Gzl )l &l palaa - S ol jal) Jaadl) — el judl) and — o glal) IS Ji daals
ue by dsiaa - (7)- 2024-2023 L;.u\‘)..\l\ aladl - AUl dlds )

Method of Separation of Variables
In this lecture we discuss the method of separation of variables. It involves a
solution which breaks up into a product of two functions each of which contains only
one of the variables. The method of separation of variables relies upon the assumption
that a function of the form: u(x,t) = F(x)G(t)
The following examples explain this method.
Example 1: Apply the method of separation of variables to solve u, = 2u; + u
with u(x,0) = 6e73*

Solution: Assume the solution is u(x,t) = F(x)G(t)

where F is a function of x alone and G is a function of ¢

Now we must find u, and u;: u, =F'G and u; =FG’

Substituting in the given equation to get

F'G=2FG'+FG = F'G—-FG=2FG'

(F' — F)G = 2FG' F-F_G_,
—_ e = = — =
2F G

F'—F_k d G'_k

2F an G
F'— F = 2Fk and InG =kt+c
F' =2Fk+F and G = ektta
F' =k + 1)F and G =ertec
= =2k+1 and G =ae*| a=en

InF=Q2k+1x+c, F = e@k+Dx+cy

F = be(2k+1)x : h=eC2

So u(x, t) — pe@Rk+1)x y qokt — pQRk+Dx+kt . ~ — )
u(x,0) = 6e73* 1 6e 3% = cek+lx
c=6 and 2k+1=-3 = k=-2

Then u(x,t) = 6e3¥2¢
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Example 2: Solve the PDE by the method of separation of variables,
u, = 2uy, +u with u(x,0) = 3e™>* — 2~
Solution: u = Fx)G(y) ® u,=F'G and u, =FG
F'G=2FG'+FG » F'G=FQG +G)
F'' 2G'+G F' 26

F G > F T tiEk
F'_k q 2G,+1—k G'_k—l
F o and =g P T
k—1
InF=kx+c and lnG=<T>y+c2
(%)
F=ae:a=e‘r and G=be\ 2 /)V; h=e
k-1 k-1

u(x,y) = aekx.be(T)y = cekx+(7)y

u(x,0) = 3e™>* —2e73* » 3¢ — 2e73¥ = ¢, ef1¥ ¢ eke¥

So, ¢,=3,kk=-5, ¢, =-2 and k,=-3

u(x,y) = 3e—5x+(%)y _ 2e—3x+(%)y

Then u(x,y) = 3e™>¥73Y — 2e=3¥~2¥
Example 3: Solve u, —yu, = 0 with u(0,y) = 2y* —3y*+y
Solution: u = F(x)G(y) © u,=FG and u, =FG

F' yG"

FG-—yFG' =0 » —=

F G k

! !

— =%k and —:ilﬁ) F=aekx and G=byk
F G y

3
U,(x,_’y) = z Cn ykneknx — Clykleklx + Czyk2€k2x + C3yk3ek3x
n=1
u(0,y) = 2y° = 3y* +y = e + ¢y"* + c3y*
So, ¢, =2,k =3, ¢ =-3, ky=2,c,=1 and k;=1
zer

Then u(x,y) = 2y3e3* — 3y + ye*
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Example 4: Solve  u,,, +u =0 with u(0,y) = 2 sinh(2y)
Solution: u = F(x)G(y) © u,=F'G and u,, =FG

L~ F’ G
FFG+FG=0 = T =k
F' G 1 o Ly
T—k and T__Tb F=ae and G = be k
u(x,y) = ce
u(0,y) = 2sinh(2y) © u(0,y) =e? —e~2Y
w(x,y) = e R 4 e R

_Y _y
e —e W =cle K1 4ce Kz

1
So, C1=1;k1=—7, ¢, =—1 and k2=7

1 1 x
— p XY _ XY . o
u(x,y) =e 2 ez ZSll’lh(y 2)

H.W: Apply the method of separation of variables to solve the PDE

1. 3u,+2u, =0 with u(x,0) =4e™ Ans. u(x,y) = 4e™*" 15
2. 2uy—3u, =0 with u(x,0) =53  Ans. u(x,y) = 5e3**+2¥
3. yu,—xu, =0 with u(x,0)= e Ans. u(x,y) = o~ (%+y?)

4. Uy —u=0 with u(x,0) = coshx  Ans. u(x,y) = cosh(x + y)
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