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Partial Differential Equation PDE

A differential equation involving partial derivatives of a dependent variable (one or
more) with more than one independent variable is called a partial differential equation,

hereafter denoted as PDE. For example, the following equations are PDEs:

—+ —= (,) = + = (,)

2 2
—— 2—5=0 = -2 =0 (Wave Equation)

2

—— —=0 = — =0 (Heat Equation)

2 2
—+—=0 = + =0 (Laplace Equation)
1. First Order PDE

Let’s consider the PDE (, ) + (,) = (, ) with an initial condition

(,0)=9( )where (, ), (, ), (,) andg( ) are given functions.

The system of ordinary differential equations is:

C.) ) )

The following examples explain how to find the solution ( , ).

Example 1: Solve the initial value problem (IVP) + =0 with (,0)=cos2
lutionn —=— = =
Solution 1
2 2
2 7 -2
2
Therefore ( —) Is the general solution
( ,0)=cos2 g( ) =cos2
2
(,) =c032< —7> =cos(2 — ?)
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Example 2: Solve the IVP + =0 with (,2)=sin4
Solution: —=— —_—= —
In = In + , 1=1In —In
() e
=—,where 1=

Therefore (, )=g (—) is the general solution

(,2)=sin4 9(7)= sin4(7)=sin2
So, (,)=sin(2 /)
Example 3: Solve the IVP -2 =2 with (,0)= 3
Solution: —=5 =3
—:T 2 —_—
24 =
And > :2 _—:—
—In +In =In =
2 +
Then (’):M
(o=2 Lo =
(2+ )
(,)=—
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Example 4:Solvethe IVP +4 = 2 with (,0)=1+ 5
Solution: T:T:_Z
T-7 =4
=4 + = -4
_ 1
And T——z + =
-1
o+
-1
Then , )=
) +g( —4)
1 -1 1
’O = = =— 2+1
(,0) 15 2 ORI g( ) ( )
-1
COT e
Example 5: Solvethe VP +2 = — with (0, )= 2 —1
Solution: T:?:T
T-72 =2 -
P — — = —_ — 4 =
1 —

This is a linear first order differential equation. It can be solved using the integrating factor:

(): () = =

O= O O = =~ +g()
Then (,)= -1+ ~ g2 -)

©0)=*- 2-1=-1+g(-) g-)=? gO= ?
(,)= —1+ - 2@0-)= —14 5+
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H.W: Solve the initial value problems

5
1.2 +5 =0 with (,0=1/1+ ). : (,):1/<1+ ‘7)
: _ (N _ 2

2.3 +2 =cos with (,0)=sin . : (,)=?sm +S|n< —?)
312 -5 =0 with (0, )= 2 C(, ):ﬁ(S +12 )2
4. + = with (,0)= 2. C(,)= 2-

: . _ _ -1
5 —2 = 2 with (,0)=sin . ()= —esc( *2)



