Eng. Mechanics-Statics- 1% stage Lecturer: Dr. Bashar Abid Hamza

Distributed Forces

e The body will be in equilibrium under the action of the
tension in the cord and the resultant W of the gravitational
forces acting on all particles of the body. This resultant is AtR At 1B B
clearly collinear with the cord.

e For all practical purposes these lines of action will be \
concurrent at a single point G, which is called the center of /
gravity of the body. ’

Determining the Center of Gravity

Apply the principle of moments to the parallel system of gravitational forces. The moment of
the resultant gravitational force W about any axis equals the sum of the moments about the
same axis of the gravitational forces dW acting on all particles treated as infinitesimal elements
of the body. The resultant of the gravitational forces acting on all elements is the weight of the
body and is given by the sumW = [ dW.

The moment about y-axis of the elemental weight=xdW
The sum of these moments for all elements of the body about y-axis = [ xdW.
Moment of the sum =xW

Moment of the sum must equal the sum of the moments, xw = [xdWw -
—— —~————
momentofsum  sum of moments
[ xdw
X =
w
Similar expressions for the other two coordinates,y, Z of the center of gravity G:
—  [xaw
X = —
w
y = fy% center of gravity coordinate
5= [ zaw
W z
With the substitution of W= mg and dW= g dm, the expressions for the -
coordinates of the center of gravity become } Yaw lw
5= {xgdm y:—fygdm 7 =1z9dm | [ =
mg mg mg } et +l 3
7= [xdm K’;/y') ?B
m \\’\/‘.
y = | Jin am L center o f mass coordinate
5= [zdm

m
Where, W: weight, m: mass, g: gravitational acceleration
If p, the density of a body is its mass per unit volume (V), then dm =pdV
If p is not constant throughout the body

7 = [x pdv
J pav

_ dv ;

y = [y pdv center of body coordinate
Jpav

5= [z pdVv
J pav
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Centroids of Lines, Areas, and Volumes

When the density of a body is uniform throughout, it will be a constant, then center of mass

concise with geometrical center and termed centroid.

Centroid of Lines

L: length, A: cross-sectional area, p: density

If A and p are constant over the length of the rod, the coordinates of the center of mass also
become the coordinates of the centroid C of the line segment

_ JxdL
X =

L
y:fjideentroid
_ [JzdL
Z:

.

In general, the centroid C will not lie on the line. If the rod lies on a single plane, such
as the x-y plane, only two coordinates need to be calculated.
Remember,

b d .
L=, |1+ D2 .dx, if y=f(x)

d d .
= |1+ G dy. ifx=g(y)

SAMPLE PROBLEM 5/1 /\
Centroid of a circular arc. Locate the centroid of a circular arc as . //
shown in the figure. ya i c
Solution. %
Choosing the axis of symmetry as the x-axis makesy = 0. A differential \\\

element of arc has the length dL=rd0 expressed in polar coordinates, y
and the x-coordinate of the element is r cos0

L=2ar
_ [xdL f_aa(r cos@) (rdd) r?[sin0]%, r . _
7= —= = = —(sina — sin(—a))

L 2ar 2ar 2a
_ rsina
X =

a
For a semicircular arc 2o0=m, which gives y = rs;nz =

2
T rL
For a quarter-circular arc 2a=n1/2, which gives ¥ =y = (Ts,lfn‘* ) cos= = <Tﬁ> L=
Z 4 Z \/7 T
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Prob. 5/38
The homogeneous slender rod has a uniform cross

¥

section and is bent into the shape shown. Calculate the

|

|
. |
y-coordinate of the mass center of the rod. :
|
|
|
|

Solution: 100 mm
x = ky?

1
@x=100,y=100—>100=k1002—>k=m i
dx/dy _ Zky 100 mm
__JydlL
y =

100 100 100
jydL =f y\/1+(dx/dy)2.dy=j y,/1+(2ky)2.dy=f y 1+ 4k2y2. dy
, 100 0 ( 0 L 37100 O( , 537100
8k 1 (14 4k?y?)2 1 14 4k*y*®)z
ot / 2,2 — —
8k2_[ v+ 1+ 4k4y%.dy 8k2 % [8(0.01)2 % )

0
= 8483 mm?

dL = 1+ (dx/dy)?.dy —» L= [,° J1+ (dx/dy).dy = [I*° J1+ 4kZy?.dy =
148 mm

[ydL 8483
Y 57.3mm ! —

3_1:

100 mm

Centroids of Areas

When a body of density p has a small but constant thickness t, we
can model it as a surface area A. The mass of an element becomes
dm =p t dA. Again, if p and t are constant over the entire area, the
coordinates of the center of mass of the body also become the
coordinates of the centroid C of the surface area, and the coordinates

may be written

first moments of areay
—_———

[xdA “~o
A
_Jyaa > Centroid

A
[z

X
Il
M

<

d
A y,

N

Ny
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i

g

>

Choice of Element for Integration Y
__JxdA f;lzx (y1l —y2)dx
XETy T A
x2
A= f (y1 —y2)dx
x1
2
. [ydA _ [y y(y1—y2)dx
A A
OR
_ [xdA f;/lzx (x2 — x1)dy
XETh T A
y2
= f(xZ —x1)dy
y1
2
_ Jyaa J v G2—xDdy
Y="a = A
SAMPLE PROBLEM 5/2

o

Centroid of a triangular area. Determine the distance h from the base of a triangle of altitude h

to the centroid of its area.
Solution:
By similar triangles x/(h-y)=b/h—x=(b/h)(h-y)
_ dA
R b
A
h

Mx=jydA=fhy(xdy)=fy(%)(h—y)dy

0

<

bh?
f(hy yHdy =+ [——— =

0

h

bh

xdy=f (h y)dy = — 5
0
h2

SAMPLE PROBLEM 5/3

Centroid of the area of a circular sector. Locate the centroid of the

area of a circular sector with respect to its vertex.

. S
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Solution I.

The x-axis is chosen as the axis of symmetry, and y is therefore automatically zero. We may

cover the area by moving an element in the form of a partial circular ring, as shown in the
figure, from the center to the outer periphery. The radius of the ring is ry and its thickness is

dr, so that its area is

dA=2radr,.
T T
Ty Sina ) 5
M, = | xdA= ( - ) (2ryadry) = 2sina | ry2dr,
0 0
o [r?] 2sinard
= 2sina ? = T
0
2a
A=r’n—=1r%a
21
2sinar3
_ _JxdA —35 — _ 2rsina
X = = =
A ria 3a

Solution II. Triangle of differential area
24

2 rdo P
Myzfdiz f(grcose) (Tr):? fcos@d@z

- %4

r3 r3 2
= g[sin 0]%, = ?[sina —sin—a] = §r3 sina
2a
A=r’n—=1r%a
21
2sinar3 ]
__JxdA —F— 2rsina
*TTA4 T T2 T 3a

=1
——

2rsina _ 2rsin§
- s
3a 35
. . . _ _ 4r
For a quarter-circular area 20=n/2, which gives ¥ =y = -

For a semicircular area 20=n, which gives x =

SAMPLE PROBLEM 5/4

_ 4
Y

c

ﬂ_\ -1r/3rr) /‘
Y

—r—

Locate the centroid of the area under the curve x=ky’ from x=0 to x=a.

Solution I. A vertical element

x=ky' >a=kb> >k =—
b3

y

|
|
|
|

e O

|
|
|
|
|

[
—r
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A=f0aydx fasx _1
3 2
_ [xdA Sa’b 4
A Zab 7

y
M, = ZdAzfz(ydx)z
0
a
2
= fosdx

2(k)§0

_ [Xaa _ 2 ap? _2y

A 3ab 5

Solution II. The horizontal element of area
b b

a+x a+ 3
My=.[di=j< 5 ) (a—x)dy=j< ) —ky3)dy]=§a2b
0 0
b b 3
= f(a —x)dy = f(a — ky3)dy = Zab
0 0
_ [xdA sa’h 4
X = 3 =—qa
A Zab 7
4
b b 3
M= [yaa= [ vita-ndy = [ @@= ky)y) = s5ab?
0 0
Y 3 .p2
}_]:fz dA_lOab —Eb
A 3ab
4
Prob.5/18
Determine the coordinates of the centroid of the shaded area. y
Solution:
y1=kx2—>b=ka2—>k=ﬁ
b 2
Y1 = 3%

b _ oy x
=L =5n o =3G+1)
a a
b 2
A=f(y2—y1)dx=.[< —[Edex
0 0

x2 _

: J (B +)-[oe)c- [[s(%

- P

y2=(b/2) [(x/a)+1]

b/2

el -5
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b2

[xdA % 2
= = —qa

A 15—2ba 5

X =

a

a
yl+y2 1
M= [vaa= [ (F525) 02 - yndx =5 [ 1y, - y2lax
0

2
0
1/ 2 2 23ab?
_ = b (x _ b _
_2“(5(5+1)) (?"2) ]dx_ 120
0
23ab?
Y=TA T I, 50

Prob. 5/31
The figure represents a flat piece of sheet metal symmetrical about
axis A-A and having a parabolic upper boundary. Choose your
own coordinates and calculate the distance from the base to the
center of gravity of the piece.
Solution:
y =ag+ a;x + a,x?
y=a,+2a,x
y(0)=0=a;+2a,*x0-a,=0
y(0)=20=ay,+a,*0—-ay, =20

1

y(30)=50=20+a2*302—>a2:%

1
y =20 + —— * x?

30
30 30 30
xZ
A= j ydx = zj ydx = zf <20+%>dx = 1800 mm?
-30 0 0
da 30 2 30

2
_ [ 5me2 [ L= N o ;
M,=|ydA= Eydx-Z de— 20+30 dx = 29400 mm
0

0

y =248 = 200 _ 1633 mm

Prob.5/29

Determine the y-coordinate of the centroid of the shaded
area.

Solution:

a
27T, |7
Azf Odroz—lL =2 na?
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dA

y,, —— a
rosina 21T rosinZ 27T,
Mx=jydA=f - 2 dr0=1- 24* 2 dr,
2
a
Y ENUI
=2 | —=* r,2dry = a
Jvz " 12v2
2
7_ .3
— _Jyada @Y _ a
oA _%naz_ﬁ
Prob. 5/36

The thickness of the triangular plate varies linearly with y
from a value t; along its base y=0 to 2 t, at y=h. Determine
the y-coordinate of the center of mass of the plate.
Solution:

b-x _ b b

ny n_ T nY Y
h_t,, _b |
y h 7" h | _
E=to 4ty =g+ 2 -«
0 1 0 hy :/
y |
_t0(1+ﬁ ! b

[ydm _[ypdV _[yptdA
m [ pdv [ ptdA
h h ) )
_ _ N p - _ N(p-2 _Z
m—fptdA—pf[t0(1+h)](b x)dy—topj(1+h)(b hy)dy—3topbh
0

0

37:

h h

_ _ y _ y b _ topbh?®

M, = fyptdA —pfy[to(l +E)] (b —x)dy = topfy(l +E)<b —Ey>dy ="
0 0

[y ptda topbh? h

y=22% -~ + _ —0.375 h Compare with ¥ = = for uniform thickness
[ ptda Stopbh 3

Prob.5/42

The thickness of the semicircular plate varies linearly
with y from a value 2t, along its base y=0 to t, at
y=a. Determine the y-coordinate of the mass center of

the plate.
Solution:

t1/2 _ to/2 _ o
s~ a -t =ty(1 “0sin 0)

t(r,0) =ty +t; =ty + [to(l —%’sin 9)]
= t,(2 —%Osine)

Distributed Forces 8



Eng. Mechanics-Statics- 1% stage Lecturer: Dr. Bashar Abid Hamza

t

T dA a m
m = f ptdA = f fz p [tO(Z —ra—osin 9)] 1,d0 dry = pt, f fz(ZrO —%sin 6)deo dr,
2 70 0

0
2 2 3 a 7 0 01>
= pto-[O [%—%sm&]o de = ptoazj; (1 sin )de = ptya’ [ +COS
T 1
= ptya’® (— — —) * 2 = 2.475 ptya®
2 3 —
two quarter—circular area
L R da
M, = fy ptdA = f f roSinf p [tO(Z — Dsin 9)] 1,d0 dr,
0 70 ’
2
= pt, f f (215% sin O — %sin2 0)de dr,
0
1— cosz@
z[ 213 2
= ptof TsmB— “sin?0| do = ptof (—smH— 51n29)d9
0 0
_ f% 2a3 5 _ < (1 —cosZB) 46
= pt, 13 sin >
[ 2 1 sin 26\12 5 T 2
= ptya [—§COSH —§<9 i )]0 = ptya <_R+ 8) 2
= 0.9406 pt0a3
y = [yptdd _ 09406 ptoaz = 0.38 a Compare with y = — = 0.424 a for uniform thickness
[ ptdA 2.475 ptoa

Centroid of Composite Figures

Y A=xx
X = ZA
__ XAxy
y= YA

SAMPLE PROBLEM 5/6

Locate the centroid of the shaded area.
5
|

120

—_r =

120

FT
F X
1 © _ ¥
in 0
4 ; 40 ﬁ - ¥
@ 20 — T : 2
P o _L 50‘_){ - l-%»l [20 20 50_)-|
30 '20' 20
Part |A(mm?) x(mm) y(mm) A*x Aty
1 rect.|120%100=12000 |120/2=60 100/2=50 12000%6=720000 |12000*50=600000
2tri. |(60*100)/2=3000 |120+(60/3)=140 100/3=33.3 420000 100000
3cir |(30%*m)/2=-144  [30+30=60 2rsing _ 2 30sing _ ., 0 |-84800 18000
3 «a 3 T '
2
4 rect [20*40=-800 30+30+30+20+(20/2)=120 [20+(40/2)=40 -96000 -32000
Total |12790 959000 650000
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YA xx 959000

_ _ .
*TTS A4 T 1279 i
__XAxy 650000 08
YTTS A T 12790 © mm
Prob.5/50

Determine the y-coordinate of the centroid of the shaded area.

h/tan60

Yy

Ha
Part x(mm) A*y
I tri. 0 2 h?
k h = —_
tan 60 tan 60 3 tan 60
2 circularia®nm  a’m 0 |zrsina _ 2 asinf _ Ea 0 a3
sector |23 6 3 a 3 Z Vs T3
Total
R3 ad 3
}—]:ZA*yzgtan60_?:4h _2\/§a3
XA B _an 6h? —\3na?
tan 60 6
Prob.5/75
Determine the y-coordinate of the centroid of the shaded area.
y i
|
70 mm :
|
| e i
\‘. %;,59’// X 20 mn{ .
Part A(mmz) x(mm) y(mm) A*x A*y
o7 2 4r 4x70
| semicircular |70m _ 7697 0 |47 _ — 2971 0 (228670
2 3n _ 3 _
2 circular sector | 59T 13504 _ 2093 0 g”(‘x““ = 250 51”1:;"42 —=2635 | 0 |—76365
360 :
3 Triangle 45.82*%20=916.4 0 %*20=13.33 0 12218.7
Total 5715 164523
Solution:
6 = cos™! 20 = 66.42°
_ Y Axy 164523
y = Sa "o o 28.8 mm

Distributed Forces
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Problem 5/57 :Determine the distance from the bottom of the base plate to the centroid of the
built-up structural section shown.

v

0= [~ |
(R — e A
&
m_-l =10 1%
10 § 10 "
‘N 7
L /§ &E:E"}'W///: 2 L / \
&\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\ _T_ -
| ] S ]
I 160 | | 160 | 10

Dimensions in millimeters

Part A(mm’) X y(mm) A*x| Ay
(mm)

1 Rectangle 160 * 10 = 1600 0 10 c 0 | 8000
=

2 Rectangle (160 —80) » 10 =800 | 0 10 + 170 =15 0 | 12000

_ — 40 2

3 Rectangle ((50 1030*010) * 2 0 10 + 10 + == 40 0 32000
= 120

4 Rectangle (120 = 10) * 2 = 2400 10+222 = 70 168000

Total 5600 220000

__ZA*y_220000_393
Y= YA 5600 o

Problem 5/52 :Calculate the y-coordinate of the centroid of the shaded area.

y
I
|
|
t
|

Part A(mm®) x(mm) y(mm) A*x| A%y
1 Rectangle |20 *30 =600 0 |20 _ 10 0 |6000
o=
2 circular sector 132+« = —177 0 |342rsine_ 5,2, 13sin60 1 (0 |—-1800
3 3 « 3 /3
= 10.17
Total 423 4200
YAy 4200

9.mm

YTy A T a3
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Problem: Locate the centroid of the shaded area shown in Fig.

45°

Solution:

Part A(mmz) x(mm) y(mm) A*X A*y
[ Rec. | 150%75=11250 |0 100+(75/2)=137.5 | 0 421875
2 Tri. | (75%75)/2=2812.5 | (150/2)+(75/3)=100 | 100+(75/3)=125 | 281250 |351562.5
3Tri. | (75%75)/2=2812.5 | (150/2)+(75/3)=-100 | 100+(75/3)=125 | -281250 | 351562.5
4 Rec. |300%100=30000 |0 100/2=50 0 1500000
5Tri, | (90%90)/2=- 4050 | 90/3=30 90/3=30 -121500 | -121500
6 (m/4)*907=-6361.7 | 2= = #90_ 159 A _ 490405 243017 | -243017
Quarter 3an an 3T 3T
circular
Total | 36463.3 121517 | 2260483

_ XAxx 121517 _ g 150 47
YTy A4 T 364633 00N

_ Y Axy 2260483 -

FTUOSE 36ABag o e

Distributed Forces
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TABLE D/3 PROPERTIES OF PLANE FIGURES

AREA MOMENTS
FIGURE CENTROID OF INERTIA
r C' .
Arc Segment égF—).. r = lsna —
NS o
=~ ~
Quarter and Semicircular Arcs
- _2r .
y - w
y
4
wr
k=b="r
Circular Area x I - ,,._,.4
L, =
2
4
7r
y L=h =%
IC - _ 4r I—=(7_7'_8_)4
Semicircular o y = P * 8 97
Area roly
\I ¥ 4
- X L =7
, =
4
4
[ =] =7
% Ty
|
- T=y=4 Tx=_7=(£_4_)4
Quarter-Circular LxEc 3 Y16 97
Area il
Y,
——i: I, = mrt
8
4
y I, = Z( -Lsin20
| 2
I r )
Area of Circular | o % =2 rsina P+l
eagect:)i'cu ar x ¥ =3 a L= 1 (o + g BN 2a)
Iz = %IA(Z

Distributed Forces
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TABLE D/3 PROPERTIES OF PLANE FIGURES Continued

AREA MOMENTS
FIGURE CENTROID OF INERTIA
Rectangular Area I = bh®
ylo : 3
I
| i = _ bh®
T =
II N %6 — ST
i
— —x -
\ T = %(b2+h2)
bh3
I = °2n
%= % T 12
Triangular Area 7 bh?
X
" 36
y=L :
1 = b
X, 4
Area of Elliptical I = mab® 7 _ (_ ~4 )3
Quadrant - _4a *T 1.’ T 16 9m
Jll 3
3 _
| [}=&b’ I, = (1—4—)42236
= 4b 16 16 97
X (& y = =—
b 15 3 mab
vy R I, = T2(a? + b?)
a
Subparabolic Area 3
I = _ab’
b 21
b2 22 - _ 3a
y ¥ =kx* = a2x ¥ =T
bl I = a%
AreaA=2 | U5
le - == 3 32
| v, 10 I, = ab(a—+b—)
a —— 5 21
Parabolic Area .- 2ab3
z=3a T
8
I = 2a3b
Arean=20b o T
r = 5 2 32
I, = 2ab(“— +b—)
15 7
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