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Sequences and Series
A sequence of real numbers is a function a: N — R, denoted by { a,}.
For example, the expression {2n} denotes the sequence {2,4,6,:-}
The number a,, is called the general term of the sequence { a,,}.
Convergent sequence: We say that the sequence { a,,} converges to L if Tlll_)rg) a, =1L,
otherwise it diverges.

Example 1: Determine whether the sequence converges or diverges.

. {n2+1} ) {n+17 }
" ((n+1)2 " W2nZ +3n
Solution:
- n?+1 _ 2n 2
1. Al_l;lolom = Al_l;lolom = AI_I)’IOIO? =1 converges to 1

17
5 i T + 17 ’ I+— 1 ) 1
. lim ———== lim = convergesto —
n-o4/2n2 +3n  No® 2+i V2 V2
n
e Limits that Arise Frequently
Inn n
1. lim—= 0 2.lim Yn=1
n—-oco N n—oo
1
3. limxn=1; (x>0) 4, limx" =0 ; (|x] <1)
n—oo n—oo

Example 2: Determine whether the sequence converges or diverges.

" {1 + In n} ) { 1 }
' n - ((0.6)"
Solution:
1+1Inn 1 Inn
1. lim = lim —+ lim—= 0 convergesto 0
1 1
2. lim = = oo diverges

n—o (0.6)” lim (0.6)"
n—-oo
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Infinite Series

An infinite series is given by the terms of an infinite sequence, added together. For
example, we could take the infinite sequence {2n}=1{2,4,6,:--}. Then the
corresponding example of an infinite series would be given by all of these terms

added together 2+4+ 6+, sowe have Y;_2n=2+4+6+ -

e Geometric Series

A geometric series is any series that can be written in the form:

Zar”‘l =a+ar+ar*+ard+--+ar®+ -
n=1

a
1-r

1. If |r| < 1 then the geometric series converges to the sum s, =

2. If |[r] =1 thenthe geometric series diverges to .

F le the seri 1—1+1+1+1+
or example € series 4 2 = > 4 3 16

n
b _ 2 <1 and th /2 _ 1
converges because 7 = — and the sum s s, = - ¢
o /3\" . 3
The series Z (7> diverges to o because r = > >1
n=1

e The p — Series

1 1 1 1

If p is a real constant, then the series z - = T + > + T + -
n=1

1. Convergesif p>1 . 2. Divergesifp <1.

1

(00)
For example the series z >
n

n=1

converges becausep = 2 > 1.

o1 v 1 1
The series z Z 72 diverges to o because p = — < 1.
Vn n 2

n=1 n=1
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e Tests for Converges of Series
1. Integral Test

Let the function f(x) = a,,(x) be continuous, positive and decreasing then the
series z a, and the integral j f(x) dx both converge or both diverge.
1

n=1

Example 3: Check series convergence. Explain

oo oo

Z 1 5 n
nz+1 ' nz+1

n=1 n=1

Solution:

[o%0) o

dx 1
1. fxz_l_l:tan X
1 1

zj L SR
. 1—2nx
1

M T i
= E — Z = Z converge

0

= 00 diverge

x2% + 1

2. Ratio Test

(0.0]

. . . . An+1
Let E a, be a series with non — negative terms and lim =1L.
n—-oo an

n=1
If 1. L<1 then the series converges
2. L>1 then the series diverges

3. L =1 then this testis inconclusive

Example 3: Check series convergence. Explain

. i n3 5 i n! 3 i 3
' 3n ' 2n ' 2n+5
n=1 n=1 n=1

Solution:
a n+1)3 3" 1 n+ 1,3
1. lim ntl _ lim ( ) X = — lim ( )
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~Lim(142) -2 <s
= 3 m n = 3 converges

n—-oo
S g G _ (kD27
' nl—rLlo a, N nl—rLlo 2n+1 n!
y (n+1)><n!x2” I n+1 o1 di
= = = OO
nlgalo AL n! n1—>nolo IVETges
. an+1 . 3 Zn + 5
3. 1 =1 X
ne a, nl—r>{>lo2(n+1)+5 3
- 2n+5 o _
= lim = 1. The testis inconclusive.
n-owo2n + 7
So we t thttj 34X _ 3 | 2x + 5| di
= — = OO
o we try another tes % 15 > nl|2x iverges
1 1
3. Root Test

(0.0]

Let z a, be a series with non — negative terms and lim %/a, = L .Then,

n—oo
n=1

1.when L <1, the series converges
2.when L > 1, the series diverges
3.when L =1, thistestisinconclusive

Example 4: Check series convergence. Explain

LYY Y () s Y
' 4n + 1 ' n ' n2
n=1 n=1 n=1

Solution:
o - 3n+2 3
1%13)10 a, = Tll% iyl 4 <1 converges

1
2. lim Y/a, = lim—=0<1 converges

n—oo n-oo N
2 2
3. lim Y/a, = lim = -
n—oo n n—oo nw/nZ lim % 1

n—oo

=2 >1 diverges
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H.W

1. Determine whether the sequence converges or diverges.

1

7] 4G A=)

2. Find the sum of the following series:

002n

(e 0] 571
“ L b
n=1

n=1

3. Check series convergence. Explain

. n2\Jn ' n3n ¢ 2n—1
n=1 n=1 n=1
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