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Partial Derivatives
For a function of two independent variables, z = f(x, y), the partial derivative of

f or z with respect to x represented by f,,z,,df/0dx or dz/dx, we can be found f,
by applying all the usual rules of differentiation. The only exception is that,
whenever and wherever the second variable y appears, it is treated as a constant in
every respect. The partial derivative of forz with respect to y represented
by fy,2y,0f /9y or dz/dy, we can similarly be found by treating x as a constant
whenever it appears.
For a function of more than two independent variables, the process of finding the
partial derivative of a function is called partial differentiation. In this process, the
partial derivative of a function with respect to one variable is found by keeping the
other variable constant.
Example 1: Find f, and f,, for the function

1. f(x,y) = x%y* =S fe = 2xy* and f, = 4x%y?

2.f(x,y) =x3+y? = f = 3x? and f, =2y

3.f(x,y) =e®?*3sin3x = f, =3e?*3cos3x and f, =2e*?*3sin3x
Example 2: Find w, and w;, for w(x,y) = x* cos(xy)

w, = x2(—sin(xy)) X y + 2x cos(xy) = —x2y sin(xy) + 2x cos(xy)
w, = x%(—sin(xy)) x x = —x> sin(xy)

Example 3: Find hg and h, for h(s,t) = tIn(4s? + 1) + t?tan"1(2s)

. 8st N 2t? B 8st + 2t?2
ST 45241 14452 45241
h, = In(4s? + 1) + 2t tan"1(2s)

x —
Example 4: If f(x,y) = ﬁ , then show that xf, + yf, =0

f _ Gty -y 2y
* (x + y)? (x + y)?
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f:(x+y)><(—1)—(x—y): —2x

Y (x +y)? (x +y)?
_ 2xy —2xy

SR e AN CE L

Example 5: If w = x sin(yz) + xe”” ,then show that 1. xw, = w 2. yw, = zw,
1. w, =sin(yz) + e¥* = xw, = xsin(yz) + xe¥? =w
2. wy =xzcos(yz) + xze¥* 1 yw, = xyzcos(yz) + xyze”*
w, = xycos(yz) + xye¥?* 1 zw, = xyzcos(yz) + xyzeY*
So, yw, = zw,
Second Order Partial Derivatives

Letz = f(x,y) be a function of x and y, then the second partial derivative of f with
respect to x IS fi, , the second partial derivative of f with respect to y is f,, , the
second partial derivative of f with respect to y and then with respect to x is f,,, and

the second partial derivative of f with respect to x and then with respect to y is f, .

(=2 =2 =21 a2 2)

fax Eﬁ'fyy Ea_yz'fxy Eaxay and fy. anax

fxy and f,, are called mixed partial derivatives where f,,, = f, .
Example 6: Find f,,, fyy , fyx and f,,, for f(x,y) = x* + 3xy — y*
i =2x+3y B fi,=2 and fy, =3
fy=3x—4y* © f,,=-12y* and f,, =3
Example 7: Find f,.. and fpe for f(r,0) =r?sin?0
f.=2rsin?0 = f.,=2sin?0
fo =2r?sinf@cosf but (2sinf cosd = sin20)
fo =1r%sin26 > fag = 2r%cos 20

Example 8: Find all first and second order partial derivatives of the function
f(x,y,z) = 3x% — 2xy? + 4x%z + z3y + 5
fx =6x—2y*+8xz ® f, =6+8z f,,=—4y and f,, =8x
fy = —4xy + z = fyy = —4x, fxy = —4y and f;, = 22°
fr = 4x* + 2z%y = f,, = 4zy, frz=8x and f,, = 272
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Chain Rule for Partial Derivatives
Ifz=f(x,y) and x = x(u,v), y = y(u,v),then z = z(u, v) and

dz 0z O0x 0z Ody
v 0dx Jdv dy Jdv

dz 0z Ox 0z Ody

£—a><% @X% and

Example 9: If z=x?+y%,x=2u+v,y=2v—u

0z 0z
Find — and — as a functions of u and v
Jdu v
P gx = w2 P gy =v—2
Fi x = 4u v, ay_ y =4v u
d0x ady d0x ay
a—z, %——1, %—1 and %—2

dz 0z OJdx 0z OJy

— = — X — 4 — X =

Ju O0x Jdu dJdy OJu
=Ulu+2v)xX2+{@v—-2u)x(—-1)
=8u+4v—4v+ 2u=10u

dz 0z O0x 0z Ody

—=—X—+—X=

v dx dJdv 0dy OJv
=Uu+2v)X1+{@v—-2u) X2
=4u+2v+8v—4u=10v

Example 10: Let w = xy — z, x =sint, y =cost and z =t. Finda—v:
ow Jdw 0x Jdw 0dy Jdw 0z
9t ox ‘ot oy ‘ot 9z " ae
=yXcost+xX(—sint)+(—-1)x 1
= cos?t —sin?t —1

Laplace's Equation: We say that the function f(x,y) satisfies Laplace's equation if

62f aZf
m'l'a_yzzo (fxx+fyy:0)

Example 11: Show that the functions satisfy Laplace's equation
1.f(x,y) = e ?Y cos 2x 2.w(s,t) = In(t? + s?)
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G, 02
1. —f = —2e %Y sin 2x = —f = —4e~%Y cos 2x
0x 0x?2
0 0?
_f = —2e %Y cos 2x = —f = 4e~2Y cos 2x
dy dy?
0% 0%
a_x]; + a—y]; = —4e %Y cos2x +4e %Y cos2x =0
) ow 2s 0°w  2(t?+s?) —2sx 2s
. = = =
ds t?+ s2 0s? (t? +s2)2
0%w B 2t% + 252 — 452 B 2t% — 252
ds?2  (t24+5s2)2  (t? + s52)2
ow 2t 0?w  2(t% +s%) =2t x 2t
= = =
ot t2 + s? at2 (t% + s2)2
0°w  2t% +2s% —4t*  2s% —2t7
otz (t2+s2)2 (12 +52)2

2’w  9*w B 2t% — 2s%  2s% —2t?

R T N R e T
The 1-D Heat Equation: The 1-D Heat equation takes the form:

oT _ 97T

— = k——|, where k > 0 which is called the thermal diffusivity.
ot 0x?2

Example 12: Show that the function T'(x,t) = 34t cos(2mx) satisfy heat

equation, with k = 1.

oT
Free —12m2e 4"t cos(27x)
oT 0%T
— = —6me " tsin(2Qnx) B — = —1272e Tt cos(2mx)
dx dx?
oT _9°T
ot  0x?2
Example 13: If T(x,t) = 2e~ 2% sin 2x satisfy heat equation, then find the thermal
diffusivity k.
oT
Fre —24e~ 12t sin 2x
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oT d0%T

P 4e 12t cos2x Fo i —8 e 12t gin 2x

oT 02T

v kﬁ > — 24e 1?tsin 2x = —8ke 1%t sin 2x
k=3

Wave Equation: The wave equation takes the form: |uy = c%uy,

Example 14: Show that the function u(x, t) = cos(x + 2t ) — cos(x — 2t) satisfy the
wave equation u;; = 4u,.,
u, = —2sin(x + 2t ) — 2sin(x — 2t )
Uy = —4cos(x + 2t ) + 4 cos(x — 2t)
u, = —sin(x + 2t ) — sin(x — 2t )
Uy, = —cos(x + 2t ) + cos(x — 2t)

YU = Ay
Exercises
1.If w = cos(x + y) + sin( ) then sh thtazw—azW
JIf w = cos(x + y) + sin(x — y) then show tha I~ GyT
2
2.Find 5%y if z = x?sin(2x — 3y).

3.1fz =In(xy) and x = rsinf, y =rcosé,

0z
then show that T 2(csc20 — cot20)

4.1f w=(x?+y?+ 2% (y? + z?), thenfind g—‘: atx=1,y=2andz=3.
5. Show that the functions satisfy Laplace’s equation
a) f(x,y) = e3*sin 3y b) f(x,y) = x3 — 3xy?
6. If T(x,t) = 5e~32""t sin(4mx) satisfy heat equation, then find the thermal
diffusivity k.

7.Show that the function u(x,t) = e**¢t — X<t satisfy wave equation.



