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(Complex functions)

1. We define complex numbers as order pairs z = (x, y) of real numbers.
x and y Such that

x is called the real part [ Rez = x|

y is called the imaginary part [ Imz = y]
Ex. Let Z = (1,3) then
Rez=1,Imz=3

Jhiss glae Xy ol dua 7 = (X,y) e g Ll sataall dlac Y 5 jat rdalnal) Sasy)
tsh LS5 pall g paall Jideal Glasalall

L 7y 4 73 = (g, ¥1) + (02, ¥2)=(x1 + x2) + (y1 + ¥2).

2. 21.25 = (%1, Y1) (%2, ¥2) = (1% — ¥1Y2), (x1Y2 + y1%2)1)

Ex. z, = (2 + 3i) z, = (4 + 5i) fined

1.2, + 2, 2.2,.29

Sol.

1. z; +2z, = (2+4,3i+5i)=(6+ 8i).or (6, 8)

2.2,.2, = (8 — 15,100 + 12i) = (=7 + 22i). Or (-7, 22)

Proposition: leti = (0,1) then i? = -1 then i =+v-1

i?=1i.i =(0,1)(0,1)
=(0—-1,0+0)

i2=(-1,0)=-1
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Note.
i3=i%2i=(-1).i=—i
it=(C-DD =1
i200 =1 i1602 = -1 i2003 = —i i5 =i
Properties.z=x+iy=0 Ifandonlyif x=0&y =0
Properties. z; = z, Ifandonlyif (x; =x,) & (y1 =y3)

Properties: let z;,z, and z; be complex numbers, then

121+ 2, =2, + 274 Commutative law for addition
2.21.2y = 75.71 Commutative law for
multiplicative

3.(z1+ zx)tz3 =2, + (2, + 2z3) Associative law

4. 72,(z, + 23) = (212, + 2123) Distributive law

5.z4+0=12z The additive identity 0= (0, 0)
6.z.1=2z Multiplicative identity 1= (1, 0)

7.z =x+ iy Then the additive inverse —z = —(x + iy) such that z +
(=2) =0

8. z = x + iy Then the multiplicative inverse

Z_1_1_ 1 1 x-yi
z  x+yi x+yi x-yi

X Vi ( X Vi )
e —_ = —_

H .W. Show that
(a) Re (iz) = — Im(2);
(b) Im(iz) = Re(2).



EX. Z1 = (2,3) Zy = (4‘,5) flnd

124
Z

-1
2.7{
Sol.
Z1 2430 4-5i 23421 23 20

‘'z,  4+5i "4-5i 16+25 41 41

Al 353 5a gall( ) e aliill ang

_ 1 2-3i _2-3i _ 2 3i _
2.z{1=— =—= = =——=3z.z;1=1
2430 "2-3i  4+9 13 13

2 3i 4 6i 6i 9i2 4 9 13
=SSt oot =51

Verifying (2 + SL)'(E 137 713 13 713 13 13 13 13

Remark.

V=a ==l =a.i
Ex: V=16 = V16.V/-1=4i & v-100 =10i & vV-13 =13
Ex: Solve the equation z%2 + 2 = 0

Sol.
22+2=0-22=-2>2z=4V-2i > +V2i
s={2i,—V21i}
Ex: Solve the equation z?2+3zi—2=0

Sol. z%2 + 3zi + 2i* =0
(z+20)(z+i)=0
(z4+20))=0->2z=-2i or (z4+i)=0 »>z=—i
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s = {=2i,—i}

E

Exercise:

1- Find the value of x, y that satisfy the eq.
(x—y-6)+i(y’-x) =0

2. Solve for real x, y the eq.

14 i\? 1 _
( ) + — =1+
1-—1i x+ iy

3. Solve the following equation (3 — 2i) (x + iy) = 2(x — 2iy) +2i —1

Moduli z ouladall
We define moduli z = x + iy is |z| = \/m

Ex: find |z|for 1.z=1+3i 2z=1-3i

Sol.

1.1z = Jx2 +y2 > /(12 + (3)2 = V10

2.1z =x2+y2 > /(1) + (-3)2 =10
Remark. For any complex number z - |z| € R
13i=]0 + 3i| =vV0+9 =3

li]=1

Remark. |z;| < |z,| Means that the point z, is closer to the origin than point
z, ifz; < z,
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Now |z; — z,| = \/(x1 — %)%+ (Y1 —¥2)? =z, — 7]
ihadi  Adlaal) ) $lE e

Def: the complex conjugate or simply the conjugate of a complex nhumber
z = x + iy is define as the complex number z = x — iy

Properties
1. 27 = |z|? Very important = zZ = x2 + y?2
Ex.(34).(3,-4)=9+16=25 & [3+4i]2=(V3Z+42) =(v25)’ =25
8 dae il ¢ 6% AB8) ja B e  pa Juals
2. |zy.7;| = |z4]| 2]
Proof. From (1)
|212,|% = (Z1-Zz)-m
|212,|% = (z1.23). (21 23)
1212, |% = (2.21) (2223) = 121112, x
121. 25| = |z4]|2;]
2.z2=z sz=x+iyThenz=x—-iy =2z=x+iy=z
3. |z| = |Z]

Ex.z=2+5i=(2)2+(5)2=v29 and z=2-5i=.(2)2+ (-5)%=
V29
z+Z

4.z+ Z = 2Rez = - =X Very important

zZ—Z

5.z—z=2ilmz = Im(z) = =Y Very important



Z
7 |2 _ |zl
) Zy |2 |
Proof.
-3
Zy Zy . Zy
2 —
Z Z3 Zy
Z1 Z1Z7 |Z1|2 .
—= — ~_all
Z YAXY) |5 |
z1| _ |zl
Z3 |z, |
Prove that
8. |z1 + z3| = |z1] — |z,]
9.|z1 — 75| = |z1]| — |2,

10. |2y + 23| < |z4| + |2,

1. |21 — 73| < |z4]| + |2,]

Ex. Prove that |(2z + 5)(V2 — i)| = V3]2z + 5|
Proof.

=2z + 5||V2 —

= \/(\/E)Z +(-1)2.|22+ 5| » V3|22 + 5|

Ex.

If iz2 — Z = 0 find values of |z|.



Sol.iz?—z=0
iz? = 7= |iz?*| = |Z| Where |z| = |Z]
il. 1221 = Iz
where |Z|=|z]and |i| = 1
2% = |z| = 0
|z|[lz] — 1] = 0
Either |z| =0 or|z|-1=0=|z|=1
Ex. If z lies on the circle |z| = 2 show that
1.1z +2z-1| <9
1.Sol. |z2+2z—1|=|z2+2z+ ()| < |z]? + 2|z| + 1
<22+202)+1
<9

H.W. let |z] =1 and Re(z)? = 0 find z

5. Express the following equations in complex conjugate form.
Lfisd\ Gl yal) dnay A0V VAl e e
N2x+y =75, 2)x%* +y? = 36
Q. Prove that the equation of the hyperbolais x%2—y2 =1 is
z22+ (2?2 =2
e 5
B xZ—y? =1 20 ahaill e o
722+ (2)? =2



