
1. Find  ∇𝑓  for   𝑓(𝑥, 𝑦, 𝑧) = 𝑥3𝑦 − 𝑦2𝑧 + 3𝑥𝑧2.                                                                1  

2.  Find Jacobian matrix at  (0,1,1) for   𝑢 = sin 2𝑥 , 𝑣 = 3𝑦2𝑧,   𝑤 = 2𝑦𝑧2. 

3.  Evaluate ∫ ∫(2𝑥 + 3𝑦2)𝑑𝑥𝑑𝑦

1

0

2

0

                              4. Evaluate ∫ 8𝑡 (1 − √ 𝑡 )
4

𝑑𝑡

1

0

   

 

1. Find  ∇𝑓  for   𝑓(𝑥, 𝑦, 𝑧) = 3𝑥2𝑧 + 𝑥𝑦2 − 2𝑦𝑧3.                                                              2  

2.  Find Jacobian matrix at  (1,0,1) for   𝑢 = 2𝑥2𝑦, 𝑣 = sin 3𝑦 ,   𝑤 = 3𝑥𝑧2. 

3.   Evaluate ∫ ∫(2𝑦 + 3𝑥2)𝑑𝑦𝑑𝑥

1

0

2

0

                         4. Evaluate ∫ 8𝑦 (1 − √ 𝑦 )
4

𝑑𝑦

1

0

 

 

 

1. Find  ∇𝑓  for   𝑓(𝑥, 𝑦, 𝑧) = 𝑥2𝑦2 + 3𝑦2𝑧 − 2𝑥𝑧3.                                                           3  

2.  Find Jacobian matrix at  (1,0,1) for   𝑢 = 3𝑥2𝑦, 𝑣 = sin 2𝑦 ,   𝑤 = 2𝑥𝑧2. 

3. Evaluate ∫ ∫(3𝑥2 + 2𝑦)𝑑𝑥𝑑𝑦

1

0

2

0

                         4. Evaluate   ∫ 7𝑦 (1 − √ 𝑦 )
4

𝑑𝑦

1

0

 

 

 

1. Find  ∇𝑓  for   𝑓(𝑥, 𝑦, 𝑧) = 3𝑥2𝑦 − 𝑥𝑦2 + 2𝑦𝑧3.                                                             4  

2.  Find Jacobian matrix at  (1,1,0) for 𝑢 = 2𝑥2𝑦, 𝑣 = 3𝑥𝑦2,   𝑤 = sin 3𝑧. 

3.   Evaluate ∫ ∫(3𝑦2 + 2𝑥)𝑑𝑦𝑑𝑥

1

0

2

0

                           4. Evaluate  ∫ 7𝑡 (1 − √ 𝑡 )
4

𝑑𝑡

1

0

  

 

 

 

 

 

 

 



1. Find  ∇𝑓  for   𝑓(𝑥, 𝑦, 𝑧) = 𝑥3𝑦 − 𝑦2𝑧 + 3𝑥𝑧2.                                                                1  

    ∇𝑓 = 𝑓𝑥 𝑖 + 𝑓𝑦 𝑗 + 𝑓𝑧  𝑘 = (3𝑥2𝑦 + 3𝑧2) 𝑖 + (𝑥3 − 2𝑦𝑧) 𝑗 + (−𝑦2 + 6𝑥𝑧) 𝑘 

2.  Find Jacobian matrix at  (0,1,1) for   𝑢 = sin 2𝑥 , 𝑣 = 3𝑦2𝑧,   𝑤 = 2𝑦𝑧2. 

              𝙹 = [

2 cos 2𝑥 0 0
0 6𝑦𝑧 3𝑦2

0 2𝑧2 4𝑦𝑧
] = [

2 0 0
0 6 3
0 2 4

] 

3.  ∫ ∫(2𝑥 + 3𝑦2)𝑑𝑥𝑑𝑦

1

0

2

0

= ∫(𝑥2 + 3𝑦2𝑥)

2

0

|

0

1

𝑑𝑦 = ∫(1 + 3𝑦2)

2

0

𝑑𝑦 = 𝑦 + 𝑦3|

0

2

= 10 

4.   Let   𝑥 = √ 𝑡       ⇰       𝑡 = 𝑥2     ⇰      𝑑𝑡 = 2𝑥𝑑𝑥 

∫ 8𝑡 (1 − √ 𝑡 )
4

𝑑𝑡

1

0

= ∫ 16𝑥3 (1 − 𝑥)4𝑑𝑥

1

0

= 16𝐵(4,5) 

                                          = 16 ×
𝛤(4)𝛤(5)

𝛤(9)
= 16 ×

3! × 4!

8!
=

16 × 3 × 2 × 4!

8 × 7 × 6 × 5 × 4!
=

2

35
 

 

 

1. Find  ∇𝑓  for   𝑓(𝑥, 𝑦, 𝑧) = 3𝑥2𝑧 + 𝑥𝑦2 − 2𝑦𝑧3.                                                              2  

  ∇𝑓 = 𝑓𝑥  𝑖 + 𝑓𝑦 𝑗 + 𝑓𝑧 𝑘 = (6𝑥𝑧 + 𝑦2) 𝑖 + (2𝑥𝑦 − 2𝑧3) 𝑗 + (3𝑥2 − 6𝑦𝑧2) 𝑘 

2.  Find Jacobian matrix at  (1,0,1) for   𝑢 = 2𝑥2𝑦, 𝑣 = sin 3𝑦 ,   𝑤 = 3𝑥𝑧2. 

          𝙹 = [
4𝑥𝑦 2𝑥2 0

0 3 cos 3𝑦 0

3𝑧2 0 6𝑥𝑧

] = [
0 2 0
0 3 0
3 0 6

] 

3.   ∫ ∫(2𝑦 + 3𝑥2)𝑑𝑦𝑑𝑥

1

0

2

0

= ∫(𝑦2 + 3𝑥2𝑦)

2

0

|

0

1

𝑑𝑥 = ∫(1 + 3𝑥2)

2

0

𝑑𝑥 = 𝑥 + 𝑥3|

0

2

= 10 

4. Let   𝑥 = √ 𝑦       ⇰       𝑦 = 𝑥2     ⇰      𝑑𝑦 = 2𝑥𝑑𝑥 

 ∫ 8𝑦 (1 − √ 𝑦 )
4

𝑑𝑦

1

0

= ∫ 16𝑥3 (1 − 𝑥)4𝑑𝑥

1

0

= 16𝐵(4,5) 

                                          = 16 ×
𝛤(4)𝛤(5)

𝛤(9)
= 16 ×

3! × 4!

8!
=

16 × 3 × 2 × 4!

8 × 7 × 6 × 5 × 4!
=

2

35
 

 



1. Find  ∇𝑓  for   𝑓(𝑥, 𝑦, 𝑧) = 𝑥2𝑦2 + 3𝑦2𝑧 − 2𝑥𝑧3.                                                           3  

  ∇𝑓 = 𝑓𝑥  𝑖 + 𝑓𝑦 𝑗 + 𝑓𝑧 𝑘 = (2𝑥𝑦2 − 2𝑧3) 𝑖 + (2𝑥2𝑦 + 6𝑦𝑧) 𝑗 + (3𝑦2 − 6𝑥𝑧2) 𝑘 

2.  Find Jacobian matrix at  (1,0,1) for   𝑢 = 3𝑥2𝑦, 𝑣 = sin 2𝑦 ,   𝑤 = 2𝑥𝑧2. 

              𝙹 = [
6𝑥𝑦2 3𝑥2 0

0 2 cos 2𝑦 0

2𝑧2 0 4𝑥𝑧

] = [
0 3 0
0 2 0
2 0 4

] 

3.  ∫ ∫(3𝑥2 + 2𝑦)𝑑𝑥𝑑𝑦

1

0

2

0

= ∫(𝑥3 + 2𝑦𝑥)

2

0

|

0

1

𝑑𝑦 = ∫(1 + 2𝑦)

2

0

𝑑𝑦 = 𝑦 + 𝑦2|

0

2

= 6 

4. Let   𝑥 = √ 𝑦       ⇰       𝑦 = 𝑥2     ⇰      𝑑𝑦 = 2𝑥𝑑𝑥 

       ∫ 7𝑦 (1 − √ 𝑦 )
4

𝑑𝑦

1

0

= ∫ 14𝑥3 (1 − 𝑥)4𝑑𝑥

1

0

= 14𝐵(4,5) 

                                          = 14 ×
𝛤(4)𝛤(5)

𝛤(9)
= 14 ×

3! × 4!

8!
=

14 × 3 × 2 × 4!

8 × 7 × 6 × 5 × 4!
=

1

20
 

 

1. Find  ∇𝑓  for   𝑓(𝑥, 𝑦, 𝑧) = 3𝑥2𝑦 − 𝑥𝑦2 + 2𝑦𝑧3.                                                             4  

  ∇𝑓 = 𝑓𝑥  𝑖 + 𝑓𝑦 𝑗 + 𝑓𝑧 𝑘 = (6𝑥𝑦 − 𝑦2) 𝑖 + (3𝑥2 − 2𝑥𝑦 + 2𝑧3) 𝑗 + 6𝑦𝑧2 𝑘 

2.  Find Jacobian matrix at  (1,1,0) for 𝑢 = 2𝑥2𝑦, 𝑣 = 3𝑥𝑦2,   𝑤 = sin 3𝑧. 

                      𝙹 = [
4𝑥𝑦 2𝑥2 0

3𝑦2 6𝑥𝑦 0
0 0 3 cos 3𝑧

] = [
4 2 0
3 6 0
0 0 3

] 

    3.  ∫ ∫(3𝑦2 + 2𝑥)𝑑𝑦𝑑𝑥

1

0

2

0

= ∫(𝑦3 + 2𝑥𝑦)

2

0

|

0

1

𝑑𝑥 = ∫(1 + 2𝑥)

2

0

𝑑𝑥 = 𝑥 + 𝑥2|

0

2

= 6 

4. Let   𝑥 = √ 𝑡       ⇰       𝑡 = 𝑥2     ⇰      𝑑𝑡 = 2𝑥𝑑𝑥 

∫ 7𝑡 (1 − √ 𝑡 )
4

𝑑𝑡

1

0

= ∫ 14𝑥3 (1 − 𝑥)4𝑑𝑥

1

0

= 14𝐵(4,5) 

                                          = 14 ×
𝛤(4)𝛤(5)

𝛤(9)
= 14 ×

3! × 4!

8!
=

14 × 3 × 2 × 4!

8 × 7 × 6 × 5 × 4!
=

1

20
 

 


