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Method of Separation of Variables  

   In this lecture we discuss the method of separation of variables. It involves a 

solution which breaks up into a product of two functions each of which contains only 

one of the variables. The method of separation of variables relies upon the assumption 

that a function of the form: 𝑢(𝑥, 𝑡) = 𝐹(𝑥)𝐺(𝑡) 

The following examples explain this method. 

Example 1: Apply the method of separation of variables to solve  𝑢𝑥 = 2𝑢𝑡 + 𝑢  

                       with   𝑢(𝑥, 0) = 6𝑒−3𝑥    

Solution:   Assume the solution is             𝑢(𝑥, 𝑡) = 𝐹(𝑥)𝐺(𝑡) 

                  where 𝐹 is a function of 𝑥 alone and 𝐺 is a function of 𝑡            

                Now we must find  𝑢𝑥 and  𝑢𝑡:      𝑢𝑥 = 𝐹′𝐺      and    𝑢𝑡 = 𝐹𝐺′       

                  Substituting in the given equation to get 

                   𝐹′𝐺 = 2𝐹𝐺′ + 𝐹𝐺     ⇰   𝐹′𝐺 − 𝐹𝐺 = 2𝐹𝐺′     

                  (𝐹′ − 𝐹)𝐺 = 2𝐹𝐺′    ⇰    
𝐹′ − 𝐹

2𝐹
=

 𝐺′

 𝐺 
= 𝑘  

                   
𝐹′ − 𝐹

2𝐹
= 𝑘                           and          

 𝐺′

 𝐺 
= 𝑘 

                   𝐹′ − 𝐹 = 2𝐹𝑘                     and          ln 𝐺 = 𝑘𝑡 + 𝑐1 

                   𝐹′ = 2𝐹𝑘 + 𝐹                     and          𝐺 = 𝑒𝑘𝑡+𝑐1 

                  𝐹′ = (2𝑘 + 1)𝐹                   and         𝐺 = 𝑒𝑘𝑡𝑒𝑐1 

                   
𝐹′

𝐹
= 2𝑘 + 1                         and           𝐺 = 𝑎𝑒𝑘𝑡 ;   𝑎 = 𝑒𝑐1 

                   ln 𝐹 = (2𝑘 + 1)𝑥 + 𝑐2       ⇰          𝐹 = 𝑒(2𝑘+1)𝑥+𝑐2   

                  𝐹 = 𝑏𝑒(2𝑘+1)𝑥  ∶   𝑏 = 𝑒𝑐2 

                 So    𝑢(𝑥, 𝑡) = 𝑏𝑒(2𝑘+1)𝑥 × 𝑎𝑒𝑘𝑡 = 𝑐𝑒(2𝑘+1)𝑥+𝑘𝑡   ∶  𝑐 = 𝑎𝑏 

                 𝑢(𝑥, 0) = 6𝑒−3𝑥    ⇰    6𝑒−3𝑥 = 𝑐𝑒(2𝑘+1)𝑥    

                 𝑐 = 6    and   2𝑘 + 1 = −3    ⇰  𝑘 = −2  

                 Then     𝑢(𝑥, 𝑡) = 6𝑒−3𝑥−2𝑡 
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Example 2: Solve the PDE by the method of separation of variables,  

                       𝑢𝑥 = 2𝑢𝑦 + 𝑢  with   𝑢(𝑥, 0) = 3𝑒−5𝑥 − 2𝑒−3𝑥 

Solution:    𝑢 =  F(𝑥)G(𝑦)       ⇰   𝑢𝑥 = F′G      and   𝑢𝑦 = FG′      

                  F′G = 2FG′ + FG   ⇰   F′G = F(2G′ + G)   

                     
 F′ 

 F 
=

 2G′ + G 

 G 
       ⇰    

 F′ 

 F 
=

 2G′ 

 G 
+ 1 = 𝑘 

                     
 F′ 

 F 
= 𝑘                          and    

 2G′ 

 G 
+ 1 = 𝑘  ⇰   

  G′ 

 G 
=

𝑘 − 1

2
 

                  ln F = 𝑘𝑥 + 𝑐1                and    ln G = (
𝑘 − 1

2
) 𝑦 + 𝑐2 

                   F = 𝑎𝑒𝑘𝑥; 𝑎 = 𝑒𝑐1       and   G = 𝑏𝑒
(

𝑘−1
2

)𝑦
;   𝑏 = 𝑒𝑐2   

                   𝑢(𝑥, 𝑦)  = 𝑎𝑒𝑘𝑥. 𝑏𝑒
(

𝑘−1
2

)𝑦
= 𝑐𝑒

𝑘𝑥+(
𝑘−1

2
)𝑦

 

                  𝑢(𝑥, 0) = 3𝑒−5𝑥 − 2𝑒−3𝑥   ⇰   3𝑒−5𝑥 − 2𝑒−3𝑥 = 𝑐1𝑒𝑘1𝑥 + 𝑐2𝑒𝑘2𝑥 

                  So,     𝑐1 = 3  , 𝑘1 = −5 ,   𝑐2 = −2   and     𝑘2 = −3  

                  𝑢(𝑥, 𝑦) = 3𝑒
−5𝑥+(

−5−1
2

)𝑦
− 2𝑒

−3𝑥+(
−3−1

2
)𝑦

 

                 Then     𝑢(𝑥, 𝑦) = 3𝑒−5𝑥−3𝑦 − 2𝑒−3𝑥−2𝑦 

Example 3: Solve     𝑢𝑥 − 𝑦𝑢𝑦 = 0  with   𝑢(0, 𝑦) = 2𝑦3 − 3𝑦2 + 𝑦  

Solution:    𝑢 =  F(𝑥)G(𝑦)       ⇰   𝑢𝑥 = F′G      and   𝑢𝑦 = FG′      

                     F′G − 𝑦FG′ = 0      ⇰  
 F′ 

 F 
=

 𝑦G′ 

 G 
= 𝑘  

                     
 F′ 

 F 
= 𝑘    and    

  G′ 

 G 
=

𝑘

 𝑦 
  ⇰             F = 𝑎𝑒𝑘𝑥      and   G = 𝑏𝑦𝑘 

                   𝑢(𝑥, 𝑦)  =  ∑ 𝑐𝑛

3

𝑛=1

𝑦𝑘𝑛𝑒𝑘𝑛𝑥 = 𝑐1𝑦𝑘1𝑒𝑘1𝑥 + 𝑐2𝑦𝑘2𝑒𝑘2𝑥 + 𝑐3𝑦𝑘3𝑒𝑘3𝑥 

                 𝑢(0, 𝑦) = 2𝑦3 − 3𝑦2 + 𝑦 = 𝑐1𝑦𝑘1 + 𝑐2𝑦𝑘2 + 𝑐3𝑦𝑘3 

                 So,     𝑐1 = 2  , 𝑘1 = 3 ,   𝑐2 = −3 , 𝑘2 = 2  , 𝑐2 = 1   and    𝑘3 = 1  

                 Then     𝑢(𝑥, 𝑦) = 2𝑦3𝑒3𝑥 − 3𝑦2𝑒2𝑥 + 𝑦𝑒𝑥 
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Example 4: Solve     𝑢𝑥𝑦 + 𝑢 = 0  with   𝑢(0, 𝑦) = 2 sinh(2𝑦)  

Solution :    𝑢 =  F(𝑥)G(𝑦)       ⇰   𝑢𝑥 = F′G      and   𝑢𝑥𝑦 = F′G′      

                      F′G′ + FG = 0   ⇰   
 F′ 

 F 
= −

  G  

 G′ 
= 𝑘  

                     
 F′ 

 F 
= 𝑘    and    

  G′ 

 G 
= −

1

 𝑘 
  ⇰             F = 𝑎𝑒𝑘𝑥      and   G = 𝑏𝑒−

𝑦
 𝑘  

                      𝑢(𝑥, 𝑦) = 𝑐𝑒𝑘𝑥−
𝑦
 𝑘  

                      𝑢(0, 𝑦) = 2 sinh(2𝑦)      ⇰   𝑢(0, 𝑦) = 𝑒2𝑦 − 𝑒−2𝑦 

                      𝑢(𝑥, 𝑦) = 𝑐1𝑒
𝑘1𝑥− 

𝑦
 𝑘1 + 𝑐2𝑒

𝑘2𝑥− 
𝑦

 𝑘2  

                      𝑒2𝑦 − 𝑒−2𝑦 = 𝑐1𝑒
− 

𝑦
 𝑘1 + 𝑐2𝑒

− 
𝑦

 𝑘2  

                 So,     𝑐1 = 1  , 𝑘1 = −
 1 

 2 
 ,   𝑐2 = −1  and   𝑘2 =

 1 

 2 
  

                    𝑢(𝑥, 𝑦) = 𝑒−
 1 
 2 

𝑥 +𝑦 − 𝑒
 1 
 2 

𝑥 − 𝑦 = 2 sinh ( 𝑦 −
 𝑥 

 2 
)  

 

 

H.W:  Apply the method of separation of variables to solve the PDE  

1.    3𝑢𝑥 + 2𝑢𝑦 = 0     with   𝑢(𝑥, 0) = 4𝑒−𝑥       𝐴𝑛𝑠.   𝑢(𝑥, 𝑦) = 4𝑒−𝑥−1.5𝑦     

2.    2𝑢𝑥 − 3𝑢𝑦 = 0     with   𝑢(𝑥, 0) = 5𝑒3𝑥        𝐴𝑛𝑠.   𝑢(𝑥, 𝑦) = 5𝑒3𝑥+2𝑦  

3.    𝑦𝑢𝑥 − 𝑥𝑢𝑦 = 0     with   𝑢(𝑥, 0) = 𝑒−𝑥2
        𝐴𝑛𝑠.   𝑢(𝑥, 𝑦) = 𝑒−(𝑥2+𝑦2) 

4.    𝑢𝑥𝑦 − 𝑢 = 0          with   𝑢(𝑥, 0) = cosh 𝑥       𝐴𝑛𝑠.   𝑢(𝑥, 𝑦) = cosh(𝑥 + 𝑦) 

 

 


