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Abstract:

The aim of this paper is to introduce a new classes of weak ®m-open sets in
bitopological spaces then study the relations between those classes and some
properties . Other aim is to introduce certain type of connectedness in bitopological
spaces relative to the new classes of sets introduced in the first part, and get some
results .
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1. Introduction

The concepts of pre open sets, semi open sets, o open sets, § open sets, and b-open
sets introduced by many authors in topological spaces (cf. [2, 4, 6, 8, 10] ) and
extended to bitopological spaces by others (cf. [9, 11 ] ) . The concept of w-open sets
was introduced and studied by many authors (cf. [ 3,12] ) , and extended to
bitopological spaces in [ 5], by defining the concept of 1, 1, —generalized w-closed
set.

In this paper many types of weak open sets in bitopological spaces will be defined,
Relations between those sets will be discussed, properties such as supra and infra
topological structures will be determined.

Also a new type of connectedness for bitopological spaces will be defined and
preserving that type of connectedness under certain type of map between
bitopological spaces will be proved , many other results and counter examples ,also
will be showed.

Throughout this paper the following notation will be used: < denotes subset (not
necessarily proper), A° denotes the complement of A in the space (that A is subset of).
If ( X, 11, 12 ) is a bitopological space, A c X, i-int A and j-cl A denote the interior and
closure of A relative to t; and tjrespectively , i-open(closed) set denotes T;
open(closed) set (i,j € {1,2}).

1.1 Definition [4, 11]
Let ( X, 11, T2 ) be a bitopological space, A X, A is said to be :
(i) ij- p open set if A ci-int (j-clA).
(ii) ij- s open setif A cj-cl(i-int A).
(iii) ij- o open set if A ci-int( j-cl(i-int A)).
(iv) ij- B open setif A c j-cl(i-int (j-clA)).
(v) 1ij- bopen setif Ac i-int (j-clA) U j-cl(i-int A).
( p-open denotes pre open, and s- open denotes semi open) .



1.2 Remark
It is clear from definition that in any bittopological space the following hold:
(i) Every i-open set is ij- p open , ij- s open, ij- a open, ij- B open and ij- b open
set.
(i) Every ij- p open set is ij- B open.
(iii) Every ij- o open set is ij- s open.
(iv) Every ij- p open(ij- s open) set is ij- b open set.
(v) The concepts of ij- p open and ij- s open sets are independent.
(vi) The concepts of ij- a open and ij- B open sets are independent.

2. Weak forms of ®-open sets in bitopological spaces
First recall the following definition from topological spaces.

2.1 Definition [ 3]
Let ( X, t) be a topological space, A — X, x € X is called a condensation point if
for each U € T with x ¢ U, the set U N A is uncountable . A is said to be an m-closed
if it contains all its condensation points. The complement of m-closed set is said to be
w-open set. Equivalently a set W is w-open if for each x € W, there exist U € t with
x € U and U-W is countable .

The family of all w-open sets in ( X, 1), denoted by 1, , forms a topology on X
finer than t . The w-closure and w- interior of a set A, will be denoted by cl , A and
int, A resp., are defined by:

cly A= Nn{FcXIFis o-closed and AcF }
int, A= U {GcXIG is w-open and GC A }

2.2 Note The following notes are clear:
(i) If (X, t)isany topological space , A c X, then
int Ac int, A and cl, AcclA
(ii) If X is a countable set and t is any topology on X , then all the subsets of X
are o-closed and ®-open , i.e., T ,=P(X).

In what follows, let i,j € {1,2}and i#j .

2.3 Definition
Let ( X, 1y, T2 ) be a bitopological space , A < X,. A is said to be :
ij- o pre open, if A cCi-int,(j-cl A).
ij- pre ® open, if A ci-int (j-cl, A).
1J- ® semi open, if A cj-cly(i-int A).
ij- semi ® open, if A cj-cl (i-int, A).
ij- ® o open, if A ci-int, (j-cl(i-int, A)).
ijrawopen, if Aci-int (j-clo(i-int A)).
ij- ® P open, if A cj-cl, (i-int(j-cl, A)).
ij- B ® open, if Acj-cl (i-inty(j-cl A)).
iJ- ® b open, if Aci-int,(j-cl A) U j-cl,(i-int A).
il-bwopen, if Aci-int (j-cl, A) U j-cl (i-int, A).



The set ij-» pre open (ij-pre ® open; ij-® semi open; ij-semi @ open) will be denoted
briefly ij- ® p open (ij- p ® open; ij- ® s open; ij- s ® open).

2.4 Remark
If (X, 1, 1) is abitopological space , A is a countable subset of X, then;
(i) Aisij-po (ij- ® s ; ij- a ; ij- ® B ) open if and only if it is i- open.

(ii) Aisij- ® b (iJ- b ® ) open, if it is i- open.

(iii) Aisij- ® b (ij- b ) open implies itis ij- ® p (ij- s ® )open.

Proof: (i) and (ii) since cl, A = A (relative to any topology),when A is countable.
(iii)  since cl, A = A(when A is countable) and int A C int,A in general.

2.5 Remark

If (X, 1, 1,)is abitopological space , and if A is a subset of X such that A® is

countable, then A is ij — ® h open for h=p, a, b and ij- h ® for h=s, f3, b.

Proof: if A®is countable then (j-cl A)" is countable too, which implies that
i-int,(j-cl A) =j-cl A and j-cl(i-int, A)=j-cl A. Now the fact that A cj-cl A
completes the proof.

2.6 Remark
If X is countable , 1; and T, are any two topologies on X , A < X, then;
i) A is ij — ® h open for h=p, a, b and ij- h ® for h=s, f, b.
(ii) Aisij- po (ij- a m; ii- ® s ; ij- ® B ) open if and only if A is i- open.
Proof: (i) since cl, A = A and int,A= A ( when X is countable).
(i) By 2.4 and 2.5.

2.7 Theorem
If X is a countable set , t; and T, are any two topologies on X , then; the family of all
ij- ® h (ij- h ®) open subsets of X, h=p, a, s, B, b, form a topology on X
Proof: By 2.6 :
) It is P(X) for the cases ij- ® h with h=p, o, b and the cases ij- h ® with
h=s,B,b.
(i1) It is 1; for the cases ij-p ® , ij- 0 ®, ij- @ sand ij- ® B .

2.8 Remark
Let ( X, 1y, T2 ) be a bitopological space , the following relations between the sets
defined in 2.3 hold:

(i) Every ij- h o open is ij- h open set (h=p, a) but not the converse.

(ii) Every ij- o h open is ij- h open set (h=s, ) but not the converse.

(iii) Every ij- hopenis ij- ® h open set (h=p, o) but not the converse.

(iv) Every ij- hopenis ij- h ® open set (h= s, ) but not the converse.
Proof: straightforward by definitions.

2.9 Examples
The following examples show that the converse in the previous remark are not true:
Let X={a, b, c, d} ; 1;=1o= {¢,{a},{a, b},{a,b,c}}:
(i) A={a,d}is 12-p butnot 12- p ® open set.
B={a, b,d} is 12- a butnot 12- o ® open set.
(ii) A is 12-s butnot 12- ® s open set.
Ais 12- B butnot 12- ® f open set.



(iii) C={b, c} is 12- ® p but not 12- p open set.
D= {c, d} is 12- ® a but not 12- o open set.
(iv) Cis 12- s o but not 12- s open set.
Cis 12- B o but not 12- f open set.

2.10 Remark
Let ( X, 11, T2 ) be a bitopological space ,then every ij- o @ open set is ij- § @ open set
but not the converse, where the following pairs of concepts are independent;
(i) ij-opopen and ij- ®sopen .
(ii) ij-poopen and ij- s®open.
(iii) ij- ® a open and ij- ®  open .
Proof: i-int A c A implies j- cl (i-int A) c j-cl A, so j-cly(i-intA) cj-cl A
and i-int(j-cl,(i-intA) ci-int(j-cl A) Ci-int,(j-clA) cj-cl(i-int,(j-clA)).
Hence an ij- o ® open set is an ij- B ® open set.
Before giving examples to verify the other parts of the remark, the following note is
needed.
2.11 Note
If X is uncountable, 1={¢, X} ,A is an uncountable subset of X, we have:

¢ if X-A is uncountable
int, A= [
A if X-A is countable

A if A is countable
A= |

X if A is uncountable

2.12 Examples
Let X be uncountable , A an uncountable subset of X and B a countable subset of A.
Suppose that T1={@, X} , 1.={¢, X ,A, B}, then the set A-B is:

@) 12- ® p butnot 12- ® s open set.

(ii) 12- s ® butnot 12- p ® open set (if A is countable).

(iii) 12- ® o but not 12- ® B open set (if A is countable).

(iv)  12- B o butnot 12- a ® open set.

(v) The set A is 12- p ® open but not 12- s @ open(if A® is uncountable).
Now take X=Au Bu Cu D, where A,B,C,D are pair wise disjoint uncountable
sets and suppose that T - T.={¢, X, A, B, AuUB, AUBUC} ,then the set AUC is:

(vi) 12- ® s but not 12- ® p open set.

(vii) 12- ® B but not 12- ® o open set.

2.13 Remark
Let ( X, 11, T2 ) be a bitopological space ,then the following relations hold:

1 2
ij-oaopen — ij-opopen — ij- ®bopen
4 37
ij- ® popen <« ij- ® s open
5 6
ijrowopen — ij-pwopen — ij-b ® open
8 77

ij- P ® open <« ij- s ® open



The above arrows are not reversible , the set A-B in the previous example is a
counter example for the arrows 1,3,5,and 6 (with A® countable), for 7 and 8 (with A°
uncountable) ; the set A (with i=2 and j=1) for the arrow 4 and finally the set AU C
of the second part of the example for the arrow 2, verifying this fact.

2.14 Remark

Let ( X, T, T2 ) be a bitopological space , then the concepts :ij-b open;

ij- ® b open; ij- b ® open are pair wise independent as shown in the following
examples.

2.15 Example

(i) the set D in example 2.9 (iii) is 12- ® b open and 12- b ® open but
not 12-b open set.

(ii) If X=R, 11=1,= the usual topology ,then Q is 12-b open but not 12-
b ® open.

(i) If {A, B, C, D} is a partition of a set X ,where A , C are countable
and B, D are uncountable subsets of X and if
11=1={ 0, X, A, B, AUB, AUBUC},then A UC is 12-b open set
but not 12- @ b open set.

The following diagram summarizes the results of 2.8,2.10,2.13 and 2.14:

ij- o ® open // > ij-o0 open > ij- ® a open
X, y L
ij- p ® open 7;> ij- p open ij- ® p open

ij-bwopen  ~, ij-b open o ~, ij—m{gen L

1j- s’o open 4+ 1J- s open 4% 1j- ® s open

| % K

ij- P © open < // ij- B open ij- ® B open

Where / , means the arrow is not reversible and /5 Mmeans
independent.

2.16 Definition
If (X, 11, 12 ) is a bitopological space , a subset A of X is said to be ij- ® h closed (ij-
h o closed) set if its complement is ij- @ h open ( ij- h ® open) where h=p, s, a, 3, b .

v

Notation

Let ( X, 1y, T2 ) be a bitopological space , the family of all ij- ® h open (ij- h ® open;
ij- o h closed ; ij- h @ closed) subsets of X will be denoted by ij- ® hO(X) (ij- h ®
0(X); ij- ® hC(X); ij- h ® C(X) ), where h=p, s, a, B, b .



Recall ,a family p of subsets of X is called supra topological structures on X if p
contains X, ¢ and is closed under arbitrary union. And it is called infra topological
structures on X if p contains X, ¢ and is closed under finite intersections [7].

2.17 Theorem

Let ( X, Ty, T2 ) be a bitopological space , ij- ® hO(X) and ij- h ® O(X) where h=p, s,
a, B, b are supra topological structures on X.

Proof: Since int UA;=uint Ay and UclA) ccl U A, , the proof is straightforward .

2.18 Definition
A new closure operations on a subset A of a bitopological space ( X, t;, T, ) can be
defined as follows:

ij-ohcl(A)= N{FIF € ij- o h C(X) and A cF}

ij-rhocl(A= Nn{FIF € ij-ho C(X) and A cF}

where h=p, s, a, B, b .

2.19 Remark
Let ( X, 1y, T2 ) be a bitopological space.
(i) If A and B are two disjoint ij- ® h open subsets of X, then
AN ij- o hcl(B)=Bn ij- ® hcl(A) =o.
(ii) If A and B are two disjoint ij- h ® open subsets of X, then
AN ij-hoclB)=BnN ij- h o cl(A) =o.
h=p,s,a,B,b.
Proof: (i) will be proved ,and the proof of (ii) is similar.
AN B=¢ implies A c B, which implies ij- ® h cl(A) < B (since B“isij-  h
closed) . Hence B ij- h o cl(A) =¢. The proof of An ij- h o cl(B)= ¢ is
similar.

3.ij-® h (ij-h ®) connectivity

3.1 Definition

A bitopological space (X, Ty, T2 ) is said to be ij-o h disconnected (ij-h ®
disconnected) if it has a subset (other than ¢ and X) which is both ij- @ h open and ij-
o h closed (ij- h ® open and ij- h  closed) , otherwise it is called ij-® h connected (ij-
h o connected), h=p, s, a, B, b.

3.2 Theorem
If X is a countable set (with more than one point), 1, T, are any two topologies on X |
then (X, 11, T2 ) iS :

@) ij- ® h disconnected, for h=p, a, b.

(ii) ij- h o disconnected, for h=s, 3, b .

(iii) ij- p o (ij- 0 ®, ij- ® s, ij- ® B) disconnected if and only if (X, 1;) is

disconnected.
Proof: By 2.6.

3.3 Remark
In general , i- disconnectivity implies ij- ® h ( ij- h ® disconnectivity) h=p, s, o, 3, b .
But not the converse.



3.4 Example

(i) ( X, 11, T2 ) in the first part of example 2.12 is 12- p o disconnected (
since A-B is both 12- p @ open and 12- p o closed) ,where(X, t;) is
connected.

(ii) ( X, 11, T2 ) in the second part of example 2.12 is 12- ® s disconnected

(iii) and 12- ® B disconnected, since A U C is both 12- ® s(12- @ B) open
and 12- o s(12- o B) closed, where (X, t;) is connected.

(iv) Let X=R, 1;=the usual topology and 1,={¢, X}, then (X, 11, 12 ) is 12-
a o disconnected ,since the set (0,1) is both 12- o ® open and 12- o ®
closed ( many other sets exist) ,where (X, 1;) is connected.

(v) Finally ( X, 1y, T2 ) of example 2.9 is 12- h @ disconnected ( h=s, 3, b)
and 12- o h disconnected( h= p, a, b), where (X, 1) is connected.

3.5 Definition

Let ( X, 1y, T2 ) be a bitopological space, Y X, Y is said to be ij- ® h disconnected
(ij- h o disconnected) set if there exist two nonempty ij- ® h (ij- h ®) open subsets of
X Gand Hsuchthat YcGUH, GNnH=¢, Y "G#¢ , and Y N H#¢.

Otherwise Y is called ij- @ h connected (ij- h ® connected). ( h=p, s, a, B, b)

3.6 Lemma

Let ( X, 1, T2 ) be a bitopological space, Y c X. If Y is ij- ® h connected (ij- h ®
connected) set and if G and H are two ij- ® h (ij- h ®) open subsets of X such that
GNH=¢p and YcGUH, then either YcGor YCH. (h=p,s, a, B, b)

Proof: Obvious by Definition 3.5.

3.7 Theorem

If ( X, 11, 12 ) is a bitopological space, { Y.} a family of ij- ® h ( ij- h ®) connected
subsets of X that have a point in common, then U Y, is ij- ® h (ij- h ®) connected.
(h: p, s, a, B’ b)

Proof: Assume that {Y;,} is ij- ® h connected sets but U Y, is ij- ® his
disconnected, let G and H be disjoint ij- @ h open subsets of X with U Y, cGUH,
(U YO)NG#p and (U Y)NH#p . Let x € N Y, ,then either x € G or x € H (since
G and H are disjoint) . Now by lemma 3.6 each Y either subset of G or subset of H
and since x € Y, for each A then either Y; c G for each A or Y; c G for each A, that is,
either U Y, cGor U Y, cH (a contradiction with the assumption , (U Y;) N G#p
and (U Y;)"H#p). Hence U Y) is ij- ® h connected set.

The proof of the other case is similar.

3.8 Theorem

Let ( X, 1, T2 ) be a bitopological space, Y an ij- ® h connected subset of X. If
YcZc ij-ohclY,then Zis ij- ® h connected.( h=p, s, a, B, b)

Proof: Assume that Z < GuU H, where G and H are disjoint ij- ® h open subsets of X ,
Y cZ implies YcGUH, and by 3.6 either YcG or Y cH.

IfYcG, thenij-ohcl YC ij- @ hclG, so Z c ij- ® h cIG, but by 2.19

HnN ij- © h clG=¢, hence Z N H=0.

Similarly, Y < H implies Z " G=¢. Therefore Z is ij- ® h connected.



3.9 Theorem

Let ( X, 1, T2 ) be a bitopological space, Y an ij- h ® connected subset of X. If
YcZcij-hwclY,then Zisij- h o connected. (h=p,s, a, 3, b)

Proof: is similar.

3.10 Remark

Let ( X, 7y, T2 ) be a bitopological space, if ( X, 1) is disconnected, then ( X, 1, 12 ) 1S
ij- ® h( ij- h ®) disconnected (h=p, s, a, B, b).

Proof: Obvious since every i-open set is ij- @ h( ij- h ®) open set, (h=p, s, a, B, b).

In what remaining of this section, the question about preserving ij- ® h (ij- ho )
connectivity between two bitopological spaces under certain maps will be discussed .
First some notation is needed ; let ( X, 11, 72 ), ( Y, 61, 02) be two bitopological spaces
and f: X — Y. f is i-continuous means f: (X, 1;) — (Y, o;) is continuous, ;and f is
j-open means f: (X, 1;) — (Y, oj) is open.i,j € {1, 2}.

Also the following lemmas are needed:

3.11 Lemma
If f: (X, 1) — (Y, o) is continuous and injective , BCY, then
f'(int , B) cint , (f'(B)) .
Proof: x € f'(int, B) implies f(x)e int,, B,that is, there is Ve o such that f(x) € V
and V N B¢ is countable ,hence x € f'(V) e 1, and f{(VAB%=
f 1(V) N (f ! B)“ is countable (since f is injective), therefore x€ int , (f 1(B)) .
Note: if f is continuous ,it is clear that, f 1( int B) cint (f 1(B)).

3.12 Lemma
If f: (X, 1) — (Y, o) is open and bijective , BC Y, then fl(cl o B) Cclg (fl(B)) .
Proof: x¢ cl, (f'(B)) implies thereisU e t1,xe€ Uand U N £1(B) is countable ,
hence f(U N 1(B))= f(U) n B is countable ( since f is bijective) , but
f(x) € f(U) € o ( since f is open). Therefore f(x) ¢ cl , B, sox ¢ fl(cl o B).
Note: if f is open ,it is clear that, fl( clB) ccl (fl(B)) .

3.13 Lemma

Let ( X, 11, T2 ), ('Y, 61, 62) be two bitopological spaces, f: X — Y bijective,

i-continuous and j-open. If B is an ij- ® p open subset of Y then f'(B) is ij- ® p open

subset of X.

Proof: B C i-int ,(j-cl B) implies '(B) cf"(i-int o(j-cl B)), by 3.11
f!(i-int o(j-cl B)) < int ., (f'(j-c1 B)) ,since f'(j-cl B) cj-cl(f'(B)), hence,
f1(B) c f(i-int (j-c1 B)) C int o(j-cl(f'(B)). There fore f'(B) is ij-  p open
subset of X.

Note: ij- o p in the above lemma can be replaced by ij- ® h (ij- h ®) , h=p, s, a, B, b,
and the proof will stay similar.

3.14 Theorem

Let ( X, 11, 72 ), ('Y, 01, 62) be two bitopological spaces, f: X — Y bijective,
i-continuous and j-open.

if (X, 11, 72 ) is ij- ® h (ij- h ®) connected then (Y, o}, 62) isij- ® h (ij- h ®)
connected too. (h=p, s, a, B, b)



Proof: One case will be proved ,other cases are similar.

Assume that ( X, 11, 1) is ij- @ p connected, f is bijective , i-continuous and j-open,
and assume that ('Y, 61, 67) is ij- ® p disconnected .Let A and B be two non empty
disjoint ij- ® p open subsets of Y such that Y=A UB. By 3.13 f'(A) and f'(B) are
ij- ® p open subsets of X, they are nonempty and disjoint (since f is bijective) and X=
f 1(A) u f 1(B) ,which contradicts the assumption that ( X, 11, T2 ) is ij- ® p connected.
Therefore (Y, 61, 62) is ij- ® p connected .

3.15 Lemma

If f: (X, 1) — (Y, o) is open and bijective, A X, then f(int, A) cCint, (f(A)) .

Proof: y € f(int, A) implies y=f(x) , x€ int , A, so there is U € 1, x € U such that
U N A° is countable, hence f(U N A= f(U) N (f(A))° is countable (since f is
bijective), where f(U) € o (since f is open), and y € f(U).
Therefore y € int o, (f(A)) .

Note: if f is open ,it is clear that, f( int A) cint (f(A)).

3.16 Lemma

If f: (X, 1) — (Y, o) is continuous and bijective, Ac X, then f(cl , A) ccl, (f(A)).

Proof: ye cl, (f(A)) implies thereis V € o,y € V and VN f(A) is countable, which
implies (VN f(A)= (V) N (f(A)= (V) NA is countable (since f is
bijective), where f ! (y)=xe f 1(V) € 1 ( since f is continuous).
Hence x¢ cl, A, soye f(cl , A) (since f is bijective) .

Note: if f is continuous ,it is clear that, (¢l A) ccl (f(A)) .

3.17 Lemma

Let (X, 11, T2 ), ('Y, 01, 02) be two bitopological spaces, f: X — Y bijective,

i-open and j-continuous. If A is an ij- @ p open subset of X, then f(A) is ij- ® p open

subset of Y.

Proof: A c i-int ,(j-cl A) implies f(A) cf (i-int ,(j-cl A)), by 3.15

f (i-int ,(j-cl A)) < int , (f(j-cl A)) ,by 3.16 f(j-cl A) cj-cl(f (A)), hence,
f(A) c f(@i-int ,(j-cl A)) c int ,(j-cl(f(A)). There fore f(A) is ij- ® p open
subset of Y.

Note: ij- o p in the above lemma can be replaced by ij- ® h (ij- h ®) , h=p, s, a, B, b,
and the proof will stay similar.

3.18 Theorem

Let (X, 11, 72 ), (Y, 01, 62) be two bitopological spaces, f: X — Y bijective,

i-open and j-continuous.

if (Y, 61, 62) is ij- ® h (ij- h ®) connected then ( X, 1, 12 ) 1S ij- ® h (ij- h ®)
connected too. (h=p, s, a, B, b)
Proof: One case will be proved ,other cases are similar.
Assume that ('Y, 0}, 63) is ij- ® p connected, fis bijective , i-open and j-continuous,
and assume that ( X, 1y, 12 ) is ij- @ p disconnected .Let A and B be two non empty
disjoint ij- ® p open subsets of X such that X=A UB. By 3.17 f(A) and f (B) are ij-
o p open subsets of Y, they are nonempty and disjoint (since f is bijective ) and
Y=1f(A) u f(B) ,which contradicts the assumption that ( Y, 61, 62) is ij- ® p
connected. Therefore ( X, tj, T2 ) 1S ij- ® p connected .
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