and change its space which it is a subset of the set E of parameters .
In[S.Yuksel , N.Tuzlu and Z. G.Ergul, 2014 ], The Turkish researcher made depend
on the changing of function F and its domain is a subset of E , when he defined a soft
set in [G.Xuechong , (2015) ], this Chinese researcher try to defined a new type of a
soft sets called it ( central soft sets ) who present a new concepts that depend on set
of ( soft sets ) basic map (F) on the a subset of ( E) , in [Molodtsov , 1999 , W.Min ,
2011 and Aygunoglu and HAygun , 2012 , the researchers are defined the last
kind of these sets which is going to the base of our study .This type depends on the
change of a function F and confirming sets of parameters which is a subset of E .
That’s mean all functions on A to opposite IP(X) , that A € E where the concept of (
separation axioms ) in soft topological spaces of last type were studies .

1. Soft sets

Definition 1.1[D.A.Molodtsov (1999)]



A pair (F,A) is called soft set over X , where F is a mapping defined as
' F:A — IP(X) such that (F,4) = {(a,F(a)),F(a) € IP(X) }, where

1) X be the initial universal set , and Ex be the set of all possible parameters with
respectto X.

2) IP(X) is denoted to the power set of X (I.e IP(X) the family of all subset of
X.

3) AcIP(X) ,s-imply we denoted for Ex by E .

4) The set of all soft sets over the universe X is denoted by S(X) .

Definition 1.2 [D.A.Molodtsov (1999)]

If F(a) = X for all a € A then , the soft set F, is called the absolute soft set and
it is denoted by X, . If F(a) = ¢ for all a € A then the soft set F, is called the null
soft set . and it is denoted by ®,, .

Note 1.3

let F, is any soft set over the universe X , then :

1. The point of the soft set F, at a € Ais denoted by F, such that F, =
{(a,F(a)}

2. fora€ Aand Vx€X, asoft point , x, is of the form: x, = {(a,x)} U
{(p,@); Yp € A,p # a}, simply we write the soft point by x, = {(a,x)} .

3. A soft point x, belong to the soft set F, and denoted by x, € F, or
x, € F, ifand only if x € F(a) and x, € F, ifand only if x ¢ F(a) .

4. Ana — absolute soft set is of the form X, = {(a, {X})} , and is called the
element of the absolute soft set X, ata € 4.

5. An a—null soft set is of the form &, = {(a,{¢})} , and is called the
element of the null soft set d, ata € A4 .

6. An e —soft complement is an e —soft set over x defined as :

X,—4F, = Hy suchthat H, = {(a,X — F(a))} .

7. We denoted to the soft set F, at the pointa € Aby F, .

Note 1.4 [D.N .Georgion 2013]

Let F,€S(X) , a € A and x € X , then we write x €, F, and
x &, F, resp. if and only if x€ F(a) and x¢ F(a) .

Note 1.5
If F5 , G, be are soft sets over the universe X , then:

(1) F4 is an a — soft subset of G, if and only if F(a) € G(a) and we write by the
foomF, S, G,.fora€ A .

(2) The a-soft intersection of F, and G, , is an a —soft set defined as follows :



F, 0, Gy = Hy suchthat H, ={(a,F(a) nG(a))}.
(3) The a —soft union of F, and G4 , is an a —soft set defined as follows :
F, U, Gy = Hy suchthat H, = {(a,F(a) UG(a))}.
(4) Fp and G, are called a —soft equal iff F(a) = G(a) , and denoted by Fp =, G, .
(5) The a —soft disjoint of F, and G, is defined by F, N, G, = P, .
(6) A point x is a —belong to the soft set F, is denoted by x €, F, , thatis x € F(a) .

Let A be any arbitrary index set , and let F; , be any soft set over X , we define :

(1) Naaen F/lA = H, = {(a, Ng2en Fa(2))}
(2) Ug aen F)lA = Hy = {(a,Ug 2en Fa(2))}

Propositionl.6

E, , G, be any two soft sets over the universe X , for each a € A the following
statements are hold :

(1) Fy Ay @4 = @,
(2) FAN Xy =F,
(3)Fa U, EISA =F,
(4) F, U, XA = Xa

We can conclude these facts directly from [Note 1.5] it can be considered as a
special case of [ proposition 2.3] in [P. k . Maji , R. Bis was and A .R . Roy (2003)] .

Propositionl1.7

If Fo,G, and Hy are any soft sets over the universe X , for each a € A the
following are true :

1) FaNg (GaNg Hy) = (FyNg Gy) Ny Hy

2) FpUq (GaUg Hy) = (FyUq Gy) Ng Hy

3) Fy ﬁa (GA Ga HA) = (FA ﬁa GA) Ga (FA ﬁa HA)
4) Fy Oa (GA ﬁa HA) = (FA Ua GA) ﬁa (FA Cja HA) .

Remarkl.8

All of theorems and properties that are true in [N . Cagman ,F . Cltak and S
. Enginolu (2001), N.Cagman and S .S . Englinglu (2011), N.Cagman and S .S .
Englinglu (2011)] are also be true in this research ( i .e when we considered the
point a € A as a base of this work ) .



Definition 1.9

LetX andY be two universal sets andA,Bbe a sets of
parameters , u:X—Y and p:A—B , then the mapping :

f: Xa, %, A) — (Yg,5,B) (i.ef:S(X) — S(Y)) on A and B respectively is denoted by

fpu @nd it can shows as :

fou = {(fu(Fa),p(8)),p(A) € B)}.

( o
Where : f,,(FA)(B) = {u{aEpLJ(B)(T(O())} , if P"(B)=¢

k 0] other wise
For B € B3a € p(A) suchthatp(a) = B.thatisp™! (B) # ¢

A p~Y(B) € A, hence p71(B) N A # p~1(B), hence we get that

FruFa)(B) = u{ U F(oo}
aep~*(B)

Constructing :

Since p is amapping,so p(A) # ¢ ,VA # ¢, thatis VB € p(4)3 a € A such
that P(a) =B and P~ (B) # ¢ now, a € P"1(P(a)) so,

fou(Fa)(B) = u{ (F(@) }Vﬁ € P(a)} .

aep~1(p)

e Ifpisaonetoone,thenP~1(P(4)) =A ,that isV B € P(A) 3 a € Asuch
that P(a) = B and f,,(F4)(B) = u(F(a))

e If G S(Y) then the inverse image of G under f,, is denoted by fpu‘l(GB) IS
asoftset F, € S(X) such that:
P(a) = u™'(G(P(a)) foreverya € A

Remark 1.10

For eacha € Aand x € X, then we can defined the soft mapping f,,, at a soft
point x, , is :

fruGd@ =uC | xa@) = uco

a€p~1(B)



I.e (fpu(xa)) (p(a)) = u(x)

Ie (fu(x) = {(P@, {ue)N}

p(a

Now,forbe Band y €Y ,fpu_l(yb)(a) =u"1(y) for b = p(a).
proposition 1.11 [I. Zorlutuna, M . Akdag , W- K - Min and S - A smaka(2012)]

letFy,, F,, € S(X) and Gy, ,G,, € S(Y), the following statements are true
i) ifFlAg FZA»thenfpu(FA) c fpu(FlA)-
11) Glg; g GZB ’ then fpu_l(GIB ) g fpu_l( GZB)
i) Fi, € o (fu(Fiy))

iv) if p is a one to one map of X into Y and u is a one to one map of A4 into B
y then FlA = fpu_l (fpu(FlA)) .
v) fou (fpu_l(GlB)) < Gip -

Remark 1.12

For anyx;,x, €Xand vy;,y,€Yanda€A,b € B, the flowing
statements are true :

(1) X1, c X24 pru(xla) c fpu(xza)

(2) V1ip c Y2p :fpu_l(ylb) c fpu_l(yzb)
@) 21, € fou (11,)

@ fou (fu " (1)) E 31,

(5) IfpisamapfromX intoY ,band uisamap of A into B, then:
fpu (fpu_l(ylb)) =Y1p -
(6)fpu_1()?b - ylb) = Xa - fpu_l(ylb)

2. Soft topology

In this section we defines some of important concepts of a soft topological
spaces with some of counter examples .

Definition 2.1

Let X be an initial universal set, and A € E be a set of parameters ,

Let T be a subfamily of a the family of all soft sets S(X) , we say that

the family T is a soft topology on X if the following axioms are holds :



(1) &, , X, € ¢
(2) if F,,G, € T,thenthen F, NG, € T
(3) Forany index set 1 G;, € ¥, foranyiel, thenU{G;,, i€ I} € T.

The triple (X4, %, A) is called soft topological space or ( soft space) .

The m embers of 7, are called soft open sets , A soft set F is called soft closed set
if and only if its complement is soft open , The family of all soft closed set is
denoted by :

C(XA) = {XA - FA ’FA é f}
Definition 2.2[Georgion 2014]

Let (X,,7,4) be a soft topological space,a€A,x € X,we say that a soft
set F, € Tis ana—soft open nhd of x in (X4, %,A) ifx € F(a), simply we denoted by
G .

(ax)

Simply we write the ( neighborhood) by nhd .The set of all soft (nhd) of a point x € X
ata € A is denoted by N;(q ) , that is Nzq ) = {G(a,x); Ga,x)iS SOft nhd of a soft point

Xq} -
Definition 2.3

Let (X, ©,A) be a soft topological space,a€A , we say that the soft set F, is
a-soft nhd of x € X if there exists a soft open set G(,y) such thatx €, G x) S, Fa.

A soft set F, is called a —soft conhd of x € X if and only if X, — F, is a —soft nhd
of xeX.

A soft set F, is called a —soft locally open set if and only if F, is a —soft nhd of
eachx €, F, .

A soft set F, is called a—soft locally closed setif and only if X, — F, is a — soft
locally open .

Proposition2.4

Let (X,,%, A) be a soft topological space, The a—soft nhd system
of a point x has the following properties :
(1) if Gy € Nz thenx €, G-

(2) if G(a,X) € N%(a,x) and G(a,X) ga HA ,then HA € N%(a,x) .



(3) if G(a,x) and H(a,x) € N;(a,x),then G(a,x) N H(a,x) € N?(a,x)-

The proof of them is directly from definition [Y.Y ]

3. Soft separation axioms
Definition ¥ .)

Let (X,,%,A) be a soft topological space , let a€ A, the soft space is called
a—soft T, — space if for each x; # x, in X , there is a a—softopen set G(,x,)

containing x, but not containing x, or there is a soft open set G, x,) containing x,
but not containing x, .

The soft topological space is called soft T, — space if Va € A, the soft space is
a —soft T, — space..

Note ¥.2

If (X% A) isa—soft T, — space for some point a € A, then the soft space
need not be a soft T, — space .

Example 3.3

Let A € E such that A = {a;,a,} and let X be a universal set such that : X =
{X1,X5,X3}, note that :

t={F1,, Fa Fs, , Fa,,Fs, Fes, ®a,Xa} where:
Fi, ={(a1, {x2}), (@2, {9} , F2, = {(as, {x1, %2}), (az, {x3})},
Fs, = {(ay, {x1, x3}), (az, (1, %2, %310}, Fay = {(@1, {223, (@2, {01, X2}
Fs, ={(ay,{x1}), (az, {x3D}, Fs , = {(ay, {x1, x3}), (az, {21, x23)}
then (X,, T, A)isa, — soft T, — space .

Now :{(a,, {x: 1} # {(a,, {x2})} and 2 a, —soft open set such that its contain one
and not contain the other .

Thus (X4, T, A) is not soft T, — space .

Definition ¥.¢ [D.N .Georgion 2013]

Let (X4, %, A) be a soft topological space , for a€ A, the soft space is
called a —soft T; — space if for each x; # x, in X, there is two soft open sets Gy,
and  Hgy,) such that :x; €, Gax,) and X, €, Gex,) SO Xz €3 Hax,)and
X1 ga H(a,xz) .



The soft topological space is called soft T; — space if and only if Vv a€ A the soft
space (X4, %, A)isana— soft T, — space, [D.N .Georgion 2013] .

Note ¥.®
a — soft T; — space need not be soft T, — space .
Example ¥.%

the example (3.3) elucidate that the soft space is a; — soft T; — space but not
a, — soft T; — space, so itis notsoft T; — space ..

Definition ¥.V [D.N .Georgion 2013]

Let (X,,T,A) be a soft topological space , and a€ A , the soft space is
called a —soft T, — space if for each x; # x, in X, there is two a — disjoint soft
open sets Geax,) » Hax,) -

The soft space (X4, %,A) is called strongly soft T, — space if it is a —soft T, —
space if foreacha € A .

Note ¥.A
a —soft T, — space need not be a soft T, — space .
Example ¥.4

The example (3.3) elucidate that the soft topology is a, —soft T, — space , but
itis not a, —soft T, — space, so it is not soft T, — space .

Definition3.10 [Georgion 2014]

Let (X4,% A)and (V3,p,A) are two soft topological spaces over X and Y
respectively, x € X and p:A—B .A map u:X—Y is called soft p—continuous at the
point x if every a € A and p(a)—soft open nhd Gy of u(x) there exist an a—soft open
nhd F, of x such that f,,,(F, ) € Gg .

Proposition 3.11 [Georgion 2014]

Let ()? 0% A)and (Y,p,A) are two soft topological spaces
over X and Y respectively ,and p:A—B and u:X—Y , then u is soft
p—continuous iff fpu_l(GB )€ T, forevery Gz €p.

Definition3.12

Let (X, A)and (¥, p,A) are two soft topological spaces over Xand Y
respectively, then fora € Aand x € X, the map fpu()?A,f, A) — (Yg,p,A)is called
an a —soft continuous at x iff for each p(a) —soft open set Gg containingg u(x) there
exists an a —soft open set H, containing x, such that f,,,,(Ha) ) Gp-



fpuls called soft continuous if it is a —soft continuous Va € A .

Definition 3.13 [Zorlutuna 2012]

A soft mapping f,,, from a soft topological space (X4, T, A) into a soft topological
space( ¥, 5, A) is a soft continuous iff fpu_l(GA) € Tforany G, € p.

Definition 3.14[Nazmul 2012 ]

Let (X,,,4) and (Y3, p,4A) are two soft topological spaces
over X and Y respectively , the map f,,: (X4, 7,4) — (¥35,5,A) is called soft open
map if for each soft open set G,in X, , then fpu(Ga) is soft open set in V5.

Definition 3.15

Let (X4, %,4) and(Ys,p,A) are two soft topological spaces
over X and Y respectively , the map fy,,: (X4, %,4) — (¥5,5,4)is:

(@) One to one if p and u are ono to one maps .
(b) Onto if p and u are onto maps .

Theorem Y¥.16

Let (X4,¥,4) and (Y3,6, B) be two soft topological spaces and X, be
a — soft — T, — space for some a € A , if the map fy,: (X,,7,4) — (¥3,6,B) is

soft open map and u, p are onto maps, then Y5 is a p(a) — soft — T, — space..
Proof //

Let b € B and y; # y,in Y then there exist e € A and x; # x, /n X such that
p(e) = b,u(x;) = y, and,u(x,) = y, because u, p are onto maps .Now,

Since (X4, %, A) is a — soft — T; — space , then there exist two soft open sets G1y
and G, , such that: x; €, Gy, and x, &, G;, orx, €, G,, x; €4 G,, and , then

1 =u(x;) € fpu(GlA)

Y2 = u(x;) & ﬂ,u(GlA) .or
y2 = ulx;) € fpu(GzA) and ,y; = u(x,) & fpu(GZA) )

So (Y, 6,B) is b — soft — T, — space .
Theorem 3.17

Let (X,,%,4) and (Y3,6,B) be two soft topological spaces and u:X—Y , is
a one to one soft is p — continuous map , if ¥ is a b—soft—T, —space for some



b € B and p is onto mapping , then there exist a € A such that b = p(a) and X, is
a—soft — T, — space .

Proof//

Sincepisontomapand b € B, s0 3a € A suchthat b = p(a) , now let x; # x, in X
, since u is a one to one map , then u(x;) # u(x,) in Y, but Yz is a
b—soft—T, —space , so there exist a soft open set G (bup(x1) containing uy, (x;) but

not contain w, (x,) , hence £, ™ (up (1)) € fou ™" (G(b,ub(xl)) ) and

IfPu_l(ub(XZ)) éa Ifpu_1 (G(b,ub(xl)) ) , but fpu_l(ub(xl)) =X1,4 and
fpu_l(ub (Xz)) = X, because u is a one to one map , also f,,, is p-soft continuous ,
so by [definition 3.11 ] fpu_1 (G(b,ub(xl)) ) is soft open set containing x, , but not x, ,

therefore (X4, ¥, A) is a—soft—T, — space .
Theorem ¥.18

Every soft subspace of a—soft — T, —space is a — soft—T, —Space Va€A.
Proof//

Suppose that ¥, is a soft subspace of the of the a — soft — T, — space (X4,%,4) ,
and x;, x, €, Y, with x; # x, .

Since ¥, € X, , then x;,x, €, X4 , but X, isa—soft — T, —space, then there exist
a soft open set G(,x,) such that x; €, Gx,) and

Xy €4 Gax,) OF there exist a soft open set Hi, .,y such that x, €, Hqx,) and x4
€ Hegx,)  SINCE X1 €4 Graryy and x; €, ¥y, then

X1 €q Ggx,y N Yy and since x, &4 Gigy,) then x, &4 Gigyx,y N Yaor

X3 €q Higx,y and x, €, ¥y , then x, €, Higy,) N ¥4, and since x; &, Hegy,) , then
X1 €4 Hax,) 0 Yas0, Ya is a—soft — T, —space .

Definition ¥.19

Let (X,,%,A4) and (Y5,6, B) be two soft topological spaces , we say that % is
finerthan g ifandonly if 6 < 7.

Theorem ¥.20

Let (X,,%,A) and (Y3,5, B) be two soft topological spaces such that & is
finerthan € , if T isa — soft — T, — space, then G is e — soft — T, — space for
somea€A.

Proof // the prove is directly .



Theorem ¥.21

A soft topological space (X,,%,A) is a —soft-T; — space , a € A iff there is a
sodt point x, is a —soft locally closed set for each x € X .

Proof //

Let x € X we must prove that x, is a—soft locally closed set , now lety €, X, — x, ,
y € X — {x}, thus y # x , then there exists two soft open set G, ,) and Hg ) such

thaty €, G,y and x €, G,y and x €, Hig ) and y €, Hig ) , hence y € G(a) S
X —{x} , implies that G,y € X, —x, , hence X, —x, is a —soft nhd of each
y €4 X4 — x4, that is X, — x, is a —soft locally open set , hence x, is a —soft locally
open set .

Conversely : suppose that for each x € X x, is a —soft locally open set , we want to
prove that (X,,,A) is a —soft-T; — space , let x,y € X , such that x # y , that is
x, and y, are —soft locally closed sets , this implies that X, — x, and X, — y, are
a —soft locally open sets and evidently that x €, X, —y, and y ¢, X, —y, and
y Eq X4 —x, and x &, X, — x, SO there exists a soft open sets G4 and H, such that
X€u Gy Eg Xy —y,and y €, Hy €, X4 — x4 that is x €, G, and x &, H, , hence
X, is a —soft-T; — space .

Theorem Y¥.22

Let (Y, 6, B) is b —soft-T; — space for b € B and let (X,,%,A) be any soft
topological space , such that the maps u: X — Y be onto and p: A — B is a one to
one , then there exists a € A with p(a) =b and X, is a —soft-T, — space if
fou: (Xa, T, A) — (Y5, 6, B) is a —soft continuous.

Theorem ¥.23

A soft topological space(X,, T, A) is an a —soft-T; — space if and only the soft point
x4 15 a —soft locally closed set foreach x € X .

Theorem ¥.24

A soft topological space (X4, T, A) is a—soft — T, —space for some a € A if and
only if V¥ x=y in X we have Cl(x,) # Cl(y,) .

Theorem 3.25

Let (X,,%,A4) and (Y,5,B) be two soft topological spaces and X, be a —
soft — T, — space forsome a € A, if the map f,,,: (X4, 7,A) — (V3,6,B) is e —soft
open map and u, p are onto maps , then Yz is a p(a) — soft — T, — space .

Theorem Y¥.26



Every soft subspace of a — soft T; — space is a— soft T; — space .

Proof // the proof is directly from Definition Y. ¢

Theorem 27

Let (X,,%,A) be a soft topological space , then the following statements
are equivalent :

a) (X,,%,4)isa— soft — T, — space.
b) an a — soft intersection of all the a —soft open nhd of an arbitrary soft
point of x, is singleton point {x}.

Proof//

The prove is directly by Note 1.5 and Definition ¥.¢ .

Note 3.28

Let (X4, %,4) and (Y4, 6,4) be two soft topological spaces such that & is
finer than ¥ , for some point a € A if (X,,%,A4) is a — soft — T, — space , then
(Yg,6,B) is a — soft — T, — space .

Theorem 3.29

Every soft subspace of a —soft a — soft — T, — space is a —soft—T, —
Space

Proof // the prove is directly by Definition Y.V .
Theorem ¥.30

Let (X,,%,A) be a soft topological space , for a €A the following
statements are equivalent :

a) (X4 %,A)isa— soft— T, — space .
b) The a— soft intersection of all a —soft closed nhds of an arbitrary a —soft
point of x, is a — singleton point .

proof// The proof is directly from definition Note 1.5 and Definition Y.£¢
Theorem ¥.31

Let (X4, %,A4) and (Y5,5, B) be two soft topological spaces and X, be
a — soft — T, — space for some e € A, if the maps f,,,: (X4, 7,4) — (¥3,6,B) is
soft open and u,p are onto maps , then Y5 is p(a) — soft — T, — space .



Proof // simply combine .

Theorem ¥.32

Let ((V3,6,B) beab — soft — T, — space for b € B and let (X4, ¥, A) be
any soft topological space such that the map u be onto and p is a one to one , then
there exists a € A with p(a) = b and X, is a — soft — T, — space , if f,,, is a —soft
conyinuous .

Theorem ¥.33

Let ( (Y3,6,B) beab — soft— T, — space for b € B and let (X,,%,A) be any
soft topological space such that the map u: X — Y be ontoand p: A — B isaone to
one , then there exists a € A with p(a) = b and X, isa — soft — T, — space , if fou
IS a —soft conyinuous .

Theorem Y¥.34

Let (X4,%,4) and (Y5, 8, B) be two soft topological spaces such that the maps
u is one to one soft p —continuous and p is onto map .If for some b € B, Yy is
b — soft — T, — space , then there exists a € A such that b = p(a) and X, is
a — soft — T, — space .
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