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1-Introduction:

The harmonic oscillator system is a model for a physical system whose natural motion
Is described by the Schrédinger equation, such as the vibrational motion of molecules,
lattice vibrations of crystals. Quantization of vibrational energies and their levels will
be evolve also, a vibration quantum number is realized mathmetically to control energy
level value.

Q/Give general idea about the solution of Schrodinger equation for Harmonic oscillator

system.

The solution of Harmonic oscillator system give us :
1. New energetic motion term is introduced in the total energy summation(vibration motion).
2. Quantization of vibration motion at different levels to the oscillated chemical bond accourding
to the vibration quantum nuber.

3. Potential energy term is important factor into total energy.

4. Fundamental principles of infrared spectroscopy that’s dependeng on egin value of energy that

associated to the wave function of this system.

2- Formalism of Hamltonion Operator:

Chemical bond is consider as the case of a point mass, m, attached to the end of a linear
spring with a spring constant k as shown in Figure 1. The classical equation of motion
IS:- = —Kx ---—--- 1
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Since F, K, and x are the restoring force, the force constant, and the displacement respectively. When
the mass is moving away from the equilibrium position by an external effect. If the system is

conserving energy, the mass is restoring to the original position.
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Figure 1. Schematic diagram of a harmonic oscillator.
The potential energy of the particle varies with the deviation from its equilibrium
position (x=0). So that according to quantum mechanics :

F = _gr" ------ 2 Since Vi is potential energy
. . dx 2
According to Newton's law F = m. (E) ----3

For the same true system must be eq.2 = eq. 3

—aVx dx\ 2
=m. (—) ------ 4
dx dt

by taking the integral and rearrangement

%.m.(%)2+Vx=C --------- 5

Eq. 5 is agreement with the conservation energy system due to the summation of
Kinetic energy and potential energy is constant and this phenomenon didn't depend on

the time, therefore the eq. 2 is true and therefore eq.1=eq.2

—K.x = _j,‘:x by rearrangement
KX 90X = 0V ----- 6 By integral




Vy ==k, x?--mmmm- 7 The potential energy of harmonic oscillator.

2
The kinetic energy of the system is equal to (E = ;—m)in the form of linear momentum.

2 2
n a—+ Kx
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The Hamiltonian operator is H= T+V= —

3-Harmonic oscillator system in one dimension:

HY=EY the Schrodinger equation of Harmonic oscillator is
hZ
(~o 2+ 2K.x2) gy = Egy)] o

8m2m ~ 9x?2

(oo 2%+ 2,22 = Egy)]

8m?m’ 6x2

[(_ i -az¢x) - E‘px'z‘pr-xz)]

8m2m 0x?2

%@, 8m’m 187rm
(6x2)=_ B2 EQDx 5 B2 (PxKx )]

(%) — 8nm(E(Px'_<pr X )]

0%2¢ (8m*m k. x?
oz T\ ) =0

Or

0%¢ 8n’mE, 4mn’mk 5
ax2+( Y .x)(px—O _____ d

2 2
To solve the eq. 9 must be supposed the following: g2 = drm mk , a= Tk

And subsitued this terms in eq.9 .

Equation of one-dimensional Harmonic oscillator system is




P9 4 (¢ —2.x2).W,=0 10
0x2 ) X

2 _ p2 2 . dy _ %y _
And If supposed that yc = [*.x* ,since = \/B andthe F i 0
| | s 20 _ 2 (99) _ 0 3y 09
According to this hypothesis; P ax'(ax) =— (ax'ay

9%y dp 0y 0 0¢

T 9x2'9y  9x 9x’ dy

0x2 9y  ox ‘ox ay’ oy

=0+JB (VB 2%

substituted our hypothesis

So that
%¢
0x2

=g le %y _
=p. 352 11 because the ——= = 0

By introducing eqg.10 into eqg.11 to get on

0%¢ . W _
B.a—yz-i'(OC —,8 .y )\P =0 ----- 12
by divided into B

P9 (X3 Vv =) e
272 + (ﬁ B.y*).¥Y =0 13
The mathematic solution of this equation is

y2

Y =etz ----14

In eq. 14 the value of y is very important because when the value is very large the

term is becoming nil value approximately so that the eq. 14 can be solved by using a
function that has the following foundation:-

2 2

Yy
Y=U({Y).e z ----- 15 the function e 2 becomes to infinity

When y=co that’s mean the displacement (x) becomes infinity toward the position
of equilibrium. Must be using standard formalism to find the solutions (Hermit
equation) the final solution is Hermit polynomial.

4
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Hy () = (D v.e” .
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V is the vibrational quantum number, so the formula of the final solution for the
Schrodinger equation is:-

¥y (y) =Ny. H. e V2 s 17

The normalization constant of function can be calculated as follows:-

NV:I_J::,O[HV(}’)]Z A ) — 18

Ny= (%)%.(ZV.V!)_% = \/% T (Pt 19

Therefore the equation of harmonic Oscillator is

1

Yy (y)= (%)Z : (2".v!)‘§. N ) R R A— 20

To calculate the Eigenvalue (Ev) that’s associated with equation 20

Must remember the approximation of:

:8ﬂ2mEx
h?2

and B="". (k/m)*/2 " due that %— 1=2v

Therefore

8mZmEx

__hZ 1 =9y e
%.(k/m)l/z 1=2v 21

By rearrangement:

Ey=(v+3) o0 (k/m)0S woremremencees 22
By substituting the value of vibration frequency (v) from the equation of angular

frequency for the oscillator (w) into equation 21.




w=2mv = (k/m)°®S  Sothat E,=(v+3).o-.2mv  E,

21
Eigenvalue of the system

(v + %) hv --23

Q// Several notes that's can released from this equation, what are this?

Answer:

1-The vibrational enerqy value is proportional directly with vibration guantum number

(v). Force constant of bond(k) therefor at high values of vibration quantum number the
vibrational energy value will be very large and the harmonic oscillator body will be a
longer vibrated motion. At the sam time high value of k will needed high value of
vibrational energy. The vibrational energy value is inversely proportional with suquar
root of the reduced mass of bonded atoms.

2- The increasing vibrational energy value, will increase the elongation of the chemical

bond and tend to be broken( lost harmonicity).

3- The lowest value of vibrational quantum numbers(v), is zero: therefore, the zero-

point energy value of the harmonic oscillator system is equal to Eq= (% hv) .

Equation 23 is the basis of infrared spectroscopy, is the zero-point energy.

Figure 2. It represents the little part of the energy level of vibration energy for the

harmonic oscillator system.

Figure 2. Eigenfunction of some vibration levels energies for the harmonic oscillator.




4-Harmonic oscillator system at three dimensions:

All components of Schrdodinger formalism are treatment in three dimensions.

2 2 2
T=CE22P) = leaytazd), therefore. H= 0220 4 1y (ayzazy)

The represented equation is

[[_ h? (az N 622+:_2)_%_k(x2+y2+ZZ)]]\Px,y.2:E\PX'y'Z

8m2m  \dx2 = dy z2

Or

9%p  0%¢ 3%  smPm\ . 1 2424 .2 ]] =0 -
[[(6x2+6y2+622+ n? )E 2 kT Hy" 427 [Fuya= 025

2 4m?mk

h2

81
h2

By some approximations ( )E =1 , = a? the equation becomes

92 92 92 2
[['(ax(f 631(5 azf + 87;27”) + A —o? x? oc? y? +oc? 72) ]] Yy y, =0 ----26

The solutions of this equation is come by separation of the mathematical terms using
single wave functions depending on single variables for each of them.

Since:

By taking the differential of the wave function of eq. 27 for two times into each sub-
function with constant the other two sub-function and repeating the process for all. The
result substituted in equation 26 and divided the resultant equation on X.Y.Z and
rearrangement the final equation:

X 0x? Z 0z2

<(l o x?) (2.2 o y?) + .2 o2 z2)>+/1= ------- 28




Equation 28 is symmetrical (equatorial terms), because of the real symmetry, can be
separated into three sub equation all of them equal to zero.

92X 2 .2vy — o %Y 2 L2\Y —
E‘F(AX—OC X)X—O, 6—312+(}ly—0C y)Y—O ---------- 29
027
—+ (Az—x?22z)Z =0
0z2

The total energy of the system is A=( A+ A+ A;), it's the Eigenvalue of the Eigen wave
function (Wy,y, ;). Every equation of 29 is like equation 10(harmonic oscillator for one
dimension. The solution of equation 29 is done in the same way as equation 10 and the
final solution has come from the multiple products of equation 29. The Eigenvalue

(energy value of system) is equal to:

E=h|(v+3) e+ (%4 +3) % + (% +3). 1|30

5- Applications:
Calculate the required energy by (hv) units for transitions between vibrational levels

at v=3 and v=4.

Solve:- By using the Eigen value equation

E.= (v+1/2)hv Es=(3+1/2) hv =7/2 hv Es= 9/2 hv
Required energy for transition E4-E3=(9/2-7/2) hv=2/2 hv=1 hv




