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 المحاضرة التاسعة

 

The exponential function and Trigonometric functions 

 الدالة الأسية والدوال المثلثية

𝑒𝑧 = exp(𝑧) = 𝑒𝑥+𝑦𝑖 = 𝑒𝑥[𝑐𝑜𝑠𝑦 + 𝑖𝑠𝑖𝑛𝑦] 

Ex. express in form 𝑥 + 𝑦𝑖 

1) 𝑒1+
𝜋𝑖

6  

Sol. 𝑒1. 𝑒
𝜋𝑖

6     ⟹ 𝑒1 [𝑐𝑜𝑠 (
𝜋

6
) + 𝑖𝑠𝑖𝑛 (

𝜋

6
)] ⟹ 𝑒 [

√3

2
+ 𝑖

1

2
] = [

𝑒√3

2
+ 𝑖

𝑒

2
] 

2) 𝑒2+3𝜋𝑖 

Sol.𝑒2. 𝑒3𝜋𝑖 ⟹ 𝑒2[𝑐𝑜𝑠3𝜋 + 𝑖𝑠𝑖𝑛3𝜋] ⟹ 𝑒2[𝑐𝑜𝑠3𝜋 − 2𝜋 + 𝑖𝑠𝑖𝑛3𝜋 − 2𝜋] 

         = 𝑒2[𝑐𝑜𝑠𝜋 + 𝑖𝑠𝑖𝑛𝜋] ⟹ 𝑒2[−1 + 0] = −𝑒2 

3) 𝑒√3−
𝜋𝑖

4  

Sol.𝑒√3. 𝑒−
𝜋𝑖

4 ⟹ 𝑒√3 [𝑐𝑜𝑠 (
−𝜋

4
) + 𝑖𝑠𝑖𝑛 (

−𝜋

4
)] = 𝑒√3 [cos

𝜋

4
− 𝑖𝑠𝑖𝑛

𝜋

4
] 

= 𝑒√3 [
1

√2
−

1

√2
𝑖]  =

𝑒√3

√2
−

𝑒√3

√2
𝑖 

Proposition: let 𝑧 = 𝑥 + 𝑖𝑦 then 

1. 𝑒𝑧1+𝑧2 = 𝑒𝑧1 . 𝑒𝑧2 

2. 𝑒𝑧1−𝑧2 =
𝑒𝑧1

𝑒𝑧2
  

3. |𝒆𝒛| = 𝒆𝒙    Very important 

4. 𝐚𝐫𝐠(𝒆𝒛) = 𝑰𝒎𝒛 + 𝟐𝒌𝝅    𝒌 ∈ 𝒛 

       = 𝑦 + 2𝑘𝜋        𝑘 ∈ ℤ 

5. (𝑒𝑧)𝑛 = 𝑒𝑛𝑧    𝑛 ∈ ℤ 
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6. 𝑒𝑧 ≠ 0            ∀𝑧 ∈ ℂ 

7. 
𝑑

𝑑𝑧
= [𝑒𝑧] = 𝑒𝑧 

8. 𝑒𝑧 Is analytic function and entire function. 

Ex. Prove that 𝒆𝒛̅ = 𝒆𝒛̅̅ ̅ 

Proof. Let 𝑧 = 𝑥 + 𝑦𝑖 

(𝑒𝑧)̅̅ ̅̅ ̅̅ = (𝑒𝑥+𝑦𝑖̅̅ ̅̅ ̅̅ ̅) ⟹ (𝑒𝑥. 𝑒𝑦𝑖̅̅ ̅̅ ̅̅ ̅̅ ) = (𝑒 𝑥̅. 𝑒𝑦̅) ⟹ (𝑒𝑥. 𝑒−𝑦) = (𝑒𝑥−𝑦𝑖) = 𝑒 𝑧̅ 

Ex. solve the equations 𝑒𝑧 = 1 + √3𝑖 

Sol. (1).  |𝑒𝑧| = |1 + √3𝑖| ⟹ 𝑒𝑥 = 2   ⟹ ln 𝑒𝑥 = ln 2     ⟹ 𝒙 = ln2     إيجاد قيمةتم 

(2). 𝑦 = Arg(𝑒𝑧) + 2𝑘𝜋        𝑘 ∈ ℤ     

𝑦 = Arg(1 + √3𝑖) + 2𝑘𝜋     𝑘 ∈ ℤ  

𝑦 = tan−1 (
√3

1
) + 2𝑘𝜋 =

𝜋

3
+ 2𝑘𝜋 تم إيجاد قيمة      

∴ 𝑧 = 𝑥 + 𝑦𝑖    ⟹ 𝑧 = ln 2 + ((
𝜋

3
) + 2𝑘𝜋) 𝑖                𝑘 ∈ ℤ 

Ex. solve the equations 𝑒𝑧 = 1 

Sol. (1).|𝑒𝑧| = |1| ⟹ 𝑒𝑥 = 1 ⟹ ln 𝑒𝑥 = ln 1 ⟹ 𝒙 = 𝟎 

 (2). 𝑦 = Arg(𝑒𝑧) + 2𝑘𝜋 ⟹ 𝑦 = Arg(1) + 2𝑘𝜋 

                                       𝑦 = tan−1 (
0

1
) + 2𝑘𝜋 

𝑦 = 0 + 2𝑘𝜋 

∴ 𝑧 = 𝑥 + 𝑦𝑖   ⟹ 𝑧 = 0 + 2𝑘𝜋𝑖                         𝑘 ∈ ℤ 

Ex. solve the equations 𝒆𝒛 = −𝟒 

Sol. (1).  |𝑒𝑧| = |−4| ⟹ 𝑒𝑥 = 4 ⟹ ln 𝑒𝑥 = ln 4 ⟹ 𝑥 = ln 4 

 (2). 𝑦 = Arg(𝑒𝑧) + 2𝑘𝜋         𝑘 ∈ ℤ  
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𝑦 = Arg(−4) + 2𝑘𝜋  ⟹ 𝑦 = tan−1 (
0

−4
) + 2𝑘𝜋 ⟹ 𝑦 = 𝜋 + 2𝑘𝜋 

𝑧 = 𝑥 + 𝑦𝑖 = ln 4 + (𝜋 + 2𝑘𝜋)𝑖 

H.W. solve the equations 𝟐𝒆𝒛 = 𝟒𝒊 

Ex. solve the equations 𝑒4𝑧 = 𝑖 

Sol. (1). |𝑒4𝑧| = |𝑖| ⟹ 𝑒4𝑥 = 1 ⟹ ln 𝑒4𝑥 = ln 1 ⟹ 4𝑥 = 0 ⟹ 𝑥 = 0 

∵ 𝑧 = 𝑥 + 𝑦𝑖 ⟹ 4𝑧 = 4𝑥 + 4𝑦𝑖 

(2). 4𝑦 = Arg(𝑒4𝑧) + 2𝑘𝜋      𝑘 ∈ ℤ 

4𝑦 = tan−1 (
1

0
) + 2𝑘𝜋 ⟹ 4𝑦 =

𝜋

2
+ 2𝑘𝜋 ⟹ 𝑦 =

𝜋

8
+ 2𝑘𝜋 

∴ 𝑧 = 𝑥 + 𝑦𝑖 = 0 + (
𝜋

8
+ 2𝑘𝜋) 𝑖 = (

𝜋

8
+ 2𝑘𝜋) 𝑖 

Ex. solve the equations 𝑒2𝑧−1 = 1 

Sol. ∵ 2𝑧 − 1 ⟹ 2𝑥 + 2𝑦𝑖 − 1 ⟹ (2𝑥 − 1) + 𝑦𝑖 

|𝑒2𝑧−1| = |1| ⟹ 𝑒(2𝑥−1) = 1 ⟹ ln 𝑒(2𝑥−1) = ln 1 ⟹ 2𝑥 − 1 = 0 ⟹ 𝒙 =
𝟏

𝟐
 

(2). 2𝑦 = Arg(𝑒2𝑧−1) + 2𝑘𝜋                𝑘 ∈ ℤ  

2𝑦 = tan−1 (
0

1
) + 2𝑘𝜋 ⟹ 2𝑦 = 0 + 2𝑘𝜋 ⟹ 𝑦 = 2𝑘𝜋  

∴ 𝑧 = 𝑥 + 𝑦𝑖 =
1

2
+ 2𝑘𝜋𝑖       𝑘 ∈ ℤ 

 

Trigonometric functions 

 الدوال المثلثية 

𝐬𝐢𝐧 𝒛 =
𝒆𝒊𝒛−𝒆−𝒊𝒛

𝟐𝒊
,   𝐜𝐨𝐬 𝒛 =

𝒆𝒛+𝒆−𝒊𝒛

𝟐
 ,   𝐭𝐚𝐧 𝒛 =

𝐬𝐢𝐧𝐳

𝐜𝐨𝐬𝐳
⟹

𝒆𝒊𝒛−𝒆−𝒊𝒛

𝟐𝒊

𝒆𝒛+𝒆−𝒊𝒛

𝟐

=
𝒆𝒊𝒛−𝒆−𝒊𝒛

𝒊(𝒆𝒊𝒛+𝒆−𝒊𝒛)
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Ex. Prove that 
𝑑

𝑑𝑧
(𝑠𝑖𝑛𝑧) = 𝑐𝑜𝑠𝑧 

Proof. 
𝑑

𝑑𝑧
(

𝑒𝑖𝑧−𝑒−𝑖𝑧

2𝑖
)  ⟹  (

𝑖𝑒𝑖𝑧+𝑖𝑒−𝑖𝑧

2𝑖
) =

𝑖(𝑒𝑖𝑧+𝑒−𝑖𝑧)

2𝑖
⟹

𝑒𝑖𝑧+𝑒−𝑖𝑧

2
= 𝑐𝑜𝑠𝑧 

Ex. Prove that 
𝑑

𝑑𝑧
(𝑐𝑜𝑠𝑧) = −𝑠𝑖𝑛𝑧 

Proof. 
𝑑

𝑑𝑧
(

𝑒𝑖𝑧+𝑒−𝑖𝑧

2
)  ⟹  (

𝑖𝑒𝑖𝑧−𝑖𝑒−𝑖𝑧

2
) =

𝑖(𝑒𝑖𝑧−𝑒−𝑖𝑧)

2
×

𝑖

𝑖
 

⟹
𝑖2(𝑒𝑖𝑧 − 𝑒−𝑖𝑧)

2𝑖
= −𝑠𝑖𝑛𝑧 

Ex. Prove that 𝑐𝑜𝑠𝑧̅̅ ̅̅ ̅̅ = 𝑐𝑜𝑠𝑧̅ 

Proof. 

(
𝑒𝑖𝑧+𝑒−𝑖𝑧

2
)

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅
= (

𝑒𝑖𝑧+𝑒−𝑖𝑧̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅

2̅
)                               𝑤ℎ𝑒𝑟𝑒 𝒆𝒛̅ = 𝒆𝒛̅̅ ̅  

⟹
𝑒𝑖𝑧̅̅ ̅̅ +𝑒−𝑖𝑧̅̅ ̅̅ ̅̅

2
=

𝑒𝑖𝑧̅+𝑒−𝑖𝑧̅

2
= 𝑐𝑜𝑠𝑧̅  

Ex. Evaluate.sin(𝑖)   

Sol.sin(𝑖) =
𝒆𝒊(𝒊)−𝒆−𝒊(𝒊)

𝟐𝒊
=

𝒆𝒊𝟐
−𝒆−𝒊𝟐

𝟐𝒊
     ⟹

𝒆−𝟏−𝒆

𝟐𝒊
=  

𝟏

𝒆
−𝒆

𝟐𝒊
 

Ex. Evaluate.cos(−𝑖)   

Sol.cos(−𝑖) =
𝒆𝒊(−𝒊)+𝒆−𝒊(−𝒊)

𝟐
=

𝒆−𝒊𝟐
−𝒆𝒊𝟐

𝟐
     ⟹

𝒆+𝒆−𝟏

𝟐
=  

𝒆+
𝟏

𝒆

𝟐
 

Ex. Evaluate.tan (2𝑖) 

Sol. tan(2𝑖) =
𝒆𝒊(2𝑖)−𝒆−𝒊(2𝑖)

𝒊(𝒆𝒊(2𝑖)+𝒆−𝒊(2𝑖))
=

𝒆−𝟐−𝒆𝟐

𝒊(𝒆−𝟐+𝒆𝟐)
   ⟹  

𝟏

𝒆𝟐−𝒆𝟐

𝒊(
𝟏

𝒆𝟐+𝒆𝟐)
=

𝟏−𝒆𝟒

𝒆𝟐

𝒊(
𝟏+𝒆𝟒

𝒆𝟐 )
=

𝟏−𝒆𝟒

𝒊(𝟏+𝒆𝟒)
   

Ex. Prove that (𝒔𝒊𝒏𝒛)𝟐 + (𝒄𝒐𝒔𝒛)𝟐 = 𝟏 
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Proof.   (
𝒆𝒊𝒛−𝒆−𝒊𝒛

𝟐𝒊
)

𝟐

+ (
𝒆𝒛+𝒆−𝒊𝒛

𝟐
)

𝟐

= 𝟏    ⟹
𝒆𝟐𝒊𝒛−𝟐+𝒆−𝟐𝒊𝒛

𝟒𝒊𝟐
+

𝒆𝟐𝒊𝒛+𝟐+𝒆−𝟐𝒊𝒛

𝟒
= 𝟏 

−𝒆𝟐𝒊𝒛 + 𝟐 − 𝒆−𝟐𝒊𝒛 + 𝒆𝟐𝒊𝒛 + 𝟐 + 𝒆−𝟐𝒊𝒛

𝟒
=

𝟒

𝟒
= 𝟏 


