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Taylor-Maclaurin Series

Consider a function f(x) defined by a power series of the form:

(00

fO= ) eax—a) (D)

n=0
If we write out the expansion of f(x) as:

f(x) = ¢y t+ Cl(x - a) + CZ(X — a)z + C3(x - a)3 + C4(x — a)4' + ...

f@a) = ¢
') = ¢ + 2c,(x —a) + 3c3(x — a)? + 4cy(x —a)® + -
fl(@= ¢
f"(x) = 2¢, +3-2c5(x —a) + 4 x 3¢y (x — a)* + -
f'(a) = 2¢c,

FE()=3-2c3+ 4-3-2c,(x —a) + -
f®(a) =3 2¢

f™x) =nlc,

After computing the above derivatives, we observe that

r (3)
fl@=c, f@=c, f'@= 2c; ® :_fz(la_) and c; = ! 3|(a)
In general, we have

f™(a)
nT T +(2)

Suppose that f(x) has a power series expansion at x = a then the series

expansion of f(x) takes the form:

=y £
o= S I gy

n=0
FGO = f@) + f@—a) + T2

Which is called Taylor Series.

f®@)

Tl GO

(x—a)* +
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Maclaurin Series

If a = 0 in Equation (1), then:

(0]

14 0 (3) O
FE) = cux™ = fO)+ f'(O)x + fz(!) 24t 3'() B

n=0

Which is called Maclaurin Series.

Example 1: Compute the Maclaurin series of the following functions

1. f(x) = e* 2. f(x) = e*’
Solution: f(x) = e* = f(0)=e%=
f/(x) — ex = fl(o) — €0 —
fl'(x) = e* = ()= e’=1
fP@=e* »  [fO0)=e"=1
L1 ox x* o ox® x* =
L =gtntatatat = Lw
n=0
%2)2 x2)3 x2)4 o X210
R + +( ) ( )+( )+...= xm
o 11 21 3! 4! n!
n=0
Example 2: Compute the Maclaurin series of the following functions:
_ sm(xz)
1. f(x) = sinx 2. f(x) =
Solution: f(x) = sinx = f(O) =sin0 =0
f'(x) = cosx B> f'(0) =cos0=1
f"(x) = —sinx = f"(0)= —sin0=0
@) =—-cosx f®(0)=—- cos0=-1

We note that  f@"D(x) = (=1)" cosx = fE*D(0) = (-1)"
fE(x) = (D" sinx & fEV0)=0

. o x3+x x+ _i(_l)nxmﬂ
- SInx =t ot = L TGy D

(x2) (x2)3 (xZ)S (x2)7 e 1)11 (x2)2n+1
TR Z 2n+1)!

2. sin(x?) =
n=0

37

. (3)



SV Al pall - U Jeadl) - 2 el ) paalae — bl and — o glall IS Qi daals
e 3 ea a5 2l - (8)-2026- 2025 (ol s ol

X2  x6 10 14 ot (=1)" x*n+2
i 2 =___+___+...:Z
sin(x) ==t 5 7 2n+ 1)!
n=0
sin(x?) 1 x* x® x'? B - (=)™ x4

P TR TR TR 1 (2n+1D)!
n:

Taylor Polynomial
The n™ partial sum of the Taylor series for a function f atais known as the n® -
degree Taylor polynomial, denoted by P,(x).The 0" 1% 2% and 3™ partial sum of
the Taylor series are given by:

Py(x) = f(a)

Pi(x) = f(a) + f(@)(x —a)

P0) = (@) + F @~ @) + T2 (e 0y
12 (3)

P = f@ + F @G-+ a4+ L
Example 3: Find Py(x), P;(x), P,(x) and P;(x) for f(x) =Inx at x = 1.
Solution: f(x) =Inx = f(1)=In1=0

1

fe=— ®» fO=1

-1
fre=— = fra=-
f® ) = xz—g B fOM) =2

Po(x) = f(1) =0
)= fO+ D=1 = (x-1)

_ : 7 2 _ 1 2
PG = )+ DG - D+ 17 = =) (- D)
2] 1 3) 1
P = F + OG-+ 2 - e L 1y

1 1
P30 =(x-D-— -1+ -1)°
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Maclaurin Polynomials
The partial sums of Maclaurin series are called Maclaurin polynomials. More

precisely, the Maclaurin polynomial of degree n of f(x) (atx = 0) is the polynomial

n

(n)

n.
n=0

Example 4: Compute the Maclaurin polynomial of degree 3 for the function
f(x) =cosxIn(1—x)
Solution: Let g(x) = cosx and h(x) = In(1 — x)

Maclaurin polynomial P;(x) of degree 3 of f(x) is
3

™ (0 0) f'(0 (0 @0

n=0

g(x) = cosx = g0) =1
gx)=—sinx = g'(0)=0
g'x)=—cosx = g"(0)=-1
g"(x)=sinx = g"0)=0

2 2
gx) = cosx=1—%=1_x7
h(x) = In(1 —x) = h(0) =In(1) =0

h'(x) = m =—(1- X)_l = h'(0) = -1

h'(x) = —(1 — x)~2 = R'(0) = -1

' (x)= =2(1 —x)3 = h'"'(0) = -2

) = In(1 — 0o x? 2x3 B x? x3

() =In{1=-x)=0-x=F5r=—r="x-5 3
x? x? x3

= (1-2)(ce-5-5)
x® x3 x3 x%  x3

P. = —-Y — — - — —_ - — — _—

5 (x) X > 3 + > X > + e
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In(1+ x)
Example 5 : Compute P;(x) of f(x) = m

Solution: g(x) = In(1 + x) = g(0)=In(1)=0

g'(x) = TN (1+x)™ = g(0)=1

g"'(0)=—-1+x)7" > g"(0)=-1

glll(x) — 2(1 + x)—3 = gnl(o) =2
xZ X3

glx) = ln(1+x)=x—7+?

h(x)=(1_|_x)=(1+x)‘1 = h(0) =1
h(x)= —(1+x)? = h'(0) =-1
h'(x) =2(1+ x)2 = h'(0) =2
h'"(x)= —6(1+x)73 = h'"'(0) = —6
h(x) = T o= 1—x+x%2—x3
2 .3
f(x) =%= <x—%+%>(1—x+x2—x3)
2 43 3
P;(x) =x—7+?—x +7+x
3x%  11x3
Py(x) =x — > + c
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Evaluating Integrals
We show how power series can be used to evaluate integrals involving functions
whose antiderivatives cannot be expressed using elementary functions.

1

Example 6: Evaluate f e~ dx.
0

Solution: The Maclaurin series for e* is given by:

L1 x x?
e —a‘l'ﬁ‘l'a‘l'"'
So, the Maclaurin series for e ™ “is given by:
1 —x? (=x?)? x4
-x% _ e =1 — 2 4L
S TR TR T =l=x+
1 1
2 x*

je‘x dx=f<1—x2+7—---)dx
0 0

= x3+x5 1—1 1+1 = (0.767

—*7 3 710 o 3 "0 T

1

Example 7: Evaluate j cosVx dx
0

Solution: The Maclaurin series for cos x is given by:

1 x* Xt
Cosx—a—i+z—---

So, the Maclaurin series for cosvx is given by:

2 4

1 (\/E) (\/}) x  x2
COSVX = 1= g T = sy g
1 1 1

X x2 2 X3
— 1—— —_—— e o —_—— —_— e

jcosﬁdx f( ~+ o7 )dx X =t
0 0 0

=1 1+ 1 ~ (.764

B 4 ' 72 -
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Simple Harmonic Motion

Simple harmonic motion (SHM) is a type of periodic motion where the restoring force is
directly proportional to the displacement from the equilibrium position. It's a fundamental
concept in physics, describing oscillations in systems like pendulums, springs, and
vibrating molecules. SHM is characterized by a sinusoidal motion, with the acceleration
always directed towards the equilibrium point.

Example 8: Given the equation of motion for a simple pendulum:

d’g g .
I + T sin(8) = 0
Use the Maclaurin series expansion of sin(8) to derive the equation of simple
harmonic motion for small angles.
Where L: Length of the pendulum (distance from pivot to center of mass),
0: (theta) represents the angular displacement from the equilibrium position.

Solution: The Maclaurin series of sin(8) is:
3 95
sin(@) =6 —§+§—---
For small angles (0 < 1), the higher-order terms are negligible, therefore: sin(6) ~ 6

Substituting this into the original equation:

4% + 5 i 0) =0
FrE sin(@) =
d’6 g
T ?=0
This is the equation of simple harmonic motion (SHM).
H.W
1. Compute the Maclaurin series of the following functions:
1—-cosx x —sinx
a fO)=—7— b fO)=—07(—
2. Compute P;(x) of following functions:
a. f(x)=Vv1+x cosx b. f(x) =¢e* In(1+ x)
1 1
1—cosx sin(x?)
3. Evaluate a. j—zdx b. J —dx
X X
0 0
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