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Abstract: 

          In this paper we introduce and study the concepts of a new class of points, namely turing points 
of proper ideal and some of their properties are analyzed. 
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1. Introduction: 

          Ideal in topological spaces have been considered since 1930. This topic won its importance by 
the paper of Vaidyanathaswamy [7] and Kuratwoski [6]. Applications to various fields were further 
investigated by Janković and Hamlett [3]; Dontchev et al. [2]; Mukherjee et al. [4]; Arenas et al. [5]; 
Navaneethakrishnan et al. [1]; Nasef and Mahmoud [8], etc. In this paper We used only the proper ideal 
to work , ideal bace, turing point, finer than, and maximal ideal to prove continuous, compactness, ଶܶ 
space and ideal net. Let ሺܺ , ܶሻ be a topological space, by ௫ܰ we will denote the open neighborhood 
system at a point ݔ א ܺ. 

         A set ∆ is said to be directed if and only if there is a relation غ on ∆ satisfying, (i) ߙ غ  for each ߙ
ߙ א ∆, (ii) if ߙଵ غ ଶߙ ଶ andߙ غ ଵߙ ଷ thenߙ غ ,ଵߙ ଷ, (iii) ifߙ ଶߙ א ∆, then there is ߙଷ א ∆ such that 
ଷߙ غ ଷߙ ଵ andߙ غ  we ∆אఈሽఈݔon a directed set into ܺ [9]. By ሼ ݔ ଶ [9]. A net in a set ܺ is a functionߙ
will denote the net ݔ. Let ܣ ك ܺ, a net ݔ on ܺ is said to be eventually in ܣ iff there exists ߙ א ∆ such 
that ߙ غ ఈݔ  implies thatߙ א ݔ convergent to ∆אఈሽఈݔA net ሼ .ܣ א ܺ iff its eventually for each 
ܰ א ௫ܰబ and denoted by ሼݔఈሽఈא∆ ՜  ሽܨ. A topological space ܺ is compact if and only if every class ሼݔ
of closed subsets of ܺ which satisfies the finite intersection has, itself, a non-empty intersection [9].  

Definition 2.1[7]: 

     Let ܺ be a set. A family ܫ of subsets of ܺ is an ideal on ܺ if  

,ܣ .1 ܤ א ܣ implies ܫ  ܤ א  .ܫ
ܣ .2 א ܤ and ܫ ك ܤ implies ܣ א  .ܫ

Definition 2.2[4]: 

     Let ܺ be a set. A family ܫ of subsets of ܺ is a proper ideal on ܺ if ܫ is an ideal on ܺ and ܺ ב  .ܫ

Theorem 2.3: 

     Let ሼܫఒ: ߣ א ∆ሽ be any femily ideals on ܺ. Then ܫ ൌת ሼܫఒ: ߣ א ∆ሽ is also ideal on ܺ. 

Remark 2.4: 

1. The union of two ideals on a set ܺ  not necessary is ideals, for example. Let ܺ ൌ ሼݔ,  ሽ, thenݕ
ܫ ൌ ሼ, ሼݔሽሽ and ܫଵ ൌ ሼ, ሼݕሽሽ are ideals on ܺ but ܫ  ଵܫ ൌ ሼ, ሼݔሽ, ሼݕሽሽ is not ideal on ܺ. 

2. The intersection of all ideals on ܺ is the ideal ሼሽ.     
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Example 2.5:  

     Let ܺ be infinite set . Then ܫ ൌ ሼܣ:  .is finite subset of ܺሽ is an ideal on ܺ is called finite ideal ܣ

Theorem 2.6:  

     Let ݂: ܺ ՜ ܻ be a function. Then If ܫ is an ideal on ܺ, then the family  ݂ሺܫሻ ൌ ሼ݂ሺܣሻ: ܣ א  ሽ is anܫ
ideal on ܻ. 

Definition 2.7: 

         An ideal base on ܺ is a family ܫ of subsets of ܺ satisfies (i) ܺ ב ܣ  (ii) ifܫ א ܤ  andܫ א  , thenܫ
there exists ܥ א ܣ  such thatܫ  ܤ ك ܺ Observe that if .ܥ ് ܣ  ܤ א  ܫ , thenܫ in ܤ and ܣ  for eachܫ
is an ideal base on ܺ. 

Example 2.8: 

    Let  ܺ ൌ ሼܽ, ܾ, ܿሽ, then ܫ ൌ ሼሼܾሽ, ሼܿሽ, ሼܾ, ܿሽሽ is an ideal base on ܺ. 

Example 2.9:  

     Let ܫ be an ideal on ܺ and ܣ ك ܺ such that ܣ  ܤ ് ܺ for each ܤ א ,Then .ܫ                                    
ܫ ൌ ሼܣ  ܤ  ܤ א  .ܺ ሽ is an ideal base onܫ

Proposition 2.10:  

    Let ܫ be an ideal base on ܺ, then ܫ ൌ ሼܣ ك ܺ  ܣ ك ܤ for some ܤ א  ሽ is an ideal on ܺ generatedܫ
by ܫ. 

Proposition 2.11: 

     Let ܺ ് ܻ and  ك ܺ. If ܫ is an ideal base on ܻ, then its ideal base on ܺ. 

Proof. 

     Directly by using definition 2.7. 

Remark 2.12: 

     The converse is not true for example if ܺ ൌ ሼݔ, ,ݕ ܻ ሽ andݖ ൌ ሼݖሽ then ܫ ൌ ሼሼݔሽ, ሼݖሽ, ሼݔ,  ሽሽ is anݖ
ideal base on ܺ but is not ideal base on ܻ.  

Theorem 2.13:  

     Let ݂: ܺ ՜ ܻ be a function. If ܫ is an ideal base on ܺ, then the family  ݂ሺܫሻ ൌ ሼ݂ሺܣሻ: ܣ א  ሽ is anܫ
ideal base on ܻ. 

Definition 2.14: 

       Let ܫ be an ideal on ܺ and ݔ א ܺ. We say that ݔ is turing point of ܫ if for each ܰ א  ௫ܰ implies 
ܰ א  .ܫ

Example 2.15:  

     Let ܺ be a set and ݔ א ܺ. Then ܫ ൌ ሼܣ ك ܺ: ݔ א  .ܫ is a turing point of ݔ ሽ, is an ideal on ܺ andܣ

Theorem 2.16: 

     Let ݂: ܺ ՜ ܻ. Then ݂ is continuous at ݔ א ܺ if and only if whenever ݔ is a turing point of an ideal ܫ 
then ݂ሺݔሻ is a turing point of an ideal ݂ሺܫሻ. 
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Proof. 

     Suppose ݂ is continuous at ݔ and ݔ is turing point of an ideal ܫ. Let ܸ א ܰሺ௫ሻ in ܻ. Since ݂ is 
continuous then for some ܷ א ௫ܰ in ܺ, ݂ሺܷሻ ؿ ܸ. So ܸ ؿ ݂ሺܷሻ. Since ݔ is a turing point of an ideal 
then ܷ ,ܫ א Then ݂ሺܷሻ .ܫ א ݂ሺܫሻ. But  ܸ ؿ ݂ሺܷሻ, then ܸ א ݂ሺܫሻ. So that  ݂ሺݔሻ is a turing point of 
an ideal ݂ሺܫሻ. 

Conversely, suppose whenever ݔ is a turing point of an ideal ܫ then ݂ሺݔሻ is a turing point of an ideal 
݂ሺܫሻ. Define ܫ ൌ ሼܰ ك ܺ: ܰ א ௫ܰሽ. Then each ܯ א ܰሺ௫ሻ , ܯ א ݂ሺܫሻ, so for some ܰ א ௫ܰ, ܯ ؿ
݂ሺܰሻ. So ݂ሺܰሻ ؿ     .ݔ Thus ݂ is continuous at .ܯ

Definition 2.17: 

     Let ܫ and ܬ be two ideals on the same set ܺ. Then ܫ is said to be finer than ܬ if and only if ܬ ك  .ܫ

Example 2.18: 

     Let ܺ ൌ ሼ1,2,3ሽ. Then  ܫଵ ൌ ൛, ሼ1ሽൟ and ܫଶ ൌ ൛, ሼ1ሽ, ሼ2ሽ, ሼ1,2ሽൟ are an ideals on ܺ and ܫଶ finer than 
 .ଵܫ

Example 2.19: 

     If ܺ is any set. Then any ideal on ܺ is finer than ሼሽ. 

Theorem 2.20:  

     Let ܺ be any set and let ܫ be an ideal on ܺ such that  ሼܤ: ܤ א ሽܫ ൌ ܺ. Show that ܫ is finer than the 
finite ideal on ܺ. 

Proof: 

     Let ܬ be the finite ideal on ܺ. To show that ܬ ك ܬ Suppose if possible .ܫ م ܣ Then there exists .ܫ א  ܬ
such that ܣ ב ܣ is finite subset of ܺ. Let ܣ Then .ܫ ൌ ሼݔଵ, ,ଶݔ … ,  ሽ. Nowݔ ሼܤ: ܤ א ሽܫ ൌ ܺ. Then 
ݔ א ܤ  for someܤ א ሺ݅ܫ ൌ 1, … , ݊ሻ. Since ܫ is an ideal, ܦ ൌ ሼܤ: ݅ ൌ 1,2, … , ݊ሽ א  is ܦ Thuse .ܫ
contain any element of ሼݔଵ, ,ଶݔ … , ܣ ሽ. Henceݔ ك ܣ ,is an ideal ܫ Since .ܦ ك ܣ implies ܦ א  But this .ܫ
is a contradiction with ܣ ב  .must be finer than the finite ideal ܫ Hence .ܫ

Definition 2.21: 

     Let ܫ be an ideal on ܺ. Then ܫ is said to be maximal ideal on ܺ if and only if ܫ is not contained in 
any other ideal on ܺ. i.e ܫ is a maximal ideal on ܺ if and only if for every ideal ܬ on ܺ such that ܫ ك  ,ܬ
then ܫ ൌ  .ܬ

Theorem 2.22: 

     Let ܺ be a set. Every ideal on ܺ is contained in a maximal ideal on ܺ. 

Proof. 

     Let ܫ be any ideal on ܺ and let ܹ be the class of all ideals on ܺ containing ܫ. Then ܹ is non-empty 
since ܫ א ܹ. Also ܹ is partially orderd by the inclusion relation ك. Now let ܭ be a linearly ordered 
subset of ܹ. Then by definition of linear ordering for any two members ܫଵ,  we have either ,ܭ ଶ ofܫ
ଵܫ ك ଶܫ ଶ orܫ ك ܵ ଵ. Letܫ ൌ ሼܫఊ  ఊܫ  א  .ܺ ሽ. To show that ܵ is an ideal onܭ

1. Since each ܫఊ is an ideal, we have ܺ ב ఊܫ ఊ for each an idealܫ א ܵ and so ܺ ב ܵ. 
2. Let ܣ א ܵ and ܤ ك ܣ Then .ܣ א ఊܫ ఊ for someܫ א ܵ and since ܫఊ is an ideal, ܤ א  ఊ. It followsܫ

that ܤ א ܵ. 
3. Let ܣ א ܵ and ܤ א ܣ .ܵ א ܤ ఊ andܫ א ,ఊܫ ఋ for someܫ ఋܫ א ܵ. Since ܵ is linearly ordered, we 

have either ܫఊ ك ఋܫ ఋ orܫ ك ܣ ఋ and soܫ ఊ or toܫ belong either to ܤ and ܣ ఊ. Hence bothܫ   ܤ
belongs either to ܫఊ or to ܫఋ. It follows that ܣ  ܤ א ܵ. 
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Further ܵ is finer than every member of  ܭ and so ܵ is upper bound of ܭ. Thus we have shown that 
ܹ is a non-empty partially ordered set in which every linearly ordered subset has an upper bound. 
Hence by Zorn's lemma ܹ contains a maximal element ܬ. This maximal element ܬ is by definition, 
maximal ideal on ܺ containing ܫ. 

Example 2.23: 

     Let ܺ ൌ ሼ1,2,3ሽ. Then ܫଵ ൌ ሼሽ, ܫଶ ൌ ሼ, ሼ1ሽሽ, ܫଷ ൌ ሼ, ሼ2ሽሽ, ܫସ ൌ ሼ, ሼ3ሽሽ,  

ହܫ ൌ ሼ, ሼ1ሽ, ሼ2ሽ, ሼ1,2ሽሽ,  

ܫ ൌ ሼ, ሼ1ሽ, ሼ3ሽ, ሼ1,3ሽሽ and 

ܫ  ൌ ሼ, ሼ2ሽ, ሼ3ሽ, ሼ2,3ሽሽ are ideals on ܺ. Clear that ܫଵ ؿ ଶܫ ؿ ,ହܫ ଵܫ ؿ ଷܫ ؿ ଵܫ  andܫ ؿ ସܫ ؿ  . So thatܫ
,ହܫ  .ܺ  are maximal ideals onܫ  andܫ

Proposition 2.24: 

     Let ܫ be an ideal on ܺ. ܫ is a maximal ideal on ܺ if and only if for each ܣ ك ܺ, then either ܣ א  or ܫ
ܣ א  .ܫ

Proof. 

     If ܣ ב ܣ then ,ܫ  ܤ ് ܺ for each ܤ א ܤ because if there exists ,ܫ א ܣ such that ܫ  ܤ ൌ ܺ, then 
ܣ ك ܣ then ,ܤ א ܣbe an ideal generated by ideal base ሼ ܬ construction. Let ܫ  ܤ  ܤ א  ሽ. Sinceܫ
ܣ ك ܣ  ܤ for each ܤ א ܣ then ,ܫ א ܬ … ሺ1ሻ. To show that ܫ ك ܭ Let .ܬ א ܭ then ,ܫ א  because ,ܬ
ܭ ك ܣ  ܫ is a maximal ideal, then ܫ But .ܭ ൌ ܣ By ሺ1ሻ .ܬ א  .ܫ

Conversely. Let ܬ be an ideal and ܫ ك ܬ To prove that .ܬ ك ܤ Suposse there exists .ܫ א ܤ such that ܬ ב
ܤ then by hypothesis ,ܫ א ܫ But .ܫ ك ܤ So .ܬ א ܤ Then .ܬ  ܤ ൌ ܺ א  is ܬ But the contradictio with .ܬ
ideal. Then ܬ ك ܫ Then .ܫ ൌ   .is maximal ideal ܫ So that .ܬ

Theorem 2.25: 

     Let ܫ be an ideal on ܺ. An ideal ܫ on ܺ is maximal ideal if and only if ܫ contains all those subsets ܣ 
of ܺ which ܣ  ܤ ് ܺ for each ܤ א  .ܫ

Proof. 

     Let ܫ be a maximal ideal and let ܣ ك ܺ such that ܣ  ܤ ് ܺ for each ܤ א  Define.ܫ

ܬ ൌ ሼܦ  ܦ ك ܣ  ܤ for each ܤ א  ሽܫ

Observe that ܫ ك ܫ is maximal ideal, then ܫ is ideal. Since ܬ  andܬ ൌ ܣ Since .ܬ ك ܣ  ܤ for each ܤ א  ܫ
so that ܣ א ܣ so also ܬ א  .ܫ

Conversely. Let ܫ be an ideal satisfying the condition. Let ܬ be an ideal on ܺ such that ܫ ك ܣ Let .ܬ א  ,ܬ
then ܣ  ܤ ് ܺ for each ܤ א ܫ Since .ܬ ك ܣ then ,ܬ  ܤ ് ܺ for each ܤ א ܣ then .ܫ א ܬ So .ܫ ك  then ,ܫ
ܫ ൌ  .is maximal ideal ܫ Therefore .ܬ

Theorem 2.26: 

     Let ܫ be an ideal on ܺ. ܫ is maximal ideal if and only if for any two subsets ܣ and ܤ of ܺ such that 
ܣ ת ܤ א ܣ we have either ,ܫ א ܤ or ܫ א  .ܫ

Proof. 

     Let ܣ ת ܤ א ܣ If possible, that .ܫ ב ܤ and ܫ ב ܣ Then .ܫ ് ܺ and ܤ ് ܺ ( if possible ܣ ൌ ܺ, then 
ܣ ת ܤ ൌ ܺ ת ܤ ൌ ܤ א ܤ contradiction with ܫ ב ܤ and the similer if ܫ ൌ ܺ . Define ܬ ൌ ሼܥ  ܥ ת ܣ א
ܤ  is an ideal and ܬ ሽ. Thenܫ א ܫ To prove that .ܬ ك ܦ Let .ܬ א ܣ Since .ܫ ת ܦ ك ܦ then ,ܦ ת ܣ א  So .ܫ
ܦ א ܫ Therefore .ܬ ك ܤ Since .ܬ א ܤ and ܬ ב ܫ then ,ܫ ്  is a ܫ But this contradicts the hypothesis .ܬ
maximal ideal. Hence either ܣ א ܤ or ܫ א  .ܫ
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Conversely. Let the condition hold and let ܣ be any subset of ܺ. Since ܫ is an ideal then  א  But .ܫ
 ൌ ܣ ת ܣ . Hence by hypothesis eitherܣ א ܣ or ܫ א  is maximal ideal ܫ ,Hence by proposition 2.24 .ܫ
on ܺ. 

Corollary 2.27: 

     If ܫ is maximal ideal on ܺ and ܣଵ ת ଶܣ ת … ת ܣ א ܣ then at least one ,ܫ א ሺ݅ܫ ൌ 1,2, … , ݊ሻ. 

Corollary 2.28:  

     If ܫ is maximal ideal on ܺ and ܣଵ, ,ଶܣ … ,   are subsets of ܺ such thatܣ ሼܣ
  ݅ ൌ 1,2, … , ݊ሽ covers 

ܺ, then some ܣ א ሺ݅ܫ ൌ 1,2, … , ݊ሻ. 

Proof. 

     Since  ሼܣ
  ݅ ൌ 1,2, … , ݊ሽ ൌ ܺ, then ת ሼܣ  ݅ ൌ 1,2, … , ݊ሽ ൌ  Then .

ת ሼܣ  ݅ ൌ 1,2, … , ݊ሽ א ܣ So by corollary 2.27, some .ܫ א ሺ݅ܫ ൌ 1,2, … , ݊ሻ. 

Proposition 2.29: 

     Let ܩ be a collection of subsets of ܺ such that for all ݊ א Գ and ܣଵ, ,ଶܣ … , ܣ א  we have ܩ
ୀଵ

 ܣ ് ܺ. Then ܫ ൌ ሼܣ ك ܺ ,ଵܣ there exists  ,ଶܣ … , ܣ א ,ܩ ܣ ୀଵ ك
  is an ideal containing ܫ .ሽܣ

 .ܩ is the ideal generated by ܫ Inded .ܩ

Proof. 

     First to show that ܩ ك ܣ Let .ܫ א ݊ Then for all .ܩ א Գ such that ܣଵ, ,ଶܣ … , ܣ א ܣ then ,ܩ ك
ୀଵ

 ܣ  ܣ So .ܣ א ܩ So .ܫ ك  is called a ܩ is an ideal on ܺ and ܫ is an ideal on ܺ. So that ܫ Clear .ܫ
subbase of ܫ. 

Theorem 2.30: 

     Let ܩ be a collection of subsets of ܺ with the finite intersection property. Then  

ܩ ൌ ሼܣ  ܣ  א    .ሽ forms a subbase for an idealܩ

Proof. 

     Let ݊ א Գ and ܣଵ
, ଶܣ

 , … , ܣ
 א ୀଵ  . Ifܩ

 ܣ
 ൌ ܺ, then תୀଵ

 ܣ ൌ ܣ such that  א  for all ܩ
݅ ൌ 1,2, … , ݊. But the contradiction with ܩ has intersection property. So  ୀଵ

 ܣ
 ് ܺ. Therefore by 

proposition 2.29, ܩ forms a subbase for an ideal.  

Theorem 2.31: 

     Let ܺ be a topological space.  ܺ is compact if and only if every ideal ܫ can be found that an ideal ܬ 
finer than ܫ and ݔ is turing point of ideal ܬ for some ݔ א ܺ. 

Proof. 

     Suppose ܺ is compact. Let ܫ be an ideal. Then ܭ ൌ ሼ݈ܿሺܣሻ: ܣ א  ሽ is a closed sets with the finiteܫ
intersection property (other wise if ݈ܿሺܣଵሻ ת ݈ܿሺܣଶሻ ת … ת ݈ܿሺܣሻ ൌ ଵܣ then , ת ଶܣ … ת ܣ ൌ  then ,
ଵܣ

  ଶܣ
 …  ܣ

 ൌ ܺ א ܺ but this contradiction with ,ܫ ב ݔ Let .(ܫ תא ܣ Then for each .ܭ א  and ܫ
each ܸ א ௫ܰ, we have ܣ ת ܸ ് ݔ as , א ݈ܿሺܣሻ. So ܣ  ܸ ് ܺ, as ݔ א ݈ܿሺܣሻ. Thus ܫ  ሼܰ  ܰ א

௫ܰሽ forms sub base for an ideal ܫ ,ܬ ك  .ܬ is turing point of an ideal ݔ and ܬ

Conversely. Let ܩ be a collection of closed sets with finite intersection property. Then ܩ forms 
subbase for an ideal ܫ. Can be found that an ideal ܬ finer than ܫ and ݔ is turing point of ܬ for some 
ݔ א ܺ. Thus for each ܷ א ௫ܰ and each ܸ א  we must have ܷܩ  ܸ ് ܺ. So that ܷ ת ܸ ്  Since .
ܸ is closed, we must have ݔ א ܸ. So ݔ תא ת Thus .ܩ ܩ ്  .So ܺ is compact .
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Corollary 2.32: 

     Let ܺ be a topological space.  ܺ is compact if and only if every maximal ideal ܫon ܺ there exists 
ݔ א ܺ is turing point of ܫ. 

Theorem 2.33: 

     Let ሺܺ, ܶሻ be a topological space. ܺ is ଶܶ if and only if every ideal ܫ on ܺ and ݔ, ݕ א ܺ are turing 
point of ܫ, then ݔ ൌ  .ݕ

Proof. 

     Let ݔ, ݕ א ܺ such that ݔ ് ,ݔ be an ideal such that ܫ and let ݕ  Then every .ܫ are turing point of ݕ
ܰ א ௫ܰ and every ܯ א ௬ܰ, ܰ א ܯ and ܫ א Then ܰ .ܫ  ܯ א is proper ideal then ܰ ܫ But .ܫ 
ܯ ് ܺ. Then ܰ ת ܯ ്  .Thus ܺ is not ଶܶ .

Conversely. Let ܺ be not ଶܶ then there exists two points ݔ, ݕ א ܺ, with ݔ ്  such that for any open ,ݕ
sets ܷ, ܸ ك ܺ, with ܷ א ௫ܰ and ܸ א ௬ܰ we have ܷ ת ܸ ് So that ܷ .  ܸ ് ܺ for each ܷ א ௫ܰ and 
for each ܸ א ௬ܰ. Thus the collection 

ܫ ൌ ሼܷ  ܸ  ܷ א ௫ܰ, ܸ א ௬ܰሽ 

is an ideal base on ܺ (since for any ଵܷ
  ଵܸ

, ܷଶ
  ଶܸ

 א , we have ሺܫ ଵܷ
  ଵܸ

ሻ  ሺܷଶ
  ଶܸ

ሻ ൌ
ሺ ଵܷ

  ܷଶ
ሻ  ሺ ଵܸ

  ଶܸ
ሻ ൌ ሺ ଵܷ ת ܷଶሻ  ሺ ଵܸ ת ଶܸሻ א ܷ ). Clearly everyܫ א ௫ܰ, ܷ ൌ ܷ  ܺ, is in 

ܸ , and similarly, everyܫ א ௬ܰ, ܸ ൌ ܸ  ܺ, is in ܫ. So that ݔ,  is an ܫ where ܫ are turing point of ݕ
ideal generated by ܫ. 

Proposition 2.34:  

     Let ሼݔఈሽఈא∆ be a net on ܺ and let 

ܫ  ൌ ሼܣ ك ܺ  ሼݔఈሽఈא∆ is eventually in ܣሽ. ܫ is an ideal on ܺ. 

Remark 2.35:  

     An ideal in proposition above its an ideal generating by the net ሼݔఈሽఈא∆ and denoted by Idealሺݔሻ. 

Proposition 2.36: 

      Let ܫ be an ideal generating by the net ሼݔఈሽఈא∆ in a topological space ሺܺ, ܶሻ and ݔ א ܺ. Then ݔ is 
turing point of ܫ if and only if ݔఈ ՜  .ݔ

Proof. 

      Let ݔ be a turing point of ܫ. Then ܰ א ܰ for each ,ܫ א ௫ܰ. So ሼݔఈሽఈא∆ eventually in ܰ. Thus 
ఈݔ ՜  .ݔ

Conversely. Let ݔఈ ՜ ܰ is eventually in ܰ for each ∆אఈሽఈݔThen ሼ .ݔ א ௫ܰ . So ܰ א ܰ for each ܫ א
௫ܰ. Thus ݔ is turing point of ܫ. 

Definition 2.37: 

      Let ܫ be an ideal bace on ܺ and ݔ א ܺ. We say that ݔ is turing point of ܫ if and only if ݔ is turing 
point of ܫ where ܫ is an ideal generated by ܫ. 

Proposition 2.38: 

    Let ܫ be an ideal bace on ܺ and ݔ א ܺ. Then ݔ is turing point of ܫ if and only if for each ܰ א ௫ܰ 
then ܰ ك ܣ for some ܣ א  .ܫ

Proof. 

    Let ݔ is turing point of ܫ. Then ݔ is turing point of ܫ where ܫ is an ideal generated by ܫ. Thus for  
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each ܰ א ௫ܰ, ܰ א So ܰ .ܫ ك ܣ for some ܣ א  .ܫ

Conversely. Let ܫ be an ideal generated by ܫ and let for each ܰ א ௫ܰ, ܰ ك ܣ for some ܣ א  . Sinceܫ
ܫ ك ܣ and ܫ א ܣ , thenܫ א But ܰ .ܫ ك so ܰ ,ܣ א ܰ for each ܫ א ௫ܰ, then ݔ is turing point of ܫ. 
Therefore ݔ is turing point of ܫ. 

Definition 2.39: 

    Let ܫ be an ideal bace on ܺ and let ∆ൌ ሼሺݔ, :ሻܣ ݔ א ܣ and ܣ א , ∆ሽ. Then ሺܫ  ሻ is a directed setغ
where ሺݔଵ , ଵሻܣ غ ሺݔଶ , ଵܣ ଶሻ if and only ifܣ ك , ଵݔଶ {because  ሺܣ ଵሻܣ غ ሺݔଶ ,  ଶሻ if and only ifܣ
ଵܣ ك ଶܣ ଶ, thenܣ

 ك ଵܣ
 where ܣଵ

, ଶܣ
 א ଷܣ , then there existsܫ

 א ଵܣ  such thatܫ
  ଶܣ

 ك ଷܣ
 , then 

ଷܣ ك ଵܣ ת ଷܣ ଶ, thenܣ ك ଷܣ ଵ andܣ ك ଷܣ ଶ. So thatܣ غ ଷܣ ଵ andܣ غ ݔ ଶሽ. Define a netܣ  ∆ ՜ ܺ such 
that ݔሺߙሻ ൌ ఈݔ ൌ ߙ where ݔ ൌ ሺݔ , ሻܣ א ∆. So that ሼݔఈሽఈא∆ is a net generating by ܫ, and denoted by 
Netሺܫሻ. 

Proposition 2.40: 

     Let ܫ be an ideal bace on a nonemrty set ܺ and ݔ א ܺ. If ሼݔఈሽఈא∆ is Netሺܫሻ, then ݔ is turing point 
of ܫ if and only if ݔఈ ՜  .ݔ

Proof. 

    Let ݔ be a turing point of ܫ and ܰ א ௫ܰ. By proposition 2.38, we have ܣ ك ܰ for some ܣ
 א  .ܫ

Since ܣ
 א ܣ , thenܫ ് ܺ because)  ב ݔ ). So there existsܫ א ߙ , takeܣ ൌ ሺݔ ,  ሻ. Thenܣ

ఈబݔ א ܰ. So that ݔఈ א ܰ for each ߙ غ ఈݔ . Thereforeߙ ՜  .ݔ

Conversely. Let ݔఈ ՜ ܰ and ݔ א ௫ܰ then there exists ߙ א ∆ such that ݔఈ א ܰ for each ߙ غ  . Thusߙ
there exists ܣ

 א ݔ  andܫ א ߙ  such thatܣ ൌ ሺݔ , ܣ ሻ. To show thatܣ ك ܰ. Let ݔ א  , thenܣ
ߙ ൌ ሺݔ , ሻܣ غ ሺݔ , ሻܣ ൌ ఈݔ . So thatߙ א ܰ, then ݔ א ܰ, then ܣ ك ܰ. By proposition 2.38, we have 
 .ܫ is turing point of ݔ

Proposition 2.41: 

     Let ܺ ് ܫ ሻ, thenݔ)is an Ideal ܬ ሻ. Ifܫbe a Netሺ ∆אఈሽఈݔ be an ideal base on ܺ. Let ሼܫ and  ൌ  ܬ
where ܫ is an ideal generating by ܫ. 

Proof.  

     Let ܣ א ܣ then there exists ,ܫ א ܣ  such thatܫ ك ܣ , thenܣ
 ك   . Letܣ

ܬ ൌ ሼܤ ك ܺ  ሼݔఈሽఈא∆ is eventually in ܤሽ. 

 Since ܣ
 ് ܺ because)  ב ݔ ), then there existsܫ א ܣ

 , so if ߙ ൌ ሺݔ , ଵܣ
ሻ غ ሺݔ , ܣ

 ሻ ൌ   thenߙ
ఈݔ ൌ ݔ א ଵܣ

 ك ܣ
 ك ܣ . Soܣ is eventually in ∆אఈሽఈݔ. So that ሼܣ א ܫ Therefore .ܬ ك   .ܬ

Conversely. Let ܣ א ߙ then there exists ,ܣ is eventually in ∆אఈሽఈݔthen ሼ ,ܬ ൌ ሺݔ ,  ሻ such thatܣ
ఈݔ א ߙ for each ܣ غ ߙ . Sinceߙ ൌ ሺݔ , ሻܣ غ ሺݔ , ሻܣ ൌ ݔ  for eachߙ א ఈݔ  thenܣ ൌ ݔ א  So .ܣ
ܣ ك ܣ So that there exists .ܣ

 א ܣ  such thatܫ ك ܣ then ,ܣ ك ܣ
 . So ܣ א ܬ Therefore .ܫ ك  .ܫ

Definition 2.42: 

     Let ܫ be an ideal on ܺ and let ∆ൌ ሼሺݔ, :ሻܣ ݔ א ܣ and ܣ א , ∆ሽ. Then ሺܫ  ሻ is a directed set whereغ
ሺݔଵ , ଵሻܣ غ ሺݔଶ , ଵܣ ଶሻ if and only ifܣ ك , ଵݔଶ ሼbecause  ሺܣ ଵሻܣ غ ሺݔଶ , ଵܣ ଶሻ if and only ifܣ ك  ଶ, thenܣ
ଶܣ

 ك ଵܣ
 where ܣଵ

, ଶܣ
 א ଵܣ then ,ܫ

  ଶܣ
 א ଵܣ then ,ܫ

 ك ଵܣ
  ଶܣ

  and ܣଶ
 ك ଵܣ

  ଶܣ
 , then ܣଵ ת ଶܣ ك

ଵܣ ଵ andܣ ת ଶܣ ك ଵܣ ଶ. So thatܣ ת ଶܣ غ ଵܣ ଵ andܣ ת ଶܣ غ ݔ ଶሽ. Define a netܣ  ∆ ՜ ܺ such that 
ሻߙሺݔ ൌ ఈݔ ൌ ߙ where ݔ ൌ ሺݔ , ሻܣ א ∆. So that ሼݔఈሽఈא∆ is a net generating by ܫ, and denoted by Netሺܫሻ. 

Proposition 2.43: 

     Let ܺ ് :ݔ ,ܺ be any ideal on ܫ and let  ∆՜ ܺ be any net. Then 

ܫ ൌ  .ሻ൯ܫሺݐ൫݈ܰ݁ܽ݁݀ܫ
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Proof. 

   Let ܣ א  and let ,ܫ

ሻሻܫሺݐሺ݈ܰ݁ܽ݁݀ܫ ൌ ܬ ൌ ሼܤ ك ܺ  ሼݔఈሽఈא∆ is eventually in ܤሽ. 

 Since ܣ ് ܺ because)  ב ݔ then there exists ,(ܫ א ߙ , so ifܣ ൌ ሺݔ , ଵܣ
ሻ غ ሺݔ , ሻܣ ൌ   thenߙ

ఈݔ ൌ ݔ א ଵܣ
 ك ܣ . Soܣ is eventually in ∆אఈሽఈݔ. So that ሼܣ א ܫ Therefore .ܬ ك   .ܬ

Conversely. Let ܣ א ߙ then there exists ,ܣ is eventually in ∆אఈሽఈݔthen ሼ ,ܬ ൌ ሺݔ ,  ሻ such thatܣ
ఈݔ א ߙ for each ܣ غ ߙ . Sinceߙ ൌ ሺݔ , ሻܣ غ ሺݔ , ሻܣ ൌ ݔ  for eachߙ א ఈݔ  thenܣ ൌ ݔ א  So .ܣ
ܣ ك ܣ So that .ܣ ك ܣ

 . Since ܣ
 א ܣ then ,ܫ א  .ܫ

Theorem 2.44: 

    Let ܺ ് ݔ .ܫ ሻ  is a net generated by idealܫሺݐ݁ܰ be an ideal on ܺ such that ܫ and let  א ܺ is turing 
point of ܫ if and only if ܰ݁ݐሺܫሻ converge to ݔ. 

Proof. 

     Let ݔ be a turing point of ܫ. Then ܰ א ܰ for each ܫ א ௫ܰ. Since  ܰ݁ݐሺܫሻ  is a net generating by ܫ, 
then ݔఈ א ܰ for each ߙ غ   .ݔ ሻ converge toܫሺݐ݁ܰ . So thatߙ

Conversely. Let ܰ݁ݐሺܫሻ converge to ݔ. Then ܰ݁ݐሺܫሻ is eventually in ܰ for each ܰ א ௫ܰ. But ܫ ൌ
ሻሻ (theorem 2.43), then ܰܫሺݐሺ݈ܰ݁ܽ݁݀ܫ א ܰ for each ܫ א ௫ܰ. Therefore ݔ is turing point of ܫ. 
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