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Functions of complex variable.

Let S be a set of complex numbers. A function f defined on S is a rule that assigns

to each z € S a single complex number . In such case we write W = f(z)
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EX. Find the domain of the function

1
z2+1

1f(2) =22 4+z+1 @f(@) === @).f(2)=
Sol.

1) C

2)z—3=0=2z=3 ~ C—{3}
Nz2+1=0=>z22=-1=z=4+V-1=+i ~C-{i—i}

Real and imaginary parts of function

1. Letw = f(z) and z = x + yi be a function and let w = u(x, y) + iv(x, y)
Then f(z) = f(x +yi) =u+iv

2.if z = re'® then f(2) = u(r, 8) + iv(r, 6) in polar coordinates

Ex. Write f(z) = z? in the forms

(1) f(2) =ulx,y) +iv(x,y)

(2) f(z) =u(r,8)+iv(r,0)



Sol. Letz=x+yi = f(2) = f(x +yi) = (x + yi)?

x? —y%+ 2xyi

2.Letz =re’? = f(2) = f(re'?) = (reig)z = r2e?% = r?[c0s20 + isin20]

r2c0s20 + r?isin20

H.w. write the functions in the form f(z) = u(x,y) + iv(x,y)

(1) f(z) =2z2—-3z+i (2x% — 2y? — 2x + (4xy — 3y + 1)i
(2) f(z) =2iz (2y + 2xi)

Ex. write the functions in the form. f(z) = u(r,0) + iv(r, 8)

1) ||

Sol. let z = re? =

f(2) =|re®®| = f(2) = Ir|.|e*| = r|cosO + isinb|

=r.Vcos0? +sinf? ==r.1=r

The limited

Def. Suppose f is defined at all points in some neighborhood of a point z, by the

statement that lim f(z) = w,

zZ-Zy

VE> 0,36 >0 2 |z—29| < 8§ = |f(2) — wy| <E



Ex. Let f(z) = % is defined on |z| < 1 prove that lirrlligz = % by definition
VA

Sol.
VE> 0,36 >0 3 |z—2¢9| <6 = |f(2) —wy| <€

Clair that z, = 1, f(2) = ; and w, = z

Lz ;<€,|z—1|<6 e (1)

2

|i"';—_1'<e But |i|=1

|z—1]
=

<e = |z—-1|<2€ ....(2
From(1) & (2)d =2 €

Ex. prove that lim z2 = —4 by definition

Z—21

Sol.
Clair that z, = 2i, f(z) = z? and w, = —4

VE> 0,36 >0 2 |z—29| < 8§ = |f(2) — wy| <€
|22 + 4| <€,|z—2i| <6 .....(1)
|22 — 4i?| <e = |(z — 2i)(z + 2i)| <€ Where z = 2i
— |(z = 20)||4i| <€ = |(z—20)||4|]i| <€ =4
€

(z—20)| <= ... (2) From (1) & (2) § ==

4

H.W prove that lim Zz—“ = —2i by definition

z—>—1 Z+1

Prove that lim1 = —i by definition

zZ-l Z



Continuity

Let f(z) be a function defined in some neighborhood of the point z, then f is said

to be continuous functions at z, IFle_i)grOl f(2) = f(zy) thatis, f(z) is continuous at
zo IIF
ve> 0,36 > 0 suh that|f(z) — f(zy)| <€ when|z —zy| < 6
EXx. Prove that f(z) = z + 1 is continuous at z, = 1 by definition
Sol.
ve> 0,36 > 0 suh that|f(z) — f(zy)| <€ when|z —zy| < 6
Clairthat f(z)=z+1, zo=1& f(z5) = f(1)
lz+1—f(1)| <€ when|z—-1|<§
|z+1—-2|<ewhen|z—-1| <6
|z—1| <ewhen|z—-1| < §
€= § = f is continuous
EX. f(z) = z? is continuous at the point z, = 3
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Sol.

limz? =9 4
A

f(3%) =9 sl

Li—{% f(z) = f(3) f is continuous



Ex. Let f(z) = j—ii Is continuous z = 3i

Sol.z—i=0-2z=i a5 sboy alid) Jaad Al dalail) slasicd Caag

D =C—{i}

. Z+i 3i+i “ oy
7z—3i Z—1 3i—1

fB) =2 3y saall
« lim £(2) = £(30)
~ f continous

z%2—iz+4 . ] )
IS continuous z = i

H.W. show that f(z) =



