European Journal of Scientific Research
Volume 46 Issue 2.(2010)

On preparacompactness in bitopological spaces
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Abstract . J. Dieudonne [8], introduced the notions of paracompactness and Martin
M. K. [9] , introduced the notions of paracompactness in bitopological spaces and K.
AL-Zoubi and S. AL-Ghour [10], introduced the notions of P3-paracompactness of
topological space in terms of preopen sets .In this paper, we introduce
paracompactness in bitopological spaces in terms of ij-preopen sets . We obtain
various characterizations, properties of paracompactness and its relationships with
other types of spaces.
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1. Introduction

The concepts of regular open , regular closed , semiopen , semiclosed , and preopen

sets have been introduced by many authors in a topological space ( cf. [ 1-4] ). These

concepts are extended to bitopological spaces by many authors ( cf. [5-7]) .
Throughout the present paper ( X ,z,,7, )and (Y, g, ,u, ) (orsimple X and Y)

denote bitopological spaces . when A is a subset of a space X , we shall denote the
closure of A and the interior of Ain ( X, z; ) by 7, -clA and z; -IintA , respectively,
wherei=1,2,andi,j=1,2 ;i#]j.
A subset A of X is said to be ij- preopen ( resp. ij-semiopen ,ij-regular open ,

ij-regular closed and ij-preclosed ) if

Ac 7, —int(z; —clA) (resp. Acz; —cl(z; —int A), A=, —int(z; —clA) ,

A=7; —cl(z; —intA), and z; —cl(z; —int A) c A). The family of all ij-semiopen (
resp. ij- regular open and ij- preopen ) sets of X is denoted by ij-SO(X) ( resp. ij-
RO(X) and ij-PO(X) ) . The intersection of all ij- preclosed sets which contain A is

called the ij- preclosure of A and is denoted by ij-PclA . Obviously , ij-PclA is the
smallest ij-preclosed set which contains A .

Definition 1.1 .A bitopological space (X , 7,7z, )is called ij-locally indiscrete if
every 7, —open subset of X is z; —closed .

Definition 1.2 . A collection ZE={F, :1 I }of subsets of Xis called,
(1) locally finite with respect to the topology z; ( respectively , ij-strongly locally
finite ) , if for each xe X, there exists U, ez, ( respectively,



U, €ij —RO(X) ) containing x and U, which intersects at most finitely

many members of = ;
(2) ij-P-locally finite if for each x € X, there exists a ij- preopen set U, in X

containing x and U which intersects at most finitely many members of = .

Definition 1.3 . A bitopological space (X ,r,,z,)is called (z; —z;)paracompact
with respect to the topology z; , if every z; —open cover of X has z; —open
refinement which is locally finite with respect to the topology z; [9].

We obtain the following lemmas :
Lemma 1.4. For a bitopological space (X , z,,7, ), the followings are equivalent :

@ (X, z,,7,) isij-locally indiscrete ;

(b) Every subset of X is ij-preopen ;
(c) Every z; —closed subset of X is ij-preopen .

Lemma 1.5. If Alis a ij-preopen subset of X , then 7, —clA isij-regular closed .

Lemma 1.6 . Let A and B be subsets of a space X . Then
(@) If Aeij—PO(X) and Ber; , then (AN B) €ij — PO(X) .
(b) If Aeij—PO(X) and Beij—SO(X), then (A(B) €ij —PO(B,7,5,7,5) -
(c) If Aeij—PO(B,7,,7,5) and Beij —PO(X), then Aeij —PO(X).

Theorem 1.7 . Let E={F,: 1T }be a collection of ij-semiopen subsets of a

bitopological space (X , z;,7, ) , then = is ij-P-locally finite if and only if itis ij-
strongly locally finite .

—_—

Proof . ( Necessity) . Since every ij- regular open subset of X is ij-preopen, so = is
ij-P-locally finite.

( Sufficiency ) . Let xe X and W, be a ij-preopen subset of X such that x e W,
and W, NF, #® for each i= 1,2,...,n . Put R =7, —int(z; —clW,), then R, is a ij-
regular open which contains x . We show for every AeT' /{4 ,4,,...4,},
F,MR,=® . For each AT, choose U, er; such that U, cP, cr,—clU, .
Now, if F,NR,=® , then 7, —clU,NR =® and SO
r,—clU, Nz —int(z; —clW,)=® , which implies that there exist
per;—clU, and p ez —int(r; —cIW,). So for each z; —open set V  containing p
such that V, NU, # ®, but z; —int(z; —clW,) is a z; —open containing p , which

implies that U, Nz; —int(z; —cIW,) = @, since z; —int(z; —clW,) = z; —cIW, , so

we get that U, (z; —clW, = d, then there exists qgeU, and ger; —clW,
.Therefore for each z;—open sets H containing q , H,MNW, =®, but U, is

r,—open containing g , so U,(NW,=®, which implies that



®+U,NW, cP,NW,, which contradict the hypothesis .  Thus
AeTH{A,A,,.... A, } .

Now using the above theorem and the fact that every ij-regular open is z, —open
and every z; —open, ij-regular closed set is ij-semiopen set , we obtain the following
corollaries :

Corollary 1.8 . Let Z={F,:1 T }be a collection of 7, —open ( ij-regular closed )

subset of a bitopological space (X , z,,7, ) . If ZE is ij-P-locally finite , then Z is
locally finite with respect to the topology 7, .

Now by using the above theorem , corollary 1.8 and the definition 1.3 , we obtain the
following corollary :

Corollary 1.9 . A bitopological space (X ,7,,7,) is (z; —;)paracompact with
respect to the topology ¢; if and only if every z; —open cover of X has a z; —open
refinement which is ij-p-locally finite .

Theorem 1.10 . Let E={F,:1 T} be a collection of subsets of a bitopological
space (X , 7,,7, ) . Then
(@) Z isij-P-locally finite if and only if {ij — pclF,:1 eI }is ij-P-locally finite ;

ij — pclF, =ij — pcl({ JP,)
(b) If Z is ij-P-locally finite , then pr ’ pr "

(c) E is locally finite with respect to the topology z, if and only if the collection
{ij — pclF, : 4 T } is locally finite with respect to the topology z; .

Proof . (a) Suppose that , = is ij-P-locally finite . For each x € X, there exists ij-
preopen U, containing x which meets only finitely many of the sets F, , say

F.sFy. Since F, cij—pclF, for each k=12, ... , n, thus U, meets
ij —pclF,; ,....... ,1j — pclF .. Therefore {ij — pclF,: 4 €T }is ij-P-locally finite .

Conversely. Let x € X, there exists ij-preopen U, containing x which meets only
finitely many of the sets ij — pclF, . Say ij— pclF,,,....... ,j — pclF,,,, we get that
U, Nij— pclF, =® for each k =1,..., n . Let qeU, and qeij— pclF,, which
implies that , for every ij-preopen set V, such that V,NF, = ®, but U, be ij-
preopen containing q , so U, NF, = ® for each k=1,..., n .Thus = is ij-P-locally
finite.

(b) Suppose, = is ij-P-locally finite , which can be easily got
U ii - pelF, <ij - pel((UP,)
et r . On the other hand , let geij—pcl (| JF,), then

Ael

every ij-preopen V, such that V, ﬂ(U F,) # ®.By hypothesis , there exists ij-

Ael



preopen U, which meets only finitely many of the sets F,, say F,.....,F, .Thus

for each ij-preopen set V, containing q , V, ﬂ(U F.) = ®, which implies that

k=1

q €ij — pel((JF4) = Jij - pclF,, , there exists h such that g ij — pclF,, . Therefore
k=1

k=1

.. U ij - pCIFz = ij - pCI(U P/l)
we get that q Uu — pclF, and hence aer aer

Ael’

(c) Suppose, = is locally finite with respect to the topology z, , which implies that
for each x € X, there exists z; —open set U, which meets only finitely many of the
sets F,, say F,,.....F,, but F, cij—pclF,, we get that U, which meets
Ij — pclF ..., — pclF,,, . Thus {ij — pclF,: A T } is locally finite with respect to
the topology 7, .

Conversely , let x e X, then there exists z; —open set U, which meets only finitely
many of the sets ij — pclF,'s, say ij — pclF,, ,....... Jj — pclF,, . Now choose a point
qeU,

and qeij—pclF, . For each k=1,2,...,n , therefore for each ij-preopen set V,
containing ¢ such that V. N F, =® , but geU, , then we get U, which meets only
finitely many of the sets F,'s . Hence = is locally finite with respect to the topology
T .

Definition 1.11 .A function f :(X,z,,7,) > (Y, 24,1, iscalled :

(1) ij-precontinuous if for each V eij —PO(Y), f *(V)eij —PO(X);

(2) ij-strongly precontinuous if for each V eij — PO(Y), f *(V)e <, ;

(3) ij-preclosed if for each V eij — PC(X), f (V)eij —PC(Y) ;

(4) ij-strongly preclosed if for each V e 7; —C(X), f (V)eij —PC(Y);

(5) ij-preopen if for each V €ij — PO(X), f (V)eij —PO(Y) ;

(6) (z; — 1) —continuous ((z; — z4) —open and (z; — 4, ) —closed ) if
fi(X,7;) >(Y,y) fori=1,2are (z; — 1) — continuous and
(z, — w,) —continuous ((z, — 4 ) —open, (r, — u,)—open and (z, — 4 ) —closed
, (r, —u,)—closed ) .

Lemma 1.12 . Let f :(X,7;,7,) = (Y, ,4,) beafunction. Then

(1) f isij-preclosed if and only if for every y eY and P eij — PO(X) such that
f'(y)c P, thereis V eij—PO(Y) suchthat yeV and f *(V)cP .

(2) f ij-strongly preclosed if and only if for every y €Y and P e z; which contains
f (y) , thereis V eij —PO(Y) suchthat yeV and f (V)P .

(3)If f be (r; — g )—continuous, (z; — ) —open function , then f is ij-preopen
function .



Proposition 1.13 .Let f :(X,z,,7,) = (Y, ,1,) be aij-precontinuous function .
If =E={F,:AeT}is a ij-P-locally finite collection in Y , then
f () ={f *(F,):A eI }is aij-P-locally finite collection in X .

Proposition 1.14 . Let f :(X,7,,7,) > (Y, , 1, ) be a ij-strongly precontinuous
function . If E={F,:1eI }is a ij-P-locally finite collection in Y , then
f(E)={f ' (F,):2eT} is a locally finite collection with respect to the topology

T .

Definition 1.15 .A subset A of a bitopological space (X , z,,7, ) is called ij-strongly
compact if for every cover of A by ij-preopen subsets of X has a finite subcover .

Proposition 1.16 . Let f :(X,z,,7,) = (Y, 4,4, ) be aij-strongly closed function
such that f*(y) is compact relative to the topology 7, for every yeY . If
E={F,:A eI }is a locally finite collection with respect to the topology z, , then
f(E)={f(F,) : 2T }isaij-P-locally finite collection in Y .

Proposition 1.17 . Let f :(X,7,,7,) > (Y, 14, 4,) be aij-preclosed function such
that f*(y) is ij-strongly compact relative to X for every yeY . If
E={F,:A eI }is aij-P-locally finite collection in X, then f(E)={f(F,) :41el'}
is a ij-P-locally finite collectionin Y .

2 . ij-preparacompact spaces

In this section, we introduce the generalized paracompact and separation axioms
using the notions of ij-preopen sets in bitopoogical spaces, and give some
characterization of these types of spaces and study the relationships between them and
other well known spaces .

Definition 2.1 . A bitopological space (X , 7,7, ) is called ij-preparacompact if
every r, —open cover of X has a ij-P-locally finite ij-preopen refinement .

Definition 2.2 . Let (X , 7;,7, ) be a bitopological space . The space X is said to be :

(1) pair wise Hausdorff space if and only if for each distinct two points x , y in X,
there exists two disjoint z; —open U and z; —open V such that x eU and

yeV [11];
(2) pair wise regular if and only if for each 7, —closed setFand xe X , x¢ F,
there are two disjoint z; —open U and z; —open V such that F cU , x eV [11];
(3) pair wise P-regular if and only if for each 7, —closed setFand xe X , x¢ F,
there are two disjoint ij-preopen sets U and V , such that xeU and F cV;



(4) pair wise P-normal if and only if whenever A and B are disjoint z; —closed sets
in X, there are disjoint ij-preopen sets U and V with AcU and BcV ;

(5) pairwise P —T, —space if for each two distincts points x and y in X, there are
Ij-preopen sets U and V in X such that xeU and yeV ;

(6) pairwise T, —space if for each two distincts points x and y in X, there are
r,—open Uand z; —open Vin Xsuchthat xeU and yeV [11];

(7) pairwise P—T, —space if it's pairwsise P-regular P —T, —space;

(8) pairwise P—T, —space if it's pairwsise P-normal P —T, —space .

Lemma 2.3 .A bitopological space (X , z,,7, ) is pairwise p-regular if and only if
for each 7, —open set U and xeU, then there exists P eij—PO(X) such that
xePcij—pclP cU.

Theorem 2.4 . Every ij-preparacompact pairwise Hausdorff bitopological space
(X, 7,,7,) Ispair wise p-regular .

Proof : Let A be a 7; —closed and let x ¢ A . For each y e A, choose an 7, —open
U, and z;—open H, suchthat yeU, 6 , xeH, and U NH, =®, so we get that
xegij—pclJ, . Therefore the family U={U :yeA}U{X-A}is an
7, —opencover of X and so it has a ij-P-locally finite ij-preopen refinement IT . Put
V={Hell: HNA=®}, then V is a ij-preopen set containing A and
ij —pclV =U{ij—pclH : HeIl and HNA=® }( Theorem 1.10 (b)). Therefore

U =X—ij—pclV is a ij-preopen set containing x such that U and V are disjoint
subsets of X . Thus X is pairwise p-regular .

From the above theorem, the following corollaries are obtained :

Corollary 2.5 .Every ij-preparacompact pairwise Hausdorff bitopological space
(X, 7,7, ) ispair wise p-normal .

Corollary 2.6 .Every ij-preparacompact paiwise Hausdorff bitopological space
(X ,7,,7,) s

(a) paiwise p—T, —space;

(b) pairwise p—T, —space.

Theorem 2.7 . Let (X,7,) and (X,z,)are regular spaces . Then (X , z;,7, ) is ij-

preparacompact if and only if every 7z, —open cover = of X has a ij-P-locally finite
ij-preclosed refinement X .

Proof : To prove necessity, let = be 7, —open cover of X . For each xe X , we
choose a member U, € = and by the regularity of (X,z,) and (X,z,), an 7, —open
subsets V, containing x such that 7z, —clV, U, . Therefore ¥ ={V, :x e X }is an



7, —open cover of X and so by hypothesis it has a ij-P-locally finite ij-preopen

refinement, say Q={W, : 1T }.Now, consider the collection
Ij—pclQ={ij—pclW, : LI }as a ij-P-locally finite ( Theorem 1.10 (a)) of ij-
preclosed subsets of (X,7,,7,) .Since for every Ael

Ij —pcW, cij—pclV, c 7, —clV, cU, for some U, € E, therefore ij — pclQ is a
refinement of = .

Conversely, let = be an 7, —open cover of X and Y be a ij-P-locally finite ij-
preclosed refinement of =. For each xe X, choose W, €ij —PO(X) such that
xeW, and W, intersect at most finitely many members of ¥ . Let ¥ be a ij-
preclosed ij-P-locally finite refinement of Q={W, :xe X }.For each V e ¥, let
V'=X/H,where HeX and HNV =® . Then {V':V € ¥ }is a ij-preopen cover
of X . Now, for each V eV¥, choose U, €E such that V cU,, therefore the
collection {U, NV':V eV }is a ij-P-locally finite ij-preopen ( Lemma 1.6 (a))
refinement of £ and thus (X , 7,,7, ) is ij-preparacompact .

Theorem 2.8 .Let A be a ij-regular closed subset of a ij-preparacompact bitopological
space (X , 7,,7, ). Then (A,z,,,7,,) IS ij-preparacompact .

Proof : Let W={V,:1eTI }be an r,—open cover of A in (A,z,,,7,,). For each
Ael’ , choose U, er; such that V,=ANU,, then the collection
E={U,: ATl IU{X —A}is an 7, —open cover of the ij-preparacompact space X
and so it has a ij-P-locally finite ij-preopen refinement . Say W ={W, : 5 € A }, then
by Lemma 1.6(b) and since ij—RO(X)cij—SO(X), the collection
{ANW; : 5 € A }is aij-P-locally finite ij-preopen refinement of Win (A, 7,,,7,,)-
This completes the proof .

Theorem 2.9 .Let A and B be subsets of a bitopological space (X , z;,7, ) such that

AcB.

(1) If Beij—PO(X)and A is ij-preparacompact relative to (B,z,5,7,5 ), then A'is
ij-preparacompact relativeto (X , 7,7, ) .

(2)If Beij—SO(X) and A is ij-preparacompact relative to (X , 7,,7, ), then Ais
ij-preparacompact relative to (B,7,5,7,5) -

Proof : (1) Let E={U,:1€I }be an z,—open cover of A in X . Then the
collection E; ={BNU,:1 T }is an z,; —open cover of A in (B,75,7,5). Since
A is ij-preparacompact relative to (B,z,;,7,5 ) .Hence E; has a ij-P-locally finite ij-
preopen refinement Q. in (B,7,7,5) .Since  Beij—PO(X)and
U,er; ,VAiel ,s0 bylemma 1.6 (8) , BNU, €ij —PO(X) ,vAeT. Then the



—

collection Qg is a ij-P-locally finite ij-preopen refinement of = in (X ,7,,7,) .
Therefore A is a ij-preparacompact relative to (X , 7,7, ) .

(2) Let ¥={V,: 1<l }be an 7, —open cover of A in (B,7,7,5) . For
every Ael’, choose U, er; such that V,=B(\U,. Then the collection
E={U,:Ael'}isan z,—open cover of A relative to (X , z,,7, ) and so it has a
ij-P-locally finite ij-preopen refinement of Z in (X, 7,,7,), say £ . Thus, by
lemma 1.6 (b), the collection X, ={PB:PeZX}is a ij-P-locally ij-preopen
refinement of Z in (B,7,5,7,5) .

Corollary 2.10 . Let A be a subset of a bitopological space (X , 7,,7, ) .

(1) If Aeij—PO(X) and the subspace (A,7,,,7,,) IS ij-preparacompact , then A
Is ij-preparacompact relative to (X , 7,,7, ).

(2)If Aeij—SO(X)and A ij-preparacompact relative to (X , z,,7, ), then the
subspace (A,7,,,7,,) IS 1j-preparacompact .

Theorem 211 Uf f:(X,7,,7,) > (Y, 14,4, Ybe (7, — ;) —continuous
(7, — 1;) —open , ij-strongly ij-preopen and surjective function such that f *(y) is ij-
strongly compact relative to (X , z;,7, ) for every yeY . If (X, z,7,) is ij-
preparacompact , then sois (Y, 4,4, ) -

Proof : Let W={V,:1€I'} be an x —open cover of (Y,p,,u, ). Since f is
(7, — 1) —continuous , the collection == f *(¥)={f *(V,):A Tl }is an r,—open
cover of the ij-preparacompact (X , 7,,7, ) space and so it has a ij-P-locally finite ij-
preopen refinement , say Q. Since f is (z; — ) —continuous and(z, — ) —open ,

then by lemma 1.12 (3), f is ij-preopen function and so by Proposition 1.17 , the
collection f(Q) is a ij-P-locally finite ij-preopen refinement of W . The result is

proved .

Theorem 212 . Let f :(X,z,7,) > (Y, ,u,) be a (z; —x)—closed ij-
precontinuous surjective function such that f *(y) is 7, —compact in (X, z,)for
every yeY . If (Y, ,u, ) isij-preparacompact, thensois (X , 7,7, ) .

Proof : Let E={U,:AeI' }be an 7, —open cover of a bitopological space

—

(X ,7,,7,) .Foreach yeY, E isan r, —open cover of the z, —compact subspace
f *(y) and so there exists a finite subcover I, of I' such that f2(y) < UUA . Put

leEy

U, = UUA is z;,—open in (X, 7;) . Asfisa (r; —g)—closed function, for each

ler
y €Y, there exists s —open subset V, of Y such that y eV, and f‘l(\/y) cU,.
Then the collection ¥ ={V, :yeY }isan g —open cover of the ij-preparacompact



space (Y, , 4, ) and so it has a ij-P-locally finite ij-preopen refinement, say
Q={W,:yeA}. Since f is ij-precontinuous , the  collection

f Q) ={f *(W,): y € A }is a ij-preopen ij-P-locally finite cover of (X , 7,,7,)
such that for each y e A, f’l(Vvy) cU, for some yeY. Finally , the collection
{f ‘1(Wy) U, :yeA, AT, }is a ij-P-locally finite ij-preopen refinement of =.
Thus (X , 7,7, ) isij-preparacompact .
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