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L'Hopital's rule 

   Suppose that we have one of the following cases, 

lim
𝑥→𝑐

𝑓(𝑥)

g(𝑥)
=

 0 

 0 
         or  lim

𝑥→𝑐

𝑓(𝑥)

g(𝑥)
=

 ∓∞ 

 ∓∞ 
 

where 𝑐 can be any real number, infinity or negative infinity.  In these cases, we have, 

lim
𝑥→𝑐

𝑓(𝑥)

g(𝑥)
= lim

𝑥→𝑐

𝑓′(𝑥)

g′(𝑥)
 

Example: Evaluate the limits  

 1.    lim
𝑥→0

𝑒𝑥 − 𝑥 − 1

𝑥2
 =

0

 0 
    

       lim
𝑥→0

𝑒𝑥 − 𝑥 − 1

𝑥2
= lim

𝑥→0

𝑒𝑥 − 1

2𝑥
=

0

 0 
 

                                    = lim
𝑥→0

 𝑒𝑥

2
=

 1 

 2 
 

2.  lim
𝑥→0

2 sin 𝑥 − sin 2𝑥

𝑥 − sin 𝑥
 =

0

 0 
     

        lim
𝑥→0

2 sin 𝑥 − sin 2𝑥

𝑥 − sin 𝑥
= lim

𝑥→0

2 cos 𝑥 − 2 cos 2𝑥

1 − cos 𝑥
=

0

 0 
 

= lim
𝑥→0

−2 sin 𝑥 + 4 sin 2𝑥

sin 𝑥
=

0

 0 
           

         = lim
𝑥→0

−2 cos 𝑥 + 8 cos 2𝑥

cos 𝑥
=

−2 + 8

1
= 6  

 

3.  lim
𝑥→∞

5 + ln 2𝑥

𝑥2 + 4
=

∞

∞
 

      lim
𝑥→∞

5 + ln 2𝑥

𝑥2 + 4
= lim

𝑥→∞

 2 
2𝑥
2𝑥

= lim
𝑥→∞

1

2𝑥2
=

1

∞
= 0 

4.  lim
𝑥→∞

(ln 𝑥)2

𝑒2𝑥
=

∞

∞
 

      lim
𝑥→∞

(ln 𝑥)2

𝑒2𝑥
= lim

𝑥→∞

(ln 𝑥)2

(𝑒𝑥)2
= ( lim

𝑥→∞

ln 𝑥

𝑒𝑥
)

2

= ( lim
𝑥→∞

 1 
𝑥

𝑒𝑥
)

2

= (
0

∞
)

2

= 0 
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5.  lim
𝑥→0

𝑥2𝑒3𝑥

(𝑒2𝑥 − 1)2
 =

0

 0 
      

     lim
𝑥→0

𝑥2𝑒3𝑥

(𝑒2𝑥 − 1)2
= lim

𝑥→0

𝑥2

(𝑒2𝑥 − 1)2
× lim

𝑥→0
𝑒3𝑥 = (lim

𝑥→0

𝑥

(𝑒2𝑥 − 1)
)

2

× 1 

                           = (lim
𝑥→0

1

2𝑒2𝑥
)

2

 = (
 1 

2
)

2

=
 1 

4
 

6.   lim
𝑥→0

sin−1 2𝑥

tan−1 3𝑥
=

0

 0 
 

            lim
𝑥→0

sin−1 2𝑥

tan−1 3𝑥
= lim

𝑥→0

2 √1 − 4𝑥2⁄

3 1 + 9𝑥2⁄
=

 2 

3
 

     

 

Evaluate the limits 

1.  lim
𝑥→0

ln(1 + 𝑥) − 𝑥

cos 𝑥 − 1
                                        2.   lim

𝑥→0

cos 4𝑥 − cos 2𝑥

𝑥2
  

3.   lim
𝑥→∞

7 − ln(2𝑥 + 3)

ln(5𝑥 − 2)
                                  4.  lim 

𝑥→ −1

1 + cos𝜋𝑥

𝑥2 + 2𝑥 + 1
 

5.   lim
𝑥→0

𝑒𝑥 − 𝑥 − 1

𝑥 sin 𝑥
                                        6.     lim

𝑥→0
 

𝑥3

𝑥 − sin𝑥
 

7.  lim
𝑥→ 0

(1 − 𝑥)8 − 1

2𝑥
                                    8.  lim

𝑥→ ∞

ln(100𝑥)

𝑥0.01
 

 

 

 

 

 

 


