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Trigonometric Functions

There are six basic trigonometric functions used in Trigonometry. These
functions are trigonometric ratios. The six basic trigonometric functions
are sine function, cosine function, secant function, co-secant
function, tangent function, and co-tangent function. The trigonometric
functions and identities are the ratio of sides of a right-angled triangle. The
sides of a right triangle are the perpendicular side, hypotenuse, and base,
which are used to calculate the sine, cosine, tangent, secant, cosecant, and
cotangent values using trigonometric formulas.

A right triangle is a triangle with a right angle (90°)

opposite

a
adjacent

For every angle 6 in the triangle, there is the side of the triangle adjacent to
it, the side opposite of it and the hypotenuse such that a® + b? = c2.

For angle 8, the trigonometric functions are defined as follows:

_ opp b adj a
sinf = —=— cosf = — = —
hyp ¢ hyp ¢
. e_sinH_opp_b . _cos@ adj a
any = cos@ adj a oty = sin@ opp b
g = 1 hyp 9= 1 _hyp ¢
SV T o5 adj a Y T sing opp b
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https://www.cuemath.com/trigonometry/sine-function/
https://www.cuemath.com/trigonometry/cosine-function/
https://www.cuemath.com/trigonometry/tangent-function/
https://www.cuemath.com/cotangent-formula/
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Trigonometric Functions Values
The trigonometric functions have a domain 8, which is in degrees or radians.
Some of the principal values of 8 for the different trigonometric functions are

presented below in a table.

q 0 0’ 30° 45° 60° 90° 180° | 270" | 360°
egrees
7] T T 4 31
radians 0 6 7 3 > ” B 2m
) 1
sin 6 0 R ﬁ 1 0 —1 0
2 V2 2
1
cos 6 1 3l L1 0 —1 0 1
2 \2 2
1
tan 6 0 — 1 V3 0 0 o 0
V3
csc 2 V2 2 1 1
(00] — (00] _— (0.0]
V3
secH 1 i V2 2 00 -1 0 1
V3
1
cotd 0 V3 1 _ 0 0 0 0
V3

Trigonometric functions of negative angles
sin(—0) = —sinf , cos(—0) =cosf and tan(—60) = —tanb
Some useful relationships among trigonometric functions

1. sin’x4cos?x =1, sec’x —tan’x =1, csc?x—cot’x =1

2.sin2x = 2sinx cos x, cos 2x = cos’x — sin®x = 1 — 2sin?x = 2cos?x — 1
" 1 —cos2x 5 1+ cos2x
3.smx=f, cos*x = ————
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https://www.cuemath.com/geometry/degrees/
https://www.cuemath.com/trigonometry/what-is-a-radian/
https://www.cuemath.com/trigonometry/trigonometric-table/
https://www.cuemath.com/geometry/degrees/
https://www.cuemath.com/trigonometry/what-is-a-radian/
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Graphs of Trigonometric Functions
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Domain: +7 +3_77
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Range: y=-landy=1
Period: 2=

> X
¥ fr 0 R ¥
2 2
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Domain: —» < x < « Domain: - < x < =
Range: -l=y=1 Range: -l=y=1
Period: 27 Period: 2@
y
} y=secx . y = csc X
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Domain: x # 0, *a, *27,...
Range: y=-landy=1
Period: 2w

Derivatives of trigonometric functions

T

w

Domain: x -ﬁ:%,: 377'
Range: -w<y<w
Period: =

-t

Domain: x # 0, =7, +27,...
Range: - <y<w
Period: =

If u is a function x, the chain rule version of this differentiation rule is

1 Gsi B du
> sinu) = cosu.—
) d . du
Y (cosu) = smu.dx
3 d . du
P (tanu) = sec? udx
4 d( tw) = , du
.7 (cotu) = —csciu. ——

. d _ X du
Y (secu) = secu anu.dx
6 d( )= . du
.~ (escu) = —cscucotu.—
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Example 1: Find the derivatives of the functions

1. y=sin’x = y=(sinx)? = d_icl = 2sinx cosx = sin 2x

d
2. y=cos(x?) = d_ic/ = —2x sin(x?)

d 1 sec®y/x
3. y=tanVx o d—y=sec2 X X = Vx

2Vx  2vx

4, y =x%sec3x = d—zz 3x?sec3xtan3x + 2x sec3x

= xsec3x (2 + 3xtan3x)

d 1
5.y=+sin2x = y=(sin2x)"? = d—z=7(sin2x)‘1/2 X €c0S 2x X 2

_ cos 2x
vVsin 2x
Example 2: If y =tan2t and x = sec2t show that d_ic, = csc2t
y 2 X
— = 2sec“ 2t , — = 2sec2ttan 2t
dt dt
dy dy dt sec 2t
—_— = — X — = 2 2 2t X =
dx dt dx >e¢ 2sec2ttan2t tan?2t
_1
_ cos2t _ _
© sin2t  sin2t csc2t
cos 2t

s dy
Example3:Ify =60 —cosf andx = 6 + cos@;(O <0< E) show that —

dx
= (sec + tan 9)?
d—y=1+sin9 and d_x: 1—sinf
do do

d_y_d_yxd_8_1+sin6
dx df dx 1-—sinf
d_y_1+sin9xl+sin9_1+25in9+sin29_1+25in9+sin29
dx 1-—sinf 1+siné 1 —sin?6
dy 1 2sinf sin®§ . 5
a_c0529+c0529+c0529_sec 0 + 2secOtanf + tan“ 6 = (sech + tanb)

cos2 6
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Inverse trigonometric functions

The inverse trigonometric functions are defined to be the inverses of
particular parts of the trigonometric functions; parts that do have inverses.
The inverse sine function, denoted by sin™!x (some books use the
notation arcsin(x)), is defined to be the inverse of the restricted sine

function. A similar idea holds for all the other inverse trigonometric

functions. It is important here to note that in this case the “ — 1” is not an
1
exponent and so, sinT! x # —
sin x

«

In inverse trigonometric functions the “ — 1” looks like an exponent but it
isn’t, it is simply a notation that we use to denote the fact that we’re dealing
with an inverse trigonometric function. It is a notation that we use in this
case to denote inverse trigonometric functions. If we had really wanted

exponentiation to denote 1 over sine, we would use the following:

N1 1
(sinx)™" =—
Sinx
Domain: -1=x=1 Domain: -1=x=1 Domain: —oo <X x << oo
. w m .
Range —EE}FEE Range: O=y=w Range: —%i}?{%
¥ y y
r 3

u
>
>

m
LIy - - -
2 . 3 i
= 5N X =C0s8 X
| IF y 2 ¥ = tan

Domain: x=-lorx=1 Domain: x=-lorx=1 Domain: —co < x << oo
Range: ﬂﬂ}"‘—:if,}';é% Range —%Ev'ﬂ_:%,}r-‘#ﬂ Range: D=y<w
y y y
-~ -~ E 3
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Derivatives of inverse trigonometric functions

Let u be a function x, the derivatives of inverse trigonometric functions are:

1d(__1)_ 1 du Zd( 1y = -1 du
.=~ (sin u—m.dx . (cos u_m'dx
d 1 du d -1 du
3.—(tan"tu) = — 4,— (cot™tu) = —
dx(an w 1+ u? dx dx(co w 1+u? dx
5. (sec1 ) 1 du 6 d (s 1) -1 du
—(sec™tu) = : —(csc™tu) = —.—
dx lulVuz —1 dx dx lul[vVuz —1 dx
Example 4: Find the derivative for
1 in~12 dy ! X 2 -
y=sin"!2x & —=———— =
dx [1-(2x)2 V1 — 4x2
2.y =3xcos 13x —/1—9x2
Y g x L %34 3cos 1 3x — —
— =3Xx X —— cos ' 3x —
dx J1—(3x)2 2V1 — 9x2
X 4 3cos1 3k 4+ —— 3cos™13
=— cos ' 3x + ———==3cos ' 3x
V1 —9x2 V1 —9x2
3.y = 24/xtan"1/x
d 1 1 1 1 tan~1+v/x
—y=2\/§>< 5 X + 2tan"1/x % = + Vx
dx 1+ (\/}) 2\x 2Vx 14+x Vx
Exercises
Find derivative in each of the following problems(1 — 4)
1. y =sec?2x 2. y=x%sinx + 2xcosx — 2sinx

3. y=+x2—1—sec lx 4,y = 2xcos 'v/x +sin"ty/x — 24/x — x2

d
5 If y=1—-sinf and x =60 —sinf find d_zc]

d
6. If y=sec 't and x =+/t?2—1 find d_ic}
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