Mathematics III Lecture note CHEMICAL ENGINEERING DEPARTMEN

6 Directional Derivatives and Gradient Vectors:

We know that if f(x, y) is differentiable, then the rate at which f changes with respect to t
along a differentiable curve x=g(t), y=h(t) is

df dfd1+ajd\
dt — ox dt dy dt’
=G @)
d

dt \ox' FTRREPT

df

-

DEFINITION The gradient vector (gradient) of f(x, y) at a point Py(xy, yp) is
the vector

obtained by evaluating the partial derivatives of f at F,.

The notation Vf is read “grad f” as well as “gradient of f”” and “del f.” The symbol V by
itself is read “del.” Another notation for the gradient is grad f.

A\.
Line x = xq + su;,y = yog + su,

?Ti;‘&e “?) T/ (xg + sup,yo + sup) — fixgs yo)
xy) 4

I

I

!

|

Ch

Direction of P(x. ‘0» )
|
|
|
|

<

Tangent line

u=ui+ uj

increasing s '

R Yy
\ 4
Po(xo. Yo) Pa ( ‘/
X (\0 + suy, yg + sup)
%
0 / Py(xp, _\(,) =i + ]

Suppose that the function f(x, y) is defined throughout a region R in the xy-plane, that Po(xo,
yo) isa point in R, and that u = u1 i + u2 J is a unit vector. Then the equations

X = xy t+ suy, y =y T su,, (2)

Parametrize the line through Po parallel to u. If the parameter s measures arc length from Po
in the direction of u, we find the rate of change of f at Po in the direction of u by calculating
df/ds at Po
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By the Chain Rule we find

d f 0 )f dx 0 )f d y
- = | — == = || = = Chain Rule for differentiable f
ds ), P, ox P, ds dy P, ds
of af From Eqs. (2), dx/ds = u,
- a u + 7\‘ w3 and dv/ds I
Pn - Pn o
J J
= —f i+ —f Jlelwi + urj . 3)
ox p dy P, -

Gradient of f at F, Direction u

Equation (3) says that the derivative of a differentiable function f in the direction of u
at By is the dot product of u with the special vector, which we now define.
Using the gradient notation, we restate Equation (3) as a theorem.

THEOREM 9—The Directional Derivative Is a Dot Product If f(x, y) is differ-
entiable in an open region containing Fy(x;, )y), then

df _
(a)mm—(Vﬁme (4)

the dot product of the gradient Vf at F, and u. In brief, D,f = Vf-u.

EXAMPLE 2 Find the derivative of f(x,y) = xe’ + cos (xy) at the point (2, 0) in the
direction of v = 3i — 4j.

Solution Recall that the direction of a vector v is the unit vector obtained by dividing v
by its length:

The partial derivatives of f are everywhere continuous and at (2, 0) are given by

f(2,0) = (&' = ysin ()0 =€ — 0 =1
£(2,0) = (xe¥ — xsin (xy))og = 26" — 20 = 2.

The gradient of f at (2, 0) is

Voo = fu2, 00 + £,(2,0)f =i + 2

The derivative of f at (2, 0) in the direction of u is therefore

(Duf)(Z.()) = Vf|(2.()) ‘u Eq. (4) with the (D, f)p, notation

—gaeon.(3: 4.V _3_8__
=1+ 2j) <5 5J> 53 1. [
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Evaluating the dot product in the brief version of Equation (4) gives
Dyf = Vf+u = |Vf||u| cos§ = |Vf]| cos 8,

where @ is the angle between the vectors u and Vf, and reveals the following properties.

Properties of the Directional Derivative D,f = Vf-u = |Vf| cos 6

1. The function f increases most rapidly when cos € = 1 or when § = 0 and u
is the direction of Vf. That is, at each point P in its domain, f increases most
rapidly in the direction of the gradient vector Vf at P. The derivative in this
direction is

Dof = |Vf| cos (0) = |VFf|.

2. Similarly, f decreases most rapidly in the direction of —Vf. The derivative in
this direction is Dyf = |Vf|cos () = —|Vf|.

3. Any direction u orthogonal to a gradient Vf # 0 is a direction of zero change
in f because 6 then equals 77 /2 and

Dyf = |Vflcos (m/2) = [Vf|-0 = 0.

As we discuss later, these properties hold in three dimensions as well as two.

EXAMPLE 3 Find the directions in which f(x,y) = (x*/2) + (y*/2)

(a) increases most rapidly at the point (1, 1), and
(b) decreases most rapidly at (1, 1).
(c) What are the directions of zero change in f at (1, 1)?
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Solution

(a) The function increases most rapidly in the direction of Vf at (1, 1). The gradient there
is
(VHay = d + y)gy =1+
Its direction is
i+ i+
u _

1 . 1 .
pr —_— f— + .
it Virtag V2o V2!

(b) The function decreases most rapidly in the direction of —V f at (1, 1), which is

—u =

1 . 1 .

——i—-—=].

N
(¢) The directions of zero change at (1, 1) are the directions orthogonal to V f:

n=-— and -n=——=i-—

S

See Figure 14.30. H

Zero change
inf

Most rapid / Vi=i+]

increase in f

If a differentiable function f(x,y) has a constant value ¢ along a smooth curve
r = g(ni + h(t)j (making the curve part of a level curve of f), then f(g(?), h(¢)) = c. Dif-
ferentiating both sides of this equation with respect to ¢ leads to the equations

d s d
< (0. h(t) = 4 (0)
of dg  df dh .
az + ()_VE =0 Chain Rule
Of o . &, dg.  dn.\ _
<8xl * ay‘]> (drl Tard) =0 ®)

dr

v
] dt

Equation (5) says that V f is normal to the tangent vector dr / dt, so it is normal to the curve.
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At every point (xg, ) in the domain of a differentiable function f(x, y), the gra-
dient of f is normal to the level curve through (x;, vy) (Figure 14.31).

The level curve f(x. v) = f(xg. vg)

Vf(xp, y0)

Equation (5) validates our observation that streams flow perpendicular to the contours in
topographical maps (see Figure 14.26). Since the downflowing stream will reach its destination
in the fastest way, it must flow in the direction of the negative gradient vectors from Property
2 for the directional derivative. Equation (5) tells us these directions are perpendicular to the
level curves.

This observation also enables us to find equations for tangent lines to level curves. They are
the lines normal to the gradients. The line through a point Po(Xo , yo) normal to a vector
N = Ai + Bj has the equation

A(X-x0) +B(y-Yyo)=0

If N is the gradient (Vf)(x, y,) = f,(%0 - ¥o)i + fy(xo .Y)j, the equation gives the following
formula.

Tangent Line to a Level Curve

Fixos yo)x — xp) + f(xo, yo)(y — yo) = 0 (6)

EXAMPLE 4  Find an equation for the tangent to the ellipse

2

X2 -
4 Ty 2
At the point (-2, 1).
."
VA(=2,1) = —i+2j /2.\‘ =—4
1 | \
1 2 2\/5
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Solution The ellipse is a level curve of the function

2
X
fooy)y =7+ 2.

The gradient of f at (—2, 1) is
X i X .
Vilan = (51 + 2)‘J> = —1+ 2]
-2,1)

The tangent to the ellipse at (—2, 1) is the line
=Dx+2)+ @)y - D
x — 2y =—4. ]

Il
o

Eq. (6)

Algebra Rules for Gradients

. Sum Rule: V(if + g = Vf + Vg

2. Difference Rule: V(f —g)=Vf - Vg

3. Constant Multiple Rule: V(kf) = kVf (any number k)

4. Product Rule: V(fg) = fVg + gVf Soalgt aiitemon e

<f> gVf — fVg of gradients
Vi) =—7—F—
8 g

[

9]

. Quotient Rule:

EXAMPLE 5 We illustrate two of the rules with

f.y)y=x—y gy =3y
Vif=i-j Vg = 3j.
We have
LVf-—g=Vix—4)=i—-4j=Vf—-Vg  Rue2
2. V(fg) = V3xy — 3y?) = 3vi + 3x — 6y)j
=3yi—j) + 3vj + Bx — 6v)j ¢V plus terms . ..
= 3y(i — J) + Bx — 3y)j simplified.
=3yi—j)+&—3j=gVf+ fVg Rule 4 [ |
Functions of Three variables

For a differentiable function f(x, y, z) and a unit vector u = u;i + u,j + uzk in space,
we have

_af, of,  of
Vf—aler ayJ +3Zk
and
d d d
D,f = Vfou= aiul + a{ug + a)zcug.

-

The directional derivative can once again be written in the form

D =Vfeu=|Vf||lu|cos® = |Vf]|cosb,
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EXAMPLE 6

(a) Find the derivative of f(x,y,z) = x> — xy> — z at Py(1,1,0) in the direction of
v =2i — 3j + 6k.

(b) In what directions does f change most rapidly at F,, and what are the rates of change
in these directions?

Solution

(a) The direction of v is obtained by dividing v by its length:

V[ = VP + (=37 + (67 = V49 =7
- v _2; 3,.°0
u—|v|—71 7J+7k.

The partial derivatives of f at P, are
o= 062 = Ve =2 fy="20w0="2  f.=~1qn="1

The gradient of f at By is
Vil =2i —2j — k.

The derivative of f at F, in the direction of v is therefore

. . 2. 3. 6
(Duf)(l.l,o) = Vf‘(l.].n)'ll =2i—-2j—-k-|\5i—35]+3k
7 7 7
_4,6 6_4
=7t77 77

(b) The function increases most rapidly in the direction of Vf = 2i — 2j — k and
decreases most rapidly in the direction of —V f. The rates of change in the directions
are, respectively,

IVf = V2P + (2f + —1=V9=3 and —|Vf|=-3 =

The Chain rule for paths
If r(t)=x(t)i + y(t)j + z(t)k is a smooth path C, and w=f(1(t)) is a scalar function evaluated
along C, then according to the Chain Rule:

dw _wdx  owdy  owdz
dt oxdr  dydr  dzdt’
The partial derivatives on the right-hand side of the above equation are evaluated along the

curve r(r), and the derivatives of the intermediate variables are evaluated at ¢. If we express
this equation using vector notation, we have

The Derivative Along a Path

£ ) = V) - x' (o, @
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7  Tangent planes and Differentials

If r(r) = x()i + y(r)j + z(r)k is a smooth curve on the level surface f(x,y,z) = c of a
differentiable function f, we found in Equation (7) of the last section that

4L e = Viwmy-r'o.

Since f is constant along the curve r, the derivative on the left-hand side of the equation is
0, so the gradient Vf is orthogonal to the curve’s velocity vector r'.

Now let us restrict our attention to the curves that pass through £, See Figure below.All
the velocity vectors at P, are orthogonal to Vf at Py, so the curves’ tangent lines all lie in
the plane through P, normal to Vf. We now define this plane.

Y —f(x,y,z)=c

Tangent Plane to f(x,y,z) = ¢ at Fy(xy, ¥y, Zo)
FPo)x — xp) + f(B)(y — yo) + f(Po)(z — 29 = 0 (1
Normal Line to f(x,y,z) = ¢ at Py(xy, ¥y, 2Zo)

x =x t+ fu(P, y =y t [Py, z =2z + fAR)t (2)

EXAMPLE 1 Find the tangent plane and normal line of the level surface
flx,y,2) = x? + y2 +z—-9=0 A circular paraboloid

at the point Py(1, 2, 4).

The surface
_\‘2+,\'3+:—9=0
Py(1,2,4)

Normal line

\ Tangent plane

/ . \_\.
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Solution The surface is shown in Figure above.

The tangent plane is the plane through £, perpendicular to the gradient of f at £. The
gradient is

Vilp, = @xi + 2yj + K24 = 2i + 4j + k.
The tangent plane is therefore the plane

20— D+ 4y —2)+ (z — 4) =0, or 2x + 4y + 7z = 14,
The line normal to the surface at P, is

x=1+ 2, y =2+ 41, z=4+ 1t |

To find an equation for the plane tangent to a smooth surface z = f(x, y) at a point
Py(xp, Vo, 20) Where z5 = f(xy, vy), we first observe that the equation z = f(x, y) is equiva-
lent to f(x, v) — z = 0. The surface z = f(x, y) is therefore the zero level surface of the
function F(x, y, z) = f(x,y) — z. The partial derivatives of F are

Fo= Sy —a=f-0=F
Fo= g5y =9 =h-0=f
F=f(fey—0=0-1=-1
The formula
FP)x = xp) + BE) = 30) + FE)E = 2) = 0

for the plane tangent to the level surface at F, therefore reduces to

Fxos yo)x — xp) + fy(xo. Yo) (v — yo) — (2 — z) = 0.

Plane Tangent to a Surface z = f(x,y) at (x,, ¥y, (X0, ¥o))

The plane tangent to the surface z = f(x, y) of a differentiable function f at the
point Fy(xg, yo. 20) = (Xo, Yo. f(xp, o)) 18

Fixo, yo)x — xp) + fi(xo. y)(y — yo) — (2 — z) = 0. (3)

EXAMPLE 2 Find the plane tangent to the surface z = x cos y — ye' at (0, 0, 0).
Solution We calculate the partial derivatives of f(x,y) = xcosy — ve' and use
Equation (3):

f0,0) = (cosy — ye')gp =1 —0-1 =1
[10,0) = (=xsiny = &) =0—1= —1L

Dr. Sarmed Altayee Page 102



Mathematics III Lecture note CHEMICAL ENGINEERING DEPARTMEN

The tangent plane is therefore

l*x—0) —1:(y—0)—(z—0)=0, Eg. (3)

or
x—y—z=0. |
EXAMPLE 3  The surfaces
fo,y,)=x*+y-2=0 A cylinder
and
gx,y,z2) =x+z—-4=0 A plane

meet in an ellipse E (See the Figure below). Find parametric equations for the line tangent to
E at the point Po(1, 1, 3).

S}

The plane
x+z—4=0
ﬁ_}

g8x. y,2)

The ellipse E

Vfx Vg

The cylinder

P+y2=2=0

‘ﬁ—l
Jx, ¥, 2)

Solution The tangent line is orthogonal to both Vf and Vg at By, and therefore parallel
to v = Vf X Vg. The components of v and the coordinates of R, give us equations for
the line. We have

Vil = Qxi + 29,13 = 2i + 2j
V<‘§’|(1,1,3) =@0+Kkg3=1+tk
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i j k
v=QRi+2)xd+k=[2 2 0|=2i-2j-2
1 0 1

The tangent line to the ellipse of intersection is

x=1%2 y=1-24 3 =2, o

2N

H.W

(1) In Exercises 1-4, find the gradient of the function at the given point. Then sketch the
gradient together with the level curve that passes through the point.

L f,y)=vy—x, (2.1 2. fx,y) =In(x* +y?), (L.1)
3 gx.y) =0 (2.-1) 4. g(x,y) = A (\/E l)

(2) In Exercises 1-3, find the derivative of the function at PO in the direction of u.

1 f(x,y) = 2xy — 3y%, Py5.5). u=4i+ 3j
2. f(x,y) =22 +y% P(—1,1), u=3i—4j

X
3. 2(x,y) = o Py(1,—1), u = 12i + 5j

y + 27
(3) In Exercises 1-4, find the directions in which the functions increase and decrease most
rapidly at PO. Then find the derivatives of the functions in these directions.
1. f(x,y) = x> + xy + 2, Py(—1,1)
2. f(x,y) = x3y + e¥siny, Pyl,0)
3. f(x,y,2) = (x/y) — yz, Po(4,1,1)
(4) In Exercises 1-3, find equations for the

(a) tangent plane and
(b) normal line at the point PO on the given surface..

L x> +y+22=3 Rl L1
2. X2+ v — 22 =18, Py3,5,—4)
3.2z —x* =0, Py2,0,2)

(5) In Exercises 1 and 2, find an equation for the plane that is tangent to the given surface at
the given point.

=In (x> + %), (1,0,0)
= Vy—x, (1,2,1)

1.
2.

[

[
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