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 المحاضرة الخامسة

 جذور الاعداد المركبة

Roots of complex number  

 

𝒛
𝟏
𝒏 = 𝒓

𝟏
𝒏 𝒆

𝒊[
𝜽+𝟐𝒌𝝅

𝒏
]

= 𝒓
𝟏
𝒏 [𝒄𝒐𝒔 (

𝜽 + 𝟐𝒌𝝅

𝒏
) + 𝒊𝒔𝒊𝒏 (

𝜽 + 𝟐𝒌𝝅

𝒏
)] , 𝒌 = 𝟎, 𝟏, 𝟐, … , 𝒏 − 𝟏 

Ex. Find out the roots of (−1)
1

2     

Sol.  𝑧 = −1 + 0𝑖 

𝑟 = 1 

𝜃 = tan−1 (
0

−1
) = tan−1(0) = 𝜋 

𝑧 = 𝑟[𝑐𝑜𝑠𝜃 + 𝑖𝑠𝑖𝑛𝜃] 

𝑧 = 𝑐𝑜𝑠𝜋 + 𝑖𝑠𝑖𝑛𝜋 

𝑧
1
2 = 𝑐𝑜𝑠 (

𝜋 + 2𝑘𝜋

𝑛
) + 𝑖𝑠𝑖𝑛 (

𝜋 + 2𝑘𝜋

𝑛
)                    𝑘 = 0,1 

𝑘 = 0  𝑡ℎ𝑒𝑛 = 𝑐𝑜𝑠 (
𝜋 + 2(0)𝜋

2
) + 𝑖𝑠𝑖𝑛 (

𝜋 + 2(0)𝜋

2
)                    

       𝑧1 = 𝑐𝑜𝑠
𝜋

2
 + 𝑖𝑠𝑖𝑛

𝜋

2
⟹ 𝑧1 = 0 + 𝑖 = 𝑖 

𝑘 = 1  𝑡ℎ𝑒𝑛𝑐𝑜𝑠 (
𝜋 + 2(1)𝜋

2
) + 𝑖𝑠𝑖𝑛 (

𝜋 + 2(1)𝜋

2
)      
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      𝑧2 = 𝑐𝑜𝑠
3𝜋

2
 + 𝑖𝑠𝑖𝑛

3𝜋

2
⟹ 𝑧2 = 0 − 𝑖 = −𝑖 

𝑠 = {𝑖, −𝑖} 

Ex. Find out the cube roots of (−8𝑖)          اكتشف الجذور التكعيبية 

Sol. 𝑧 = 0 − 8𝑖   ⟹ 𝑟 = √0 + 64 = 8 

𝜃 = tan−1 (
−8

0
) = −

𝜋

2
 

𝑧 = 8 [𝑐𝑜𝑠
−𝜋

2
+ 𝑖𝑠𝑖𝑛

−𝜋

2
] ⟹ 𝑧 = 8 [𝑐𝑜𝑠

𝜋

2
− 𝑖𝑠𝑖𝑛

𝜋

2
] 

𝑧
1
3 = 8

1
3 [𝑐𝑜𝑠

𝜋

2
− 𝑖𝑠𝑖𝑛

𝜋

2
]

1
3

= 8
1
3 [𝑐𝑜𝑠

𝜋
2

+ 2𝑘𝜋

3
− 𝑖𝑠𝑖𝑛

𝜋
2

+ 2𝑘𝜋

3
]       𝑘 = 0,1,2 

𝑘 = 0 𝑡ℎ𝑒𝑛 𝑧1 = 2 [𝑐𝑜𝑠
𝜋

6
− 𝑖𝑠𝑖𝑛

𝜋

6
] ⟹ 𝑧1 = 2 [

√3

2
−

1

2
𝑖] ⟹ 𝑧1 = √3 − 𝑖 

𝑘 = 1 𝑡ℎ𝑒𝑛  𝑧2 = 2 [𝑐𝑜𝑠

5𝜋
2
3

− 𝑖𝑠𝑖𝑛

5𝜋
2
3

] ⟹ 𝑧2 = 2 [𝑐𝑜𝑠
5𝜋

6
− 𝑖𝑠𝑖𝑛

5𝜋

6
] ⟹

= 2 [−
√3

2
−

1

2
𝑖] = −√3 − 𝑖 

𝑘 = 2 𝑡ℎ𝑒𝑛 𝑧3 = 2 [𝑐𝑜𝑠

9𝜋
2
3

− 𝑖𝑠𝑖𝑛

9𝜋
2
3

] ⟹ 𝑧2 = 2 [𝑐𝑜𝑠
3𝜋

2
− 𝑖𝑠𝑖𝑛

3𝜋

2
] ⟹

= 2[0 + 𝑖] = 2𝑖 

𝑠 = {2𝑖, −√3 − 𝑖, √3 − 𝑖} 
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Ex. Solve the equation 𝑥3 + 𝑖 = 0 

Sol. 𝑥3 = −𝑖    this means 𝑥 = (−𝑖)
1

3 

⟹ 𝑟 = |𝑧| ⟹ 𝑟 = 1 & 𝜃 = −
𝜋

2
⟹ ∴  𝑥3 = 𝑐𝑜𝑠 (−

𝜋

2
) + 𝑖𝑠𝑖𝑛 (−

𝜋

2
) 

𝑥3 = 𝑐𝑜𝑠
𝜋

2
− 𝑖𝑠𝑖𝑛

𝜋

2
𝑘   اوجد  الجذور التكعيبية                = 0,1.2 

𝑘 = 0 ⟹ 𝑥1 = 𝑐𝑜𝑠

𝜋
2

+ 2(0)𝜋

3
− 𝑖𝑠𝑖𝑛

𝜋
2

+ 2(0)𝜋

3
= 𝑐𝑜𝑠

𝜋

6
− 𝑖𝑠𝑖𝑛

𝜋

6
=

√3

2
−

1

2
𝑖 

𝑘 = 1 ⟹ 𝑥2 = 𝑐𝑜𝑠

𝜋
2

+ 2𝜋

3
− 𝑖𝑠𝑖𝑛

𝜋
2

+ 2𝜋

3
= 𝑐𝑜𝑠

5𝜋

6
− 𝑖𝑠𝑖𝑛

5𝜋

6
= −

√3

2
−

1

2
𝑖 

𝑘 = 2 ⟹ 𝑥3 = 𝑐𝑜𝑠

𝜋
2

+ 4𝜋

3
− 𝑖𝑠𝑖𝑛

𝜋
2

+ 4𝜋

3
= 𝑐𝑜𝑠

9𝜋

6
− 𝑖𝑠𝑖𝑛

9𝜋

6
= 𝑐𝑜𝑠

3𝜋

2
− 𝑖𝑠𝑖𝑛

3𝜋

2

= 0 + 𝑖 = 𝑖 

𝑠 = {𝑖, −
√3

2
−

1

2
𝑖,

√3

2
−

1

2
𝑖} 

Ex. Find out the cube roots of (√3 + 𝑖)
−

3

2 

Sol.𝑧 = √3 + 𝑖  ,⟹ 𝑟 = 2 ,   ⟹ 𝜃 =
𝜋

6
 

𝑧 = 2 [𝑐𝑜𝑠
𝜋

6
+ 𝑖𝑠𝑖𝑛

𝜋

6
]. 

Now by Demoivre’s formula 
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𝑍−3 = 2−3 [𝑐𝑜𝑠
𝜋

6
+ 𝑖𝑠𝑖𝑛

𝜋

6
]

−3
  

 𝑍−3 = 2−3 [𝑐𝑜𝑠(−3)
𝜋

6
+ 𝑖𝑠𝑖𝑛(−3)

𝜋

6
] 

      𝑍−3 =
1

8
[𝑐𝑜𝑠

𝜋

2
− 𝑖𝑠𝑖𝑛

𝜋

2
] 

hence 

𝑍−
3

2 = (
1

8
)

1

2
[𝑐𝑜𝑠 (

𝜋

2
+2𝐾𝜋

2
) − 𝑖𝑠𝑖𝑛 (

𝜋

2
+2𝐾𝜋

2
)].  Where K=0, 1 

𝐾 = 0 , 𝑍1 = (
1

2√2
) [𝑐𝑜𝑠 (

𝜋

4
) − 𝑖𝑠𝑖𝑛 (

𝜋

4
)] ⟹ (

1

2√2
) [

1

√2
−

1

√2
𝑖] 

1

4
−

1

4
𝑖 

𝐾 = 1, 𝑍2 = (
1

2√2
) [𝑐𝑜𝑠 (

5𝜋

4
) − 𝑖𝑠𝑖𝑛 (

5𝜋

4
)] ⟹ (

1

2√2
) [

−1

√2
+

1

√2
𝑖] 

−1

4
+

1

4
𝑖 

 

Ex. Find out the cube roots of (−𝑖)−
2

3 

Sol.𝑧 = 0 − 𝑖  ,⟹ 𝑟 = 1 ,   ⟹ 𝜃 = −
𝜋

2
 

𝑧 = 1 [𝑐𝑜𝑠
𝜋

2
− 𝑖𝑠𝑖𝑛

𝜋

2
]. 

By Demoivre’s formula 

𝑍−2 = 1−2 [𝑐𝑜𝑠
𝜋

2
− 𝑖𝑠𝑖𝑛

𝜋

2
]

−2
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      = [𝑐𝑜𝑠𝜋 + 𝑖𝑠𝑖𝑛𝜋] 

𝑍−
2

3 = (1)3 [𝑐𝑜𝑠 (
𝜋+2𝐾𝜋

3
) + 𝑖𝑠𝑖𝑛 (

𝜋+2𝐾𝜋

3
)].  Where K=0, 1, 2 

𝐾 = 0 , 𝑍1 = [𝑐𝑜𝑠 (
𝜋

3
) + 𝑖𝑠𝑖𝑛 (

𝜋

3
)] ⟹ [

1

2
+

√3

2
𝑖] 

 𝐾 = 1, 𝑍2 = [𝑐𝑜𝑠(𝜋) + 𝑖𝑠𝑖𝑛(𝜋)] ⟹ [0 − 𝑖] = −𝑖 

 𝐾 = 2, 𝑍3 = [𝑐𝑜𝑠 (
5𝜋

3
) + 𝑖𝑠𝑖𝑛 (

5𝜋

3
)] ⟹ [

1

2
−

√3

2
𝑖] = 

 


