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Solution of Wave Equation 

In this lecture we discuss the one-dimensional wave equation 𝑤𝑡𝑡 = 𝑘2𝑢𝑥𝑥, where 𝑘 is 

a constant non-negative real coefficient representing the propagation speed of the 

wave. The wave equation in one spatial dimension can be derived for a variety of 

different physical situations. Most famously, it can be derived for a vibrating string 

when each of its elements is pulled in opposite directions by a tension force.  

We will find the general solution to the wave equation in two methods . 

1. Method of separation of variables 

The method of separation of variables relies upon the assumption that a function of the 

form: 𝑤(𝑥, 𝑡) = 𝐹(𝑥)𝐺(𝑡). 

Example 1: Apply the method of separation of variables to solve the wave equation 

𝑤𝑡𝑡 = 𝑘2𝑢𝑥𝑥, with boundary conditions 𝑤(0, 𝑡) = 𝑤(1, 𝑡) = 0  and 𝑤𝑡(𝑥, 0) = 0. 

Solution: Assume the solution is     𝑤(𝑥, 𝑡) = 𝐹(𝑥)𝐺(𝑡) 

               𝑤𝑥𝑥 = 𝐹′′𝐺 and 𝑤𝑡𝑡 = 𝐹𝐺′′ 
               

                
  𝐹′′

𝐹
=

  𝐺′′

𝑘2𝐺
= −𝜆2 

                𝐹′′ + 𝜆2𝐹 = 0   and  𝐺′′ + 𝜆2𝑘2𝐺 = 0 

                 𝐹 = 𝐴 sin 𝜆𝑥 + 𝐵 cos 𝜆𝑥      and   𝐺 = 𝐶 sin(𝜆𝑘𝑡) + 𝐷 cos(𝜆𝑘𝑡) 

                𝑤(0, 𝑡) = 𝑤(1, 𝑡) = 0   ⇰  𝐹(0) = 0 and   𝐹(1) = 0 

                𝐹(0) = 0    ⇰   𝐵 = 0   ⇰       𝐹 = 𝐴 sin 𝜆𝑥  

                𝐹(1) = 0    ⇰   𝐴 sin 𝜆𝑥 = 0     ⇰     𝜆 = 𝑛𝜋 

               𝐹 = 𝐴 sin(𝑛𝜋𝑥) 

               𝐺 = 𝐶 sin(𝑛𝜋𝑘𝑡) + 𝐷 cos(𝑛𝜋𝑘𝑡) 

               𝑤𝑡(𝑥, 0) = 0  ⇰  𝐺′(0) = 0 

               𝐺′ = 𝐶𝑛𝜋𝑘 cos(𝑛𝜋𝑘𝑡) − 𝐷𝑛𝜋𝑘 sin(𝑛𝜋𝑘𝑡) 

               𝐺′(0) = 0   ⇰ 𝐶 = 0   ⇰  𝐺 = 𝐷 cos(𝑛𝜋𝑘𝑡) 

               𝑤(𝑥, 𝑡) = ∑ 𝑎𝑛 sin(𝑛𝜋𝑥) cos(𝑛𝜋𝑘𝑡)

∞

𝑛=1

 

https://en.wikipedia.org/wiki/Real_number
https://en.wikipedia.org/wiki/Coefficient
https://en.wikipedia.org/wiki/Wave#Wave_velocity
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2. D’Alembert’s Solution 

Suppose we have the wave equation 𝑤𝑡𝑡 = 𝑐2𝑢𝑥𝑥 ,  and we wish to solve it given the 

conditions  𝑤(𝑥, 0) = 𝐹(𝑥) and   𝑤𝑡(𝑥, 0) = 𝐺(𝑥).  

We change variables to  𝑟 = 𝑥 + 𝑐𝑡 and 𝑠 = 𝑥 − 𝑐𝑡.  

The general solution of this PDE is  𝑢(𝑥, 𝑡) = 𝐹(𝑥 + 𝑐𝑡 ) + 𝐺(𝑥 − 𝑐𝑡) 

Example 2: Solve IVP 𝑤𝑡𝑡 − 4𝑤𝑥𝑥 = 0    with   𝑤(𝑥, 0) = 0 and  𝑤𝑡(𝑥, 0) = tan 𝑥. 

Solution:        𝑤(𝑥, 𝑡) = 𝐹(𝑥 + 2𝑡 ) + 𝐺(𝑥 − 2𝑡) 

                       𝑤(𝑥, 0) = 0   ⇰    0 = 𝐹(𝑥 + 0 ) + 𝐺(𝑥 − 0)     

                        𝐹(𝑥 ) + 𝐺(𝑥) = 0                                                                      ⋯ (1) 

                        𝑤𝑡(𝑥, 𝑡) = 2 𝐹′(𝑥 + 2𝑡 ) − 2𝐺′(𝑥 − 2𝑡)   

                        𝑤𝑡(𝑥, 0) = tan 𝑥  ⇰ 2 𝐹′(𝑥) − 2𝐺′(𝑥) = tan 𝑥 

                        2 𝐹(𝑥) − 2𝐺(𝑥) = − ln cos(𝑥)                                             ⋯ (2) 

                      2 × equ(1) + equ(2)   ⇰   4 𝐹(𝑥) = − ln cos(𝑥)  

                      𝐹(𝑥) = −
 1 

 4 
ln cos(𝑥)        and  𝐺(𝑥) =

 1 

 4 
ln cos(𝑥)  

                     So, 𝐹(𝑥 + 2𝑡 ) = −
 1 

 4 
ln cos(𝑥 + 2𝑡 )   and   𝐺(𝑥 − 2𝑡 ) =

 1 

 4 
ln cos(𝑥 − 2𝑡 ) 

                    Then     𝑤(𝑥, 𝑡) =
 1 

 4 
ln cos(𝑥 − 2𝑡 ) −

 1 

 4 
ln cos(𝑥 + 2𝑡 ) 

                   Or         𝑤(𝑥, 𝑡) =
 1 

 4 
ln

cos(𝑥 − 2𝑡 )

cos(𝑥 + 2𝑡 )
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𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟑: Solve IVP 𝑤𝑡𝑡 − 𝑎2𝑢𝑥𝑥 = 0   with   𝑤(𝑥, 0) = 0 and  𝑤𝑡(𝑥, 0) =
 1 

1 + 𝑥2
 

Solution:   𝑤(𝑥, 𝑡) = 𝐹(𝑥 + 𝑎𝑡 ) + 𝐺(𝑥 − 𝑎𝑡) 

                    𝑤(𝑥, 0) = 0      ⇰ 0 = 𝐹(𝑥 + 0 ) + 𝐺(𝑥 − 0)     

                    𝐹(𝑥 ) + 𝐺(𝑥) = 0                                                                      ⋯ (1) 

                   𝑤𝑡(𝑥, 𝑡) = 𝑎 𝐹′(𝑥 + 𝑎𝑡 ) − 𝑎𝐺′(𝑥 − 𝑎𝑡)   

                   𝑤𝑡(𝑥, 0) =
 1 

1 + 𝑥2
    ⇰       𝑎𝐹′(𝑥) − 𝑎𝐺′(𝑥) =

 1 

1 + 𝑥2
 

                   𝑎𝐹(𝑥) − 𝑎𝐺(𝑥) = tan−1 𝑥                                                         ⋯ (2) 

                   𝑎 × equ(1) + equ(2)      ⇰        2𝑎 𝐹(𝑥) = tan−1 𝑥      

                   𝐹(𝑥) =
 1 

 2𝑎 
tan−1 𝑥            and    𝐺(𝑥) = −

 1 

 2𝑎 
tan−1 𝑥      

                  So, 𝐹(𝑥 + 𝑎𝑡 ) =
 1 

 2𝑎 
tan−1(𝑥 + 𝑎𝑡 ) and   𝐺(𝑥 − 𝑎𝑡 ) =

−1 

 2𝑎 
tan−1(𝑥 − 𝑎𝑡 )  

                 Then     𝑤(𝑥, 𝑡) =
 1 

 2𝑎 
(tan−1(𝑥 + 𝑎𝑡 ) − tan−1(𝑥 − 𝑎𝑡 ))     

Example 4: Using D’Alembert’s solution to solve the wave equation   𝑤𝑡𝑡 = 4𝑤𝑥𝑥 

                    with     𝑤(𝑥, 0) = 𝑤𝑡(𝑥, 0) = sin 𝑥 

   Solution:   𝑤(𝑥, 𝑡) = 𝐹(𝑥 + 2𝑡 ) + 𝐺(𝑥 − 2𝑡) 

                       𝑤(𝑥, 0) = sin 𝑥       ⇰       sin 𝑥 = 𝐹(𝑥 + 0 ) + 𝐺(𝑥 − 0)     

                       𝐹(𝑥 ) + 𝐺(𝑥) = sin 𝑥                                                                  ⋯ (1) 

                       𝑤𝑡(𝑥, 𝑡) = 2 𝐹′(𝑥 + 2𝑡 ) − 2𝐺′(𝑥 − 2𝑡)   

                       𝑤𝑡(𝑥, 0) = sin 𝑥    ⇰      2 𝐹′(𝑥) − 2𝐺′(𝑥) = sin 𝑥 

                        2 𝐹(𝑥) − 2𝐺(𝑥) = − cos(𝑥)                                                   ⋯ (2) 

                      2 × equ(1) + equ(2)       ⇰   4 𝐹(𝑥) = 2 sin 𝑥 − cos 𝑥  

                      𝐹(𝑥) = (1 2⁄ ) sin 𝑥 − (1 4⁄ ) cos 𝑥  and   𝐺(𝑥) = (1 2⁄ ) sin 𝑥 + (1 4⁄ ) cos 𝑥 

                     𝐹(𝑥 + 2𝑡 ) = (1 2⁄ ) sin(𝑥 + 2𝑡 ) − (1 4⁄ ) cos(𝑥 + 2𝑡 ) 

                     𝐺(𝑥 − 2𝑡) = (1 2⁄ ) sin(𝑥 − 2𝑡) + (1 4⁄ ) cos(𝑥 − 2𝑡) 
  

          𝑤(𝑥, 𝑡) = (1 2⁄ )[sin(𝑥 + 2𝑡 ) + sin(𝑥 − 2𝑡)] + (1 4⁄ )[cos(𝑥 − 2𝑡) − cos(𝑥 + 2𝑡 )] 
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Example 5: Using D’Alembert’s solution to solve the wave equation   𝑤𝑡𝑡 = 2𝑤𝑥𝑥 

                       with     𝑤(𝑥, 0) = cos 2𝑥  and  𝑢𝑡(𝑥, 0) = −4√2 sin 2𝑥 

   Solution:  𝑤(𝑥, 𝑡) = 𝐹(𝑥 + √2 𝑡 ) + 𝐺(𝑥 − √2 𝑡) 

                      𝑤(𝑥, 0) = cos 2𝑥       ⇰ cos 2𝑥 = 𝐹(𝑥 + 0 ) + 𝐺(𝑥 − 0)     

                      𝐹(𝑥 ) + 𝐺(𝑥) = cos 2𝑥                                                               ⋯ (1) 

                      𝑤𝑡(𝑥, 𝑡) = √2 𝐹′(𝑥 + √2 𝑡 ) − √2 𝐺′(𝑥 − √2 𝑡)   

                      𝑤𝑡(𝑥, 0) = −4√2 sin 2𝑥 ⇰ √2  𝐹′(𝑥) − √2 𝐺′(𝑥) = −4√2 sin 2𝑥 

                      √2  𝐹(𝑥) − √2 𝐺(𝑥) = 2√2 cos 2𝑥             

                       𝐹(𝑥) − 𝐺(𝑥) = 2 cos 2𝑥                                                           ⋯ (2) 

                      equ(1) + equ(2) ⇰      2 𝐹(𝑥) = 3 cos 2𝑥 

                     𝐹(𝑥) =
 3 

 2 
cos 2𝑥   and   𝐺(𝑥) = −

 1 

 2 
cos 2𝑥 

                     𝐹(𝑥 + √2 𝑡 ) =
 3 

 2 
cos 2(𝑥 + √2 𝑡 ) 

                    𝐺(𝑥 − √2 𝑡) = −
 1 

 2 
cos 2(𝑥 − √2 𝑡) 

  

                    𝑤(𝑥, 𝑡) =
 3 

 2 
cos 2(𝑥 + √2 𝑡 ) −

 1 

 2 
cos 2(𝑥 − √2 𝑡) 

 

H.W:  Solve IVPs by using D’Alembert’s solution 

1.    𝑤𝑡𝑡 − 𝑎2𝑢𝑥𝑥 = 0     with   𝑤(𝑥, 0) = 0 and  𝑤𝑡(𝑥, 0) = sin 𝑥  

2.    𝑤𝑡𝑡 − 9𝑤𝑥𝑥 = 0     with   𝑤(𝑥, 0) = 0 and  𝑤𝑡(𝑥, 0) = 𝑒2𝑥 

3.    𝑤𝑡𝑡 − 3𝑤𝑥𝑥 = 0  with    𝑤(𝑥, 0) = 𝑒2𝑥 and  𝑤𝑡(𝑥, 0) = √3 𝑒2𝑥    

 

 


