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 Directional Derivatives and Gradient Vectors: 

 

We know that if ƒ(x, y) is differentiable, then the rate at which ƒ changes with respect to t 

along a differentiable curve x=g(t), y=h(t) is 
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The notation ∇𝑓 is read “grad ƒ” as well as “gradient of ƒ” and “del ƒ.” The symbol ∇ by 

itself is read “del.” Another notation for the gradient is grad ƒ. 

 

 

 

 

 

 

 

 

Suppose that the function ƒ(x, y) is defined throughout a region R in the xy-plane, that P0(x0, 

y0) is a point in R, and that u = u1 i + u2  j is a unit vector. Then the equations 

 

Parametrize the line through P0 parallel to u. If the parameter s measures arc length from P0 

in the direction of u, we find the rate of change of ƒ at P0 in the direction of u by calculating 

dƒ/ds at P0 
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By the Chain Rule we find 

 

 

 

 

 

 

 

Using the gradient notation, we restate Equation (3) as a theorem. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The derivative of ƒ at (2, 0) in the direction of u is therefore 
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 gradients and Tangents to Level Curves 
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Equation (5) validates our observation that streams flow perpendicular to the contours in 

topographical maps (see Figure 14.26). Since the downflowing stream will reach its destination 

in the fastest way, it must flow in the direction of the negative gradient vectors from Property 

2 for the directional derivative. Equation (5) tells us these directions are perpendicular to the 

level curves. 

This observation also enables us to find equations for tangent lines to level curves. They are 

the lines normal to the gradients. The line through a point P0(x0 , y0) normal to a vector 

 N = Ai + Bj has the equation 

A(x - x0) + B( y - y0) = 0 

If N is the gradient (∇𝑓)(𝑥𝑜 .𝑦𝑜) =  ƒ
𝑥

(𝑥𝑜 . 𝑦𝑜)𝐢 + ƒ
𝑦

(𝑥𝑜 . 𝑦𝑜)𝐣, the equation gives the following 

formula. 

 

 

 

 

 

At the point (-2, 1). 
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Functions of Three variables 
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The Chain rule for paths 

If r(t)=x(t)i + y(t)j + z(t)k is a smooth path C, and w=ƒ(r(t)) is a scalar function evaluated 

along C, then according to the Chain Rule: 
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 Tangent planes and Differentials 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

See Figure below. 
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Solution The surface is shown in Figure above. 
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meet in an ellipse E (See the Figure below). Find parametric equations for the line tangent to 

E at the point P0(1, 1, 3). 
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H.W 

(1) In Exercises 1–4, find the gradient of the function at the given point. Then sketch the 

gradient together with the level curve that passes through the point. 

 

 

 

 

 

(2) In Exercises 1–3, find the derivative of the function at P0 in the direction of u.  

 

 

 

 

 

 

 

(3) In Exercises 1–4, find the directions in which the functions increase and decrease most 

rapidly at P0. Then find the derivatives of the functions in these directions. 

 

 

 

 

 

 

(4) In Exercises 1–3, find equations for the 

(a) tangent plane and 

(b) normal line at the point P0 on the given surface..  

 

 

 

 

 

(5) In Exercises 1 and 2, find an equation for the plane that is tangent to the given surface at 

the given point. 
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