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Method (4) 

Trigonometric Substitutions 

 

 

 

Example: Find    𝑰 = ∫
𝒙𝟑

√𝟗−𝒙𝟐
 𝒅𝒙 

Sol.  Let 𝑥 = 𝑎 𝑠𝑖𝑛 𝜃 = 3 𝑠𝑖𝑛 𝜃 

               𝑑𝑥 = 3 𝑐𝑜𝑠 𝜃  𝑑𝜃     ⇒   𝑑𝜃 =
𝑑𝑥

3 𝑐𝑜𝑠 𝜃
 

⇒ ∫
𝑥3

√9−𝑥2
 𝑑𝑥 =   ∫

(3 𝑠𝑖𝑛 𝜃)3

√9−(3 sin 𝜃)2
 . 3 cos 𝜃  𝑑𝜃  
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                          =  27 ∫
3 sin3 𝜃 𝑐𝑜𝑠 𝜃 

√9−(3 𝑠𝑖𝑛 𝜃)2
   𝑑𝜃  

                     =  27 ∫
3 sin3 𝜃 𝑐𝑜𝑠 𝜃 

√9−9 𝑠𝑖𝑛 2𝜃
   𝑑𝜃  

                          =  27 ∫
3 sin3 𝜃 𝑐𝑜𝑠 𝜃 

√9(1− 𝑠𝑖𝑛 2𝜃)
   𝑑𝜃  

⸪    𝑐𝑜𝑠 2𝜃 +  𝑠𝑖𝑛 2𝜃 = 1   ⇒      𝑐𝑜𝑠 2𝜃 = 1 −  𝑠𝑖𝑛 2𝜃    

  ⇒                   =  27 ∫
3 sin3 𝜃 𝑐𝑜𝑠 𝜃 

√9( 𝑐𝑜𝑠 2𝜃)
   𝑑𝜃 

⸪   √9( 𝑐𝑜𝑠 2𝜃) = 3 cos 𝜃   

                    =  27 ∫
3 sin3 𝜃 𝑐𝑜𝑠 𝜃 

3 cos 𝜃 
   𝑑𝜃   

                         =  27 ∫ sin3 𝜃    𝑑𝜃  

                   =  27 ∫ sin2 𝜃  sin 𝜃  𝑑𝜃   

                       =  27 ∫ (1 − cos2 𝜃)  sin 𝜃  𝑑𝜃   

                      =  27 ∫ sin 𝜃  𝑑𝜃 − 27 ∫ cos2 𝜃  sin 𝜃   𝑑𝜃   

                      =  27 (− cos 𝜃 ) + 27 
cos3 𝜃

3
+ 𝑐  

                      =  27 (−√1 − sin2 𝜃 ) +
27

3
 (1 − sin2 𝜃)

3
2 + 𝑐    

⸪  𝒙 = 𝟑 𝒔𝒊𝒏 𝜽      ⇒     𝒔𝒊𝒏 𝜽 =
𝒙

𝟑
 

=  27 (−√1 − (
𝒙

𝟑
)

2
 ) +

27

3
 (1 − (

𝒙

𝟑
)

2
)

3
2

+ 𝑐    

=  27 (−√1 −
𝒙

𝟗

2
 ) + 9 (1 −

𝒙

𝟗

2
)

3
2

+ 𝑐    

=  27 (−√𝟗−𝒙

𝟗

2
 ) + 9 (

𝟗−𝒙

𝟗

2
)

3
2

+ 𝑐    

∫ cos2 𝜃 sin 𝜃 𝑑𝜃  

Let u= cos 𝜃  du= -sin 𝜃 𝑑𝜃 

∴  ∫ u2   − 𝑑𝑢 =  
−u3

3
+ 𝑐 

                =  
−cos3𝜃

3
+ 𝑐 



Lect. Huda A. Hadi 

 

=  27 (−√𝟗−𝒙

𝟗

2
 ) + 9 (

𝟗−𝒙

𝟗

2
)

3
2

+ 𝑐  

=  −
27

3
 √9 − 𝑥2 +

9

27
 (9 − 𝑥2)

3
2 + 𝑐   

=  −9 √9 − 𝑥2 +
1

3
 (9 − 𝑥2)

3
2 + 𝑐  

 

 

 

 

 

 

 

Example: Evaluate    𝑰 = ∫
𝒅𝒙

𝟒+𝒙𝟐
 

Sol. Let 𝑥 = 2 tan 𝜃      ⇒   tan 𝜃 =
𝑥

2
    ⇒    𝜃 =  𝑡𝑎𝑛−1 (

𝑥

2
)     

      𝑑𝑥 = 2 𝑠𝑒𝑐2𝜃  𝑑𝜃        ⇒    𝑑𝜃 =
𝑑𝑥

2 𝑠𝑒𝑐2𝜃
 

∫
2 𝑠𝑒𝑐2𝜃  𝑑𝜃 

𝟐𝟐+2 𝑡𝑎𝑛𝟐𝜃
  

⸪ 𝑎2 + 𝑥2 = 𝑎2 𝑠𝑒𝑐2 𝜃 

∫
2 𝑠𝑒𝑐2𝜃  𝑑𝜃 

𝟐𝟐+2 𝑡𝑎𝑛𝟐𝜃
=  ∫

2 𝑠𝑒𝑐2𝜃  𝑑𝜃 

𝟐𝟐 𝑠𝑒𝑐𝟐𝜃
= ∫

1

2
 𝑑𝜃 =

1

2
∫ 𝑑𝜃 =

1

2
 𝜃 + 𝑐  

                                                                             =
1

2
  𝑡𝑎𝑛−1 (

𝑥

2
)    + 𝑐 
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Example: Find the integral of  ∫ √𝟏 − 𝒙𝟐
√𝟑
𝟐

−
𝟏

𝟐

 𝒅𝒙 

Sol.  Let 𝑥 = sin 𝜃    ⇒   𝑑𝑥 = cos 𝜃 𝑑𝜃 

at     𝑥 =
√𝟑

𝟐
    ⇒      

√𝟑

𝟐
= sin 𝜃    ⇒     𝜃 = 𝑠𝑖𝑛−1 (

√𝟑

𝟐
)   ⇒   𝜽 =

𝝅

𝟑
 

at     𝑥 = −
𝟏

𝟐
    ⇒    − 

𝟏

𝟐
= sin 𝜃    ⇒     𝜃 = 𝑠𝑖𝑛−1 (−

𝟏

𝟐
 )   ⇒   𝜽 =

−𝝅

𝟔
 

∫ √1 − 𝑥2
√3
2

−
1

2

 𝑑𝑥 = ∫ √1 − 𝑠𝑖𝑛2𝜃
√3
2

−
1

2

 cos 𝜃    𝑑𝜃  

                           = ∫ √𝑐𝑜𝑠2𝜃
√3
2

−
1

2

 cos 𝜃    𝑑𝜃   

                              = ∫ 𝑐𝑜𝑠𝜃
√3
2

−
1

2

 cos 𝜃    𝑑𝜃   

                          = ∫ 𝑐𝑜𝑠2𝜃
√3
2

−
1

2

   𝑑𝜃    

                          = ∫
1+cos (2𝜃)

2

√3
2

−
1

2

   𝑑𝜃    

                          = ∫   
1

2

√3
2

−
1

2

 𝑑𝜃 +  ∫  
cos (2𝜃)

2
  

√3
2

−
1

2

 𝑑𝜃   

                          =
1

2
(∫   

√3
2

−
1

2

 𝑑𝜃 +  ∫ cos(2𝜃)
√3
2

−
1

2

 𝑑𝜃)   

                          =
1

2
(∫   

√3
2

−
1

2

 𝑑𝜃 +  ∫  cos (2𝜃) 
√3
2

−
1

2

 𝑑𝜃 ) 

                          =
1

2
(𝜃 +  

1

2
sin(2𝜃))|

−
1

2

√3

2
+ 𝑐  

                          =
1

2
(

𝝅

𝟑
+  

1

2
sin (2

𝝅

𝟑
)) −  

1

2
(−

𝝅

𝟔
+  

1

2
sin (−

𝝅

𝟑
))  
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                          =
𝝅+√3

𝟒
 

 

Ex. Evaluate         

                    

Sol.  

 

 

 

Method (5) 

Integral Involving Quadratic Function 

Quadratic functions are functions in the form  𝑎𝑥2 + 𝑏𝑥 + 𝑐 = 0. Integrating 

functions that include a quadratic can sometimes be a little difficult. Therefore,  

we can find the solution by Method (1), Partial fractions, or we can reduce it to 

the form  

𝑎𝑥2 + 𝑏𝑥 + 𝑐 = [𝑎𝑥2 + 𝑏𝑥 + (
1

2
𝑏)

2

+ 𝑐 − (
1

2
𝑏)

2

] 

                ⇒                                  = [𝑎𝑥2 + 𝑏𝑥 +
𝑏

4

2
+ 𝑐 −

𝑏

4

2
] 

                                                = [𝑎𝑥 +
𝑏

2
]

2
+ [𝑐 −

𝑏2

4
]  
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= 𝑢2 + 𝐵 

where, 𝑢 = 𝑎𝑥 +
𝑏

2
     and  𝐵 = 𝑐 −

𝑏2

4
,  then the solution can be found by Method 

(4).  

 

 Ex. 1: Evaluate the integral. 

𝑰 = ∫
𝟔𝒙

𝟑𝒙𝟐 − 𝟏
𝒅𝒙 

Sol. Let 𝑢 = 3𝑥2 − 1     ⇒      𝑑𝑢 = 6𝑥 𝑑𝑥 

∫
6𝑥

3𝑥2−1
𝑑𝑥 = ∫

1

𝑢
𝑑𝑢 = 𝑙𝑛 |𝑢| + 𝑐  

                                  =  𝑙𝑛 |3𝑥2 − 1| + 𝑐  

 

 

Ex. 2: Evaluate the integral. 

𝑰 = ∫
𝒅𝒙

𝟐𝒙 − 𝒙𝟐 

                

  

 

 

Ex. 3: Evaluate the integral. 

Sol.            
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𝑰 = ∫
𝒅𝒙

𝒙𝟐 + 𝟑𝒙 + 𝟓
 

Sol.  

⇒ 𝑥2 + 3𝑥 + 5 = [𝑥2 + 3𝑥 + (
1

2
(3))

2

+ 5 − (
1

2
(3))

2

]  

                                             = [𝑥2 + 3𝑥 +
9

4
+ 5 −

9

4
] 

= (𝑥 +
3

2
)

2

+
11

4
 

∴      ∫
𝒅𝒙

(𝒙+
𝟑

𝟐
)

𝟐
+

𝟏𝟏

𝟒

       

Let 𝑢 = 𝑥 +
3

2
           ⇒     𝑑𝑢 = 𝑑𝑥 

     ∴      ∫
𝒅𝒙

(𝒙+
𝟑

𝟐
)

𝟐
+

𝟏𝟏

𝟒

= ∫
𝒅𝒖

𝒖𝟐+
𝟏𝟏

𝟒

   

We have    𝑢2 + 𝑎2      ⇒   𝑢 = 𝑥 +
3

2
     and      𝑎2 =

11

4
      ⇒   𝑎 = √

11

4
  =  

√11

2
                          

    ∫
𝑑𝑢

𝑢2+
11

4

=  
1

𝑎
 𝑡𝑎𝑛−1  (

𝑢

𝑎
) + 𝑐   

                =  
1

√11

2

 𝑡𝑎𝑛−1  (
𝑢

√11

2

) + 𝑐       

                 =  
2

√11
 𝑡𝑎𝑛−1  (

2𝑢

√11
) + 𝑐 

                 =  
2

√11
 𝑡𝑎𝑛−1  (

2(𝑥+
3

2
)

√11
) + 𝑐 

 

Ex. 4: Evaluate the integral. 

        Depend on table of Integral Formula (Standard Form ) p.88  
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𝑰 = ∫
𝟗𝒙 + 𝟖

𝟑𝒙𝟐 + 𝟏𝟎𝒙 − 𝟖
   𝒅𝒙 

Sol.  

             ∫
𝟗𝒙+𝟖

𝟑𝒙𝟐+𝟏𝟎𝒙−𝟖
   𝒅𝒙  

We notice that the quadratic function in the denominator of the fraction can be 

factored. 

                   = ∫
𝟗𝒙+𝟖

(𝒙+𝟒)(𝟑𝒙−𝟐)
𝒅𝒙  

Here we’ll use a partial fractions decomposition to split the integral in two. 

                   = ∫
𝑨

(𝒙+𝟒)
𝒅𝒙 + ∫

𝑩

(𝟑𝒙−𝟐)
𝒅𝒙  

(𝒙 + 𝟒) = 𝟎     ⇒    𝒙 = −𝟒  

(𝟑𝒙 − 𝟐) = 𝟎      ⇒      𝟑𝒙 = 𝟐      ⇒    
𝟐

𝟑
  

𝐴 =|𝑥=−4   
𝟗(−𝟒)+𝟖

(𝟑(−𝟒)−𝟐)
=

−𝟑𝟔+𝟖

−𝟏𝟐−𝟐
=

−𝟐𝟖

−𝟏𝟒
= 𝟐  

𝐵 =|
𝑥=

𝟐

𝟑
   

  
𝟗(

𝟐

𝟑
)+𝟖

(
𝟐

𝟑
)+𝟒

=
𝟔+𝟖
𝟐+𝟏𝟐

𝟑

=
𝟏𝟒
𝟏𝟒

𝟑

= 𝟑  

⇒   ∫
𝟐

(𝒙+𝟒)
𝒅𝒙 + ∫

𝟑

(𝟑𝒙−𝟐)
𝒅𝒙 

=   𝟐 𝒍𝒏 |𝒙 + 𝟒| + 𝒍𝒏 |𝟑𝒙 − 𝟐| + 𝒄   

 

 


