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The exponential function and Trigonometric functions
dal) ) gl g Ay Ay

e? = exp(2z) = e*™Vt = e*[cosy + isiny]

Ex. express in form x + yi

1) e1+%i

Sol.el.en?i = e [cos( )+lsm( )] =>e[\/_+ ] = [—-H ]

2 2+3mi

Sol.e?.e3™ = e?[cos3m + isin3n] = e?[cos3m — 21 + isin3w — 2m]
= e?[cosm + isint] = e?[—1 + 0] = —e?

3) o3 %

Sol.eY3. ez => eV3 [cos ( ” ) + isin (_f)] =eV3 [COS% — isin%]

-3 -5 -5

Proposition: let z = x + iy then
1. ezl+22 — ezl.ezz
e?1

2172 — ___
2.e =

3. |e*| =e* Veryimportant
4.arg(e’) =Imz + 2kn kez
=y + 2km keZ

5.(e®)"=e™ nez



8. e# Is analytic function and entire function.
EX. Prove that eZ = eZ

Proof. Let z = x + yi

(e7) = (e¥) = (e*. &) = (e*.e7) = (e*.e™) = (e"V) = €?
Ex. solve the equations e? = 1 + +/3i
Sol. (1). le?| =|1+V3i|=e*=2 = Ine*=In2 = x=1In2 dad s
(2).y = Arg(e?) +2kn k€L
y=Arg(1+\/§i)+2k7t keZ

y =tan~! (?)+2k7‘[=§+2k7‘[ dagd sy o
/[
LzZ=x+yi =>z=1n2+<(§)+2kn>i keZ

Ex. solve the equations e? = 1
Sol. (1).|e?| =|1| =e*=1=Ine*=Inl=x=0

(2).y = Arg(e?) + 2kmr = y = Arg(1) + 2kn

0
y =tan~! (—) + 2km

1
y =0+ 2kn
wz=x+yi = z=0+ 2kni k eZ
Ex. solve the equations e? = —4
Sol. (1). |e?|=|-4]|=>e*=4=Ine*=1n4 = x=1In4

(2). y = Arg(e?) + 2kn k eZ



0
y = Arg(—4) + 2kn = y =tan™! (_—4> +2kn =y =mn+ 2kn

z=x+yi=In4+ (n + 2kn)i

H.W. solve the equations 2e? = 4i

Ex. solve the equations e*? = i

Sol. (1). [e*| =|i| @2 e*=1=Ine*=ln1=4x=0=>x=0
vz=x+yi =4z =4x + 4yi

(2). 4y = Arg(e*?) + 2kn k€T

1 T
4)’=tan_1(6>+2kn=>4y=z+2kn=>y= + 2km

™|

tz=x+yi=0+(5+2kn)i= (5 +2kn

8 8 !
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Ex. solve the equations e??71 =1

Sol.v2z—1=2x+2yi—1= (2x—1) +yi

1
e =1l =e®@ V=1=he®P V=hl=2x-1=0=x= 2
(2). 2y = Arg(e??™1) + 2km k €Z
0
2y=tan‘1(I>+2kn=>2y=O+2kn=>y=2k7t
1
.-.z=x+yi=§+2km' kez
Trigonometric functions
dAtal) 31 gal)
, » > . elZz_e~iz , »
sinz=""%" cosz=2"%" tanz=3"_— 2 "

2i 2 cosz ef+e” 2 j(eiz+e~iz)



Ex. Prove that % (sinz) = cosz

iz) — eiz+e—iz

Proof d (eiz—e_iz) — (ieiz+ie‘iz) . i(e¥“+e~
"dz i o i

20 20 20

Ex. Prove that % (cosz) = —sinz

= C0Sz

d [eZ+e~iz ielz_je~iz i(e?—e7%) i
— () = = X -
Proof dz( 2 ) ( 2 ) 2 i
iz(eiz _ e—iz) .
= - = —sinz
20
EX. Prove that cosz = cosz
Proof.
elZ_l_e—lZ elZ_l_e—lZ — -
(=)= where e* = ef
eZ+e 1z elZ4g7iZ _
> = > = C0SZ
Ex. Evaluate.sin(i)
o . . 1
ei(i)_e—t(t) etz_e—tz e—l_e ——e
.Si () = = e = &
Sol.sin(i) 2i 2i 2i 2i
Ex. Evaluate.cos(—i)
Sol . el(-Dpemi(-D  g=i?_gi? e+te! et+s
ol.cos(—i) = 2 T2 2 2
Ex. Evaluate.tan (2i)
_o4
Sol. tan(2i) = S e e 2 T i
-t b= i(ei@D4e=i2D) ~ j(e~2+e?) i(iz+e2) T (1+et i(1+et)
e

Ex. Prove that (sinz)? + (cosz)? = 1
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eiz_e—iz>2 N (ez+e—iz>2 1 = 2iZ_o  p=2iz N o217 9 4 p=2iz
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