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Gamma Function 

 Gamma function is defined by the integral 

                      𝛤(𝑛) = ∫ 𝑥𝑛−1𝑒−𝑥𝑑𝑥

∞

0

        ;  𝑛 > 0  

 

Plot of the Gamma Function  

 Gamma function satisfies the recursive properties: 

1.    𝛤(𝑛 + 1) = 𝑛𝛤(𝑛)        ∀ 𝑛 ≠ 0  , 𝑛 ∉ ℤ−   

2.    𝛤(𝑛 + 1) = 𝑛!         𝑛 ∈ ℕ 

3.    𝛤 (
 1 

 2 
) = √𝜋  

4.    ∫
𝑥𝑝−1

1 + 𝑥
𝑑𝑥 = 𝛤(𝑝)𝛤(1 − 𝑝) =

𝜋

sin 𝑝𝜋

∞

0

   ;   0 < 𝑝 < 1 

Example 1: Find  1.    𝛤(5)           2. 𝛤 (
 3 

 2 
)                 3.  𝛤 (

 5 

 2 
)                 

                                4. 𝛤 (−
 1 

 2 
)            5. 𝛤 (

 1 

 4 
) 𝛤 (

 3 

 4 
) 

  1.    𝛤(5) = 4! = 4 × 3 × 2 × 1 = 24    

    2.  𝛤 (
 3 

 2 
) = 𝛤 (

 1 

 2 
+ 1) =

 1 

 2 
 𝛤 (

 1 

 2 
) =

 1 

 2 
√𝜋  
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    3.  𝛤 (
 5 

 2 
) =

 3 

 2 
×

 1 

 2 
 𝛤 (

 1 

 2 
) =

 3 

 4 
√𝜋   

    4.    𝛤(𝑛 + 1) = 𝑛𝛤(𝑛)     ⇰       𝛤(𝑛) =
𝛤(𝑛 + 1)

𝑛
 

               𝛤 (−
 1 

 2 
) =

𝛤 (−
 1 
 2 

+ 1)

−
 1 
 2 

= −2 𝛤 (
 1 

 2 
) = −2√𝜋  

    5.   𝛤 (
 1 

 4 
) 𝛤 (

 3 

 4 
) = 𝛤 (

 1 

 4 
) 𝛤 (1 −

 1 

 4 
) =

𝜋

sin
 𝜋 
 4 

=
𝜋

1 √2 ⁄
= √2 𝜋   

Example 2: Evaluate each of the following integrals             

          1.     ∫ 𝑥5 𝑒−𝑥𝑑𝑥

∞

0

= 𝛤(5 + 1) = 5! = 5 × 4 × 3 × 2 × 1 = 120 

          2.    ∫ 𝑥√𝑥  𝑒−𝑥𝑑𝑥

∞

0

= ∫ 𝑥
3
2 𝑒−𝑥𝑑𝑥

∞

0

 = 𝛤 (
 3 

 2 
+ 1) 

                                                                            =
 3 

 2 
×

 1 

 2 
√𝜋 =

 3 

 4 
√𝜋  

         3.     ∫ 𝑥4 𝑒−2𝑥𝑑𝑥

∞

0

 

            Let  𝑢 = 2𝑥      ⇰      𝑑𝑢 = 2𝑑𝑥     ⇰    𝑑𝑥 =
𝑑𝑢

2
 

            ∫ 𝑥4 𝑒−2𝑥𝑑𝑥

∞

0

= ∫ ( 
 𝑢 

2
)

4

 𝑒−𝑢
𝑑𝑢

2

∞

0

=
 1 

 25 
∫ 𝑢4 𝑒−𝑢𝑑𝑥

∞

0

 

                                                         =
 1 

 32 
𝛤(5) =

 4! 

 32 
 

                                                       =
 24 

 32 
=

 3 

 4 
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     4.  ∫
𝑑𝑥 

√𝑥23
(1 + 𝑥)

∞

0

= ∫
𝑥−2/3

1 + 𝑥
𝑑𝑥 

∞

0

 

                                         = ∫
  𝑥(1 3⁄ )−1

1 + 𝑥
𝑑𝑥 

∞

0

=
𝜋

sin
𝜋
3

=
2𝜋

√3
 

Beta Function 

Beta function is defined by the integral     

            𝐵(𝑚, 𝑛) = ∫ 𝑥𝑚−1(1 − 𝑥)𝑛−1

1

0

𝑑𝑥;   𝑛 > 0, 𝑚 > 0  

 Beta function satisfies the recursive properties: 

1. The Beta function is symmetric that is : 𝐵(𝑚, 𝑛) = 𝐵(𝑛, 𝑚) 

2.   𝐵(𝑚, 𝑛) =
𝛤(𝑚)𝛤(𝑛)

𝛤(𝑚 + 𝑛)
 

3.  ∫ sin2𝑚−1 𝜃 cos2𝑛−1 𝜃 𝑑𝜃

𝜋 2⁄

0

=
 1 

2
𝐵(𝑚, 𝑛) 

Example 3: Evaluate    1.  𝐵(3,4)        2. 𝐵 (
 1 

 2 
,
 5 

 2 
)   

                     1.  𝐵(3,4) =
𝛤(3)𝛤(4)

𝛤(7)
=

2! × 3!

6!
 

                                                              =
2 × 3!

6 × 5 × 4 × 3!
=

1

60
 

                     2. 𝐵 (
 1 

 2 
,
 5 

 2 
) =

𝛤 (
 1 
 2 )

𝛤 (
 5 
 2 )

𝛤 (
 1 
 2 

+
 5 
 2 )

 

                                             =
√𝜋 ×

 3 
 2 

×
 1 
 2 √𝜋

𝛤(3)
=

3𝜋

8
 

 

 

https://en.wikipedia.org/wiki/Symmetric_function
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Example 4: Evaluate each of the following integrals      

  1. ∫ 𝑥3(1 − 𝑥)4

1

0

𝑑𝑥 = 𝐵(4,5) =
𝛤(4)𝛤(5)

𝛤(9)
=

3! × 4!

8!
 

                                                         =
6 × 4!

8 × 7 × 6 × 5 × 4!
=

1

280
 

 

 2.   ∫ sin9 𝜃 cos5 𝜃 𝑑𝜃

 𝜋 2⁄

0

 

2𝑚 − 1 = 9   ⇰   𝑚 = 5    and   2𝑛 − 1 = 5  ⇰    𝑛 = 3 

∫ sin9 𝜃 cos5 𝜃 𝑑𝜃

 𝜋 2⁄

0

=
 1 

2
𝐵(5,3) =

𝛤(5)𝛤(3)

2𝛤(5 + 3)
=

4! × 2!

2 × 7!
=

1

210
 

 3.  ∫ sin5 𝑥 𝑑𝑥 

𝜋 2⁄

0

;   2𝑚 − 1 = 5   ⇰   𝑚 = 3    and   2𝑛 − 1 = 0  ⇰    𝑛 =
 1 

2
 

∫ sin5 𝑥 𝑑𝑥 

𝜋 2⁄

0

=
 1 

2
𝐵 (3,

 1 

2
) =

𝛤(3)𝛤 (
 1 
 2 )

2𝛤 (
 7 
 2 )

=
2! √𝜋

2 ×
 5 
 2 

×
 3 
 2 

×
 1 
 2 √𝜋

=
 8 

 15 
 

 

 

Evaluate each of the following integrals      

1.  ∫ 𝑥5 𝑒−3𝑥𝑑𝑥

∞

0

                    2.   ∫
1

√𝑥 
4 (1 + 𝑥)

𝑑𝑥

∞

0

 

3.   ∫ 𝑥5(1 − 𝑥)6

1

0

𝑑𝑥            4. ∫ cos4 𝑥 𝑑𝑥

𝜋 2⁄

0

       

5. ∫ sin5 𝑥 cos4 𝑥 𝑑𝑥 

𝜋 2⁄

0

 


