
Questions Form No.   〈 1 〉 Solve all the ODEs 

[1]    𝑥
𝑑𝑦

𝑑𝑥
+ 3𝑦 =

sin 𝑥

𝑥2
                               [2]    𝑦′′ − 3𝑦′ − 10𝑦 = 3𝑒3𝑥 

 [3]   𝑥2𝑦′′ + 5𝑥𝑦′ + 4𝑦 = 1 𝑥2⁄                [4]    𝑥 𝑦′′ + 𝑦′ + 𝑥𝑦 = 0  

 

Questions Form No.   〈 2 〉 Solve all the ODEs 

[1]     𝑥
𝑑𝑦

𝑑𝑥
+ 3𝑦 =

cos 𝑥

𝑥2
                            [2]      𝑦′′ + 4𝑦′ − 12𝑦 = 4𝑒3𝑥 

 [3]   𝑥2𝑦′′ + 5𝑥𝑦′ + 4𝑦 = 1 𝑥2⁄                [4]    𝑥 𝑦′′ + 𝑦′ + 𝑥𝑦 = 0  

 

Questions Form No.   〈 3 〉 Solve all the ODEs 

[1]    𝑥
𝑑𝑦

𝑑𝑥
+ 3𝑦 =

sin 𝑥

𝑥2
                                [2]      𝑦′′ − 3𝑦′ − 18𝑦 = 3𝑒2𝑥 

  [3]   𝑥2𝑦′′ + 5𝑥𝑦′ + 4𝑦 = 1 𝑥2⁄                [4]    𝑥 𝑦′′ + 𝑦′ + 𝑥𝑦 = 0  
 

Questions Form No.   〈 4 〉 Solve all the ODEs 

[1]    𝑥
𝑑𝑦

𝑑𝑥
+ 3𝑦 =

cos 𝑥

𝑥2
                              [2]     𝑦′′ + 3𝑦′ − 18𝑦 = 4𝑒2𝑥 

 [3]   𝑥2𝑦′′ + 5𝑥𝑦′ + 4𝑦 = 1 𝑥2⁄                [4]    𝑥 𝑦′′ + 𝑦′ + 𝑥𝑦 = 0  

 

 

 

 

 

 

 

 

 



Typical answers  No.   〈 1 〉   

[1]    𝑥
𝑑𝑦

𝑑𝑥
+ 3𝑦 =

sin 𝑥

𝑥2
        ⇰        

𝑑𝑦

𝑑𝑥
+

3

𝑥
𝑦 =

sin 𝑥

𝑥3
        (𝐋𝐢𝐧𝐞𝐚𝐫 𝐎𝐃𝐄)  

𝜇(𝑥) = 𝑒∫  𝑃(𝑥)𝑑𝑥 = 𝑒∫  
3
𝑥

𝑑𝑥     ⇰    𝜇(𝑥) = 𝑒3 ln 𝑥      ⇰    𝜇(𝑥) = 𝑒ln 𝑥3
 = 𝑥3             

𝑦 𝜇(𝑥) = ∫ 𝜇(𝑥) 𝑄(𝑥)𝑑𝑥    ⇰     𝑦𝑥3  = ∫ 𝑥3 ×
sin 𝑥

𝑥3
𝑑𝑥  

𝑦𝑥3  = ∫ sin 𝑥  𝑑𝑥  ⇰         𝑦𝑥3  = − cos 𝑥 + 𝐶   ⇰    𝑦 =
− cos 𝑥 + 𝐶

𝑥3
 

 [2]    𝑦′′ − 3𝑦′ − 10𝑦 = 3𝑒3𝑥 

         𝑚2 − 3𝑚 − 10 = 0  ⇰   (𝑚 − 5)(𝑚 + 2) = 0      ⇰    𝑚 = 5, −2    

                    𝑦ℎ = 𝑐1𝑒5𝑥 + 𝑐2𝑒−2𝑥 

𝑦𝑝 = 𝐴𝑒3𝑥    ⇰     𝑦𝑝
′ = 3𝐴𝑒3𝑥    ⇰   𝑦𝑝

′′ = 9𝐴𝑒3𝑥     

   9𝐴 − 9𝐴 − 10𝐴 = 3        ⇰    𝐴 = − 3 10⁄  

  So,       𝑦𝑝 = − 3 10⁄ 𝑒3𝑥 .  Then,          𝑦 = 𝑦ℎ + 𝑦𝑝 = 𝑐1𝑒5𝑥 + 𝑐2𝑒−2𝑥 − 3 10⁄ 𝑒2𝑥 

 [3]   𝑥2𝑦′′ + 5𝑥𝑦′ + 4𝑦 = 1 𝑥2⁄   The given differential equation is Euler equation.                    

Put       𝑥 = 𝑒𝑡. Then we get   �̈� + (5 − 1)�̇� + 4𝑦 = 𝑒−2𝑡   𝑂𝑅   �̈� + 4�̇� + 4𝑦 = 𝑒−2𝑡  

𝑚2 + 4𝑚 + 4 = 0 ⇰ 𝑚1 = 𝑚2 = −2  ; 𝑟 = −2 = 𝑚1 = 𝑚2 

𝑦ℎ = (𝑐1𝑡 + 𝑐2)𝑒−2𝑡 = 𝑐1𝑡𝑒−2𝑡 + 𝑐2𝑒−2𝑡 ,      

𝑦1 = 𝑡𝑒−2𝑡  and 𝑦2 = 𝑒−2𝑡    ⇰  𝑦1
′ = −2𝑡𝑒−2𝑡 + 𝑒−2𝑡 and 𝑦2

′ = −2𝑒−2𝑡 

𝑣1
′ 𝑦1 + 𝑣2

′ 𝑦2 = 0  ⇰    𝑣1
′ 𝑡𝑒−2𝑡 + 𝑣2

′ 𝑒−2𝑡 = 0  ⇰            𝑣1
′ 𝑡 + 𝑣2

′ = 0       ⋯ (1) 

  𝑣1
′ 𝑦1

′ + 𝑣2
′ 𝑦2

′ = 𝑅(𝑥)  ⇰    𝑣1
′ (−2𝑡𝑒−2𝑡 + 𝑒−2𝑡) − 2𝑣2

′ 𝑒−2𝑡 = 𝑒−2𝑡  

                          𝑣1
′ (−2𝑡 + 1) − 2𝑣2

′ = 1      ⋯ (2) 

2 × 𝑒𝑞(1) ⋯  2𝑣1
′ 𝑡 + 2𝑣2

′ = 0                                     by summation. 

𝑣1
′ = 1  ⇰     𝑣1 = 𝑡 

Put 𝑣1
′ = 1 in 𝑒𝑞(1) to get 𝑣2

′ = −𝑡  ⇰ 𝑣2 = − 1 2⁄ 𝑡2 

𝑦𝑝 = 𝑣1𝑦1 + 𝑣2𝑦2  ⇰    𝑦𝑝 = 𝑡2𝑒−2𝑡 − 1 2⁄ 𝑡2𝑒−2𝑡 = 1 2⁄ 𝑡2𝑒−2𝑡 

𝑦 = 𝑦ℎ + 𝑦𝑝 = (𝑐1𝑡 + 𝑐2)𝑒−2𝑡 + 1 2⁄ 𝑡2𝑒−2𝑡 

𝑦 = (
 𝑡2 

 2 
+ 𝑐1𝑡 + 𝑐2) 𝑒−2𝑡      ⇰       𝑦 = (

 (ln 𝑥)2 

 2 
+ 𝑐1 ln 𝑥 + 𝑐2) 𝑥−2 



 

[4]    𝑥 𝑦′′ + 𝑦′ + 𝑥𝑦 = 0  

      𝑦 = 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥2 + 𝑎3𝑥3 + 𝑎4𝑥4 + 𝑎5𝑥5 + ⋯                  

     𝑦′ = 𝑎1 + 2𝑎2𝑥 + 3𝑎3𝑥2 + 4𝑎4𝑥3 + 5𝑎5𝑥4 + 6𝑎6𝑥5 + ⋯                    

     𝑦′′ = 2𝑎2 + 6𝑎3𝑥 + 12𝑎4𝑥2 + 20𝑎5𝑥3 + 30𝑎6𝑥4 + 42𝑎7𝑥5 + ⋯           

       𝒙𝒚′′ = 𝟎  + 𝟐𝒂𝟐𝒙 + 𝟔𝒂𝟑𝒙𝟐 + 𝟏𝟐𝒂𝟒𝒙𝟑 + 𝟐𝟎𝒂𝟓𝒙𝟒 + 𝟑𝟎𝒂𝟔𝒙𝟓 + ⋯   

        𝒚′ = 𝒂𝟏   + 𝟐𝒂𝟐𝒙 + 𝟑𝒂𝟑𝒙𝟐 + 𝟒𝒂𝟒𝒙𝟑 + 𝟓𝒂𝟓𝒙𝟒       + 𝟔𝒂𝟔𝒙𝟓 + ⋯                    

       𝒙𝒚 = 𝟎   + 𝒂𝟎𝒙    + 𝒂𝟏𝒙𝟐   + 𝒂𝟐𝒙𝟑    + 𝒂𝟑𝒙𝟒         + 𝒂𝟒𝒙𝟓    + ⋯                       

             𝑎1 = 0        

  2𝑎2 + 2𝑎2 + 𝑎0 = 0  ⇨  𝑎2 = −(1/4) 𝑎0   

6𝑎3 + 3𝑎3 + 𝑎1 = 0  ⇨ 𝑎3 = 0   

  12𝑎4 + 4𝑎4 + 𝑎2 = 0  ⇨ 𝑎4 = −(1 16⁄ )𝑎2  ⇨  𝑎4 = (1 64⁄ )𝑎0    

20𝑎5 + 5𝑎3 + 𝑎3 = 0  ⇨ 𝑎5 = 0   

𝑦 = 𝑎0 − (
1

4
) 𝑎0𝑥2 + (

1

64
) 𝑎0𝑥4 + ⋯ = 𝑎0 (1 −

 1 

4
𝑥2 +

1

64
𝑥4 + ⋯ ) 

Typical answers  No.   〈 2 〉   

[1]   𝑥
𝑑𝑦

𝑑𝑥
+ 3𝑦 =

cos 𝑥

𝑥2
  ⇰        

𝑑𝑦

𝑑𝑥
+

3

𝑥
𝑦 =

cos 𝑥

𝑥3
        (𝐋𝐢𝐧𝐞𝐚𝐫 𝐎𝐃𝐄)  

𝜇(𝑥) = 𝑒∫  𝑃(𝑥)𝑑𝑥 = 𝑒∫  
3
𝑥

𝑑𝑥     ⇰    𝜇(𝑥) = 𝑒3 ln 𝑥      ⇰    𝜇(𝑥) = 𝑒ln 𝑥3
 = 𝑥3             

𝑦 𝜇(𝑥) = ∫ 𝜇(𝑥) 𝑄(𝑥)𝑑𝑥    ⇰     𝑦𝑥3  = ∫ 𝑥3 ×
cos 𝑥

𝑥3
𝑑𝑥  

𝑦𝑥3  = ∫ cos 𝑥  𝑑𝑥  ⇰         𝑦𝑥3  = sin 𝑥 + 𝐶   ⇰    𝑦 =
sin 𝑥 + 𝐶

𝑥3
 

 [2]   𝑦′′ + 4𝑦′ − 12𝑦 = 4𝑒3𝑥 

         𝑚2 + 4𝑚 − 12 = 0  ⇰   (𝑚 − 2)(𝑚 + 6) = 0      ⇰    𝑚 = 2, −6    

                    𝑦ℎ = 𝑐1𝑒2𝑥 + 𝑐2𝑒−6𝑥 

𝑦𝑝 = 𝐴𝑒3𝑥    ⇰     𝑦𝑝
′ = 3𝐴𝑒3𝑥    ⇰   𝑦𝑝

′′ = 9𝐴𝑒3𝑥     

   9𝐴 + 12𝐴 − 12𝐴 = 4        ⇰    𝐴 = 4 9⁄  

  So,       𝑦𝑝 = 4 9⁄ 𝑒3𝑥 .  Then,          𝑦 = 𝑦ℎ + 𝑦𝑝 = 𝑐1𝑒2𝑥 + 𝑐2𝑒−6𝑥 + 4 9⁄ 𝑒3𝑥 



Typical answers  No.   〈 3 〉 

 [2]     𝑦′′ − 3𝑦′ − 18𝑦 = 3𝑒2𝑥 

      𝑚2 − 3𝑚 − 18 = 0  ⇰   (𝑚 − 6)(𝑚 + 3) = 0      ⇰    𝑚 = 6, −3    

                    𝑦ℎ = 𝑐1𝑒6𝑥 + 𝑐2𝑒−3𝑥 

𝑦𝑝 = 𝐴𝑒2𝑥    ⇰     𝑦𝑝
′ = 2𝐴𝑒2𝑥    ⇰   𝑦𝑝

′′ = 4𝐴𝑒2𝑥     

   4𝐴 − 6𝐴 − 18𝐴 = 3        ⇰    𝐴 = − 3 20⁄  

  So,       𝑦𝑝 = − 3 20⁄ 𝑒2𝑥 .  Then,          𝑦 = 𝑦ℎ + 𝑦𝑝 = 𝑐1𝑒6𝑥 + 𝑐2𝑒−3𝑥 − 3 20⁄ 𝑒2𝑥 

 

Typical answers  No.   〈 4 〉 

[2]     𝑦′′ + 3𝑦′ − 18𝑦 = 4𝑒2𝑥 

      𝑚2 + 3𝑚 − 18 = 0  ⇰   (𝑚 + 6)(𝑚 − 3) = 0      ⇰    𝑚 = −6,3    

                    𝑦ℎ = 𝑐1𝑒−6𝑥 + 𝑐2𝑒3𝑥 

𝑦𝑝 = 𝐴𝑒2𝑥    ⇰     𝑦𝑝
′ = 2𝐴𝑒2𝑥    ⇰   𝑦𝑝

′′ = 4𝐴𝑒2𝑥     

   4𝐴 + 6𝐴 − 18𝐴 = 4        ⇰    𝐴 = − 1 2⁄  

  So,       𝑦𝑝 = − 1 2⁄ 𝑒2𝑥 .  Then,          𝑦 = 𝑦ℎ + 𝑦𝑝 = 𝑐1𝑒−6𝑥 + 𝑐2𝑒3𝑥 − 1 2⁄ 𝑒2𝑥 

 


