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Chapter One
Control Volume and Reynolds Transport Theorem

Control Volume (CV) Concept: It is a concept that describes the whole
changes through a volume (certain volume) and to control it to figure out the
changes of the whole properties such as flow rate, momentum, energy, etc.

There are three types of control volumes, depend on the nature of the space
that undergo the changes as shown in figure below.

Stationary CV Moving CV Deformed CV

extruded
paste /¥

Convergent-
Divergent Nozzle Cartage

Stationary CV

There are three main laws in the mechanics, as we know:
1. The conservation of mass

2. The conservation of momentum (linear and angular)
3. The conservation of energy

When we apply or use these laws in solid, there is a constant volume of the
body such as bar, beam, block, etc. However, in fluid, there is no constant volume,
so we will create a volume to make the study and the calculations easy. This
volume is called the control volume (CV).
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Conservation of Mass
Extensive and Intensive Properties

When a property depends on a mass such as the momentum, it is called
extensive property and here in this chapter will be noted as "B" or "N", while the
mass dependent property will be called as intensive property such as specific
volume (m*/kg) or the momentum and energy per unit mass. These properties can
be noted by "b" or "n" such as b=B/m (m: is the mass).

For non-uniform property as B and its intensive property b and per unit
mass, we can get:

e S —— (1)
am

m=pV thendm=pdV oo (2)

from (1 and 2) we get:

dB=bpdV thenB=¢, bpdV

CS at outlet

CV at time
(t+At)

CV at time (t)
CSat inlet

At time t: System is the control volume (' sys. = cv) or

B(t) =CV(t) or Bgs=Bcyattimet



Prof. Dr. Eng. Ahmed S. Naji Chemical Engineering Department
The lecturer of Fluid Flow Il Faculty of Engineering, The University of Babylon

At time (t+At): System is the control volume

(CV-D+Il = CV—-I+II
Or

Bgys(t + 4t) = B, (t + At) — B(t + At) + By (t + At)

Now, we take time rate of B change to get the derivative as:

Bsys(t + At) — Bgys (t) = B, (t + At) — Bi(t + At) + By (¢ + At) — Bgys ()
Divide by At

Bgys(t + At) = Byys (t)  Bey(t + At) — Bi(t + At) + By (t + At) — Bgys ()
At B At

The LHS of this equation is the first derivative of B with respect to t when At — 0

ABS)/S . Bcv(t + At) - BCV (t) + Bll(t + At) . Bl(t + At)

At At At At

t t
| |
| |

- e o
- e =

Rate of B Change of B B flow rate B flow rate
change WLt (t) cross the cross the
w.rt (t) C.S. at outlet C.S. atinlet
term (1) term (2) term (3) term (4)

————————————————————————————————————————————————————— The main equation

ABsys — lim Bsys (t + At) - Bsys (t) _ stys
At—-0 At At—0 At ot
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term (2), take limit At - 0

Boy(t+ At) — By (€ dB d
lim cv ( ) cv()= cv _ & b pdV

term (3) and term (4) are in same analysis, for term (3), outlet the CS:

Vi

XN,

v, =V cos 0 }* At [normal component of v to the area AA]
vpAt=v cos 0 At

Al, =vcos 6 At } *p AA  [distance of travel of AA for time At]
Hence: p Al, AA =pvcos 0 At AA  [volume of flow rate]
But, p Al, AA =p AV, = Amyy [mass flow rate=density x volume flow rate]
Now, we have: AMgyt = p V COS 0 At AA =m-mmmmmmmmm oo (3)
we have b =B/m [any intensive property]
Or B=Dbm — inincrement form — ABg; =b A Mgy -------------------- 4)
Substitute (3) in (4) we get:
ABoyit =Db p Vv cos 6 At AA

For the entire cross-section area at outlet, AA = dA take integration
Bout = fb pvcos 0At dA = By (t + At)

At is constant with respect to (A)
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B
out — fbpvcostA

At
Take limit for both sides as At—0 Hence: B,y = gﬁcs t bpvcos 6dA
Same analysis for tem (4) Bin = $,; bpvcos6dA

Bin and By, are positive but according to the figure below, Bj,
will be negative (cosd < 0) while B, will be positive (cosd > 0)

n & Vn n & Vn

Vinlet

0>90 0<90

cos0<0 cos0>0

Now the four terms are:
. dBgsys . d
Term (1) : => Term (2): —¢. bpav

Term (3) : 6., bpvcoseda Term (4):—¢.. bpvcosfdA

CSin

V=v cosO= v'i
Substitute these terms in the main equation, we get:

dBsys

d . N
= Egﬁcvbpdv+gﬁcsoutbpvndx4—(—gﬁcsinbpvndA)

5
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— = — bpdv + bpvndA+ bpvndA

In conclusion,

dB) adlf G dv+j£ bop efdA
—) =—¢ bp pT ef
dt/sys dtJey s e (5)

v-ii = 4V outlet CS = —vinlet CS

Equation (5) is called Reynolds Transport Theorem (RTT).
Example 1: Find the velocity at the section 2

A;=02m* v;=5m/ls
A;=02m°  v,=7?
A;=0.15m* vz=12m/s
Q,=0.1ms

Solution:

Method 1 (the direct method)
Q1=Q2+Q3+Q4
Q2=Q1-Q3-Q4
V2A2 =V1A1-v3A3-Q4

_ V1A1-v3A3-Qa
= »

0.2(5)-0.15(12)-0.1
V2= 0.2

By using RTT

\p

=-4.5m/s as at outlet (4.5 m/s inlet)
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dB) 40 bodved bovnda
dt/gs  dtJey cs

b=B/m and since we talk about the mass then B=m and thus b=1

dB
—> =0 conservation of mass
dt/sys
then,
d N
0= — 1pdv+% 1pvidA
d =0 teady stat
i steady state

0= jé p v:h dA
cs

0= 'A1V1 +A2V2 +A3V3 +A4V4
0= 'A1V1 +A2V2 +A3V3 +Q4
0= -0.2(5)+0.2v,+0.15(12)+0.1

v,=-45m/s outlet or v,=+45m/s inlet

Example 2: A fluid flow with a velocity 30 m/s on a plate. The velocity profile is

2
% = 2% - (%) . The density was 1.24 kg/m3. If the width of the plate is 0.6 m, find

the flow rate across the control surfaces? (Assume the control height is 5 mm)

Solution: n
b

Flow rate only n 1 op e 2 C "
¢ 1 Vv 1

B=m thenb=m/m=1 — " :—\7
1 1

1
dB d N A T O
— == bpdv+® bpvndA
dt/sys  dtJey cs
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0= o+jﬂ bpT-AdA
CS

jé bpv-ndA=0
cs

J,pvitdA+ [ pvidA+ [ pviadA+[ pvAdAd=0

[ Y

v=U v=U v=u v=0

n(-) n(-) n(+) no sign
p = constant

5 _ _ 5 _ _
Qab:—jg UdA=—f Uwdy =-Uwy]|} S:VU
. s =5 x0.6x%30=-90m3/s

ch=—gﬁchdA=—f0Ldex=—wUL & L is unknown here

yz 937 [25 125
5 75

o) y yZ
ch=j;) U IZE—E Wdy:WU?_%():WU

5 2
=O.6><30><[5—§]=0.6><30><5><§=60m3/s

Q4a = 0 (no flow thru the plate) and

Qap + Qpc + Qg =0

Qbe = —Qap — Qeca = 90 — 60 = 30m*/s
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Example 3: A tank has a fluid of p = 6 kg/m® at 800 kpa and 15 °C. At time t=0,
the tank valve has opened and the fluid started to escape. Find the density rate of
change if the initial volume was 0.05 m® and the valve area is 65 mm?, speed is 300
m/s?

Solution:

dB d — A

E},{: <6, bpdv+g bpTidA
=0 b=m/m=1

d
0= — 1pdv+_(f 1pvndA

dt Jey cs
dp _ .
0= — dv+% p v-h dA
dt Jey cs
_ de dp _ _pvA
0= VTP vA then = v

dp  6x300x65x107°
Tdt 0.05

=—-2.34kg/m3 s

Example 4: How fast the fluid escape from a tank in form of dh/dt if the hole flow
rate is Q and the tank volume is VV?

Solution:
dB) d b dv+j€ b p vfi dA - i
—] == p p Vi ! !
dt Sys dt cv CS i i H
dB _ i
E)sys =0 b=1 | i
dp L Lo I
0= —¢ dv+ f p v-h dA v
dt Jey cs
dv av
0= E‘}‘VA then;z _vAhole
V= A;gnidh and Agqk is constant = dh _ _YAote _ _ Qhote
dt Atank Atank



