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Abstract--- It is well known, inverse and direct theorems relate the degree of best trigonometric or algebraic
approximation of functions to differential properties of these functions. We define weighted types of moduli of
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of smoothness of functions via its degree of algebraic approximation.
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l. Introduction and Definition

Direct approximation theorems are statements asserting that iff belongs to certain class of smoothness then its
degree of best approximation decreases to zero. On classes of continuously differentiable functions, such theorems
were first proved in terms of the first-order modulus of continuity by Jackson [10] in 1911. Later, Zygmund[20] and
Akhiezerin [1] generalized Jackson’s results to the second-order modulus of continuity, and Stechkinin [17]
extended these results to the moduli of continuity of an arbitrary integer order k, k > 3.

Inverse approximation theorems are the converse statements that characterize the smoothness properties of a
function depending on the speed of convergence to zero of its approximation by some approximating aggregates.
These theorems were first obtained by Bernstein [2] in 1912. And already in 1919, direct and inverse approximation
theorems, due to Jackson and Bernstein, were given in the book on approximation theory by de la Vall ee Poussin
[19].

Investigations of the connection (direct and inverse) between the smoothness properties of functions and the
possible orders of their approximations were carried out by many authors on various classes of functions and for
various approximating aggregates. Such results constitute the classics of modern approximation theory and they are
described quite fully in the monographs see [4],[5].[9],[18].

In [3] the authors prove direct and inverse inequalities for the degree of best approximation using neural
networks. Also in [11] the authors used a direct kind of approximation. They proved a Jackson type theorem for the
approximation of functions defined on graphs.

Now we will give some basic definitions.

Let||"ll, = II"ll.,-1,10 <p <1,and @ (x) = V1 —x2.

For k € Ny, h = 0,an interval J andg: ] — R,(whereN, = NU{0}),
let

A(g,x,)) = {Z; (]f) (-Dk g (x + <i - g) h) if x ¥ kz—h €J 13]

0 otherwise
be the "kth symmetric difference”, and letAX (g, x) == Ak (g,x,[-1,1]) .

Definition 1.1 Let0 <p < 1,and r € Ny.Then, forr = 1,let

IB;, = {g: ”g(r)(p(r)”p < +oo},
Definition 1.2 [13]Let k € N,r € Ny, andg € B}, 0 < p < 1, define

“’l?r(g(r)' t)P :=0§l,f£t”WkTh(- )Allitp(-) (g(r)’ ' )”p'
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Where
Ws(x) == (1 = x = 89(x)/2)(1 + x — 8¢(x)/2))"/2,
For 6 > 0, define
Ds = {gc: 1=68p(x)/2 = [x|}\{+1}

— . < — = |— —
{x- x| < 4+52} [—1+4u(8),1—pu(8)]
Where
u(8) = 28%/(4 + 62).
Definition 1.3 [14]Letk € N,r € Ny, andg € B},0 < p < 1.Then, the "averaged modulus of smoothness" is
defined as

. 1 t P 1/p
02000, = ([ [ 1Wrnty (o0 axir)
0 kT
Definition 1.4 [13](K-functional) For k e N,r e Ng0 <p < 1l,and f € ]BB{,*", define

KGO, 99, 5= inf ([0 =gl + t4llg™ e, ).
Definition 1.5 [13] Forf € B, define

k ), = rAk + rZIZ + r(AT- ,
@50 0us = S 107850 iy 0 N0 BIN, et 28 o8
Definition1.6 [13] For f € L,[—1,1],0 <p < 1,and let II,, denote the space of algebraic polynomials of

degree not exceeding n, and denote

En(f)p = iannel'[n”f - Pn”p-
The degree of approximation of f € L,[—1,1] by element of II,.

As usual, we will use the notation c(v) to denote such absolute constants depending on v which are of no
important to us and may be different even if they appear in the same line.

Il.  Notation and Auxiliary Results
In our article we will use the following notations [16]
iT
xX; = COS;,O <i<n,
I =[xy xiql i = 1l = x20 — x;,
1<i<n,
T ‘_{Il-ull-_lj if2<i<n,
B I, ifi=1

A=Y 1

n
It can easily verified that h;z; < 3h; and A, (x) < h; < 5A,(x) forx € I;. See [16]
To prove our main results, we need the following lemmas.

Lemma 2.1 [15]

If geBy*,reNy0O<p<1,andk =2,

Then
wlﬁr(g(r)’ t)P = thl?—l,r+1(g(r+1)' t)p'

Lemma 2.2 [15]

letk € N,y € NyO <p < 1landf € By, then

0, (0,0, < @I,

Lemma 2.3
For a function f € B},,0 <p < 1,r € Ngand , k € N. The following inequality holds.
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n
wp (f O, b, Y < c(@) wph (FT,n b,
j=1
Proof
The idea of the proof depend on employment of the inequality

t 1
1
W, GO -1AD] < @)y [ [ W Coskyo (70, [-117) e an,
0 -1
Which appeared in [6] and using the above inequality we have

hj
- 14
W, (F O, by, T)p < e 1f0 fT|W{h(x)Alf"p(_)(f(T),x,T)| dx dh
J

hj/e(x)

¢ (x)

=< C(p) j f h |W{h(x)A,;l(p()(f(T),x)|pdh dx.
730 j

. h;
Since Wi{)~n_1for x €7;, j = 3,-,n— 1 we conclude for theses j

cn~?t
Wi, (F by, Ty < c(o)n L fo (Wi )AK o (F0,x)|Pdh dx (2.1).
Jj

Sincedy . (f™,x) =0 ifg he(x) > 1 F x, so it equal zero forx € 7; U T, U 7;,h > 30n~1.

Hence, (2.3)also hold forj = 1,2and n .
Finally, from inequality (2.1)

n n C?’l_l

p
sz‘f,r(f“),h,-,f,-)i SC(p)nZLL Wi GO oy (f @, x)|" dh dx
j=1 j=1""

1 ,cn~?
<com [ [ W8k (FO 0 dh dx
-1Y0

cn?t

p
<com [ W8k (rO ) dn
0
< c(p)w;f‘;(f(r),n‘l)g.
Lemma 2.4
ForpP, eIl k=12,---and 0 < p < 1, we have

Wiy (P, Op < c(t) [P, I,
Where ¢ = c(p, k)

Proof. In view of (Lemma 2.2) applied for ™ = P, and using Markov's inequality
k
ol (P ), < 4P
< thn¥||P,l,.

1. Main Results
The following results is our main results.

Theorem 3.1
If feB],0<p<1,then

Cc
En(Pp < - of, (fO ) mz ktr.
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Proof
It follows from ([7] Theorem1.1)

E (f)p C(P)®k+r(f n_l)p n=k+r.
Since f € B}, and by apply Lemma 2.1r times we get

1
En(f)p < C(p)ﬁw(}f(f(r)ln_l)

1
< c(p) i, (f7n7)

D,

b,
Corollary 3.2
IffeB),reNyg0<p<1landifforsomek eN,a>r,
w,‘ﬁr(f(r),n‘l)p = 0(t%™), then
E (f)p < cn™4, n=k+r.

Proof
By the above theorem we have

Theorem 3.3
Let f € By, v €N,0<p <1, and let B, denotes the polynomial of best approximation of f in L,[—1,1], of
degree less than n. If fol(w,‘gr(f(r), 7)/7) dr < o for some k € N, then

1/n
1@ =PVl < [ (@, (), /) de
0

Proof
By using potapov's estimate see [8]

lo“R|l) < e wn® IRl
We have

1(F™ = P I, Z“ p(r) PQ, )(pr )

< c(p) Z 270" ([P, = Pyl
o i=1

<c@ ) 270 (IPoey = £, + If = Posal,)
i=1

<) of, (F.1/@m.1)
i=1
Using lemma 2.3 we get

IGF® = RP)r|| < c@) wph(F @, 1/m),

1/n
< c(p)f a)kr(f(r),r) /‘L’) dr.
0
Corollary 3.4 Let k € N,r € Ny andr < a <r +k,and let f € L,[-1,1],0 <p < L.If

E,(f)p=<n™% n=N, 31)
Forsome N = k + r, then f € Bjand
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we (™, t)p < c(a, k,)t* " + (N, k, )t*Ep 1 (f)p, > 0.
In particular, if N = k + r, then (3.1)implies that f € Bjand

w0 (fD,1),) < cla,k, )t > 0.(3.2)
Proof
Let P, be a best approximation to f in L, r > 1
w’(gr(f(r)'t)p s wl(gr(f(r) - Pn + Pn! t)p
<c@F? =R, + IRl

<M, +M,.
Since P, best approximation to £ ™.

For £ given by £ = max{i: 2" <n},2* =n and P, be a polynomial of best approximation to ™, so we may
write

f(r)_Pn=ZP2in_P2i‘1n

iEN
M= Y 1P - P,
IEN
<) ) By

IEN
SZ(Zin)‘“ r<a<r+k
iEN
<N =nT% < ne,
To estimate M,
Let B,(P,)be a best approximation to B,.
M, = ”Pn”p = ”_Pn _Pn(Pn) -tpn(Pn)”p
< C(p)(llpn - Pn(Pn)”_p + ”Pn(Pn)“p)
< En(B)p + 1P, (Bl -

¢
z Pi—P,i
i=1

1Pl =

p
Where i < £, P,; is best approximation to f. So

£
1Bl < ) Ene ()
i=1
<c(p) En(f)p <n77
Combine M, and M, we get (3.2).
Since ||f(r)<pr||p < oo, Then we get f € B7,and the proof is complete.

From Corollaries (3.2) and (3.4), another constructive characterization result was given in the following
corollary.

Corollary 3.5
Letk € N,r e Ngr <a <r+k,andletg € L,[~1,1],0 <p < 1.Then

E,(f)p < cn™%foralln = k + r,ifand only if f € Bjand w,(gr(f(r),t)p <ct*T,t>0.
Now we present a matching inverse theorem.

Theorem 3.6
Letk e N,y €Ny, ,0 <p <1landf € B}, we have
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1/p
wer(fP,1), < ctk< Z (n+ D E,(F™) ) (3.3)

0sn<1/t
Proof
Let P € I, be a polynomial of best approximation of £ ™. For t > 0 define ¢ = £(t) by
27% <t < 27¢+D Using Lemma (2.2), we have

w0, (f7,0)) < w0l (f7,27),)
< o (f - PP, z—f)p + w,‘fr(Pz(?,z—f): (3.4)
<l -0 ot (292
< c(p)E f(f(”) + wf, (PP, 2-*’):.

For P(r) = P we can use Lemma (2.4) to obtain

£
(PR2) < ) b (P — P2 27)
P
i=0
Sc(p)Z(Zi-f’)kaP;? PR @S
=0 -1

< c(p)2~ Z 2 E,(f)

i=—1
(E-1(f©), = Eo(f),
since $,{=1, 2% E, (f(r)) is equivalentto the right- hand side of (3.3), inequalities (3.4) and (3.5) together
with2=¢kP ~tkPthe proof is complete.
As a direct consequence of Theorem 3.1 and Theorem 3.6, we have the following corollary.
Corollary 3.7
Letk € N,r €Ny, ,0<p <1landf € B}, we have

Eo(f)p = 0~ & wf, (f,£) = 0(t%)for 0 < a < k.

IV. Conclusion

In field of approximation theory, it is important to study inverse and direct theorems. For function
approximation, we can estimate the degree of best approximation by mean of its weighted moduli of smoothness.
This implies a characterization for many classes of smoothness of functions via the degree of their weighted
algebraic approximation.
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