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Solution of Wave Equation

In this lecture we discuss the one-dimensional wave equation wy, = k?u,,, where k is
a constant non-negative real coefficient representing the propagation speed of the
wave. The wave equation in one spatial dimension can be derived for a variety of
different physical situations. Most famously, it can be derived for a vibrating string
when each of its elements is pulled in opposite directions by a tension force.
We will find the general solution to the wave equation in two methods.
1. Method of separation of variables
The method of separation of variables relies upon the assumption that a function of the
form: w(x, t) = F(x)G(t).
Example 1: Apply the method of separation of variables to solve the wave equation
Wy = k?u,,, with boundary conditions w(0,t) = w(1,t) = 0 and w,(x,0) = 0.
Solution: Assume the solutionis w(x,t) = F(x)G(t)
Wy, = F''G and wy, = FG"

F"4+A2F =0 and G" + A*’k?*G =0

F =AsinAx 4+ BcosAx and G = Csin(Akt) + D cos(Akt)

w(0,t) =w(1,t) =0 = F(0)=0and F(1)=0

F(0O)=0 » B=0 = F=AsinAx

F(1)=0 ©» AsinAx=0 ©» A=nn

F = Asin(nmx)

G = C sin(nmkt) + D cos(nmkt)

we(x,0)=0= G'(0)=0

G' = Cnmk cos(nmkt) — Dnmk sin(nmkt)

G'(0)=0 »C=0 = G =Dcos(nmkt)

w(x,t) = 2 a,, sin(nmx) cos(nmkt)

n=1
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2. D’Alembert’s Solution
Suppose we have the wave equation w,; = c?u,, , and we wish to solve it given the
conditions w(x,0) = F(x) and w(x,0) = G(x).
We change variables to r = x + ct and s = x — ct.
The general solution of this PDE is u(x,t) = F(x + ct) + G(x — ct)
Example 2: Solve IVP w;; — 4w,,, = 0 with w(x,0) = 0 and w;(x,0) = tanx.
Solution: w(x,t) =F(x+2t)+ G(x — 2t)
wx,0)=0= 0=Fx+0)+G6(x—-0)
Fx)+G(x)=0 -+ (1)
we(x,t) =2 F (x+2t) — 2G'(x — 2t)
we(x,0) =tanx = 2 F'(x) — 2G'(x) = tanx
2F(x)—2G(x) = —Incos(x) - (2)
2xequ(l)+equ(2) =» 4F(x)=—Incos(x)

1 1
F(x) = —Zln cos(x) and G(x) = Zln cos(x)
1 1
So,F(x +2t) = —Zlncos(x +2t) and G(x —2t) = Zlncos(x —2t)

1 1
Then w(x,t) = Zln cos(x — 2t ) — Zln cos(x + 2t)

0 x0) = 1l cos(x — 2t)
r WAL E) =y ncos(x+2t)

17



e bea A3 e - (10 ) - 2025-2024 ol sl plal) - Al Als

Example 3: Solve IVP wy; — a®u,,, = 0 with w(x,0) = 0and w.(x,0) = 11 2

Solution: w(x,t) = F(x +at) + G(x — at)
wx,00=0 =20=Fx+0)+G6(x—-0)
F(x)+G(x)=0 -+ (1)
we(x,t) =aF'(x+at)—aG'(x — at)

we(x,0) = T 52 = aF'(x) —aG'(x) = 1T 22
aF(x) —aG(x) =tan"1x - (2)
aXequ(l)+equ(2) © 2aF(x)=tan"lx
1 -1 1 -1
F(x) = ﬂtan X and G(x) = —Ztan X

1 -1
So,F(x +at) = %tan‘l(x +at)and G(x —at) = ﬂtan‘l(x —at)

1
Then w(x,t) = > (tan"'(x + at) —tan"(x —at))

Example 4: Using D’ Alembert’s solution to solve the wave equation w;; = 4wy,
with  w(x,0) = w,(x,0) = sinx
Solution: w(x,t) = F(x + 2t) + G(x — 2t)

w(x,0)=sinx = sinx=Fx+0)+G(x—0)

F(x)+ G(x) =sinx (1)

we(x,t) =2F'(x+ 2t) — 2G'(x — 2t)

we(x,0) =sinx = 2F'(x)—2G'(x) =sinx
2F(x)—2G(x) = —cos(x) - (2)
2xequ(l)+equ(2) = 4F(x)=2sinx—cosx

F(x)=(1/2)sinx —(1/4)cosx and G(x) = (1/2)sinx + (1/4) cosx

F(x+2t)=(1/2)sin(x+ 2t) — (1/4) cos(x + 2t)

G(x—2t) =(1/2)sin(x — 2t) + (1/4) cos(x — 2t)

w(x, t) = (1/2)[sin(x + 2t ) + sin(x — 2t)] + (1/4)[cos(x — 2t) — cos(x + 2t )]
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Example 5: Using D’ Alembert’s solution t0 solve the wave equation w;; = 2wy,

with  w(x, 0) = cos 2x and u,(x,0) = —4v2 sin 2x
Solution: w(x,t) = F(x +V2t) + G(x —V2't)

w(x,0) =cos2x D cos2x=F(x+0)+G(x—0)
F(x)+ G(x) = cos2x -+ (1)
we(x, t) = \/EF’(x+\/7t) —\/Z_G’(x—\/?t)
w,(x,0) = —4V2 sin2x = V2 F'(x) = V2 G'(x) = —4V?2 sin 2x
V2 F(x) —V2 G(x) = 2v/2 cos2x
F(x) — G(x) = 2cos2x -+ (2)
equ(l) +equ(2) = 2 F(x) =3cos2x

3 1
F(x) = — cos 2x and G(x) = — 5 cos 2x

F(x+\/?t)=%c052(x+\/2_t)
G(x—v2¢t)= —%cosZ(x—\/?t)

w(x, t) =%c052(x+\/2_t) —%cosZ(x—\/Z_t)

H.W: Solve IVPs by using D’ Alembert’s solution
1. wy —a’u,, =0 with w(x,0) = 0and w(x,0) = sinx

2. Wy — 9w, =0 with w(x,0) =0and w,(x,0) = e?*

3. Wy —3w,, =0 with w(x,0) =e? and w,(x,0) =3 e?*
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