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 المحاضرة الرابعة 

Demoivre’s formula 

Let 𝑧 = 𝑟(𝑐𝑜𝑠𝜃 + 𝑖𝑠𝑖𝑛𝜃) then 

𝑧𝑛 = [𝑟(𝑐𝑜𝑠𝜃 + 𝑖𝑠𝑖𝑛𝜃)]𝑛 = 𝑟𝑛(cos 𝑛𝜃 + 𝑖 sin 𝑛𝜃) = 𝑟𝑛𝑒𝑖𝑛𝜃     , 𝑛 ∈ 𝕫 

Ex. write (√3 + 𝑖)
7
in the form 𝑥 + 𝑖𝑦. 

Sol. 𝑧 = √3 + 𝑖 

𝑟 = √𝑥2 + 𝑦2 = √3 + 1 = 2  

𝜃 = tan−1 (
𝑦

𝑥
) = tan−1 (

1

√3
) =

𝜋

6
 

𝑧7 = 27 [𝑐𝑜𝑠
𝜋

6
+ 𝑖𝑠𝑖𝑛

𝜋

6
]

7

 

= 128 [𝑐𝑜𝑠
7𝜋

6
+ 𝑖𝑠𝑖𝑛

7𝜋

6
] 

= 128 [−
√3

2
−

1

2
𝑖] 

= −64√3 − 64𝑖 
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Ex. write 𝑧 = [
−1+√3𝑖

√3−𝑖
]

5

in the form 𝑥 + 𝑦𝑖 

Sol. 𝑧 = [
−1+√3𝑖

√3−𝑖
] . [

√3+𝑖

√3+𝑖
] ⟹

−2√3+ 2𝑖  

4
=

−√3

2
+

1

2
𝑖 

𝑟 = √(
−√3

2
)

2

+ (
1

2
)

2

⟹ √
3

4 
+

1

4
= 1 

𝜃 = tan−1 (
𝑦

𝑥
) ⟹ 𝜃 = tan−1 (

1
2

−√3
2

) ⟹ 𝜃 = tan−1 (
−1

√3
) = − tan−1 (

1

√3
)

= −
𝜋

6
 

 

𝑧 = 𝑟(𝑐𝑜𝑠𝜃 + 𝑖𝑠𝑖𝑛𝜃) 

𝑧 = 1 (𝑐𝑜𝑠 −
𝜋

6
+ 𝑖𝑠𝑖𝑛 −

𝜋

6
) 

𝑧 = 𝑐𝑜𝑠
𝜋

6
− 𝑖𝑠𝑖𝑛

𝜋

6
 

𝑧5 = 𝑐𝑜𝑠
5𝜋

6
− 𝑖𝑠𝑖𝑛

5𝜋

6
 

= −
√3

2
−

1

2
𝑖 

Ex. Prove that by Demoivre’s formula 

1. cos 2𝜃 = cos 𝜃2 − sin 𝜃2 

2. sin 2𝜃 = 2 sin 𝜃 cos 𝜃 

Proof. 

(cos 𝜃 + 𝑖𝑠𝑖𝑛𝜃)2 = cos 𝜃2 + 2𝑖𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃 + 𝑖2𝑠𝑖𝑛𝜃2 

𝑐𝑜𝑠2𝜃 + 𝑖𝑠𝑖𝑛2𝜃 = cos 𝜃2 − 𝑠𝑖𝑛𝜃2 + 2𝑖𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃 

𝑐𝑜𝑠2𝜃 = cos 𝜃2 − 𝑠𝑖𝑛𝜃2 − − − − − − − − − 1 
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𝑠𝑖𝑛2𝜃 = 2𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃 − − − − − − − − − − − 2 

Ex. Prove that by Demoivre’s formula 

1. 𝑐𝑜𝑠3𝜃 = 4𝑐𝑜𝑠𝜃3 − 3𝑐𝑜𝑠𝜃 

2. sin 3𝜃 = 3𝑠𝑖𝑛𝜃 − 4𝑠𝑖𝑛3 𝜃 

Proof. (𝑐𝑜𝑠𝜃 + 𝑖𝑠𝑖𝑛𝜃)3 = 𝑐𝑜𝑠𝜃3 + 3𝑐𝑜𝑠𝜃2. 𝑖𝑠𝑖𝑛𝜃 + 3𝑐𝑜𝑠𝜃. 𝑖2𝑠𝑖𝑛𝜃2 + 𝑖3𝑠𝑖𝑛𝜃3 

𝑐𝑜𝑠3𝜃 + 𝑖𝑠𝑖𝑛3𝜃 = 𝑐𝑜𝑠𝜃3 + 3𝑖𝑐𝑜𝑠𝜃2𝑠𝑖𝑛𝜃 − 3𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜃2 − 𝑖𝑠𝑖𝑛𝜃3 

 

𝑐𝑜𝑠3𝜃 = 𝑐𝑜𝑠𝜃3 − 3𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜃2 = 𝑐𝑜𝑠𝜃3 − 3(1 − 𝑐𝑜𝑠𝜃2). 𝑐𝑜𝑠𝜃 

= 𝑐𝑜𝑠𝜃3 − 3𝑐𝑜𝑠𝜃 + 3𝑐𝑜𝑠𝜃3 = 4𝑐𝑜𝑠𝜃3 − 3𝑐𝑜𝑠𝜃 

𝑐𝑜𝑠3𝜃 = 4𝑐𝑜𝑠𝜃3 − 3𝑐𝑜𝑠𝜃 − − − − − − − 1 

𝑠𝑖𝑛3𝜃 = 3𝑐𝑜𝑠𝜃2𝑠𝑖𝑛𝜃 − 𝑠𝑖𝑛𝜃3 

= 3(1 − 𝑠𝑖𝑛𝜃2)𝑠𝑖𝑛𝜃 − 𝑠𝑖𝑛𝜃3 

= 3𝑠𝑖𝑛𝜃 − 3𝑠𝑖𝑛𝜃3 − 𝑠𝑖𝑛𝜃3 

𝑠𝑖𝑛3𝜃 = 3𝑠𝑖𝑛𝜃 − 4𝑠𝑖𝑛𝜃3 − − − − − −2 

 

 حل واجبات سابقة )مناقشة(

 

H .W. Show that 

(a) 𝑅𝑒 (𝑖𝑧) = − 𝐼𝑚(𝑧). 

(𝑏) 𝐼𝑚(𝑖𝑧)  =  𝑅𝑒(𝑧). 

(a) Sol.  

Let 𝑧 = 𝑥 + 𝑖𝑦 ⟹ 𝑅𝑒(𝑖𝑥 − 𝑦) = −𝑦  ------------ (1) 

− 𝐼𝑚(𝑥 + 𝑖𝑦) ⟹ −𝑦 -------------- (2) 
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∴   (1) = (2) 

(𝒃) 𝐒𝐨𝐥. 

Let 𝑧 = 𝑥 + 𝑖𝑦 ⟹ 𝐼𝑚(𝑖𝑥 − 𝑦) = 𝑥  -------------- (1) 

𝑅𝑒(𝑧) = 𝑅𝑒(𝑥 + 𝑖𝑦) = 𝑥  ---------- (2) 

∴   (1) = (2)  

1- Find the value of x, y that satisfy the eq. 

(𝑥 −  𝑦 –  6)  +  𝑖 (𝑦2 –  𝑥)  =  0 

Sol.  

(𝑥 −  𝑦 –  6) = 0     -----------1 

𝑦2 –  𝑥 = 0   ---------------2 

  From   -1-       𝑥 = 𝑦 + 6 --------- 3   Substitute   -2- 

𝑦2 − 𝑦 − 6 = 0    

(𝑦 − 3)(𝑦 + 2) ⟹ 𝑦 = 3, −2 and 𝑥 = 8,9 

2. Solve for real x, y the eq. 

 (
1 + 𝑖

1 − 𝑖
)

2

+
1

𝑥 + 𝑖𝑦
= 1 + 𝑖 

Sol. 

(
1 + 𝑖

1 − 𝑖
×

1 + 𝑖

1 + 𝑖
)

2

+
1

𝑥 + 𝑖𝑦
= 1 + 𝑖       ⟹ (

2𝑖

2
)

2

+
1

𝑥 + 𝑖𝑦
= 1 + 𝑖 

−1 +
1

𝑥 + 𝑖𝑦
= 1 + 𝑖      ⟹  

1

𝑥 + 𝑖𝑦
= 2 + 𝑖  
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𝑥 + 𝑖𝑦 =
1

2 + 𝑖
×

2 − 𝑖

2 − 𝑖
 

𝑥 + 𝑖𝑦 =
2

5
−

𝑖

5
 

∴ 𝑥 =
2

5
        𝑦 =

𝑖

5
 

 

3. Solve the following equation (𝟑 − 𝟐𝒊) (𝒙 +  𝒊𝒚)  = 𝟐(𝒙 − 𝟐𝒊𝒚)  + 𝟐𝒊 − 𝟏 

Sol. 

3𝑥 + 3𝑦𝑖 − 2𝑥𝑖 + 2𝑦 = 2𝑥 − 4𝑖𝑦 + 2𝑖 − 1 

3𝑥 + 2𝑦 = 2𝑥 − 1 ⟹ 𝑥 + 2𝑦 = −1--------- .1. 

3𝑦 − 2𝑥 = 2 − 4𝑦 ⟹ 7𝑦 − 2𝑥 = 2 ------- .2. 

𝑥 + 2𝑦 = −1--------- .1 

7𝑦 − 2𝑥 = 2 ------- .2. 

𝑥 = −1, 𝑦 = 0 

5. Express the following equations in complex conjugate form. 

 عبر عن المعادلات الآتية بصبغة المرافق العقدي. 

1) 2x +  y =  5 ,                                                         2) 𝑥2  + y2  =  36  

1) Sol. 

2 (
𝑧 + 𝑧̅

2
) + (

𝑧 − 𝑧̅

2𝑖
) = 5   ⟹ 𝑧 + 𝑧̅ + (

𝑧 − 𝑧̅

2𝑖
) = 5     × 2  

2𝑧 + 2𝑧̅ + (
𝑧 − 𝑧̅

𝑖
×

𝑖

𝑖
) = 10 
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2𝑧 + 2𝑧̅ − 𝑖𝑧 + 𝑖𝑧̅ = 10     𝑜𝑟              2𝑧 + 2𝑧̅ + (𝑧̅ − 𝑧)𝑖 = 10 

 

2) Sol. 

 𝑧𝑧̅ = 36 

 الزائد   القطع معادلة :أن اثبت

    𝑥2 − 𝑦2 = 1 

 هي  

𝑧2 + (𝑧̅)2 = 2 

 

Sol. 

𝑥2 − 𝑦2 = 1  

(
𝑧 + 𝑧̅

2
)

2

− (
𝑧 − 𝑧̅

2𝑖
)

2

= 1 

𝑧2

4
+

2 𝑧𝑧̅

4
+

𝑧̅2

4
− (

𝑧2

4𝑖2
−

2 𝑧𝑧̅

4𝑖2
+

𝑧̅2

4𝑖2
) = 1 

𝑧2

4
+

 𝑧𝑧̅

2
+

𝑧̅2

4
+

𝑧2

4
−

 𝑧𝑧̅

2
+

𝑧̅2

4
= 1 

2𝑧2

4
+

2𝑧̅2

4
= 1 ⟹ [

𝑧2

2
+

𝑧̅2

2
= 1] × 2 

𝑧2 + (𝑧̅)2 = 2 

 

 



7 
 

H.w. 1.Express 𝑧 in the form 𝑥 + 𝑦𝑖 when 𝑧 = −5𝑒
5𝜋𝑖

6  

Sol. 

𝑧 = 𝑟[cos 𝜃 + 𝑖𝑠𝑖𝑛𝜃]  

𝑧 = −5 [cos (
5𝜋

6
) + 𝑖𝑠𝑖𝑛 (

5𝜋

6
)] 

 

𝑧 = −5 [−
√3

2
+

1

2
𝑖] 

𝑧 =
5√3

2
−

5𝑖

2
 

 

         2. Show that |𝑒𝑖𝜃| = 1 

Sol. 

 |𝑒𝑖𝜃| = |𝑐𝑜𝑠𝜃 + 𝑖𝑠𝑖𝑛𝜃| ⟹ √(𝑐𝑜𝑠𝜃)2 + (𝑠𝑖𝑛𝜃)2 = 1 

  3. Find |𝑒
𝜋

2
𝑖| 

Sol. 

|𝑐𝑜𝑠
𝜋

2
+ 𝑖𝑠𝑖𝑛

𝜋

2
| ⟹ √(𝑐𝑜𝑠

𝜋

2
)

2
+ (𝑠𝑖𝑛

𝜋

2
)

2
= 1  

 

 


