
1 
 

 المحاضرة السادسة

 دوال المتغير العقدي

Functions of complex variable. 

Let 𝑆 be a set of complex numbers. A function 𝑓 defined on 𝑆 is a rule that assigns 

to each 𝑧 ∈ 𝑆 a single complex number 𝑊. In such case we write 𝑊 = 𝑓(𝑧) 

𝑧هي قاعدة تعين لكل  𝑆المعرفة على  𝑓مجموعة من الأعداد المركبة. الدالة  Sليكن  ∈ 𝑆  عنصر في

𝑤المجال يرتبط بعنصر في المجال المقابل  = 𝑓(𝑧) 

Ex. Find the domain of the function 

1.𝑓(𝑧) = 𝑧2 + 𝑧 + 1            (2).𝑓(𝑧) =
3

𝑧−3
      (3).𝑓(𝑧) =

1

𝑧2+1
  

Sol. 

1) ℂ 

2) 𝑧 − 3 = 0 ⟹ 𝑧 = 3  ∴  ℂ − {3} 

3) 𝑧2 + 1 = 0 ⟹ 𝑧2 = −1 ⟹ 𝑧 = ±√−1 = ±𝑖     ∴ ℂ − {𝑖, −𝑖} 

Real and imaginary parts of function 

1. Let 𝑤 = 𝑓(𝑧) and 𝑧 = 𝑥 + 𝑦𝑖 be a function and let 𝑤 = 𝑢(𝑥, 𝑦) + 𝑖𝑣(𝑥, 𝑦) 

Then 𝑓(𝑧) = 𝑓(𝑥 + 𝑦𝑖) = 𝑢 + 𝑖𝑣 

2. if 𝑧 = 𝑟𝑒𝑖𝜃 then 𝑓(𝑧) = 𝑢(𝑟, 𝜃) + 𝑖𝑣(𝑟, 𝜃) in polar coordinates 

Ex. Write 𝑓(𝑧) = 𝑧2 in the forms 

(1) 𝑓(𝑧) = 𝑢(𝑥, 𝑦) + 𝑖𝑣(𝑥, 𝑦) 

(2) 𝑓(𝑧) = 𝑢(𝑟, 𝜃) + 𝑖𝑣(𝑟, 𝜃) 
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Sol. Let 𝑧 = 𝑥 + 𝑦𝑖 ⟹ 𝑓(𝑧) =  𝑓(𝑥 + 𝑦𝑖) = (𝑥 + 𝑦𝑖)2 

𝑥2 − 𝑦2 + 2𝑥𝑦𝑖   

2. Let 𝑧 = 𝑟𝑒𝑖𝜃 ⟹ 𝑓(𝑧) = 𝑓(𝑟𝑒𝑖𝜃) = (𝑟𝑒𝑖𝜃)
2

= 𝑟2𝑒2𝑖𝜃 = 𝑟2[𝑐𝑜𝑠2𝜃 + 𝑖𝑠𝑖𝑛2𝜃] 

𝑟2𝑐𝑜𝑠2𝜃 + 𝑟2𝑖𝑠𝑖𝑛2𝜃 

H.w. write the functions in the form 𝑓(𝑧) = 𝑢(𝑥, 𝑦) + 𝑖𝑣(𝑥, 𝑦) 

(1) 𝑓(𝑧) = 2𝑧2 − 3𝑧 + 𝑖                             (2𝑥2 − 2𝑦2 − 2𝑥 + (4𝑥𝑦 − 3𝑦 + 1)𝑖                 

  (2) 𝑓(𝑧) = 2𝑖𝑧̅                                                              (2𝑦 + 2𝑥𝑖) 

Ex. write the functions in the form. 𝑓(𝑧) = 𝑢(𝑟, 𝜃) + 𝑖𝑣(𝑟, 𝜃) 

(1) |𝑧| 

Sol. let 𝑧 = 𝑟𝑒𝑖𝜃 ⟹ 

𝑓(𝑧) = |𝑟𝑒𝑖𝜃| ⟹ 𝑓(𝑧) = |𝑟|. |𝑒𝑖𝜃| = 𝑟|𝑐𝑜𝑠𝜃 + 𝑖𝑠𝑖𝑛𝜃|  

= 𝑟. √𝑐𝑜𝑠𝜃2 + 𝑠𝑖𝑛𝜃2 ⟹= 𝑟. 1 = 𝑟  

 

The limited 

Def. Suppose 𝒇 is defined at all points in some neighborhood of a point  𝑧0 by the 

statement that lim
𝑧→𝑧0

𝑓(𝑧) = 𝑤0 

∀∈> 𝟎, ∃𝜹 > 𝟎 ∋ |𝒛 − 𝒛𝟎| < 𝜹 ⟹ |𝒇(𝒛) − 𝒘𝟎| <∈ 
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Ex. Let 𝑓(𝑧) =
𝑖𝑧

2
 is defined on |𝑧| < 1 prove that lim

𝑧→1

𝑖𝑧

2
=

𝑖

2
 by definition 

Sol.  

∀∈> 𝟎, ∃𝜹 > 𝟎 ∋ |𝒛 − 𝒛𝟎| < 𝜹 ⟹ |𝒇(𝒛) − 𝒘𝟎| <∈ 

Clair that 𝑧0 = 1 , 𝑓(𝑧) =
𝒊𝒛

𝟐
 and 𝑤0 =

𝒊

𝟐
 

|
𝒊𝒛

𝟐
−

𝒊

𝟐
| <∈, |𝒛 − 𝟏| < 𝜹    …... (1) 

|𝒊|.|𝒛−𝟏|

𝟐
<∈   But   |𝒊| = 𝟏 

⟹
|𝒛−𝟏|

𝟐
<∈       ⟹ |𝒛 − 𝟏| < 𝟐 ∈  ….. (2) 

From (1) & (2) 𝜹 = 𝟐 ∈ 

Ex. prove that lim
𝑧→2𝑖

𝑧2 = −4 by definition 

Sol. 

Clair that 𝑧0 = 2𝑖 , 𝑓(𝑧) = 𝑧2 and 𝑤0 = −4 

∀∈> 𝟎, ∃𝜹 > 𝟎 ∋ |𝒛 − 𝒛𝟎| < 𝜹 ⟹ |𝒇(𝒛) − 𝒘𝟎| <∈ 

|𝑧2 + 4| <∈ , |𝑧 − 2𝑖| < 𝛿 ….. (1) 

|𝑧2 − 4𝑖2| <∈ ⟹ |(𝑧 − 2𝑖)(𝑧 + 2𝑖)| <∈                      Where 𝑧 = 2𝑖 

⟹ |(𝑧 − 2𝑖)||4𝑖| <∈   ⟹ |(𝑧 − 2𝑖)||4||𝑖| <∈       ÷ 4   

|(𝑧 − 2𝑖)| <
∈

4
 …… (2) From (1) & (2) 𝛿 =

∈

4
 

H.W prove that lim
𝑧→−1

𝑧2+1

𝑧+𝑖
= −2𝑖 by definition 

Prove that lim
𝑧→𝑖

1

𝑧
= −𝑖 by definition 
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Continuity 

Let 𝑓(𝑧) be a function defined in some neighborhood of the point 𝑧0 then 𝑓 is said 

to be continuous functions at 𝑧0 IFF  lim
𝑧→𝑧0

𝑓(𝑧) = 𝑓(𝑧0) that is, 𝑓(𝑧) is continuous at 

𝑧0 IIF 

∀∈> 𝟎, ∃𝜹 > 𝟎 𝒔𝒖𝒉 𝒕𝒉𝒂𝒕|𝒇(𝒛) − 𝒇(𝒛𝟎)| <∈  𝒘𝒉𝒆𝒏|𝒛 − 𝒛𝟎| < 𝜹 

Ex. Prove that  𝒇(𝒛) = 𝒛 + 𝟏 is continuous at 𝒛𝟎 = 𝟏 by definition 

Sol. 

∀∈> 𝟎, ∃𝜹 > 𝟎 𝒔𝒖𝒉 𝒕𝒉𝒂𝒕|𝒇(𝒛) − 𝒇(𝒛𝟎)| <∈  𝒘𝒉𝒆𝒏|𝒛 − 𝒛𝟎| < 𝜹 

Clair that  𝑓(𝑧) = 𝑧 + 1 ,  𝑧0 = 1 & 𝑓(𝑧0) = 𝑓(1) 

|𝑧 + 1 − 𝑓(1)| <∈   when |𝑧 − 1| < 𝛿 

|𝑧 + 1 − 2| <∈ when |𝑧 − 1| < 𝛿 

|𝑧 − 1| <∈ when |𝑧 − 1| < 𝛿 

∈= 𝛿 ⟹ 𝑓 is continuous 

Ex. 𝑓(𝑧) = 𝑧2 is continuous at the point 𝑧0 = 3  

 في حالة إيجاد استمرارية الدالة بدون تعريف الدالة(شرط الاستمرارية )الغاية = صورة -ملاحظة: 

Sol.  

lim
𝑧→3

𝑧2 =  الغاية  9

𝑓(32) =  الصورة  9

∴ lim
𝑧→3

𝑓(𝑧) = 𝑓(3) 𝑓 is continuous  
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Ex. Let 𝑓(𝑧) =
𝑧+𝑖

𝑧−𝑖
 is continuous 𝑧 = 3𝑖 

Sol. 𝑧 − 𝑖 = 0 → 𝑧 = 𝑖 يجب استبعاد النقاط التي تجعل المقام يساوي صفر                                     

𝐷 = ℂ − {𝑖} 

lim
𝑧→3𝑖

𝑧+𝑖

𝑧−𝑖
=

3𝑖+𝑖

3𝑖−𝑖
= 2 الغاية              

𝑓(3𝑖) = 2 الصورة                  

∴ lim
𝑧→3𝑖

𝑓(𝑧) = 𝑓(3𝑖) 

∴ 𝑓 𝑐𝑜𝑛𝑡𝑖𝑛𝑜𝑢𝑠 

H.W. show that 𝑓(𝑧) =
𝑧2−𝑖𝑧+4

𝑧
 is continuous 𝑧 = 𝑖 


