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Sequences 

      A sequence of real numbers is a function  𝑎 ∶  𝑁 →  𝑅. 

The sequence is denoted by  {𝑎1 , 𝑎2 , 𝑎3 , ⋯ , 𝑎𝑛 , ⋯ }  or  { 𝑎𝑛} 

For example, the expression {2𝑛} denotes the sequence {2 , 4 , 6 , ⋯ } 

The number 𝑎𝑛 is called the general term of the sequence { 𝑎𝑛}. 

convergent sequence: We say that the sequence { 𝑎𝑛}   converges to 𝐿 if 

otherwise it diverges. 

Example 1:  Determine whether the sequence converges or diverges. 

1.   {
𝑛2 + 1

(𝑛 + 1)2
}                      2.   {

𝑛 + 17

√2𝑛2 + 3𝑛
}                          3.   {

𝑒𝑛

𝑛3
}       

 4. { √𝑛 + 4  − √𝑛  }             5. { √𝑛2 + 5𝑛  − 𝑛 } 

1.   lim
𝑛→∞

𝑛2 + 1

(𝑛 + 1)2
= lim

𝑛→∞

2𝑛

2(𝑛 + 1)
= lim

𝑛→∞

 2 

2
= 1      converges to   1 

2.   lim
𝑛→∞

𝑛 + 17

√2𝑛2 + 3𝑛
= lim

𝑛→∞

1 +
17
𝑛

√2 +
 3 
𝑛

=
 1 

√ 2 
    converges to    

 1 

√ 2 
 

3.   lim
𝑛→∞

𝑒𝑛

𝑛3
= lim

𝑛→∞

𝑒𝑛

3𝑛2
= lim

𝑛→∞

𝑒𝑛

6𝑛
= lim

𝑛→∞

𝑒𝑛

6
= ∞    diverges 

4.   lim
𝑛→∞

(√𝑛 + 4  − √𝑛 ) = lim
𝑛→∞

(√𝑛 + 4 − √𝑛 ) ×
(√𝑛 + 4 + √𝑛 )

(√𝑛 + 4 + √𝑛 )
 

= lim
𝑛→∞

𝑛 + 4 − 𝑛

(√𝑛 + 4 + √𝑛 )
= 0   converges to   0 

5.   lim
𝑛→∞

(√𝑛2 + 5𝑛  − 𝑛) ×
√𝑛2 + 5𝑛 + 𝑛

√𝑛2 + 5𝑛 + 𝑛
= lim

𝑛→∞

𝑛2 + 5𝑛 − 𝑛2

√𝑛2 + 5𝑛 + 𝑛
 

= lim
𝑛→∞

5𝑛

√𝑛2 + 5𝑛 + 𝑛
= lim

𝑛→∞

5

√1 +
5

 𝑛 
+ 1

 

=
5

  2 
    converges to 

5

  2 
 

lim
𝑛→∞

𝑎𝑛 = 𝐿, 
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Limits that arise frequently 

1.  lim
𝑛→∞

ln 𝑛

𝑛
=   0                                    2. lim

𝑛→∞
√𝑛
𝑛

= 1           

 3.  lim
𝑛→∞

𝑥1/𝑛 = 1   ;    (𝑥 > 0)              4. lim
𝑛→∞

𝑥𝑛 = 0    ; (|𝑥| < 1)  

  5. lim
𝑛→∞

(1 +
 𝑥 

𝑛
)

𝑛

= 𝑒𝑥                        6. lim
𝑛→∞

𝑥𝑛

𝑛!
= 0 

Calculation of the limits 

1. lim
𝑛→∞

ln 𝑛

𝑛
= lim

𝑛→∞

 1 
𝑛
1

= 0 

2. Let  𝑎 = lim
𝑛→∞

√𝑛
𝑛

      then   ln 𝑎 = ln lim
𝑛→∞

√𝑛
𝑛

 

ln 𝑎 = ln lim
𝑛→∞

(𝑛)1 𝑛⁄  

ln 𝑎 = lim
𝑛→∞

ln(𝑛)1 𝑛⁄  

ln 𝑎 = lim
𝑛→∞

ln 𝑛

𝑛
=   0   

𝑎 = 𝑒0 = 1 

So lim
𝑛→∞

√𝑛
𝑛

= 1 

5.  Let  𝑎 = lim
𝑛→∞

(1 +
 𝑥 

𝑛
)

𝑛

   then   ln 𝑎 = lim
𝑛→∞

ln (1 +
 𝑥 

𝑛
)

𝑛

 

ln 𝑎 = lim
𝑛→∞

𝑛 ln (1 +
 𝑥 

𝑛
) = lim

𝑛→∞

ln (1 +
 𝑥 
𝑛 )

 1 
𝑛

 

ln 𝑎 = lim
𝑛→∞

1

(1 +
𝑥
𝑛)

.
−𝑥
𝑛2

−1
𝑛2

= 𝑥 

𝑎 = 𝑒𝑥 

So lim
𝑛→∞

(1 +
 𝑥 

𝑛
)

𝑛

= 𝑒𝑥 
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Example 2:  Determine whether the sequence converges or diverges. 

1. {
1 + ln 𝑛

𝑛
}                                    2.   {

1

(0.6)𝑛
}                          3.  {(

𝑥𝑛

2𝑛 + 1
)

1 𝑛⁄

}            

 4.  { √𝑛2 + 𝑛  
𝑛

}                             5.  {ln (
𝑛 − 2

𝑛
)

𝑛

}                 6.  {
𝑛!

10𝑛
} 

1.  lim
𝑛→∞

1 + ln 𝑛

𝑛
= lim

𝑛→∞

1

𝑛
+ lim

𝑛→∞

ln 𝑛

𝑛
=   0     converges to   0 

2.  lim
𝑛→∞

1

(0.6)𝑛
=

1

lim
𝑛→∞

(0.6)𝑛
= ∞   diverges 

3.  lim
𝑛→∞

(
𝑥𝑛

2𝑛 + 1
)

1 𝑛⁄

=
lim

𝑛→∞
𝑥

lim
𝑛→∞

√2𝑛 + 1
𝑛 =

 𝑥 

 1 
= 𝑥    converges to   𝑥 

4.  lim
𝑛→∞

√𝑛2 + 𝑛
𝑛

= lim
𝑛→∞

√𝑛(𝑛 + 1)
𝑛

= lim
𝑛→∞

√𝑛
𝑛

× lim
𝑛→∞

√𝑛 + 1
𝑛

= 1   converges to1 

5.  lim
n→∞

ln (
𝑛 − 2

𝑛
)

𝑛

= ln lim
n→∞

(1 +
−2

𝑛
)

𝑛

= ln 𝑒−2 = −2    converges to − 2 

6.  lim
𝑛→∞

𝑛!

10𝑛
=

1

lim
𝑛→∞

10𝑛

𝑛!

=
 1 

0
= ∞      diverges 

 

 

Determine whether the sequence converges or diverges. 

1. {
3 + ln 𝑛𝑛

𝑛2
}                                    2.   {(

 3 

𝑛
)

1/𝑛

}                          3.  {(
𝑛 + 5

𝑛
)

𝑛

}            

 4.  { √4𝑛𝑛
𝑛

}                                       5.  {
𝑛5 + 2𝑛

3𝑛4 + 𝑛2
}                         6.  {

8𝑛+1

𝑛!
} 

7. {
𝑒𝑛 + 𝑛2

𝑒𝑛 − 2𝑛2
}                                  8.   {√𝑛(𝑛 + 2) − 𝑛}              9.  {(

𝑥𝑛

2𝑛 + 1
)

1 𝑛⁄

}   

 10.  {
3𝑛2 − ln 𝑛

𝑛2 + 3𝑛3 2⁄
}                         11.  {(

𝑛 − 3

𝑛
)

𝑛

}                          
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