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Solution of Heat Equation  

We want to solve the heat equation, 

𝑢𝑡 = 𝑐𝑢𝑥𝑥 , 𝑡 > 0 , 0 ≤ 𝑥 ≤ 𝐿 

 where 𝑐 > 0 is a constant (the thermal conductivity of the material).   

subject to the boundary: 𝑢(0, 𝑡) = 0, 𝑢(𝐿, 𝑡) = 0   

and the initial condition  𝑢(𝑥, 0) = 𝑓(𝑥). 

We applied separation of variables to solve the heat equation   𝑢𝑡 = 𝑐𝑢𝑥𝑥, 𝑡 > 0     

0 < 𝑥 < 𝐿  ;   𝑐 > 0 with conductions  𝑢(0, 𝑡) =  𝑢(𝐿, 𝑡) = 0  and  𝑢(𝑥, 0) = 𝑓(𝑥). 

The following examples explain how to do it. 

Example 1: Apply the method of separation of variables to solve the heat equation     

             𝑢𝑡 − 2𝑢𝑥𝑥 = 0  over     0 < 𝑥 < 3 , 𝑡 > 0   for the boundary conditions  

        𝑢(0, 𝑡) =  𝑢(3, 𝑡) = 0  and the initial condition  𝑢(𝑥, 0) = 5 sin 4𝜋𝑥  

   Solution:   Assume the solution is        𝑢(𝑥, 𝑡) = 𝐹(𝑥 )𝐺(𝑡)    

  𝑢𝑡 = 𝐹𝐺′   and       𝑢𝑥𝑥 = 𝐹′′𝐺                                                                    

                   Substituting in the given equation, we have 

                      𝐹𝐺′ = 2𝐹′′𝐺     ⇰     
   𝐹′′

𝐹
=

  𝐺′ 

 2𝐺 
= −𝜆2    

                     
   𝐹′′

𝐹
= −𝜆2    and    

  𝐺′ 

 2𝐺 
= −𝜆2 

                      𝐹′′ + 𝜆2𝐹 = 0     and        𝐺′ + 2𝐺𝜆2 = 0 

                       𝐹 = 𝐴 sin 𝜆𝑥 + 𝐵 cos 𝜆𝑥        and        𝐺 = 𝐶𝑒−2𝜆2𝑡 

                      So    𝑢(𝑥, 𝑡) = (𝐴 sin 𝜆𝑥 + 𝐵 cos 𝜆𝑥) × 𝐶𝑒−2𝜆2𝑡 

                      Or    𝑢(𝑥, 𝑡) = 𝑒−2𝜆2𝑡(𝐷 sin 𝜆𝑥 + 𝐸 cos 𝜆𝑥)   ;     𝐴𝐶 = 𝐷 , 𝐵𝐶 = 𝐸 

                      𝑢(0, 𝑡) = 0    since   sin 0 =  0 and cos 0 =  1 this must imply that   𝐸 = 0   

                      𝑢(3, 𝑡) = 0  ⇰    𝐷𝑒−2𝜆2𝑡 sin 3𝜆 = 0    ⇰     𝑒−2𝜆2𝑡 ≠ 0 

                      𝐷 = 0 ⇰  𝑢 = 0     (trivial solution)                                   

                  The only sensible deduction is that   sin 3𝜆 = 0    ⇰      3𝜆 = 𝑛𝜋   ⇰   𝜆 = 𝑛𝜋 3⁄   

                    Then     𝑢(𝑥, 𝑡) = 𝐷𝑛𝑒−
2𝑛2𝜋2

9
𝑡 sin

𝑛𝜋

3
𝑥 

                    𝑢(𝑥, 0) = 5 sin 4𝜋𝑥 ⇰      5 sin 4𝜋𝑥 =  𝐷𝑛 sin
𝑛𝜋

3
𝑥  
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                    4𝜋 =
𝑛𝜋

3
   ⇰     𝑛 = 12  so  𝐷12 = 5  

                   Then     𝑢(𝑥, 𝑡) = 5𝑒−
288𝜋2

9
𝑡 sin(4𝜋𝑥) = 5𝑒−32𝜋2𝑡 sin(4𝜋𝑥) 

Example 2: Solve by the method of separation of variables the heat equation     

                       𝑢𝑡 = 𝑢𝑥𝑥  ;   0 < 𝑥 < 1  , 𝑡 > 0 with   𝑢𝑥(0, 𝑡) =  𝑢𝑥(1, 𝑡) = 0 

and the initial condition  𝑢(𝑥, 0) = 3 cos 2𝜋𝑥 

Solution:  Assume the solution is    𝑢(𝑥, 𝑡) = 𝐹(𝑥 )𝐺(𝑡)  

                     𝑢𝑡 = 𝐹𝐺′   and       𝑢𝑥𝑥 = 𝐹′′𝐺                                                                    

                     𝐹𝐺′ =  𝐹′′𝐺     ⇰     
   𝐹′′

𝐹
=

  𝐺′ 

 𝐺 
= −𝜆2    

                  
   𝐹′′

𝐹
= −𝜆2    and    

  𝐺′ 

 𝐺 
= −𝜆2 

                   𝐹′′ + 𝜆2𝐹 = 0     and        𝐺′ + 𝐺𝜆2 = 0 

                   𝐹 = 𝐴 sin 𝜆𝑥 + 𝐵 cos 𝜆𝑥        and        𝐺 = 𝐶𝑒−𝜆2𝑡 

                    So    𝑢(𝑥, 𝑡) = (𝐴 sin 𝜆𝑥 + 𝐵 cos 𝜆𝑥) × 𝐶𝑒−𝜆2𝑡 

                    Or    𝑢(𝑥, 𝑡) = 𝑒−𝜆2𝑡(𝐷 sin 𝜆𝑥 + 𝐸 cos 𝜆𝑥)   ;     𝐴𝐶 = 𝐷 , 𝐵𝐶 = 𝐸 

                     𝑢𝑥(𝑥, 𝑡) = 𝑒−𝜆2𝑡(𝐷𝜆 cos 𝜆𝑥 − 𝐸𝜆 sin 𝜆𝑥) 

                     𝑢𝑥(0, 𝑡) = 0    ⇰   𝐷 = 0   

                     𝑢𝑥(1, 𝑡) = 0  ⇰   − 𝐸𝜆𝑒−𝜆2𝑡 sin 𝜆 = 0    ⇰     𝜆𝑒−𝜆2𝑡 ≠ 0 

                     𝐸 = 0 ⇰    𝑢 = 0     (trivial solution)                                   

                     sin 𝜆 = 0    ⇰      𝜆 = 𝑛𝜋 ,     𝑛 = 1,2,3, ⋯ 

                     Then     𝑢(𝑥, 𝑡) = 𝐸𝑛𝑒−𝑛2𝜋2𝑡 cos 𝑛𝜋𝑥 

                     𝑢(𝑥, 0) = 3 cos 2𝜋𝑥 ⇰     3 cos 2𝜋𝑥 =  𝐸𝑛 cos 𝑛𝜋𝑥  

                     2𝜋 = 𝑛𝜋   ⇰     𝑛 = 2  so  𝐸2 = 3  

                     Then     𝑢(𝑥, 𝑡) = 3𝑒−4𝜋2𝑡 cos(2𝜋𝑥) 
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Example 3: Apply the method of separation of variables to solve the heat equation     

                      𝑢𝑡 = 3𝑢𝑥𝑥  over     0 < 𝑥 < 𝜋 , 𝑡 > 0   for the boundary conditions  

                    𝑢(0, 𝑡) =  𝑢(𝜋, 𝑡) = 0  and the initial condition  𝑢(𝑥, 0) = 3 sin 2𝑥 − 6 sin 5𝑥  

Solution:  Assume the solution is    𝑢(𝑥, 𝑦) = 𝐹(𝑥 )𝑌(𝑦) then  

                    𝑢𝑡 = 𝐹𝐺′   and       𝑢𝑥𝑥 = 𝐹′′𝐺                                                                    

                     𝐹𝐺′ = 3𝐹′′𝐺     ⇰     
   𝐹′′

𝐹
=

  𝐺′ 

 3𝐺 
= −𝜆2    

                  
   𝐹′′

𝐹
= −𝜆2    and    

  𝐺′ 

 3𝐺 
= −𝜆2 

                   𝐹′′ + 𝜆2𝐹 = 0     and        𝐺′ + 3𝐺𝜆2 = 0 

                   𝐹 = 𝐴 sin 𝜆𝑥 + 𝐵 cos 𝜆𝑥        and        𝐺 = 𝐶𝑒−3𝜆2𝑡 

                    So    𝑢(𝑥, 𝑡) = (𝐴 sin 𝜆𝑥 + 𝐵 cos 𝜆𝑥) × 𝐶𝑒−3𝜆2𝑡 

                    Or    𝑢(𝑥, 𝑡) = 𝑒−3𝜆2𝑡(𝐷 sin 𝜆𝑥 + 𝐸 cos 𝜆𝑥)   ;     𝐴𝐶 = 𝐷 , 𝐵𝐶 = 𝐸 

                  𝑢(0, 𝑡) = 0    since  sin 0 =  0 and cos 0 =  1 this must imply that   𝐸 = 0   

                      𝑢(𝜋, 𝑡) = 0  ⇰    𝐷𝑒−3𝜆2𝑡 sin 𝜋𝜆 = 0    ;   𝑒−3𝜆2𝑡 ≠ 0 

                      𝐷 = 0 ⇰    𝑢 = 0     (trivial solution)                                   

                    ∴  sin(𝜆𝜋) = 0  ⇰    𝜆𝜋 = 𝑛𝜋    ⇰    𝜆 = 𝑛  , 𝑛 = 1,2,3, ⋯ 

                    Then     𝑢(𝑥, 𝑡) = 𝐷𝑛𝑒−3𝑛2𝑡 sin 𝑛𝑥 

                     𝑢(𝑥, 0) = 3 sin 2𝑥 − 6 sin 5𝑥 

                     3 sin 2𝑥 − 6 sin 5𝑥 = 𝐷2 sin 2𝑥 + 𝐷5 sin 5𝑥 

                      𝐷2 = 3 , 𝐷5 = −6  

                    Then     𝑢(𝑥, 𝑡) = 3𝑒−12𝑡 sin 2𝑥 − 6𝑒−75𝑡 sin 5𝑥 

              

H.W:  Apply the method of separation of variables to solve the heat equation 

1.    𝑢𝑡 = 𝑢𝑥𝑥 ;  0 < 𝑥 < 1  , 𝑡 > 0    with   𝑢(0, 𝑡) =  𝑢𝑥(1, 𝑡) = 0    

          and the initial condition  𝑢(𝑥, 0) = 5 sin
3𝜋

2
𝑥       

2.      𝑢𝑡 = 𝑢𝑥𝑥  ;  0 < 𝑥 < 1  , 𝑡 > 0    with   𝑢𝑥(0, 𝑡) =  𝑢(1, 𝑡) = 0   

        and the initial condition 𝑢(𝑥, 0) = 4 cos
5𝜋

2
𝑥  


