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Partial Differential Equation PDE
A differential equation involving partial derivatives of a dependent variable )one or

more( with more than one independent variable is called a partial differential equation,

hereafter denoted as PDE. For example, the following equations are PDEs:
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1. First Order PDE
Let’s consider the PDE �(�, �)�� + �(�, �)�� = �(�, �) with an initial condition

� �, 0 = g � where � �, � , � �, � , �(�, �) and g � are given functions.

The system of ordinary differential equations is:
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The following examples explain how to find the solution �(�, �).

Example 1: Solve the initial value problem )IVP( �� + ��� = 0 with � �, 0 = cos 2�

Solution:
��
1

=
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�

⇰ ��� = �� ⇰ ���� = ���

�2

2
+ � = � ⇰ � = � −

�2
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Therefore � �, � = g � −
�2

2
is the general solution

� �, 0 = cos 2� ⇰ � �, 0 = g � = cos 2�

� �, � = cos 2 � −
�2

2
= cos 2� − �2

http://www.scholarpedia.org/w/index.php?title=Ordinary_differential_equations&action=edit&redlink=1
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Example 2: Solve the IVP ��� + ��� = 0 with � �, 2 = sin 4�

Solution:
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ln � = ln � + �1 ⇰ �1 = ln � − ln �
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, where � �1 = �

Therefore � �, � = g
�
�

is the general solution

� �, 2 = sin 4� ⇰ g
�
2

= sin 4
�
2

= sin 2�

So, � �, � = sin ( 2� � )
Example 3: Solve the IVP ��� − 2���� = 2�� with � �, 0 = �3

Solution:
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Then � �, � =
g(�2 + �)

�

� �, 0 = �3 ⇰
g(�)

�
= �3 ⇰ g � = �4

� �, � =
(�2 + �)4
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Example 4: Solve the IVP �� + 4�� = �2 with � �, 0 =
1

1 + �2

Solution:
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Then � �, � =
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� + g � − 4�

� �, 0 =
1

1 + �2 ⇰
−1

g �
=

1
1 + �2 ⇰ g � =− �2 + 1

� �, � =
−1

� − � − 4� 2 + 1

Example 5: Solve the IVP �� + 2�� = � − � with � 0, � = �2� − 1

Solution:
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+ � = �

This is a linear first order differential equation. It can be solved using the integrating factor:

� � = � � � ��� = � ��� = ��

� � � = � �� � � �� ⇰ � �� = ���� �� = ��� − �� + g(�)

Then � �, � = � − 1 + �−� g(2� − �)

� 0, � = �2� − 1 ⇰ �2� − 1 =− 1 + g −� ⇰ g −� = �2� ⇰ g � = �−2�

� �, � = � − 1 + �−� �−2(2�−�) = � − 1 + �−5�+2�
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H.W: Solve the initial value problems

1. 2�� + 5�� = 0 with � �, 0 = 1 1 + �� . ���: � �, � = 1 1 + ��−5�
2

2. 3�� + 2�� = cos � with � �, 0 = sin � . ���: � �, � =
1
3

sin � + sin � −
2
3

�

3. 12�� − 5�� = 0 with � 0, � = �2. ���: � �, � =
1

144
5� + 12� 2

4. �� + �� = � with � �, 0 = �2�. ���: � �, � = �2�−�

5. �� − 2�� = �2 with � �, 0 = sin � . ���: � �, � =
−1

� − csc � + 2�


