Metheod (4)

Trigonometric Substitutions

[f the integral involve one of the forms (az +n2, \{az —u® s \/'az +u° ;xl'ruz _ﬂzj then

the substitutions as follows :

7 -If Ja* - Let u=asin(@) = a* —u’ =a’cos (6)
2 -If Ja®+iu’ .a*+u’  Let u=atan(f) = a® +u’ =a’sec’(0)

~

8 -If V-4 Let u=asec() = u” —a" =a”tan’(6)

7 3
“ u u p '-.I'.H‘2 —ﬂ'z
g 0
Ja? - “

2
a —u

Trig ldentities

sin?@ = 5“ — cos 26)

n 1
cos“ 0 = E(I + cos 20)

x3

V9—-x2

Sol. Letx =asinf® =3sinf

Example: Find I = | dx

dx =3cos8 df = db = ax

" 3cosf

x3 _ (3sin0)3
= [ dx = I—W.BCOSQ do
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cos %0 +

3sin36 cos O
2 fw/9—(35in9)2 de
.3
_ 27f3sm 6 cos b de

=27

sin?6=1 =

V9-9s5in 20

3sin36 cos 6

\J9(1- sin28)

cos?0 =1— sin?6

J9(cos?6) =3cosH

3sin3 6 cos 0
= 27 f\/9(cos ) do
03
_ 27f351n 0 cos O de

[ cos? 0 sing do

Let u=cos 8 du=-sin 8 df

3cosé@

27 [sin*6 do

= 27 [sin*@ sin@ do

= 27 [ (1 —cos?8) sind db

= 27 (—cos@ )+ 27

cos? 9

» [

3

—du = T+C

—cos36 N
= c
3

27 [sin6 dO — 27 [cos?@ sinf do

= 27(—\/1—sin29)+§ (1—sin? @)z + ¢

x=3sin0

27

27

. X
= sm0:§
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dx
4+x2

Example: Evaluate I= [

X

Sol. Letx = 2tan#é = tanf == = 0= tan‘l(f)
2 2

dx
dx = 2 sec?6 df = df =
2 sec?0
f25ec29 do
2242 tan?0

ca® 4+ x% =a?sec?6

IZSGCZQ a fzs,\e\cze do

1 1 1
2242 tan%0 22 secdg —fzde—zfd9—59+c

1
== tan~! (f) +c
2 2
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V3
Example: Find the integral of [%v1—x? dx
2

Sol. Letx =sinf = dx =cosO db

at x=\/—§ = \/—gzsine = 9=sin‘1(£) = 6==
2 2 2 3
at x=—l = —1=sin9 = 9=sin‘1(—1) = 0=—
2 2 2 6

V3 V3
JavVl—x? dx = [%3V1—sin%6 cosf db
2 2
V3
= [%Vcos?0 cosf db

2
cosf cos@ df
cos?6 do
_ 1+cos (20)
= f_%—z do

? cos (260)

2 2
. N
=-(Ji do+ [icos(20) db)
2

V3 V3

=-(J3 do+ [3 cos(20) df)

@

= %(9 + %sin(ZQ)) i +c

N
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T+/3

Ex. Evaluate

x=VTsecll) = secO)=7= = 0=sec” () = dx=Tsec(0)tan(0)d0

= [ = I —‘W.ﬁsecw)tm 0)do = J.ﬁtanzl[ﬁ]ﬂ’ﬂ = ﬁquec%@}—ndg
V7 sec(8)

_ Olec= 1y sec (2 4 ¢
= —ﬁ[tan{ﬂj H]+c \ﬁ(tml[sec [ﬁ}] SEC {ﬁ]]+

Methed (5)

Integral Involving Quadratic Function

Quadratic functions are functions in the form ax? + bx + ¢ = 0. Integrating
functions that include a quadratic can sometimes be a little difficult. Therefore,

we can find the solution by Methed (1), Partial fractions, or we can reduce it to

the form
1 2
+e=(30) ]

[ 5 b2 b2
= = |lax +bx+z +c—-

i |12
ax’+ bx+c = ax2+bx+(§b)

4

- 2 2
=|ax+2] +[c -]
| 2 4
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=u?+B

2
where, u = ax +§ and B=c— b:, then the solution can be found by Methed,
(4).

Ex. 1: Evaluate the integral.

- [
321

Sol. Letu=3x2—1 = du=6xdx

f32 1dx—f du=Inlul+c

= n|3x?—-1|+¢

Ex. 2: Evaluate the integral.

I_J dx
) 2x— x2

-[J (32 —2x+1 -[J—[(x 12 —1] -[J[l (x=1)?]

Sol

Let u=x—1 = du=dx

I = .[Jij = sin_l[u}+c =si1'1_](x— l)+c
1—u

Ex. 3: Evaluate the integral.
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I_f dx
) x2+3x+5

Sol.
1 \° 1 \°
2 _ 1.2 z Y
=>x“+3x+5=|x"+3x+ 2(3) +5 2(3)
=[x2+3x+2+5—3]
4 4
_( +3)2+11
—\*T2) T
dx
Sy
Letu=x+§ = du=dx

3 11 11 V11
We have u?+a? = u=x+: and azzj = a= |- =
du 1 -1 (u
fﬁ = 2 tan P +c Depend on table of Integral Formula (Standard Form ) p.88
u —
4

= 2 o1 (2_”)

== tan =) +c
2(x+3)

—_ = -1 2

== tan NEEi >+ c

Ex. 4: Evaluate the integral.
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I_J Ox + 8 d
) 3x22+10x—-8

f - 9x+8 dx

x2410x-8

We notice that the quadratic function in the denominator of the fraction can be
factored.

9x+8
=] (x+4)(3x—2) d

Here we’ll use a partial fractions decomposition to split the integral in two.

A B
=J (x+4) dx + [ (3x-2) dx

x+4)=0 = x=-4

Bx-2)=0 = 3x=2 = -

9(-4)+8 _ -36+8 _ -28

A =|x=—4 (3(-4)-2) T -12-2 -14

2
93;)+8  6+8 14
B :|x=3 (23)_'_4 =wz -1 =3

3 3 3 3

2 3
f (x+4) dx + f (3x-2) dx

= 2n|x+4|+n[3x—2|+¢c
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