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ABSTRACT: 

               In this paper we introduce a kernelled point, boundary kernelled point and derived kernelled 

point of a subset A of X, and using these notions to define   kernel set of topological spaces. Also we 

introduce 𝑘𝑟-topological space .The investigation enables us to present some new separation axioms 

between 𝑇0 and 𝑇1-spaces.   
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1. INTRODUCTION AND PRELIMINARIES 

              In the recent papers kernel of a set A (ker(𝐴))of a topological space defined as the 

intersection of all open superset of 𝐴. [2],[3]. 

               In this paper we introduce that 𝑥 ∈ 𝑋 is a kernelled point of a subset 𝐴 of 𝑋 (Briefly 𝑥 ∈
ker(𝐴)) . Also we present the notions boundary kernelled point of A denoted it 𝑥 ∈ 𝑘𝑟𝑏𝑑 (𝐴), and 𝑥 is 

derived kernelled point of 𝐴 denoted it 𝑘𝑟𝑑𝑟 (𝐴), we obtain that the kernel of a set 𝐴 in topological 

space(𝑋, 𝑇) is a union of 𝐴 itself with the set of all boundary kernelled points (Briefly  𝑘𝑟𝑏𝑑 (𝐴)). Also 

it is a union of 𝐴 itself with the set of all derived kernelled points (Briefly 𝑘𝑟𝑑𝑟 (𝐴)), and we gave some 

result of 𝑅0-space 1 ,  2 , [4]], by using these notions. 

               Also in this paper we introduce kr-topological space iff kernel of a subset A of X is an open 

set. Via this kind of topological space we give a new characterization of separation axioms lying 

between 𝑇0 and 𝑇1-spaces. 

 

𝑫𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝟏. 𝟏  𝟏, 𝟐, 𝟒  

               A topological space (𝑋, 𝑇) is called an 𝑅𝑜-space if for each open set 𝑈 and 𝑥 ∈ 𝑈 

then 𝑐𝑙{𝑥} ⊆ 𝑈.                  

𝑳𝒆𝒎𝒎𝒂 𝟏. 𝟐 [𝟐]  

                    Let (𝑋, 𝑇) be topological space then  𝑥 ∈ 𝑐𝑙 𝑦  𝑖𝑓𝑓 𝑦 ∈ ker 𝑥 . for each 𝑥 ≠ 𝑦 ∈ 𝑋
 
  

𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝟏. 𝟑 [𝟓] 

                 A topological space (X, T) is a T1-space if and only if for each 𝑥 ∈ 𝑋 then 𝑘𝑒𝑟{𝑥} = {𝑥}.  
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2. Kernel set 

𝑫𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝟐. 𝟏 

                  Let (X,T) be a topological space. A point 𝑥  is said to be kernelled point of  𝐴(Briefly 𝑥 ∈
ker(𝐴)) iff for each F closed set contains 𝑥, then 𝐹⋂𝐴 ≠ ∅. 

𝑫𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝟐. 𝟐 

                  Let (X,T) be a topological space. A point 𝑥  is said to be boundary kernelled point of  

𝐴(Briefly 𝑥 ∈ krbd (𝐴)) iff for each F closed set contains 𝑥, then 𝐹⋂𝐴 ≠ ∅ and 𝐹⋂𝐴𝑐 ≠ ∅. 

𝑫𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝟐. 𝟑 

                  Let (X,T) be a topological space. A point 𝑥  is said to be derived kernelled point of  𝐴 

(Briefly 𝑥 ∈ krdr (𝐴)) iff for each F closed set contains 𝑥, then 𝐴⋂𝐹 ∕ {𝑥} ≠ ∅. 

 

𝑫𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝟐. 𝟒 

                   We can define ker{𝑥} as follows ker 𝑥 = {𝑦: 𝑥 ∈ 𝐹𝑦  , 𝐹𝑦
𝑐 ∈ 𝑇}. 

𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝟐. 𝟓 

                   Let (𝑋, 𝑇) be a topological space and 𝑥 ≠ 𝑦 ∈ 𝑋. Then 𝑥 is a kernelled point of  𝑦  iff 𝑦  is 

an adherent point of {x}. 

𝑷𝒓𝒐𝒐𝒇 

                     Let 𝑥 be a kernelled point of {𝑦}. Then for every closed set 𝐹 such that 𝑥 ∈ 𝐹implies 

𝑦 ∈ 𝐹,then 𝑦 ∈ ⋂ 𝐹: 𝑥 ∈ 𝐹 , this means 𝑦 ∈ 𝑐𝑙{𝑥}. Thus 𝑦 is an adherent point of {x}. 

𝑪𝒐𝒏𝒗𝒆𝒓𝒔𝒆𝒍𝒚 

                     Let 𝑦 be an adherent point of {𝑥}. Then for every open set 𝑈 such that 𝑦 ∈ 𝑈implies 

𝑥 ∈ 𝑈,then 𝑥 ∈ ⋂ 𝑈: 𝑦 ∈ 𝑈 , this means 𝑦 ∈ 𝑘𝑒𝑟{𝑥}. Thus 𝑥 is a kernelled point of {y}.                      

𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝟐. 𝟔 

                   Let (𝑋, 𝑇) be a topological space and 𝐴 ⊆ 𝑋 and let krdr (𝐴) be the set of all kernelled 

derived point of 𝐴, then ker 𝐴 = 𝐴⋃krdr (𝐴). 

 

𝑷𝒓𝒐𝒐𝒇 

                   Let 𝑥 ∈ 𝐴⋃krdr (𝐴) and if  𝑥 ∈ krdr (𝐴) , then for every closed set 𝐹 intersects 𝐴 (in a point 

different from𝑥). Therefore 𝑥 ∈ ker{𝑥}. Hence krdr (𝐴) ⊆ ker(𝐴), it follows that  A⋃krdr (𝐴) ⊆
ker(𝐴). 

To demonstrate the reverse inclusion, we let 𝑥 be a point of ker(𝐴). If 𝑥 ∈ 𝐴, then 𝑥 ∈ 𝐴⋃krdr (𝐴). 

Suppose that 𝑥 ∉ 𝐴. Since 𝑥 ∈ ker(𝐴), then for every closed set 𝐹 containing 𝑥 implies 𝐹⋂𝐴 ≠ ∅, this 

means 𝐴⋂𝐹 ∕ {𝑥} ≠ ∅. Then 𝑥 ∈ krdr (𝐴) , so that 𝑥 ∈ 𝐴⋃krdr (𝐴). Hence ker(𝐴) ⊆ A⋃krdr (𝐴). 

Thus ker 𝐴 = 𝐴⋃krdr (𝐴). 

𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝟐. 𝟕 

                   Let (𝑋, 𝑇) be a topological space and 𝐴 ⊆ 𝑋 and let krbd (𝐴) be the set of all kernelled 

boundary point of 𝐴, then ker 𝐴 = 𝐴⋃ krbd (𝐴). 

𝑷𝒓𝒐𝒐𝒇 

                   Let 𝑥 ∈ 𝐴⋃ krbd (𝐴) and if  𝑥 ∈  krbd (𝐴) , then for every closed set 𝐹 intersects 𝐴. 

Therefore 𝑥 ∈ ker{𝑥}. Hence  krbd (𝐴) ⊆ ker(𝐴), it follows that  A⋃ krbd (𝐴) ⊆ ker(𝐴). 

To demonstrate the reverse inclusion, we let 𝑥 be a point of ker(𝐴). If 𝑥 ∈ 𝐴, then 𝑥 ∈ 𝐴⋃ krbd (𝐴). 

Suppose that 𝑥 ∉ 𝐴.implies 𝑥 ∈ 𝐴𝑐 . Since 𝑥 ∈ ker(𝐴), then for every closed set 𝐹 containing 𝑥 implies 

𝐹⋂𝐴 ≠ ∅ and 𝐹⋂𝐴𝑐 ≠ ∅. Then 𝑥 ∈  krbd (𝐴) , so that 𝑥 ∈ 𝐴⋃ krbd (𝐴). Hence ker(𝐴) ⊆ A⋃ krbd (𝐴). 

Thus ker 𝐴 = 𝐴⋃krdr (𝐴). 
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𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝟐. 𝟖 

                    Let (𝑋, 𝑇) be a topological space and 𝐴 is a subset of X. then 𝐴 is an open set iff every 

𝑥 kernelled point of 𝐴 is an interior point of 𝐴. 

𝑷𝒓𝒐𝒐𝒇 

                   Let 𝐴 be an open set, then ker(𝐴) = 𝐴 = 𝑖𝑛𝑡 𝐴 , implies every kernelled point is an 

interior point. 

𝑪𝒐𝒏𝒗𝒆𝒓𝒔𝒆𝒍𝒚 

                    Let every 𝑥 kernelled point of 𝐴 is an interior point of 𝐴. Then ker(𝐴) ⊆ 𝑖𝑛𝑡(𝐴). Hence 

𝑖𝑛𝑡(𝐴) ⊆ 𝐴 ⊆ ker(𝐴), implies 𝑖𝑛𝑡 𝐴 = 𝐴 = ker(𝐴). Thus 𝐴 is an open set 

𝑪𝒐𝒓𝒐𝒍𝒍𝒂𝒓𝒚 𝟐. 𝟗 

                   A subset A of X is an open set iff for each 𝑥 kernelled point then 𝑥 ∉ 𝑐𝑙(𝐴𝑐). 

𝑷𝒓𝒐𝒐𝒇 

                   By theorem 2.8.        

𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝟐. 𝟏𝟎 

                   A subset A of X is a closed set iff for each ker 𝐴𝑐 ⋂𝑐𝑙 𝐴 = ∅. 

𝑷𝒓𝒐𝒐𝒇 

                   Let 𝐴 is a closed set. Then 𝐴𝑐  is an open set, implies 𝐴𝑐 =  ker 𝐴𝑐  [By theorem 2.8]. 

Hence 𝐴 = 𝑐𝑙(𝐴). Thusker 𝐴𝑐 ⋂𝑐𝑙 𝐴 = ∅. 

 

𝑪𝒐𝒏𝒗𝒆𝒓𝒔𝒆𝒍𝒚 

                  Let ker 𝐴𝑐 ⋂𝑐𝑙 𝐴 = ∅, then for each 𝑥 ∈ ker 𝐴𝑐 , implies 𝑥 ∉ 𝑐𝑙 𝐴 , implies 𝑥 ∈
𝑒𝑥𝑡 𝐴 . Therefore 𝑥 ∈ 𝑖𝑛𝑡(𝐴𝑐). Hence by theorem 2.8, 𝐴𝑐  is an open set. Thus 𝐴 is a closed set. 

𝑪𝒐𝒓𝒐𝒍𝒍𝒂𝒓𝒚 𝟐. 𝟏𝟏 

                   Every interior point is a kernelled point. 

𝑷𝒓𝒐𝒐𝒇 

                  Clearly.       

𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝟐. 𝟏𝟐 

                  A topological space(𝑋, 𝑇) is an 𝑅0-space iff every adherent point of {𝑥} is a kernelled point 

of {𝑥}. 

𝑷𝒓𝒐𝒐𝒇 

                 Let (𝑋, 𝑇) be an 𝑅0-space. Then for each 𝑥 ∈ 𝑋,   ker{𝑥} = 𝑐𝑙 𝑥 [ By theorem 1.2]. Thus 

every adherent point of {𝑥}  is a kernelled point of {𝑥}                             

𝑪𝒐𝒏𝒗𝒆𝒓𝒔𝒆𝒍𝒚 

                Let every adherent point of {𝑥}  is a kernelled point of  𝑥  and let 𝑈 ⊆ 𝑇, 𝑥 ∈ 𝑈. Then 

𝑐𝑙{𝑥} ⊆ ker{𝑥} for each 𝑥 ∈ 𝑋. Since 𝑘𝑒𝑟 𝑥 = ⋂{𝑈: 𝑈 ∈ 𝑇, 𝑥 ∈ 𝑈}, implies cl{𝑥} ⊆ 𝑈 for each 𝑈 

open set contains 𝑥. Thus (𝑋, 𝑇) is an 𝑅0-space.       

𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝟐. 𝟏𝟑 

                  A topological space (𝑋, 𝑇) is 𝑇0-space iff for each 𝑥 ≠ 𝑦 ∈ 𝑋, either 𝑥  is not kernelled 

point of {𝑦} or 𝑦 is not kernelled point of {𝑥}. 

𝑷𝒓𝒐𝒐𝒇 

                 Let a topological space (𝑋, 𝑇) is 𝑇0-space. Then for each 𝑥 ≠ 𝑦 ∈ 𝑋 there exist an open set 𝑈 

such that ∈ 𝑈 ,  𝑦 ∉ 𝑈 (say), implies 𝑦 ∈ 𝑈𝑐 . Hence 𝑈𝑐  is a closed, then 𝑦 is not kernelled point of {𝑥}. 

Thus either 𝑥  is not kernelled point of {𝑦} or 𝑦 is not kernelled point of {𝑥}. 
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𝑪𝒐𝒏𝒗𝒆𝒓𝒔𝒆𝒍𝒚 

                 Let for each 𝑥 ≠ 𝑦 ∈ 𝑋, either 𝑥  is not kernelled point of {𝑦} or 𝑦 is not kernelled point of 

{𝑥}. Then there exist a closed set F such that 𝑥 ∈ 𝐹 , 𝐹⋂ 𝑦 = ∅ or 𝑦 ∈ 𝐹 , 𝐹⋂ 𝑥 = ∅, implies 

𝑥 ∉ 𝐹𝑐  , 𝑦 ∈ 𝐹𝑐  or 𝑥 ∈ 𝐹𝑐  , 𝑦 ∉ 𝐹𝑐 . Hence 𝐹𝑐  is an open set. Thus (𝑋, 𝑇) is 𝑇0-space. 

𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝟐. 𝟏𝟒 

                  A topological space(𝑋, 𝑇) is an 𝑇1-space iff 𝑘𝑟𝑑𝑟  𝑥 = ∅, for each 𝑥 ∈ 𝑋. 

𝑷𝒓𝒐𝒐𝒇 

                 Let (𝑋, 𝑇) be an 𝑇1-space. Then for each 𝑥 ∈ 𝑋,   ker{𝑥} =  𝑥 [ By theorem 1.3]. since 

𝑘𝑟𝑑𝑟  𝑥 = ker 𝑥 − {𝑥}. Thus 𝑘𝑟𝑑𝑟  𝑥 = ∅ 

𝑪𝒐𝒏𝒗𝒆𝒓𝒔𝒆𝒍𝒚 

                Let 𝑘𝑟𝑑𝑟  𝑥 = ∅. By theorem 2.5, ker 𝑥 = {𝑥}⋃𝑘𝑟𝑑𝑟  𝑥 , implies ker 𝑥 = {𝑥}. Hence by 

theorem 1.3,  𝑋, 𝑇  is a𝑇1-space. 

 

𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝟐. 𝟏𝟓 

                  A topological space (𝑋, 𝑇) is 𝑇1-space iff for each 𝑥 ≠ 𝑦 ∈ 𝑋, 𝑥  is not kernelled point of 

{𝑦} and 𝑦 is not kernelled point of {𝑥}. 

𝑷𝒓𝒐𝒐𝒇 

                 Let a topological space (𝑋, 𝑇) is 𝑇1-space. Then for each 𝑥 ≠ 𝑦 ∈ 𝑋 there exist open sets 

𝑈 , 𝑉 such that ∈ 𝑈 ,  𝑦 ∉ 𝑈 and 𝑦 ∈ 𝑉 ,  𝑥 ∉ 𝑉 , implies  𝑥 ∈ 𝑉𝑐  ,  𝑦 ⋂𝑉𝑐 = ∅ and 𝑦 ∈ 𝑈𝑐  ,  𝑥 ⋂𝑈𝑐 =
∅. Hence 𝑈𝑐and𝑉𝑐  are a closed sets, then 𝑦 is not kernelled point of {𝑥}. Thus 𝑥  is not kernelled point 

of {𝑦} and 𝑦 is not kernelled point of {𝑥}. 

𝑪𝒐𝒏𝒗𝒆𝒓𝒔𝒆𝒍𝒚 

                 Let for each 𝑥 ≠ 𝑦 ∈ 𝑋, 𝑥  is not kernelled point of  𝑦  and 𝑦 is not kernelled point of  𝑥 . 
Then there exist a closed sets 𝐹1, 𝐹2 such that 𝑥 ∈ 𝐹1  , 𝐹1⋂ 𝑦 = ∅ and 𝑦 ∈ 𝐹2, 𝐹2⋂ 𝑥 = ∅, implies 

𝑥 ∈ 𝐹2
𝑐  , 𝑦 ∉ 𝐹2

𝑐   and 𝑦 ∈ 𝐹1
𝑐  , 𝑥 ∉ 𝐹1

𝑐 . Hence 𝐹1
𝑐  and 𝐹2

𝑐  are open sets. Thus (𝑋, 𝑇) is 𝑇1-space.  

 

𝟑. 𝒌𝒓 −spaces  

𝑫𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝟑. 𝟏 

                 A topological space (𝑋, 𝑇) is said to be 𝑘𝑟-space iff for each subset  𝐴 of 𝑋 then ker(𝐴) is an 

open set. 

𝑫𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝟑. 𝟐 

                 A topological 𝑘𝑟-space (𝑋, 𝑇) is said to be 𝑇𝑘 -space iff for each subset 𝑥 ∈ 𝑋, then 𝑘𝑟𝑑𝑟 {𝑥} 

is an open set. 

𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝟑. 𝟑 

                  In topological 𝑘𝑟-space (𝑋, 𝑇), every 𝑇1-space is 𝑇𝑘 -space. 

𝑷𝒓𝒐𝒐𝒇  

                  Let  (𝑋, 𝑇) be a  𝑇1-space. Then for each 𝑥 ∈ 𝑋, ker 𝑥 = {𝑥}[By theorem 2.10]. 

As 𝑘𝑟𝑑𝑟  𝑥 = ker 𝑥 − {𝑥}, implies 𝑘𝑟𝑑𝑟  𝑥 = ∅. Thus (𝑋, 𝑇) is a 𝑇𝑘 -space.    

𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝟑. 𝟒 

                   In topological 𝑘𝑟-space (𝑋, 𝑇), every𝑇𝑘 -space is a 𝑇0-space. 

𝑷𝒓𝒐𝒐𝒇 

                  Let  (𝑋, 𝑇) be a  𝑇𝑘 -space and let 𝑥 ≠ 𝑦 ∈ 𝑋. Then𝑘𝑟𝑑𝑟 {𝑥} is an open set. Therefore there 

exist two cases: 

i) 𝑦 ∈ 𝑘𝑟𝑑𝑟  𝑥  is an open set. Since 𝑥 ∉ 𝑘𝑟𝑑𝑟  𝑥 . Thus  𝑋, 𝑇  is a 𝑇0-space 

ii)𝑦 ∉ 𝑘𝑟𝑑𝑟  𝑥 , implies 𝑦 ∉ ker{𝑥}. But ker{𝑥} is an open set. Thus 𝑋, 𝑇  is a  𝑇0-space.     
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𝑫𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝟑. 𝟓 

                 A topological 𝑘𝑟-space (𝑋, 𝑇) is said to be 𝑇𝐿-space iff for each 𝑥 ≠ 𝑦 ∈ 𝑋, ker{𝑥}⋂ker{𝑦} 

is degenerated (empty or singleton set). 

𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝟑. 𝟔 

                  In topological 𝑘𝑟-space (𝑋, 𝑇), every 𝑇1-space is 𝑇𝐿-space. 

𝑷𝒓𝒐𝒐𝒇  

                  Let  (𝑋, 𝑇) be a  𝑇1-space. Then for each 𝑥 ≠ 𝑦 ∈ 𝑋, ker 𝑥 = {𝑥} and ker 𝑦 = {𝑦} [By 

theorem 1.3], implies ker{𝑥}⋂ker{𝑦} = ∅. Thus (𝑋, 𝑇) is a 𝑇𝐿-space..    

𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝟑. 𝟕 

                   In topological 𝑘𝑟-space (𝑋, 𝑇), every 𝑇𝐿-space. is a 𝑇0-space. 

𝑷𝒓𝒐𝒐𝒇 

                  Let  (𝑋, 𝑇) be a 𝑇𝐿-space. Then for each 𝑥 ≠ 𝑦 ∈ 𝑋, ker{𝑥}⋂ker{𝑦} is degenerated (empty 

or singleton set). Therefore there exist three cases: 

i) ker 𝑥 ⋂ ker 𝑦 = ∅, 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑋, 𝑇  is a 𝑇0-space 

ii)ker 𝑥 ⋂ ker 𝑦 =  𝑥  𝑜𝑟 {𝑦}, implies 𝑦 ∉ ker{𝑥} or 𝑥 ∉ ker 𝑦 , implies     𝑋, 𝑇  is a 𝑇0-space. 

iii) ker 𝑥 ⋂ ker 𝑦 =  𝑧  , 𝑧 ≠ 𝑥 ≠ 𝑦 , 𝑧 ∈ 𝑋, implies 𝑦 ∉ ker{𝑥} and                              𝑥 ∉ ker{𝑦}, 

implies  𝑋, 𝑇  is a 𝑇0-space. 

 𝑫𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝟑. 𝟖 

                 A topological 𝑘𝑟-space (𝑋, 𝑇) is said to be  𝑇𝑁-space iff for each 𝑥 ≠ 𝑦 ∈ 𝑋, 

ker{𝑥}⋂ker{𝑦} is empty or {x} or {y}. 

𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝟑. 𝟗 

                  In topological 𝑘𝑟-space (𝑋, 𝑇), every 𝑇1-space is  𝑇𝑁 − space. 

𝑷𝒓𝒐𝒐𝒇  

                  Let  (𝑋, 𝑇) be a 𝑇𝑁-space. Then for each 𝑥 ≠ 𝑦 ∈ 𝑋, ker 𝑥 = {𝑥} and ker 𝑦 = {𝑦} [By 

theorem 1.3], implies ker{𝑥⋂ker{𝑦} = ∅. Thus (𝑋, 𝑇) is a  𝑇𝑁-space.    

𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝟑. 𝟏𝟎 

                   In topological 𝑘𝑟-space (𝑋, 𝑇), every 𝑇𝑁-space. is a 𝑇0-space. 

𝑷𝒓𝒐𝒐𝒇 

                  Let  (𝑋, 𝑇) be a 𝑇𝑁-space. Then for each 𝑥 ≠ 𝑦 ∈ 𝑋, ker{𝑥}⋂ker{𝑦} is degenerated (empty 

or singleton set). Therefore there exist two cases: 

i) ker 𝑥 ⋂ ker 𝑦 = ∅, 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑋, 𝑇  is a 𝑇0-space 

ii)ker 𝑥 ⋂ ker 𝑦 =  𝑥  𝑜𝑟 {𝑦}, implies 𝑦 ∉ ker{𝑥} or 𝑥 ∉ ker 𝑦 , implies     𝑋, 𝑇  is a 𝑇0-space.            

𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝟑. 𝟏𝟏 

                  A topological 𝑘𝑟-space (𝑋, 𝑇) is 𝑇2-space iff for each 𝑥 ≠ 𝑦 ∈ 𝑋, then ker 𝑥 ⋂ ker 𝑦 = ∅      

𝑷𝒓𝒐𝒐𝒇 

                 Let a topological 𝑘𝑟-space (𝑋, 𝑇) is 𝑇2-space. Then for each 𝑥 ≠ 𝑦 ∈ 𝑋 there exist disjoint 

open sets 𝑈 , 𝑉 such that 𝑥 ∈ 𝑈, and 𝑦 ∈ 𝑉. Hence ker{𝑥} ⊆ 𝑈 and ker{𝑦} ⊆ 𝑉. 

Thus ker 𝑥 ⋂ ker 𝑦 = ∅ 

𝑪𝒐𝒏𝒗𝒆𝒓𝒔𝒆𝒍𝒚 

                 Let for each 𝑥 ≠ 𝑦 ∈ 𝑋, ker 𝑥 ⋂ ker 𝑦 = ∅. Since (𝑋, 𝑇) be a topological 𝑘𝑟-space, this 

means kernel is an open set. Thus (𝑋, 𝑇) is 𝑇2-space.   

𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝟑. 𝟏𝟐 

                  A topological 𝑘𝑟-space (𝑋, 𝑇) is a regular space iff for each  𝐹 closed set  and 𝑥 ∉ 𝐹, then 

ker(𝐹) ⋂ ker 𝑥 = ∅      
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𝑷𝒓𝒐𝒐𝒇 

                 By the same way of proof of theorem 3.11       

𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝟑. 𝟏𝟑 

                  A topological 𝑘𝑟-space (𝑋, 𝑇) is a normal space iff for each  disjoint closed sets  𝐺 , 𝐻, then 

ker(𝐺) ⋂ ker(𝐻) = ∅      

𝑷𝒓𝒐𝒐𝒇 

                 By the same way of proof of theorem 3.11 
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