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a Chapter One
Transient Analysis of RL, RC, and RLC
Circuits
g J

Transient Analysis of RL, RC, and RLC Circuits will be divided into two parts,
the first one is the natural response and the second one is the step response.

The natural response of a circuit refers to the behavior (in terms of voltages and
currents) of the circuit itself, with no external sources of excitation.

The step response of a circuit is its behavior when the excitation is the step

function, which may be a voltage or a current source.

1.1 Natural Response of RL Circuits

The following circuit in figure 1.1 is an example of an RL circuit. The switch is
closed for a long time and the inductor appears as a short circuit. The goal is to
find v(t) and i(t) after the switch is opened (t > 0).

—
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Figure 1.1

Attime t = 0, the current i(t) can be find using Kirchhoff’s voltage law to obtain

an expression involving i, R, and L.

I
L pr +Ri=0 First order differential equation
di R
P dt = — T idt Multiply both sides by a differential time dt
di R
T="7 dt Divide through by i

Integrating both sides of the above equation using x and y as variables of
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integration yields:

—_ = y
i(ty) X LJ,

i(t,); is the current corresponding to the time t, and i(t) is the current
corresponding to time t. Heret, = 0, therefore, carrying out the indicated
integration gives:
ln@ = ——t,i(0): is the initial condition

1(0) L
i(t) = i(0)e~R/DX
This shows that the natural response of the RL circuit is an exponential decay of
the initial current. At time t = 0 the inductor has an initial current i(0) = I,, then:
i(t) =I,e"®/Lt >0 (Natural response of an RL circuit)
The above equation shows that the current starts from an initial value I, and

decreases exponentially toward zero as t increases as shown in figure 1.2.
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Figure 1.2
The coefficient of t, namely, R/L determines the rate at which the current or

voltage approaches zero. The reciprocal of this ratio is the time constant of the
circuit:
The time constant of a circuit is the time required for the response to decay to

a factor of 1/e or 36.8 percent of its initial value.

( )
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L
T = timeconstant = P_{

Calculating the natural response of an RL circuit can be summarized as follows:

1. Find the initial current I, through the inductor.
2. Find the time constant of the circuit T = %.

3. Use the equation [i(¢) = I,e~(®/Dt] to generate i(t) from Iy and .

1.2 Natural Response of RC Circuits

The natural response of an RC circuit is developed from the circuit shown in
figure 1.3. The switch has been closed for a long time (t < 0). Recall that a
capacitor behaves as an open circuit in the presence of a constant voltage.

At time t > 0, the switch is moved to position b and the voltage source and the

resistance R1 are disconnected.

V, Y‘ 3R

Figure 1.3

Summing the currents in the resultant circuit:

dv v
+ —

" dt R

The same mathematical techniques can be used to obtain the solution for v(t)
o(t) = v(0)e™RC. 1 = 0.

The initial capacitor voltage is v(0) = V, (the voltage source voltage)

The time constant for the RC circuitis T = RC

v(t) = Vye t/7,t > 0, (The natural response of an RC circuit)

This indicates that the natural response of an RC circuit is an exponential decay

of the initial voltage, governed by the time constant RC as shown in figure 1.4
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0.368V,

—~

Figure 1.4

The expressions for i, p, and w are:

o(t) Vo .
1) R Re
. V(:’ "1“-
= vi = e, =0
p=vi=—p

w = D AX — =L ax
Jo F Jo R

| I— g
=5(_V.-,(l — e T, 1t =0,

Calculating the natural response of an RC circuit can be summarized as follows:
1. Find the initial voltage V, across the capacitor.

2. Find the time constant of the circuit T = RC

t
3. Use the equation [v(t) = Voe‘¥] to generate v(t) fromVyand t

1.3 The Step Response of an RL Circuit
Consider the circuit in figure 1.5, the switch is opened for a long time, the goal is
to find an expression for the current in the circuit and the voltage across the
inductor.
At time t = 0 when the switch is closed using Kirchhoff’s voltage law

di

V.=Ri + I.—,
; : dt
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Figure 1.5
The first step in this approach is to solve the above equation for the derivative
di/dt;

ﬂ_~M+u_—%_Jg
dt I L \' R}

Multiply both sides of the above equation by a differential time dt results in:

di ., —R(. %) . =Rf. V.
mdl =3 (1 R dt, di = (1 )(I{.

di _ —R
i — (VJ/R) L

Using x and y as variables for the integration, we obtain

/"“" dx —R /'[ Iy
— ayv.,
S x=WJR) L J©

Where |y is the current at t = 0 and i(t) is the currentatany t > 0

drt.

" [(I) - (‘/\[() _ - R ’([) - (V\R) . (,,".R’I-”.

50 , .
Iy — (‘/,\,“"R) L Toi= (V\,f"R)

The step response of an RL circuit is:

V

: Vs N
ir) = ? + (1“ - 7)8 (R/L)t

When the initial energy in the inductor is zero, lois zero:

. Vi W
1(1) = 72‘ = E(?

One time constant after the switch has been closed, the current will have reached

(R/L)t

approximately 63% of its final value (figure 1.6), or

( )
L ° )



Electrical Networks

Dr. Mustafa Rashid

v,
=R "R

1 i 0,6321-2
(& ~ U.0o0Z R"

The voltage across an inductor is Ldi/dt so:

—-R S WP gy
D = L(__)(ln = .___-_>e (R/Ly _ (VS — l“R)e iR,rI_N.

L R

The voltage across the inductor is zero before the switch is closed. The above

Equation indicates that the inductor voltage jumps to Vs — IgR at the instant the

switch is closed and then decays exponentially to zero as shown in figure 1.7.

i(r)
i(r) = “1
L
V
R -~
V. |
i i) - .
0652 S
| | L ¢
0 T 21 3r dr St

Figure 1.6: The step response of the RL circuit

(.368 V,

(0 T 2t 31 4r

Figure 1.7: Inductor voltage versus time

Notes:

[emporary part

Complete response = transient response + steady-state response

lK’l‘lllilllCl]( ])iln
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= The transient response is the circuit’s temporary response that will die out
with time.
= The steady-state response is the behavior of the circuit a long time after an

external excitation is applied.

-t
i(t) =i(o0) + [i(0) — i(0)]e* Compare with the step response of the RL circuit

1.4  The Step Response of an RC Circuit

Consider the RC circuit in figure 1.8, summing the currents in the circuits:

dve ¢ = 1. (Dividing by C)
dt R ‘
dve 5 Y0 ! $
dt RC ©C
X
'
I, (‘D R CT

Figure 1.8
Comparing the above equation with the equation for the step response of the RL

circuit reveals that the form of the solution for v, is the same as that for the current
in the inductive circuit.
The Step Response of an RC circuit is:

Vo= IsR + (Vo — IsR)('—I'/RC. t = ().

A similar derivation for the current in the capacitor yields the differential

equation:

di 1 : ‘ Vo N viss

= Famt=l i= (1\ - —)e‘" ¥, r=0
dt  RC _ R

Vs, is the initial value of the voltage across the capacitor
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Example 1.1: The switch in the circuit shown in figure 1.9 has been closed for

a long time before it is opened at t = 0. Find:

@i,(t) fort =0

(b)i,(t) fort =07

©v,(t) fort =0

(d) The percentage of the total energy stored in the 2 H inductor that is
dissipated in the 10 € resistor

%,
20 A §n.1 () )
®
Figure 1.9

Solution:

a) Req = 2+ 10||40 = 10Q
The time constant of the circuitis L/ Req = 0.2 s
i (1) =20 A, =0.

b) using current division

0
g
L10 + 40

Iy =

The inductor behaves as a short circuit before the switch being opened,

producing an instantaneous change in the current i,. Then,
i(t) = —4eA, t=0"

c) Using ohms law

v,(t) = 40i, = —160e™V, = 0"

d) The power dissipated in the 10Q resistor is:

v S )
Puoa(t) =75 = 2560e”W, 1 = 0"
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The total energy dissipated in the 104 resistor is:

X

N'm”(f) — / 2560¢ lwl{f = 256 .
()
The initial energy stored in the 2 H inductor is
I I
w(0) = — Li*(0) = —(2)(400) = 400 1.

Therefore, the percentage of energy dissipated in the 10 resistor is:

256 (100) = 64%
400 -

Example 1.2: The switch in the circuit in figure 1.10 has been in position (a)
for a long time. At t = 0 the switch moves from position (a) to position (b).
The switch is a make-before-break type; that is, the connection at position b is
established before the connection at position (a) is broken, so there is no
interruption of current through the inductor.

a) Find the expression for i(t) whent > 0

b) What is the initial voltage across the inductor just after the switch has been
moved to position b?

¢) How many milliseconds after the switch has been moved does the inductor
voltage equal 24 V?

d) Plot both i(t) and v(t)versus t.

100 8A
200 mH §

Figure 1.10
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Solution:

a) When the switch is in position (a), the 200 mH inductor is a short circuit
across the 8A current source. Therefore, the inductor carries an initial
current of 8 A.

When the switch is in position (b), the final value of i will be 12 A

The time constant of the circuit is 100 ms.

i =12+ (=8.— 12"

=12 - 207" A, t=0.
b) The voltage across the inductor is
di

T Ao
: dt

= (.2(200¢')
= 40¢""V, = 0"
The initial inductor voltage is 40 V
c) We find the time at which the inductor voltage equals 24 V by solving the
expression (24 = 40e~10%)
= 2. lnﬂ
10 24
= 51.08 X 10°°
= 51.08 ms.
d) Figure 1.11 shows the graphs of i(t) and v(t) versus t. Note that the instant
of time when the current equals zero corresponds to the instant of time when

the inductor voltage equals the source voltage of 24 V, as predicted by

Kirchhoff’s voltage law.

10

—
| —
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o(V)i(A)

40)
32

24
16
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Figure 1.11

Example 1.3: The two switches in the circuit shown in figure 1.12 have been
closed for a long time. At t = 0 switch 1 is opened. Then, 35 ms later, switch
2 is opened.

a)Find i, (t) for0 <t < 35ms

b) Find i, (t) for t = 35ms

c) What percentage of the initial energy stored in the 150 mH inductor is
dissipated in the 18 Q resistor?

d) Repeat (c) for the 3 Q resistor.

e) Repeat (c) for the 6 Q resistor

60V 3120 360 v 3150mH $180

\ 4 ®
Figure 1.12

Solution:
a) For t < 0 both switches are closed, causing the 150 mH inductor to short-

circuit the resistor as shown in figure 1.13.

11

—
| —
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4 () 3()
AN~ AN
_+.
(w()\"(_) 12 () 6 () l (07)
Figure 1.13

For 0 <t < 35ms switch 1 is open (switch 2 is closed), which disconnects
the 60 V voltage source and the 4 Q and 12 Q resistors from the circuit, the

resultant circuit is shown in figure 1.14.

31 )
( - A , e—o
603 3150mH 3180
l (()") OA
®
Figure 1.14

Req = 9]||18 = 6 , the time constant of the circuit is (%) * 1073 =
25ms

ip =6e"A, 0=1t=35ms.

b) When t > 35ms the value of the inductor current is:

ip =6e 14=1484

Thus, when switch 2 is opened, the circuit reduces to the one shown in figure
1.15.

LS
L~
o'

Y
(»sz§ v, 3150 mH

\"(I‘ill—““‘w INA
Y

Figure 1.15

The time constant changes to (%) * 1073 = 16.67 ms

12
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i = 148700 A ¢ = 35 ms.

c) The 18 Q resistor is in the circuit only during the first 35 ms of the switching
sequence. During this interval, the voltage across the resistor is:

d

6e 401
(Ir( % )

UE = 0.15

= =36V, 0<t<35ms.
The power dissipated in the 18 Q resistor is:
v

p= 18 =72"W, (0<t<35ms.
(

Hence the energy dissipated is:

7') ().035

(0.035
. S0 — ——— Ut
W= / 72e¢ M dt —30°
JO ( 0

=0.9(1 — %%
= 845.27 mJ.
The initial energy stored in the 150 mH inductor is:

1 :
w; = ;(().IS)(:%(") = 2.7J = 2700 mJ.

s

Therefore, 31.31% of the initial energy stored in the 150 mH inductor is
dissipated in the 18 Q resistor.
d) For 0 <t < 35ms the voltage across the 3 Q resistor is:
_ (YL — 1 _ —40t
Vag = (3) () =5v =—12e7 v

Therefore, the energy dissipated in the 3 Q resistor in the first 35 ms is:

).035
14475
Wiy = —dt
0

“
D

= (.6(1 — e %)

= 563.51 mlJ.

13

—
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For t = 35ms the current in the 3 Q resistor is:
,‘3“ - iL — (6(_7I'“l)(_f"“”_("“*‘” A.

Hence the energy dissipated in the 3 Q resistor for t > 35ms is:

X
D
w30 = / 130 X:3dt
J0.035

Il

o X
AN ,—2.8 —120(1—0.035
/ 3(36)(’ 280 12000, )_Md{
J0.035

,—120(1—0.035) |
= 108¢7%% x H
—120 0.035
108 ¢ .-
= 12()0 = 54.73 mlJ.

The total energy dissipated in the 3 Q resistor is:

wig(total) = 563.51 + 54.73

= 618.24 mJ.

The percentage of the initial energy stored is:

618.24
2700

* 100 = 22.90%

e) Because the 6 Q resistor is in series with the 3 Q resistor, the energy
dissipated and the percentage of the initial energy stored will be twice that
of the 3 Q resistor:

Weq (total) = 1236.48 m]
And the percentage of the initial energy stored is 45.80%.
1236.48 + 618.24 + 845.27 = 2699.99 mJ

31.31 + 22.90 + 45.80 = 100.01%.

14
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1.5 Natural Response of Series RLC Circuits
Consider the series RLC circuit shown in figure 1.16. The circuit is being excited

by the energy initially stored in the capacitor and inductor.

Figure 1.16
The energy is represented by the initial capacitor voltage 1, and initial inductor
current I,. Thus, att =0,

v(0) = = ( jdt =V,

i0) = I,

Applying KVL around the loop
li '

y
Ri + L +

dt

()dr =0

To eliminate the integral, we differentiate with respect to t and rearrange terms.

We get:

di’ Rdi i

a2 L.d LC

(Second-order differential equation)

To solve the above equation, we need two initial conditions such as the initial
value of i and its first derivative or initial values of some i and v. The initial value
of the derivative of i:
: di(0) , di(0) I ,
Ri(0) + L F Vo =0 (Rl + Vo)
dt dt L

Leti = AeSt, A and s are constants to be determined

15
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. T A .
As e + v == =0
LC
\,( , R )
¢\ 5" =5+ —]1=10
L ¥ o
R I
el =i
4 L€

This quadratic equation is known as the characteristic equation of the Second-

order differential. The two roots of the above equation are:

R L ( R .)" ]
R o N D | L) . 2
| oL, " N\2L) IC
R ( R ')3 |
Gy = — - P =
5 2. N\2L) IC
$) = —a + \/’;2 — W, 5= —a — \/mf)
|
x = §—' Wy = t
2L VLC

= The roots s; and s, are called natural frequencies measured in nepers per

second (Np/s) because they are associated with the natural response of the

circuit.
" w, IS known as the resonant frequency or strictly as the undamped natural

frequency, expressed in radians per second (rad/s).
= o isthe neper frequency or the damping factor, expressed in nepers per second.
s* + 2as + (r)(:) = ()
There are two possible solutions for i
I'] - .“]("lf. [‘ = "\_‘("l‘:!

Thus, the natural response of the series RLC circuit is:

16
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I(f) = ;L\|("\ g + ,"\3('\“r

di(0)

The constants A; and A are determined from the initial values i(0) and —

a) If a > wg, we have the overdamped case.

b) If @ = w,, we have the critically damped case.

¢) If a < wy, we have the underdamped case

Overdamped Case (a > wg)

i(f) = Ae’ + Ae™

Critically Damped Case (¢ = wg)

i() = (A, + A e ™

Underdamped Case (a < wq)

si=—a+ V—(oy—a) = —a+ jo,
5= —@— V(W@ — &) = —a = jayy
[ ] ]:\/—1

" wy =+ we2 — a?:is called the damping natural frequency.
"  w,: the undamped natural frequency
The natural response is:
i(0) = A;e 'O 4 A g @IV
= ¢ * A&/ + Are ¥

Using Euler’s identities

e’ = cosf + jsin#, e’ = cosh — jsinh
i(f) = e ""|,\|(gn\m‘,/ = JSinwyt) + As(COSwyt — jSinwyl)]
= ¢ “[(A; + Ay) coswyt + (A} — As) sinwyt]

Replacing (A; + Ay) constants and j (A1 - Az) with constants Biand By

17
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i(1) = e “(B, coswyt + B,sinwyt)

i(f) A (1) A
___h_“_. \I‘.\_
1
/\ ! i _ ‘-
> 0 .
0 ’ L '
(a) (b)
i(f) A
L - (_,—I
/\ /\ 3
0 \/ —_—_.__\_/ - I
—e T 2w
i 2 | (l)d |
(c)

Figure 1.17; (a) Overdamped response, (b) critically damped response, (c) underdamped
response.

Example 1.4: Find i(t) in the circuit of Fig. 1.18. Assume that the circuit has

reached a steady-state at t = 0.

=1 :
4Q .
el

7

“+

0.02 F Y 6 Q

10V C_f) -

3Q 0.5H

Figure 1.18

Solution:
For t <0, the switch is closed. The capacitor acts like an open circuit while the

inductor acts like a shunted circuit. The equivalent circuit is shown in figure

18

—
| —
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1.19 (a). Thus, att =0,

10
1(0) = = | A, v(0) = 6i(0) =6V
4 + 6

+1 G2 ¥ =
v () v < 6Q

Figure 1.19: (a) fort <0, (b) for t > 0.

Where i(0) is the initial current through the inductor and is the initial voltage
across the capacitor. For t > 0 the switch is opened and the voltage source is
disconnected. The equivalent circuit is shown in figure 1.19 (b) which is a
source free series RLC circuit. Notice that the 3 Q and 6 Q resistors, which are
in series in figure 1.19 when the switch is opened, have been combined to give
R =9 Qin figure 1.19 (b). The roots are calculated as follows:

R 9
2L 2(3)

1 1
VIC NaXs
si2=—ax Vo —wj=—9 = V8l — 100

S12 = —9 * j4.359

10

= 9, W

Hence, the response is underdamped (a < w); that is,

i(f) = e ”(A; cos 4.359¢ + A, sin 4.3591)

eg. (a)

Now obtain Al and A2 using the initial conditions. Att=0;
i(0)=1=A,

di

L ,
—| = TR0 + vO)] = —2[9(1) — 6] = —6 Als eq. (b)
-

0

Note that v(0) = V, = —6V is used, because the polarity of v in figure 1.19

19

—
| —



Electrical Networks Dr. Mustafa Rashid

(b) is opposite that in figure 1.16. Taking the derivative of i(t) in equation (a):

% = —9¢ (A, cos 4.359t + A, sin 4.359¢)
+ ¢ 7(4.359)(—A, sin4.359t + A, cos 4.359¢)
Imposing the condition in equation (b) at t = 0 gives:
—6 = —9(A; + 0) + 4.359(—0 + A,)
But Al =1. Then
—6 = —9 + 4.359A, = A, = 0.6882
Substituting the values of Al and A2 in equation (a) yields the complete

solution as:

i(f) = e (cos 4.359t + 0.6882 sin 4.3591) A

1.6 Natural Response of Parallel RLC Circuits
Consider the parallel RLC circuit shown in figure 1.20. Assume initial inductor

current I, and initial capacitor voltage V,

Figure 1.20

l
i(0) =1, = »[- v(t)dt

v(0) =V,
Applying KCL at the top node gives

20
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&1 dv
— + — v(tYdr + C— =0
R Li ) dt

Taking the derivative with respect to t and dividing it by C results in
d-v | dv I
g 2 ¥ ),
dt” RC dt LC
, l l ,
S~ . -= ()
RC L€

The roots of the characteristic equation are

= ()

WY A |
. oRC ~ (2/«‘) LC

o —_ —+ 2 . 3 (4 S 5 4P (I)” = —
S120 = T — a W 2R( VLC

Overdamped Case (a > wg)

v(t) = Al("\lr + Az(’\:,

Critically Damped Case (a = wgq)

u(l) = (A, + Aspe ™™

Underdamped Case (a < wg)

v(r) = e (A, coswyt + A, sinw,l)

The constants A; and A, in each case can be determined from the initial

conditions. We need v(0) and d';(to).
“'/() ‘(/U(()) () (/l‘(()) s ( ""’() + R[())
: dr dt RC

—

21
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Example 1.5: In the parallel circuit of figure 1.21, find v(t) fort > 0,
assuming v(0) = 5V,i(0) = 0A,L = 1H, and C = 10mF. Consider these
cases: R=1923Q,R=50Q,and R = 6.25 Q

v
N
+
R § 0 L llo v C =Y,
-
Figure 1.21

Solution:

Case 1: IfR =1.923Q
| |

JRC 2% 1923 X 10 X 1073
1

1
VIC V1X10x 107

Since o > w, in this case, the response is overdamped. The roots of the
characteristic's equation are:

; Y 9l
S1o0=—a * Va —wyg= —2,—50

And the corresponding response is:

a = = 26

= 10

O

—50¢

v() = Aje” " + Ase
Applying the initial conditions to get Al and A2:
v0)=5=A, +A,

dv(0) v(0) + Ri(0) 54+0 160
— = — = — 20
dt RC 1.923 X 10 X 107°

Differentiating v(t)
dv

— = —2A1¢7 % — 504"
dt

—260 = —24, — 504,

22
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Then A1 = —0.2083 and A2 = 5.208
Substituting A1 and A2 in the v(t) equation yields:

v(t) = —0.2083 e 2t + 5,208 ¢ 750t v

Case2:R=50Q
I |
a=—= — =10
2R( 2 XS5 X 10X 10
While w, remains the same. Since a = w, = 10, the response is critically

damped. Hence, S1 = S2 = —10 and

v(t) = (A; + Art)e '™

Applying the initial conditions to get Al and A2:
U(O) =5 = A|
dv(0) v(0) + Ri(0) 5+0

= — = — = —100
dt RC 5% 10X 1073

Differentiating v(t):

dv . - — 101
Y (_IOAI = lOA:T + Az)()

dt

Att =0,

—100 = —10A1 + A2
Al = 5and A2 = -50, thus:

v(t) = (5 —50t)e 10t v

Case3: R=6.250

1 1
JRC 2 X 625X 10 X 1073

While w, remains the same. As a < wgyin this case, the response is

(070]

a:

underdamped. The roots of the characteristic equation are

, LD 2 :
Sio=—aXVa —wy=—8 * j6

Then,

23
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v(1) = (A, cos6r + A, sinbre

Now obtain Al and A2 as

v(0) =35 = A,

dv(0) v(0) + Ri(0) 540 ,
@~ RC  exmsxioxio® o0

Differentiating v(t)

dv _ , _ _ B
—IIA = (—8A, cos 6 — 8A, sin 6 — O6A, sin 61 + 6A, cos 6r)e
(

Att =0,

—80 =—-8A1+ 6 A2,
Al =5and A2 = —6.667

v(t) = (5 cos6t — 6.667 sin6t)e 3t V

Note; by increasing the value of R, the degree of damping decreases, and the

response differ as shown in figure 1.22.

(1) V A
5k
4
3
2
I H 8
Overdamped
Critically damped
() = / e ——
/
~—— Underdamped
=1 1 1 I >
Figure 1.22

24
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1.7  Step Response of Series RLC Circuits

Consider the series RLC circuit shown in figure 1.23

(=0 X R B st
} ANN— T —
+
V. Ct) ag— )
Figure 1.23
Applying KVL around the loop for t > 0,

di _ _
L&+RL+U=VS, l=CE

d’v Rdv v V

acz "Lar "Ic T Ic

Which has the same form as the equation of the natural response of the series
RLC. The solution to the above equation has two components: the transient
response and the steady-state response that is:

v(t) = v (8) + vgs(8)

The transient response is the component of the total response that dies out with
time. The form of the transient response is the same as the form of the solution
obtained in Section 1.5 for the natural response circuit. Therefore, the transient

response for the overdamped, underdamped, and critically damped cases are:

v(t) = A’ + Ase™ (Overdamped)

el

v,(1) = (A, + Asxbe (Critically damped)

v,(1) = (A, cos wyt + A>sinwyt)e ™ (Underdamped)

The steady-state response is the final value of v(t). In the circuit in figure 1.23,
the final value of the capacitor voltage is the same as the source voltage V. Hence,
Uss = v(00) =V

Thus, the complete solutions for the overdamped, underdamped, and critically

damped cases are:
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v(t) =V, + Ae" + A,e™  (Overdamped)

v(t) =V, + (A, + A,ne *"  (Critically damped)

al

() =V, + (A, cosw,yt + A, sin w,t)e (Underdamped)

Example 1.6: For the circuit in figure 1.24, find v(t) and i(t) fort > 0.
Consider these cases: R =5Q,R=4Qand R =1Q

R lH
—AAMA——TTT ’—(D,{
—_—

I +

24V @) 0.2:

()
N
"=
||
|l
<
™~
I

Figure 1.24

Solution:
Casel:R=50Q
For t < 0 the switch is closed for a long time. The capacitor behaves like an

open circuit while the inductor acts like a short circuit. The initial current
through the inductor is:
24

i(0) = 511 =4 A
The initial voltage across the capacitor is the same as the voltage across the 1 Q
resistor; that is, v(0) = 1i(0) = 4V
For t > 0 the switch is opened so that we have the 1 Q resistor disconnected.
What remains is the series RLC circuit with the voltage source. The
characteristic roots are determined as follows:

R 5 1 I

= = 2.5, Wy = =— =2
2, 2:X1

VLC V1X025

& =

sia=—a*xVa —wy=—1,—4

Since a > wywe have the overdamped natural response. The total response is
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therefore

v(1) = vy + (Aje " + Ase™ ™)

Where, vy is the steady-state response. It is the final value of the capacitor

voltage. In figure 1.24, v,, = 24 V Thus

v(t) = 24 + (,/\l(! : ik ‘,;\:(; '“)

To find Al and A2 using the initial conditions:

v(0) =4 =24+ A1+ A2 —24 = A1+ A2

The current through the inductor cannot change abruptly and is the same current
through the capacitor at ¢ = 0 because the inductor and capacitor are now in

series. Hence:

dv

— = —Aje”" — 4A,e7
dt

dv(0)

—— =16 = —A, — 4A,
dr

Al = —64/3 and A2 = 4/3. Substituting in the voltage response equation:
4 t — 4
v(r) = 24 + ?(— 16 " + e )V

Since the inductor and capacitor are in series for t > 0, the inductor current is

the same as the capacitor current. Then:

(t) = Cdv
W=

4
i(t) = 5(46_t —e M)A

Case22(R=4Q)&Case3:(R=10Q) HW
Ans:

ity = (48 + 9.6ne * A

i(t) = (3.1 sin 1.9367 + 12 cos 1.9361)e "' A
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v(n 'V A
40 F
35 L A Underdamped
30 + ,
Critically damped
3 —
e I e
20 |
15 \
10 Overdamped
5
() | | | 1 | | 1 | >
0 l 2 3 4 5 6 7 8 1(s)
Figure 1.25
1.8  Step Response of Parallel RLC Circuits
Consider the parallel RLC circuit shown in figure 1.26:
1 i
+

— U

Figure 1.26
Applying KCL at the top node fort >0
v . _dv di
- + | =1 p=1L
R dl dt
d*i 1 di i l,
D —T_ Y an T - — -
dt©~ RCdt LC LC

The solution to the above equation has two components: the transient response

and the steady-state response that is:

() = i (t) + iss(0)
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i(n=1+Ae" +Ae™ (Overdamped)

I

i =1+ (A, + A,t)e “°  (Critically damped)

i(r) =1, + (A, coswyt + A, sinwyt)e " (Underdamped)

The constants A1 and A2 in each case can be determined from the initial
conditions fori and di/dt. The equation above only applies for finding the
inductor current i; = i. But once the inductor current is known, we can find v =

Ldi/dt that is the same voltage across the inductor, capacitor, and resistor.

Example 1.7: In the circuit of figure 1.27, find i(t) and ii(t) fort > 0.

20Q
=0
9. vl

oL

003  SmF==v (ﬁ) 30u(=1) V

sa(d) 20w

Figure 1.27
Here, u(t): unit step function

w® ={;t 2 o}

Solution:

For t < 0 the switch is open, and the circuit is partitioned into two independent
sub-circuits. The 4-A current flows through the inductor, so that i(0) = 4 A.

Since 30u(—t) = 30 when t < 0 and 0 when t > 0 the voltage source is
operative fort < 0. The capacitor acts like an open circuit and the voltage
across it is the same as the voltage across the 20  resistor connected in parallel

with it. By voltage division, the initial capacitor voltage is:

)

| 20 i
v(0) = m(3()) =15V

For t > 0 the switch is closed, and we have a parallel RLC circuit with a current

29

—
| —



Electrical Networks Dr. Mustafa Rashid

source. The voltage source is zero which means it acts like a short circuit. The
two 20 Q resistors are now in parallel. They are combined to give R = 10 Q.
The characteristic roots are determined as follows:
[ I
2RC 2% 10X 8 X 10
I I
VL—C - V20K B X 107>
S12 = —a * Va? — i = =625 * \/39.0625 — 6.25
= —6.25 * 5.7282
s; =—11978 and s, = —0.5218

Since a > w, we have the overdamped case. Hence:

& =

- = 06.25

Wy = = 25

’(,) e I _+_ A ()' 1 1.9781 + ‘ e -0.52181

- Ay 1€ A2C

Is = 4 A, is the final value of i(t). Using the initial conditions to determine Al
and A2. Att = 0:

i(0)=4=4+ A1+ A2, then, A1 = —A2

Taking the derivative of i(t)

li =y _ ‘ s
o 119784, 11978 — (0521840 5218
dt
Sothatatt = 0;
di(0) , L

= —11.9784, — 0.5218A,
dt
di(0) | ) di(0y 15 15 __
= p(0) = 15 = =—=—=0.75
dt dt  iF 20

0.75 = (11.978 — 0.5218)A, = A, = 0.0655
Thus A1 = —0.0655 and A2 = 0.0655. Substituting Al and A2 gives the

complete solution:

i(1) = 4 + 0.0655(e” 1% — 7T A

From i(t), we can obtain v(t) = Ldi/dt

vl(r) 1. / Q78 52181
= =0 = (.785¢ 1S — (.0342¢ 01 A
20 20 dr

i/\'(/) —
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Homework

H.W 1.1: In the circuit in figure 1.28, the switch has been closed for a long
time before opening att = 0.

a) Find the value of L so that v, (t) equals 0.5 v,(0) when t = 1 ms

b) Find the percentage of the stored energy that has been dissipated in the 10-

Q resistor when t = 1 ms

L 4 >< ({Vl:'{r) $

)\

30 mA $1kQ 2100 0,31

& *

Figure 1.28
Ans: (a) L=14.43mH, (b) 75 %

H.W 1.2: The switch in the circuit in figure 1.29 has been in the left position
for a long time. At t = 0 it moves to the right position and stays there.

a) Write the expression for the capacitor voltage, v(t) fort>0

b) Write the expression for the current through the 40-k Q resistor, i(t) for t >
0,

5 k() \ ’ 40 k{2
WA ¢ 7 " —W\
120V CD 0kQS v =<160nF  3$25kQ  $10kO
® ® ®
Figure 1.29
Ans: v(t) = (80e375) ¥V, t > 0, i(t) =(1.6e37")mA, t > 0
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H.W 1.3: The current and voltage at the terminals of the inductor in the circuit
in figure 1.30 are:

i(t) = (4 + 4e~40H) A, t=>0

v(t) = (—80e~%Y) vV, t > 0"

a) Specify the numerical values of Vs, R, lo, and L.

b) How many milliseconds after the switch has been closed does the energy

stored in the inductor reach 9 J?

Figure 1.30

Ans: Vs=80 V, R=20-), Io=8A4, L=0.5H and t = 17.33ms

H.W 1.4: The switch in the circuit seen in figure 1.31 has been in position (a)
for a long time. At t = 0 the switch moves instantaneously to position (b).

Fort > 0, find

a) U, (1)
b) i, (¢)
5 k() a b 10 k{2
AN —— 6\ /@ W
75 \«' l()k£2§ vu\f) 4”“F§4()k£2 100V
& T 0
Figure 1.31

Ans: v,(t) = —80 + 130e 3125t ¥ j (t) = 13e73125t + 2 mA
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H.W 1.5: The switch in the circuit shown in figure 1.32 has been closed for a
long time. The switch opens at t = 0. Find v, (t) fort = 0

300
AA'A%
80 ()
AN Q @
100 €2 100
AN AN
2003
AT~ 3125 uF 3 200mH 3 &
100V ‘
Figure 1.32
Ans: v,(t) = —6.67e200t — 133,33 ¢ 800t y, t>0

H.W 1.6: The two switches in the circuit seen in figure 1.33 operate
synchronously. When switch 1 is in position a, switch 2 is closed. When switch
1isin position (b), switch 2 is open. Switch 1 has been in position (a) for a long

time. At t = 0 it moves instantaneously to position b. Find v.(t) fort = 0

8 ()

100 mH

Figure 1.33

Ans: v.(t) = 60 — 150e>%cos50t — 200 e~ >°tsin50t V,

t=>0
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HW 1.7: The two switches in the circuit seen in figure 1.34 operate
synchronously. When switch 1 is in position (a), switch 2 is in position (d).
When switch 1 moves to position (b), switch 2 moves to position (c). Switch 1
has been in position (a) for a long time. At t = 0, the switches move to their

alternate positions. Find v, (t) fort > 0.

a h

5 75Q)

® Py C S /Ll AN
25003 ) G pe

5A )()Q§ ) 100V
160 mH —< 25uF -

L 2 2 &
Figure 1.34
Ans: v,(t) = 100e 4% cos(300t) — 800e~ 4% 5in(300¢t) V, t>0

HW 1.8: The switch in the circuit in figure 1.35 has been in the left position
for a long time before moving to the right position at t = 0. Find
a)ip(t)fort = 0

b) ve(t) fort = 0

| kO ,-
YWAN—@ \ ¢ . . 4
Y
3 k() 100 mA
D, (1)~ 2§[.LF )
& . 2 @
Figure 1.35

Ans: iy (t) = 0.1+ 0.5e7200t — (. 57800t A ¢t > 0
ve(t) = —25e7200 1 100780t V, ¢t > 0
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1.9 Applications
1) Photoflash Unit

= An electronic flash exploits the ability of the capacitor to oppose any abrupt

change in voltage.

= Figure 1.36 consists essentially of a high-voltage dc supply, a current-limiting
large resistor R1, and a capacitor C in parallel with the flashlamp of low
resistance R2.

R, l
—WW——0 :
> lz
: 2
High i x
voltage (j) v, C==%
R, -
dec supply .
Figure 1.36

= When the switch is in position 1, the capacitor charges slowly due to the large
time constant (z = (R,()) as shown in figure 1.37 (a).
= The capacitor voltage rises gradually from zero to Vs while its current

decreases gradually from 1,=Vs/R; to zero.

A
N

I

(a) (b)

Figure 1.37
= The charging time is approximately five times the time constant, (t = 5R, (),

providing a short-duration, high current pulse.
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= With the switch in position 2, the capacitor voltage is discharged. The low
resistance R2 of the photo lamp permits a high discharge current with peak
I,=Vs/R; in a short duration as depicted in figure 1.37 (b), discharging takes

place in approximately five times the time constant, (T4ischarge = SR20).

2) Relay Circuits
= Arelay is essentially an electromagnetic device used to open or close a switch

that controls another circuit.

A typical relay circuit is shown in figure 1.38, the coil circuit is an RL circuit
like that in figure 1.38 (b), where R and L are the resistance and inductance of

the coil.

When switch S; in figure 1.38 () is closed, the coil circuit is energized. The
coil current gradually increases and produces a magnetic field. Eventually, the
magnetic field is sufficiently strong to pull the movable contact in the other

circuit and close switch S,.

At this point, the relay is said to be pulled in. The time interval t,; between the

closure of switches S;and S; is called the relay delay time.

Relays were used in the earliest digital circuits and are still used for switching

high-power circuits.

AV AT A
J

JANITAN
\J

(a) (b)

Figure 1.38
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3) Automobile Ignition Circuit

An automobile ignition system takes advantage of the ability of inductors to
oppose a rapid change in current makes them useful for arc or spark
generation.

The gasoline engine of an automobile requires that the fuel-air mixture in each
cylinder be ignited at proper times. This is achieved using a spark plug, which
essentially consists of a pair of electrodes separated by an air gap.

An inductor (the spark coil) L is used to create a large voltage (thousands of
volts) between the electrodes (using the 12 V car battery), a spark is formed
across the air gap, thereby igniting the fuel.

When the ignition switch is closed, the current through the inductor increases
gradually and reaches the final value of i = Vs/R where Vs = 12 V.

The time taken for the inductor to charge is five times the time constant of the
circuitt = L/R, Tcparge = SL/R

Since at steady state, i is constant, di/dt = 0, and the inductor voltage v = 0.

When the switch suddenly opens, a large voltage is developed across the
inductor (due to the rapidly collapsing field) causing a spark or arc in the air
gap. The spark continues until the energy stored in the inductor is dissipated
in the spark discharge.

The system is modeled by the circuit shown in figure 1.39. The 12-V source

Is due to the battery and alternator.

=X 1=0
)
4Q | uF
A I
o l i
I(-
T Y
i — v = 8 mH ..l
= 2 /]\
\\ Spark plug
Ignition coil
Figure 1.39
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The 4 Q resistor represents the resistance of the wiring. The ignition coil is
modeled by the 8-mH inductor. The 1 uF capacitor (known as the condenser to
auto-mechanics) is in parallel with the switch (known as the breaking points or

electronic ignition).

H.W 1.9: An electronic flashgun has a current-limiting resistor 6 k€ and 2000-
uF electrolytic capacitor charged to 240 V. If the lamp resistance is 12 Q find:
(a) the peak charging current, (b) the time required for the capacitor to fully
charge, (c) the peak discharging current, (d) the total energy stored in the

capacitor, and (e) the average power dissipated by the lamp.
Ans: (a) 40 mA, (b) 1 minute, (c) 20 A, (d) 57.6 J, and (e) 480 watts

H.W 1.10: The coil of a certain relay is operated by a 12-V battery. If the coil
has a resistance of 150 Q and an inductance of 30 mH and the current needed

to pull in is 50 mA, calculate the relay delay time.
(Ans: tg=0.1962 ms)

H.W 1.11: Assuming that the switch in figure 1.39 is closed priortot = 0~ find

the inductor voltage v, fort> 0.
Ans: v, (t) — 268e~25% 5in(11,180t) V
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