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Solution of Heat Equation
We want to solve the heat equation,
U = ClUyy, t>0, 0<x<L
where ¢ > 0 is a constant (the thermal conductivity of the material).
subject to the boundary: u(0,t) = 0, u(L,t) =0
and the initial condition u(x,0) = f(x).
We applied separation of variables to solve the heat equation u; = Cuy,, t >0
0 <x <L ; c¢>0with conductions u(0,t) = u(L,t) =0 and u(x,0) = f(x).
The following examples explain how to do it.
Example 1: Apply the method of separation of variables to solve the heat equation
Ur —2Uy =0 over 0<x<3,t>0 fortheboundary conditions
u(0,t) = u(3,t) = 0 and the initial condition u(x,0) = 5sin 4mx
Solution: Assume the solutionis  u(x,t) = F(x)G(t)
u,=FG'" and u,, =F"G
Substituting in the given equation, we have

FG' = 2F"G F —GI A?
= = = = —
F 2G
FII GI
— _32 — _2
= A and °C A

F'+2F=0 and G +2GA*=0
F=AsinAx +BcosAx and G = Ce 24t
So u(x,t) = (AsinAx + B cos Ax) X Ce 2A't
or u(x,t)=e 2***(DsinAx + EcosAx) ; AC=D, BC=E
u(0,t) =0 since sin0 = 0andcos0 = 1 this mustimplythat E =0
u(3,t) =0 > De *Atsin31=0 = e Atz
D=0 u=0 (trivial solution)
The only sensible deductionisthat sin341=0 = 31=nmr = A=nn/3

2n?m? nim

Then wu(x,t) =D,e 9 tsin?x

nm
u(x,0) =5sin4nx=> S5sindmx = D, sin?x
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nm
47r=? > m=12so D;, =5

_288m?, 5
Then u(x,t) =5e 9 ' sin(4mx) = 5e 32"t sin(4mx)

Example 2: Solve by the method of separation of variables the heat equation
U = Uy ; 0<x<1,t>0with u,(0,t) = u,(1,t) =0
and the initial condition u(x,0) = 3 cos2mx
Solution: Assume the solution is  u(x,t) = F(x )G(t)
u; =FG' and u,, =F"G
F" G’

FG'=F'G ®» =—= -}
F G

FH GI
7 = —2? and T:—AZ

F'"+2F=0 and G +GA*?=0

F=AsinAx +BcosAx and G =Ce™*t
So u(x,t) = (AsinAx + B cos Ax) X Ce 2t
Or u(x,t) =e*t(Dsindx+Ecoslx) ; AC=D, BC =E
u, (x,t) = e~*t(DA cos Ax — EA sin 1x)
1w (0,6)=0 > D=0
u,(1,t) =0 =» -— Exe™tsind=0 © Ae*t=0
E=0r=> u=0 (trivial solution)
sinl=0 = A=nm, n=1273-
Then u(x,t) = E,e”" ™t cosnmx
u(x,0) = 3cos2nx > 3cos2mx = E, cosnmx
2t=nw = n=2so0E,=3

Then u(x,t) = 3e™*""t cos(2mx)
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Example 3: Apply the method of separation of variables to solve the heat equation
U = 3u,, over 0<x <m,t >0 fortheboundary conditions
u(0,t) = u(m, t) = 0 and the initial condition u(x,0) = 3 sin2x — 6 sin 5x
Solution: Assume the solution is  u(x,y) = F(x )Y(y) then
u; =FG" and u, =F"G

FG' =3F'"G = F”— G = —)?
B F 3G

FH Gl
V) — _ 92

= A4 and ETA A

F'+2?F=0 and G +3GA*=0
F=Asindx+BcosAx and G = Ce 3*t
So u(x,t) = (AsinAx + B cos 1x) x Ce 3%t
Oor u(xt) =e 3 (Dsindx +EcosAx) ; AC=D, BC =E
u(0,t) =0 since sin0 = 0andcos0 = 1 this mustimply that £ =0
wmt) =0 > De3tsinmA=0 ; e 3t 20
D=0 u=0 (trivial solution)
csinAn) =0 Am=nm » A=n, n=1273--
Then u(x,t) = D,e 3" tsinnx
u(x,0) = 3sin2x — 6sin 5x
3sin 2x — 6 sin 5x = D, sin 2x + D5 sin 5x
DZ =3 ,D5 =—6
Then u(x,t) = 3e 12t sin 2x — 6e~75 sin 5x

H.W: Apply the method of separation of variables to solve the heat equation
1. U =1Uy; 0<x<1,t>0 with u(0,t) = u,(1,t) =0
3
and the initial condition u(x,0) =5 sin7x

2. U =Uyy; 0<x<1,t>0 with u,(0,t) = u(1,t) =0

T
and the initial condition u(x,0) = 4 cos - X
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